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1. Introduction. Let {P,(z)} be the Legendre polynomials given by
Py(z) =1, Pi(z) = v and (n + 1)Pyyi(x) = 2n + 1)zPy(z) — nPy_1(x)
(n>1). It is well known that (see [Bl p. 151], [Gl (3.132)-(3.133)])

[n/2]
1 N\, k(2 —2k\ g 1 AV oo o,
0 P =g 3 ()0 (7 o = et v

k=0

where [a] is the greatest integer not exceeding a. From (1.1) we see that
(1.2)

Pn(_x) = (_1)nPn(x)7 P2m+1(0) =0 and PQm(O) - (_i)m <2’rzl> .

We also have the following formula due to Murphy (|G (3.135)]):

(1.3) Po(z) = zn: <Z> (n—;;k:) <x g 1>k

k=0
U2 (n+ k) (2 -1\
-2 () () ()
We remark that (7) ("Zk) = (2kk) (";;{k)
Let Z be the set of integers, and for a prime p let 12, be the set of rational
numbers whose denominator is not divisible by p. Let (a) be the Jacobi

m

symbol. In [S4-S6] the author showed that for any prime p > 3 and t € R),,
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(1.4) szl(t)z_<pG)Z<x3_3(t2+3)x+2t(t2—9)) (mod p),

=0 p

15 Rul=- (;;)2(9; +3(4t — )1:4;)2(2752—1475—#11)) (mod p),
L6) P[Z}(t):@)g(m 3(3t+5;x+9t+7> (mod p).

In this paper, by using elementary arguments, we prove that for any
prime p > 3 and t € R,

(1.7) Pooy(t) = - <3> S(fMM) (mod p).

=0 p

Moreover, for m,n € R, with m # 0 (mod p) we have

18) %(:& +ma +n)

=0 p
p—1 3ny/—3m e
—(—3m)"1 Pz BT (mod p) if p=1 (mod 4),

<3n\/%

) (mod p) if p=3 (mod 4)

_(=3m [pz/ﬁ:} Y (k) (6K (4m® £ 2m?\E
AN~ AV VAV YA Y ANSPIREE b
It is well known (see for example [S2, pp. 221-222]) that the number of

points on the curve y? = 23 + ma + n over the field F, with p elements is
given by

For positive integers a,b and n, if n = az? + by? for some integers x
and y, we briefly say that n = ax? + by?. Recently the author’s brother
Zhi-Wei Sun [Sull, [Su3] and the author [S4] posed some conjectures on

p—1 (2ky\ (3k\ (6K\ /. k 2 . . ,
Y ko (k)(k)(gk)/m modulo p?, where p > 3 is a prime and m € Z with
p 1 m. For example, Zhi-Wei Sun [Su3l Conjecture 2.8] conjectured that for



Legendre polynomials and supercongruences 171
any prime p > 3,

—06)3k
im0 (79)
[0 (mod p?) if (&)=-1,
(%)(ﬁ —2p) (mod p?) if (&) =1 and so 4p = 2% + 19y°.

Using (1.8) and known character sums we determine Py () (mod p) for 11
values of = (see Corollaries 2.1-2.7), and Zi;é (Qkk) (3kk) (g’;) /mF  (mod p?)
for m = —15%,20°%, —32%, 2 30%, 66%, =96, =3 - 160%,255%, —960%, —5280°,
—6403203. Thus we solve some conjectures in [Sul], [Su3] and [S4]. For

example, we confirm (1.9) in the case (%) = —1 and prove it when () =1
and the modulus is p.

Let p be a prime greater than 3. In this paper we also determine
Zi;é (3}5) (gZ) /864F (mod p?) and establish the general congruence

1

(0 (2) (et s
p—1
B

2. Congruences for P[%](t) (mod p)

(1.10) 5
k=

LEMMA 2.1. Let p be an odd prime. Then

Q) <El> - (_Z)k<2:) (mod p) for k=0,1,...,251,

p—1 _
(ii) < 22]€ >E 42k Qkk (mOdp) fOTkZOJ»---a[%]f

M ‘

(iif) <[§]2_/§ "7> _ (—;7)’“ (3:> (mod p) for p#3 and k=0,1,..., [2].

p—1

ol 1
Proof. For kE{O,l,...,%} we have (17 )=( ﬁ):ﬁ(i’“) (mod p).

Thus (i) holds. Now suppose k € {0,1,...,[E]}. It is clear that
p=1 _ . p—1-2k p—3—2k  p—(6k—1)
2 2 2 2
(") o
(2k +1)(2k +3) - (6K — 1)
(—2)% - (2h)!
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B (6k)! B (6k)!
4F(2k)12(2k +2)(2k +4) -+ (6k)  4k(2k)12 . 22k . %
6k\ (3k
_ ()
2k
425 (%)
Thus (ii) is true. (iii) was given by the author in [S4, proof of Lemma 2.3].
The proof is now complete.

(mod p).

LEMMA 2.2. Let p > 3 be a prime and k € {0,1,...,[5]}. Then

(1)C [g}[z_] ") E“”[g]z”gkﬁ%[g]_k([gﬁ ) <3k_6+ +<k>> (mod).

Proof. For m,n,r € Z with m > n > r > 0 it is easily seen that
(™ @) = (") ("=7). Thus, using Lemma 2.1(i) we see that

W

()0 ™) = (a2 (™)

Il
7N\

= (—4)l6)-% 2k> :
k(5] = 2k)([5] + k)
= 1 (mod 3), using Lemma 2.1(i) we see that

If p

(p3 D (%)= () (5 = () (250
p—=1 _

= Hz%(g:) (L (_;k)!(i?!_ ) (mod p).

Thus, from the above and Lemma 2.1 we deduce that

2]\ (2[5]-2k
([2]1)( [6[]%] ) _ (_4)[%]72@&% g%]:k)(pTl . k)!<%1_ k:)!
(p;Tfk) (%™ (50 (55 = 3k)1 (25 + &)1
IR L BN A Al ),
G0 (5,.7) ) Gy /(2
= (—27)F(—a) Bk = (—1)[B133k 4181k (mod p).
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If p =2 (mod 3), using Lemma 2.1(i) we see that

N S BN (B AR _( (s
2 )\ 3k+1 %Jrk; 3k+1)  \3k+1/\22 — 2k
|

_ 1 6k + 2 (252 — 3k)!
T (APREBE + 1) (222 - 2k) (252 — k)!
1 <6k:> (B3 — 3k)!
= — — (mod p)
(—4)3F(3k + 1) \3k ) (255 — 2k)1(252 — k)!
Thus, from the above and Lemma 2.1 we deduce that
(%™
=1 ptl
(e ()
g gyi-awen () (251 D252 k)
(50) (B2 — 3k)! (252 + K)!
el k
e OB e GG /()
=2 = K\ (3k
(50 () (5¢) (1) /(=2D)F
= 3(—27)F(—4)[&l=F = (—1)[6]33F+14[8]-F (mod p).

This completes the proof.

THEOREM 2.1. Letp > 3 be a prime and m,n € R, with m # 0 (mod p).
Then

pil(a:?’ + mx + n)
=0 p

—(—3m)pTlP[%] <3n2n;23m> (mod p) if p=1 (mod 4),
_(__\/37)7; Py (3n2n:23m> (mod p) if p=3 (mod 4).

Proof. For any positive integer k it is well known (see [IRl Lemma 2,
p. 235]) that

pzlk_{ p—1(modp) ifp—1|k,
x:ow ~ L 0 (mod p) ifp—11k.
<

For k,r € Z with 0 %wehave0</£+2r< (p 1) . Thus,

Z k+2r —

<k
{ 1 (mod p) ifk=p—1-2r,
0 (mod p) ifk£p—1-—2r
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and therefore

p—1
(2.1) Z($3+mx+n) 3
x=0
p—1(p—1)/2
= <( —;)/2) ($3+m1‘)knp2 —k
=0 k=0
p—1(p—1)/2 k
(p_ 1)/2 k 3r k—r, Bl
:Z Z < L Z - " (mx)" "'n" 2
z=0 k=0 r=0
(p—1)/2 (p—1)/2
(» _1)/2)< ) k—r —sz k+2r
= x
r=0 k=r < k
(p—1)/2
o ) e
r=0

ooy 5 () (e o)

p—1 p—1
T Sr<5g

If n =0 (mod p), from the above we deduce that

i 22 +mx+n p p—1
Z<>:Z(x +ma+n)T

=0 p =0

p—1 3
—<p21)mp41 (mod p) if4|p—1,
4

0 (mod p) if4|p—3.

Thus applying (1.2) and Lemma 2.2 (with k = [{5]) we get

<_41>u%1 (H) = (-1)ths (
p—1
2
p—1
4

;

Pp1(0) = -
(6] — (_3)—4< > (mod p) if4|p—1,

Hence the result is true for n = 0 (mod p).

0 if4]p— 3.
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Now we assume n # 0 (mod p). From (2.1) we see that

a 2 +mx+n = 3 p—1
Z —_— EZ(OC +mx +n) 2

=(p- 1)m:;1 > (p b ><p—1—2r> n2r

2m?

o () - 5 () (B9 ()

k=0 (5] 2m?

" [zg} <[1§]) (1) (2[15][%i Qk) (371;/7;2?71) %Tl) <—ZZ§> &1k
- (_1)[%127[%1

) [’g (1) (28, 24) (22) G (Zﬁ)[g]_k_p( 2
cam (BB

S D)

" (=3m)"T  ifp=1 (mod 4),
o(m,p) = 4 (=3m)" T

BV if p=3 (mod 4).

Hence, by the above and Lemma 2.2 we get
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[p/1 e 1 N
= ( (—1)[Elg3k+" §§)4[€-]—k< B )( 5 1+(f)> <27n ) 5 >
k=0 (5] — k) \3k 4+ —2 4m3

(P (E]-k
(3>(_1)[g}2[2}(_1>[g}33k+12@4[g1k<27> ;

p 4
_ (—1)lBIHE <3>2[§;1—2[§} SEI+1-(3))/2
p
_ (<)l <3>2—P;3p—1 = (DB )R ()R
p
= (~1)?42] =1 (mod p),
from the above we deduce that
12 _ p—(%) P
d(m, p)Pe <3n\/%) = <n> [%:] < % >< 5 +f> <712)[3] *
(T ) =) 2 () s =) e
p—1 3
= —Z(m +m$—|—n) (mod p).
=0 p

This completes the proof.
REMARK 2.1. The congruence (2.1) was given by the author in [S5].
COROLLARY 2.1. Let p # 2,3,11 be a prime. Then
(%3)(—33)%2a (mod p)
if 4lp—1,p=a®>+b® and 4|a —1,
0 (mod p) if p=3 (mod 4).
Proof. By [S6l, Corollary 2.1 (with ¢t = 1) and (2.2)],

o S ()5(20)

=0 x=0

21v/33
P[Ié]( \/7> =

121

_J (1" 24 if4lp-1,p=a’+b and4|a 1,
0 if p =3 (mod 4).
Thus, taking m = —11 and n = 14 in Theorem 2.1 we obtain the result.
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COROLLARY 2.2. Let p > 5 be a prime. Then

(_1)§ (%)5%120 (mod p)

. o )
b (TYION ] o e if 8lp—1,p=c*+2d* and 4|c—1,
21l 55 ) =4 (3)577 2dv10 (mod p)

if 8|p—3, p=c®>+2d* and 4|d — 1,
0 (mod p) if p=5,7 (mod 8).
Proof. Using [S5, Lemma 4.2] we see that

pi(:c?’ — 30z + 56) _ pi((—m)i* —30(—2) + 56)

p

2=0 2=0 p
p )= P
(_1)%7(%)20 if p=1 (mod 8),p:c2+2d2 and 4|c—1,
= (—1)%3(%)20 if p=3 (mod 8), p=c?+2d* and 4|c — 1,

0 if p=>5,7 (mod 8).

t = (—1)E+% (mod p) if p=c?+2d®> =1 (mod 8),
3% (mod p)
if p=c? +2d? = 3 (mod 8) with 4|c — d.

Now taking m = —30 and n = 56 in Theorem 2.1 and applying the above
we deduce the result.

COROLLARY 2.3. Let p > 5 be a prime. Then

( p—1

54 (%)214 (mod p)

; _ — A2 2 _
. 115\ i if 12|p—1,p=A*+3B" and 3|A—1,
2l 55 ) =4 5 7 (3)24V5 (mod p)
if 12|p—17,p=A*+3B% and 3|A—1,
L0 (mod p) if p=2 (mod 3).

Proof. By [S2, Lemma 2.3] (or [S6, Corollary 2.1 (with ¢ = 5/3) and
(2.3)]) we have

(2.3)
’§<x315m+22> B {—2A if3]p—1,p=A2+3B%and 3|A—1,
= D 0 if p =2 (mod 3).

Thus, taking m = —15 and n = 22 in Theorem 2.1 we obtain the result.
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COROLLARY 2.4. Let p > 5 be a prime. Then
25310
I=7
61\ 800
( —(%)10%111 (mod p)
if 12|p—1, 4p = L?> +27M? and 3|L — 1,
(1]70)101%3L\/ 10 (mod p)
if 12|p—17, 4p=L?>+27TM? and 3|L — 1,
0 (mod p) ifp=2 (mod 3).
Proof. From [S5], Corollary 3.3] we know that

p—1 3
x° — 1202 + 506
(2.4) Z( ; >

=0

P
0 if p=2 (mod 3).

Thus taking m = —120 and n = 506 in Theorem 2.1 we deduce the result.

_{(2)L it 3|p—1,4p=L2+27M? and 3|L — 1,

COROLLARY 2.5. Let p > 7 be a prime. Then
<3\/ 105)
P[B]
6 25
2(£)15"7 C (mod p)
if p=1,9,25 (mod 28), p=C?+7D? and 4|C — 1,
2(%)15¥D\/ﬁ (mod p)
if p=11,15,23 (mod 28), p=C%?+7D? and 4|D — 1,
0 (mod p) if p=3,5,6 (mod 7).

Proof. Since (—x —7)3 — 35(—x — 7) + 98 = —(2® 4 2122 + 1122), from
[R1l, R2] we see that

p=l, 3 p=l, 3 2
x° — 35z + 98 p—1 x° + 21x° + 112
(2.5) Z() = (=17 Z( » )

p

=0 =0
_ (—1)%20(%) if p=1,2,4 (mod 7) and so p = C? + 7D?,
0 if p=3,5,6 (mod 7).

Suppose p = 1,2,4 (mod 7) and so p = C? + 7D?. By [S3} p. 1317],
(2.6) 712] — { (%) (mod p) if p=1,9,25 (mod 28) and 4|C — 1,

—(%)& (mod p) if p=11,15,23 (mod 28) and 4| D — 1.
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Now taking m = —35 and n = 98 in Theorem 2.1 and applying all the above
we deduce the result.

COROLLARY 2.6. Let p be a prime such that p # 2,3,5,7,17.
(i) If p=3,5,6 (mod 7), then P[%](va 5) =0 (mod p).
(i) Ifp=1,2,4 (mod 7) and so p = C%?+7D? for some C, D € Z, then
1711785
Po\ =52 —
6 85

(255)255* 2C' (mod p) if 4|p—1and 4|C — 1,

—(%)2557 -2DV/1785 (mod p) if 4|p—3 and 4| D — 1.
Proof. From [W] p. 296] we know that

p

p—1
;(( 2462 +2)(322+ 16 ))

—2(_?2) (%)C — (%) if p=1,2,4 (mod 7) and p = C? + 7D?,
B -(2) if p=3,5,6 (mod 7).
As (22 + 62 + 2)(32% + 167) = 2*(3 + 34/x + 102/2? + 32/23), we see that
”i((;ﬂ + 62+ 2)(322 + 169@))

=0 p

8
—_

(
()2

»l (3 +34/x 4+ 102/22 + 32/x3> _ ”Z‘:<3 + 34z + 10222 + 32x3>
P P

r=1

>pzl<6+17 41‘—!—51 4z)? + (4z)3

>p <3+51x2+17x+6> <12
P P
1

I’E:<x + 3 2+17:c+6>
= p

[N

N

xr=

1
(P
x(



180 7. H. Sun

p—1 595 5586 p—1 3 5 5586
X () e ()
x=0 p = p

p-! <x3 — 595z + 5586)
; .

=0
Now combining all the above we deduce that

p—1 3
z° — 595z 4 5586
21) Z( p )

=0

_ { (-1)"F2C(9) ifp=C2+TD*=1,2,4 (mod 7),
0 if p=3,5,6 (mod 7).
Taking m = —595 and n = 5586 in Theorem 2.1 and then applying (2.7)
and (2.6) we deduce the result.
COROLLARY 2.7. Let p # 2,3,11 be a prime.
(i) If p=2,6,7,8,10 (mod 11), then P[%}(éx/@) =0 (mod p).

(i) If p = 1,3,4,5,9 (mod 11) and hence 4p = u? + 11v? for some
u,v € Z, then

—Z%U(modp) if 4lp—1and 4]u—1,
P, <7@) _ (—2)_1;4;1?1 (mod p) if 4|p—1 and 8|u— 2,
32 —2"T 022 (mod p)  if 4]|p—3 and 4|v —1,

(—2)1)4;311\/@ (mod p) if 4|p—3 and 8|v—2
Proof. Tt is known (see [RP] and [JM]) that

p—1l, 3 2
z°—96-11x +112-11
(2.8) Z( )

=0 p
[ G)G)u i () =1 and sodp = u 4 1102
1o if (&) =-1.

Thus applying Theorem 2.1 we deduce that

—(=2)22"7 (%) u (mod p)
. f(l%)—l 4|p—1 and 4p = u? + 1102,
Pop(55V22) = { ~(32)22" ()33 (mod
if (&)=1, 4|p 3 and 4p = u? + 1102,
0 (mod p) f(%)—

Now assume (£) =1 and so 4p = v? + 11v%. If u = v = 1 (mod 4), by [S3)
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Theorem 4.3] we have

(—11)l4!

{ (%) (mod p) if p=1 (mod 4),
()% (mod p) if p=3 (mod 4).

If u=v=0 (mod 2), by [S3, Corollary 4.6] we have

iz~ [ —(35) (modp)  ifp=1 (mod 4) and 8 |u —2
B —(%)”(modp) if p=3 (mod 4) and 8|v — 2.

u

Now combining all the above we derive the result.

From [RPR], [JM] and [PV] we know that for any prime p > 3,
Z§<x38-19x+2-192>

=0 b
— { (%)(%)u if (1%) =1 and so 4p = u? + 19,027
§<$3_80-43x+42-432)
=0 p
— ( )(%)U if (%) =1 and so 4p = u? + 4302,
0 if () =
(2.9) .
”Z<m — 440 - 67 + 434 - 672>
=0
:{()(u?)u (%) =1 and so 4p = u? + 670,
(&) =-1,
§($3—80'23'29-163x+14-11~19.127.1632>
=0 p

_ { (%) (%&)u if (163) =1 and so 4p = u? + 16302,

0 if (165) = —1.

So, by the method of proof of Corollary 2.7 one can determine P[ ] ( vV 114)
63/64 651 /55710 7403

P[%]( 1\5) P ] (56300 v/22110) and P[g](ggﬁ&)? 1630815) (mod p).

LEMMA 2.3. Let p be a prime greater than 3, and let t be a variable.
Then

=S 00 () -E W) () o
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Proof. Suppose that k € {0,1,...,p— 1} and that r € {1,5} is given by
p =7 (mod 6). Then clearly

<[£]+k><2k):(p6’"—i—k)(p6”+k_1)...(p6 1)
2k k 12
_(p+6k—7)(p+6k—6—7)---(p— (6k—6) — )
a 62k - 12
_ (_1)k(6k—T)(ﬁk—6—7’)~--(G—T)r(r+6)...(6k_6+r)
a 62k 12
_ (=1)* - (6k)!
T (2-4--6k)(3-9-15--- (6k — 3)) - 62F - k12
(=1)* - (6k)! 3 (6k)! .
3(3k)! - 3k 0L g1z (—432)R(3K)!(2k)1K! (mod p).

Hence

() (%)) B

Therefore p | (gi)( ) for £ < k < p. Now combining (2.10) with (1.3) yields
the result.

THEOREM 2.2. Letp > 3 be a prime and m,n € R, withm # 0 (mod p).

Then
n :[pz/é] 6k\ [/ 3k om3 — n\*
P\ oms T =3k k 123m3
-1

()E()

=0

Proof. Replacing m by —3m? in Theorem 2.1 and then applying Lemma
2.3 we deduce the result.

COROLLARY 2.8. Let p > 3 be a prime, and let c¢(n) be given by

o0 [e.9]

H (1-¢")21 - ¢ )2 = e(n)g" (gl < 1).

Then

[p/6] 6k (3k
e =Ry () =02 S0 B oa

Proof. 1t is easy to see that the result holds for p = 11. Now assume
p # 11. By the well known result of Eichler (see [KKS, Theorem 12.2]), we
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have
{(z,y) € Fpx Fp: o +y=2" -2} =p—c(p).
Since
H(z,y) € Fp x Fp y2+y:$3_m2}|
2
:‘{($7y)€FpXFp(y+%) :$3_x2+i}‘
:‘{(xvy)GFpX]FpIy2:$3_:B2_|_%}‘
p—1 3 2 1 p—1 113 112 1
x> — x4 3 (z+3)0°—(@+3) +4
=Pt <4> =p+z< 3 3 1
z=0 p x=0 p
p—1 3 1 19 p—1 3 1 19
s (5P —5-§+
:p+Z( : 108) p—l—Z( 6/~ 3'% 108>
z=0 b =0 p
. <6> pl(xf‘f - 12x+38)
=p — S B
p =0 p
we obtain
-1
6\ 5~ /2% — 122 + 38
(2.11) o(p) = _<p> Z(p>-

z=0

Using Theorem 2.2 we see that

-~ (2) S (21) 1y (2) ot

=0

From (1.2) and Lemma 2.3 we have

(5)-o S ()

k=0

Thus the result follows.

REMARK 2.2. Set ¢ = e?™* and f(z) = q[[ro, (1 —¢*)%(1 —¢'*¥)2. Tt is
known that f(z) is the unique weight 2 modular form of level 11.

THEOREM 2.3. Let p > 3 be a prime, and let t be a variable. Then

(2.12) Ppp)(t) = - <) D (2 -3z + 2t)"% (mod p).

z=0
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Proof. Taking m = 1 and n = 2t in Theorem 2.2 and applying Euler’s
criterion we see that (2.12) is true for ¢ = 0,1,...,p — 1. Since both sides of
(2.12) are polynomials in ¢ of degree at most (p —1)/2, applying Lagrange’s
theorem we conclude that (2.12) holds when t is a variable.

THEOREM 2.4. Let p > 3 be a prime and let t be a variable. Then

p-1 t(t2 —9)Vt2 +3 _
(—t* —3) 1 P[g]< ( G l 3)° ) (mod p) if 4]p—1,
Pp—l t) = p
e (1) (—t2 — 3)57 12 — 9V +3 .
- P 5 5 (mod p) if 4|p—3,
NZEE I (t* +3)
( p-1 9t + 7)\/6t + 10 .
(6t +10) = Pz <( (3t)—|— 5)? > (mod p) if 4]p—1,
Ppi(t) = »
51 (6t + 10)"T b, (0L T)VELH 10 . a3
6t1 10 o (3t + 5)2 (mod p)if 4[p = 3.

Proof. By (1.1), both sides of the two congruences are polynomials in ¢
of degree at most p — 3. By Lagrange’s theorem, it suffices to show that the
congruences are true for p —2 values of t € {0,1,...,p—1}. Now combining
(1.4) and (1.6) with Theorem 2.1 we deduce the result.

COROLLARY 2.9. Letp > 3 be a prime and m € Ry, with m # 0 (mod p).

Then
P 2m? —5 . 3m2 —4
(3] 3 D £l m3
—2\ W fak (28 (m? =1\
p ) = \2k)\ k 192

(2) 55 (08 () (22 o)

k=0

K
S

Il
= =
o

S
=)

Proof. Taking t = (2m? — 5)/3 in Theorem 2.4 and then applying [S6,
Lemma 2.2] and Lemma 2.3 we deduce the result.

THEOREM 2.5. Let p > 3 be a prime and let t be a variable. Then
- 2% — 14t + 11
(5—4t)"F Py, < Ry 4t> (mod p)

(5 — 4t)2
if p=1 (mod 4),
5 —4t)"% 202 — 14t 4 11
( . _)4t 2 < 51 N= 4t> (mod p)
3 if p=3 (mod 4).
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Proof. By (1.1), both sides of the congruence are polynomials in t of
degree at most p — 2. By Lagrange’s theorem, it suffices to show that the
congruence is true for all t € R, with ¢ # g (mod p). Now assume t € R,
and t # 2 (mod p). Set m = 3(4t — 5) and n = 2(2t? — 14¢ + 11). Then

3nv/=3m  (2t% — 14t + 11)/5 — 4¢
2m2 (5 — 4t)2 '

Thus, by (1.5) and Theorem 2.1 we have

Pryy(t) = - <§> pi <fc‘°’+mpfv+n)

212 — 14t + 11 _
+1

P\ (96— 4T , (2 14t 411 .
<3> VI — 4t) PVé]( (5 — 4t)2 V5 —4t ) (mod p) if4[p—3.

For p = 1 (mod 4) we have 91)4;1(2) = (%)(133) =1 (mod p). For p = 3

3
(mod 4) we have o . 1(8) = (%) () = —1 (mod p). Thus the result
follows.

COROLLARY 2.10. Let p > 3 be a prime and m € R, with m # 0
(mod p). Then
5 —m? —m m* +18m? — 27
P P
()= (5 (")
HIWIHIE)
prd 216

GIE (25 man

k=0

Proof. Taking t = 5741”2 in Theorem 2.5 and then applying [S4, Lemma
2.3] and Lemma 2.3 we deduce the result.

COROLLARY 2.11. Let p > 3 be a prime. Then
P 7+3V3
[3} 2

2a(3 +2v3) T (modp) if 4lp—1,p=a®>+b* and 4]|a — 1,
0 (mod p) if p=3 (mod 4).
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Proof. Sett = (743v/3)/2. Then 2t —14t+11 = 0. Thus, from Theorem
2.5 and the congruence for P[%](O) in the proof of Theorem 2.1 we deduce
that

I 7+3V3
2] 5

3

—1

S

(97 6V3)'% Py (0) = (32 28)'% 2 ) mod ) it alp -1,
_ 1
] (9F6evR) T .

! —I94263/§ P[%](O)zo(modp) if4|p-—3.

1
It is well known that (ZZ) = 2a (mod p) for p = 1 (mod 4) (see [BEW,
p. 269]). Thus the corollz;lry is proved.

THEOREM 2.6. Letp > 3 be a prime and m,n € R, with m # 0 (mod p).
Then

pz%<x3+mx+n>

x=0 p
[p/12] 5 k
k=0
. o p/12] , p 5p m3 n2\*
o () (B) (582 v
k=0

Proof. Let ple )(37) be the Jacobi polynomial defined by

PO ) = o > (n . 0‘) (Zfi) (z+ 1)@ — 1),

k=0
It is known (see [AAR] p. 315]) that

1
(213)  Pon(e) = P22 = 1) and  Popsa(z) = 2P (222 — 1).

For k = 1,2,... let (a)y = ala+1)---(a + k — 1). Then clearly (a); =
(=1)*k!(7%). From [B| p. 170] we know that

Péaﬁ)(x):<n—;a><l+z (n+a+£'+ i (1;x>k>
_ (”Za> zn: (2) ((_"1_‘7;)5 b <x;1>k'

k=0 k




Legendre polynomials and supercongruences 187

Thus,

(2.14) POB) (z) = ; Z) e _]f - 1) (1;x>k

3nyv/—3m
Pop| ——=— ) =

2m?

_ ”’22] 2]\ (5L = [B]\ [4m® + 2702\ *
N k k 4m3
k=0
RO BN (121 [ 4m® + 27n2 ) *
k=0
if p=3 (mod 4), then [£] = 2[£] + 1 and so
3nv—3m\ _ 3nv—-3m _(0,1) —27n?
P[g]( 2m? > - 2m? P[l%} (2' am3 !

Ip/12)
_ 3nv/=3m 3 (B (-5 -\ [, 2 F
2m?2 —~ \k k 4m3
3ny/=3m W2 (121N (252 — (] [ 4m? + 2702\ *
2m?2 k k 4m3
k=0
2

e 5 <[k]> ([Z]) <W )’“ (mod p).

Now combining the above with Theorem 2.1 we deduce the result.

For a prime p and a € R, let (a), denote the unique integer ag €
{0,1,...,p — 1} such that a = a¢ (mod p).

LEMMA 2.4. Let p > 3 be a prime and let t € R, with t # 0 (mod p).
Then

By SO

0
P[g](\/f) (mod p) if p=1 (mod 4),
(VOVE (mod p) if p=3 (mod 4).
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Proof. Taking a = —% in [S7, Theorem 2.2] and then applying [S7,
Lemmas 2.2-2.3] we see that

(8

= Py, (V)
Pyp—1 (V) (mod p) if 12]p -1,
Psp1 (V) = Pp—s (Vt) (mod p) if 12[p — 5,
= Pu1 (V) = (VHP P (V) (mod p) if 12]p -7,
Pup=1 (V) = (VO Pops (VE) = (VE)? Pp—s (V1) (mod p)
if 12| p — 11.

To see the result, we note that (v/)? = PV = (%)\/i (mod p).

THEOREM 2.7. Let p > 3 be a prime and m,n € R, with mn # 0
(mod p). Then

p! (a:?’ +mz + n)

x=0 p
( _, p—1
~(8m) 5 S () nod p) i 411,
= p—1 5
B(Sm)am) " S (R ) (mod )
Zf 4|p_3;
p=1p=l 4 7
D (5) T X () () ()" (mod p)
- . ps Pl 1 7
CDFRE T X () () ()" (mod p)
\ if 3|p—2.
Proof. Set t = —%. Then 1 —t = 4’”1;;7%7”2. Since
()" =0T () it12]p 1,
27n?\ B3 _ (=8m\(_m\P52 2\ 5 d i£121p —
t<_T12>P_ ( 4m3)7 _( p )( 3) * (n) - (mo p) if 1 |p 5’
= —1
(~28) 7 = (S)(=2)F(3)F (modp) if12[p-T,
2702 \ i my Bl oy B .
((—Tms) 7 =(=3)7 (3) © (modp) if 12]p — 11,

using Lemma 2.4 and Theorem 2.1 we deduce the result.
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3. A general congruence modulo p?

LEMMA 3.1. For any nonnegative integer n we have

> (1) () () () o
- (DGO 6 D)
Proof. Let m be a nonnegative integer. For k € {0,1,...,m} set
= () (),
o= (50) () Con =) Gl )
For k € {0,1,...,m+ 1} set

otniy= -t (2) (£) 8 o

12k2(36m? — 36km + 129m — 62k + 114)
Ga(m, k) = (m +2— k)2

()G O 20 G o)

Fori=1,2 and k € {0,1,...,m}, using Maple it is easy to check that

(3.1)  (m+2)3F;(m + 2,k) — 24(2m + 3)(18m? + 54m + 41)F;(m + 1, k)
+20736(m + 1)(3m + 1)(3m + 5)F;(m, k)
=Gi(m,k+1) — Gi(m, k).
Set Si(n) =>4y Fi(n, k) forn=0,1,2,.... Then

(m+2)3(S;(m +2) — Fi(m +2,m+2) — Fy(m +2,m + 1))
— 24(2m + 3)(18m? + 54m + 41)(Si(m + 1) — Fy(m +1,m + 1))
+20736(m + 1)(3m + 1)(3m + 5)S;(m)
— zm:((m +2)3F;(m + 2,k) — 24(2m + 3)(18m? 4 54m + 41) F;(m + 1, k)
k=0
+20736(m + 1)(3m + 1)(3m + 5) F;(m, k))
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(Gi(m,k+ 1) — Gi(m, k))

I
NE

0
=Gi(m,m+1) — Gi(m,0) = G;(m,m + 1).

i

Thus, for i = 1,2 and m =0,1,2,...,
(m + 2)3S;(m + 2) — 24(2m + 3)(18m? + 54m + 41)S;(m + 1)

+20736(m + 1)(3m + 1)(3m + 5).5;(m)
= Gi(m,m+1)+ (m+23(F(m+2,m+2)+ F(m+2,m+1))

— 24(2m + 3)(18m?* + 54m + 41)Fy(m + 1,m + 1) = 0.

Since S1(0) = 1 = S2(0) and S1(1) = 120 = S(1), from (3.2) we deduce
that Sq(n) = Sa(n) for all n = 0,1,2,.... This completes the proof.

(3.2)

For any prime p and integer n, if p*|n but p®*! { n, we write p® || n.
LEMMA 3.2. Let p be an odd prime and k,r € {0,1,...,p — 1} with

k+r>p. Then
)0

Proof. For any positive integer n we have (37’;) =3 (3711__11). Thus the result
is true for p = 3. Now assume p > 3. By (2.10), p| (*") (§?) for £ < n < p—1.

Thus, if £ > § and » > %, then
3k\ [6k\ [(3r\ [6r
EJ)\3k)\r)\3r/)

Ifr <% thenk>p—r> %p, p° | (6k)!, pl| (2k)!, p? || (3k)! and so

2

Similarly, if k& < £, then r > *2 and so (*)(¥) =

lemma is proved.
THEOREM 3.1. Let p be an odd prime and let x be a variable. Then

p—1 p—1 2
Z <2kk> (3:) (g:) (z(1 — 4322))F = <Z <3kk> (g:) iL'k> (mod p?).
k=0 k=0

Proof. For § < k < p we have p| (Zkk) and p | (‘skk) (gz) by (2.10). Thus

2k\ (3k\ [6k D
(k><k><3k> for ! < k< p.

0 (mod p?). Thus the

2
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Hence, using Lemma 3.1 we deduce that

5 (2 () -
CE )
) (865 (e

:;ﬂéﬁxm@xJJHWH
S ()@ ) )
S S () e
ST ()6 (E 06
S E () () warn

p
By Lemma 3.2, p? ]( )(Gk)( )(g:) for0<k<p—landp—k<r<p-1.

Thus
p—1 p—1
3k\ [(6k\ 3r\ (60 , 9
E <kz><3k)x E <T><3T)x =0 (mod p).
k=0 r=p—k

Now combining all the above we obtain the result.

COROLLARY 3.1. Let p be a prime greater than 3 and m € R, with
m Z 0 (mod p). Then

> 6 = (5 (1) (o) (™) ) oo

- k) \3k 864

Proof. Taking x = Ioy1-1728/m w in Theorem 3.1 we deduce the result.
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COROLLARY 3.2. Let p be a prime greater than 3 and let t be a variable.
Then
p—1 o\ k p—1 k
2k\ (3k\ [6k 1—t 3k\ (6K (1 —1¢
2 (1) () () = (Z () () ()
k=0 k=0
p—1 k
3k\ [ 6k 1—t 9
(2 () ) (r) ) o

Proof. Putting z = ﬁ in Theorem 3.1 we see that

() () ()
S o

where f(t) is a polynomial in ¢ with coefficients in R,. Taking derivatives

p

M7

el
I

and then multiplying by % on both sides we deduce the result.

LEMMA 3.3. Let p be a prime of the form 4k+1 and p = a®>+b* (a,b € Z)
with a =1 (mod 4). Then

2a (mod p)  if 12|p—1 and 31ta,

p—1
P (0) = <[127]) =<{ —2a (mod p) if 12|p—1 and 3|a,
12 2b (mod p) if 12|p—>5 and 3|a —b.

Proof. By Lemma 2.1(i) and the proof of Theorem 2.1,

Py (0) = (_41)[52]([[1 ) ([2]> = (-3 () (mod p).

1
By Gauss’ congruence ([BEW] p. 269]), (Z:

gl) = 2a (mod p). By [S1, Theo-
4

~—

o3

]

ohs
Il

rem 2.2 and Example 2.1],

1 (mod p) if 12|p —1 and 34a,
—1
(=3)" 7 ={ —1 (mod p) if 12|p—1 and 3|a,
—25%(m0dp) if 12|p—>5and 3|a —b.

Thus the result follows.

We note that for primes p = 1 (mod 12), the congruence ( ((;:11))//122) = +2a

(mod p) was given in [HW), Corollary 4.2.2].
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Let p > 3 be a prime. By the work of Mortenson [M] and Zhi-Wei Sun
[Su2],

p—l 3k)cm)
3.3) 1728’“
k=0
_ { (2)(4a® — 2p) (mod p?) if p=a?+b>=1 (mod 4) and 2{a,
0 (mod p?) if p =3 (mod 4).
In [Sull Conjecture B16] Zhi-Wei Sun conjectured that
—1 (6k\ (3k
S (50 (5)
864~
k=0

0 (mod p?) if p =3 (mod 4),
=< (- )[](a—%) (mod p?) if12|p—1,p=a?+b? and 4]|a — 1,
(2)(20b — &) (mod p?) if 12|p—5,p=a*+b*and 4|a — 1.
In [Sud], Zhi-Wei Sun confirmed the conjecture in the case p = 3 (mod 4).
Now we prove the above conjecture for primes p = 1 (mod 4).

THEOREM 3.2. Let p be a prime of the form 4k + 1 and so p = a® + b?
with a,b € Z and a =1 (mod 4). Then

2a — £ (mod p?)  if 12|p—1 and 3ta,
=4 —2a+ £ (mod p?) if 12|p—1 and 3|a,
k=0 2b — £ (mod p?) if 12|p—5 and 3|a—b.

Proof. From Lemma 3.3 we have P[%}(O) = 2r (mod p), where
a ifp=1(mod 12) and 31a,
r=< —a if p=1(mod 12) and 3|a,
b if p=>5 (mod 12) and 3|a — b.

By (2.10), p| (gz) (3kk) for £ < k < p. Thus, applying Lemma 2.3 and the
above we get

= P[%](O) = 2r (mod p).

(ﬁk)(Sk)
Set Z s = 2r + gp. Using Corollary 3.1 we see that

p—1 p—1
Z (%) (i) _ (Z W)Q = (2r + gp)? = 4r% + drgp (mod p?).
k=0

1728k 864~
k=0
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Thus, applying (3.3) we obtain (%’)(4a2 —2p) = 412 + 4rqp (mod p?). Hence

q= —% (mod p) and the proof is complete.

p=1
4. Congruences for ), 2, (2kk) (3kk) (gz) JmF
THEOREM 4.1. Let p > 3 be a prime, m € Ry, m # 0 (mod p) and

= \/m Then
(p—1)/2 (2k) (Sk) (Gk) p—1 N2
Z %k% = P[B](t)2 = (Z(QCS — 3z + 215)7) (mod p).

m 6
k=0 =0

Moreover, if P[%](t) =0 (mod p) or Zﬁ;é(:n?’ — 3z + 2t)% =0 (mod p),
then
(p=1)/2 (2ky (3ky (6K
S GO _ g o
k=0

and

[p/6] ;. (2k\ (3ky (6K
Z M =0 (mod p) for m # 1728 (mod p).

mk
k=0

Proof. For k € {pH, ...,p—1} we have p| (Qkk) and p| (3kk) (gz) by (2.10),
thus p? | (Qkk) (3k)( ) Since
1—t¢ 1—t¢ 1- 1
864(1_432‘ 864 ) T8 m
by Theorem 3.1 we have

(p—1)/2 3k p—l 3k (6k
an 3G EZ CL) 6l

k=0 k=

(ZZZ( DEI() ) ot

Using Lemma 2.3 and Theorem 2.3 we see that

£ () () =

—_ <3> pi(x?’ 32 420" (mod p).

p =0

This together with (4.1), Corollary 3.2 and the fact that p| (3:) (gz) for
B <k < p yields the result.
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THEOREM 4.2. Letp > 3 be a prime and m,n € R, with m # 0 (mod p).
Then

<’§<m3+mx+n>>2
=0 p
pi/ 2 ok 3k 6k\ [ 4m3 + 272\ ¥
3k 123 . 4m3
k=0
3m\ 29 ok 738\ 6k [/ 4m? 2\ k
— Z m° + 27n (mod p)
P Pt k k 3k 123 . 4m3 )
Moreover, if Zi;é(x?"”ﬁ%ﬂ) =0, then

% ok (3K (6K [4m® + 22\ )
2 e )Un ) i) iy ) =0 (mod 27)

k=0

and

L%G:]k 2% 3k: 6k ( 4m? + 27n2\ *
3k 123 - 4m3

Proof We first assume that 4m3 + 27n? = 0 (mod p). Clearly —3m =

(32 ) (mod p) and so (737’“) =LAs®+mz+n=(z—2) (x4 32)>

(mod p) we see that

P

i(m—l—TZQ:—Fn):j)Zl((x—%);w—i—;’;)Z): pzl c-p?;;)

=0 =0 330:0
rZ—5- (mod p)

0 (mod p) for n# 0 (mod p).

£0)- (5 ()

Since m # 0 (mod p) we have n # 0 (mod p) and so Ei;é(m%‘”‘) =
—(%) = £1. Thus the result holds in this case.

Now we assume that 4m3 + 27n? # 0 (mod p). Set t = 3”27;23’" and
my = M. Then t = /1 — 1728/my. From Theorems 2.1 and 4.1 we

4m3+427n2
have

<§<W)>2 - (_3”")%1’%}@)2

b

Il
=)

k=0
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By (2.10), p| (3 (5F) for £ < k < p. If Z};;é(z:ﬁrm%%) = 0, we must have

P[%](t) =0 (mod p). Thus, applying Theorem 4.1 we see that

(p—1)/2
54 GG _ (a1
1

k=0
and
[p/6] ;. (2k\ (3ky (6K
k) () Ge)
kZ:O m—'f =0 (mod p) for n #Z 0 (mod p).

This completes the proof.

THEOREM 4.3 (see [S4, Conjecture 2.4]). Let p be a prime such that
p# 2,3,11. Then

(p—1)/2 (2k) (Sk) (6k)

Z s 6(?3]“ =

k=0
~ (0 (mod p?) if p=3 (mod 4),
~ L (&)4a® (mod p) if p=a+b>=1 (mod 4) and 21a
and
[p/6] 1 2k (3ky (6k
k
Z (k)G(ngk)(%) =0 (mod p) for p=3 (mod 4) with p # 7.
k=0

Proof. Taking m = —11 and n = 14 in Theorem 4.2 and then applying
(2.2) we deduce the result.

THEOREM 4.4 (see [S4, Conjecture 2.5]). Let p > 5 be a prime. Then

RGN (o | gp=eT )

T o03k (52)4c¢* (mod p) if p=c*+2d*=1,3 (mod 8)

k=0

and
[p/6] k(%) (3k) (6k

Z W =0 (mod p) forp=>5,7 (mod 8) with p # 7.
k=0

Proof. Taking m = —330 and n = 56 in Theorem 4.2 and then applying
the formula for ZZ;B(J’,_?’,M) in the proof of Corollary 2.2 we deduce
the result.
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THEOREM 4.5 (see [S4l Conjecture 2.6]). Let p > 5 be a prime. Then

(Z)/()U() _ {0 (mod p)  if p=2 (mod 3),

£~ 54000* (£)4A% (mod p) if p=A%?+3B? =1 (mod 3)

and

[p/6] ;. r2k\ (3kY (6k
kCe) () Gr) _ _ :
kZ:OMOUUk =0 (mod p) for p=2 (mod 3) with p # 11.

Proof. Taking m = —15 and n = 22 in Theorem 4.2 and then applying
(2.3) we deduce the result.

THEOREM 4.6 (see [S4, Conjecture 2.7]). Let p > 5 be a prime. Then
(r-1)/2 2k (3k) (Gk)
12288000)

k=0
_ |0 (mod p?) if 3]p—2,
~ | (B)L2 (mod p) if 3|p—1 and so 4p = L? + 27M?
and
[p/6]
K () () _ ) |
Z( 12%%0mnk-0(m0dp) Jor p=2 (mod 3) with p # 11, 23.

k=0
Proof. Taking m = —120 and n = 506 in Theorem 4.2 and then applying
(2.4) we deduce the result.

THEOREM 4.7 (see [S4, Conjectures 2.8-2.9]). Let p > 7 be a prime.
Then

(p—1)/2 3k
()G G
Z ( 15)3
_{oomﬁp% if p=3,5,6 (mod 7),
(

£)4C? (mod p) if p=C?+7D?=1,2,4 (mod 7)

k=0

and

S IR

2553k
k=0
_ {0 (mod p?) if p=3,5,6 (mod 7) and p # 17,
~ L (£)4C? (mod p) if p=C?+7D?=1,2,4 (mod 7).

Proof. From (2.5), (2.7) and Theorem 4.2 we deduce the result.
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THEOREM 4.8 (see [Sull Conjecture A26]). Let p # 2,11 be a prime.
Then

(p—1)/2 (Qk) (Bk) (6k)

Z k/J\k/\3k

_ 3k
= (32

_ J 0 (mod p?) if () =-1,
- (_?2)932 (mod p) if (&) =1 and so 4p = 2? + 11y°.

Proof. Taking m = —96-11 and n = 112 - 112 in Theorem 4.2 and then
applying (2.8) we deduce the result.
Similarly, from (2.9) and Theorem 4.2 we have the following result.

THEOREM 4.9 (see [Su3, Conjectures 2.8-2.10]). Let p > 3 be a prime.
Then
(r—1)/2 (2k) (3k) (Gk)

E: k/\k)\3k

—96)3k
— (—96)

_{O(modpQ) if (&)=-1,

P
_ 19
- (_76):E2 (mod p) if (&) =1 and so 4p = z* + 19y?,

(p=1)/2 (2ky (3ky (6K
(i) () i)
Z (—960)3%‘3
0 (mod p?) if (§)=-1andp#5,
(&)x? (mod p) if (&) =1 and so 4p = 2 + 43y?,

(pim( 0 G )

22 " (~5280)%
0 (mod p?) if (&)=-1andp+#5,11,
“ G ?;30)3[; (mod p) if (#) =1 and s0 4p = 2* + 6Ty,

( 1)/2
pz G0 Gr)

= —640320) (—640320)3F

[0 (mod p?) if (55)=—1 andp+#5,23,29,

- ( 10005) (mod p) if (1%3) =1 and so 4p = z? + 163y>.

REMARK 4.1. From [O] we know that the only j-invariants of elliptic
curves over the rational field Q with complex multiplication are given by
0, 123, —153, 203, —323,2-30%, 663, —963, —3-1603, 2553, —9603, —5280°2,
—6403203, coinciding with the values of m in (3.3) and Theorems 4.3-4.9.
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