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Nonvanishing of a certain Bernoulli number
and a related topic

by

Huwmio IcHIMURA (Mito)

1. Introduction. Let x be an odd Dirichlet character of conductor f,
and let

1424
By = ? Z ax(a)
a=1

be the generalized Bernoulli number. It is well known that Bj , # 0, which
is obtained in an analytic way. Actually, one knows that L(1,x) equals
By, times a nonzero explicit constant and that L(1,x) # 0, where L(s, X)
denotes the Dirichlet L-function associated to the complex conjugate x of .
For these, see Corollary 4.4 and Theorem 4.9 in Washington [I3]. It is of
interest to search for an algebraic or an elementary proof of the nonvanishing.

In what follows, let p be an odd prime number. We write p = 1 4+ 2¢t1g
with an odd integer q. Let § (resp. ) be an odd (resp. even) Dirichlet
character of conductor p and order 2¢*! (resp. order d, dividing ¢), and for
an integer n > 0, let 1), be an even Dirichlet character of conductor p™*!
and order p". We put x = dpi,. At present, algebraic proofs for By, # 0
are known for the following three cases:

(i) n>0and d, = gq.

(ii) n=0and d, = 1.

(iii) Under some assumption on a cyclotomic unit of Q(¢p).
The case (i) is due to Ullom [I0] and Miki [9], and the case (ii) is due to [10]
and Metsénkyld [8]. The case (iii) was dealt with in Iwasawa [7] and in [9].
(For the case p = 2, see Remark 3 at the end of Section 2.)

Let F' = Q(Coe+1, Cq,) and K, = F((yn) for n > 1. Here, for an integer
m > 2, ¢y denotes a primitive mth root of unity. We have By, € K, for
X = 0p¥y. For an element X € K, we can uniquely write X =", ayCpn
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where a,, € K1 and u runs over the integers with 0 < u < p"~!—1. Clearly we
have X # 0 if and only if a,, # 0 for some u. Denote by Tr,, /; the trace map
from K, to K1. The last condition is equivalent to saying that Tr,, ;1 (£X) # 0
for some p"th roots £ of unity. We thus obtain Tr,, /1 (£B1,y) # 0 for some &.
The main purpose of this paper is to prove, with an algebraic and elementary
manner, the following stronger nonvanishing result for B; , in the extreme
cases d, = 1 and q.

THEOREM. Under the above setting, assume that d, = 1 or q, and let
X = 0py,. Then, for any n > 1 and any p"th root & of unity, we have

Tr,/1(§B1x) # 0.

When d, # 1 nor g, no corresponding result seems to be obtained
whether in an algebraic or analytic way. Calculation of the traces of Bernoulli
numbers played an important role in the study of Washington [11} 12] on
the non-p-part of the class numbers in the cyclotomic Z,-extension over an
imaginary abelian field. We prove the Theorem by modifying Washington’s
calculation and using some combinatorial arguments. Our method is com-
pletely different from the previous ones in the above cited papers [7, 8,9, [10].

Washington’s study was taken over by Horie [2,[3]. Let k be the imaginary
subfield of Q((,) of degree 21 over Q. Let k, be the nth layer of the
cyclotomic Z,-extension ko /k with ky = k and h;, the relative class number
of ky,. Let £ be a prime number with ¢ # p. When p = 3 mod 4 (and hence
k = Q(v/—p)), we see from [3, Theorem 2] that ¢ { h, for all n if £ is a
primitive root modulo p? and ¢ is larger than an explicit but very large
constant m,, (with m, = O(p”)). In [, 5], we obtained the following simple
result by carefully looking at the traces of related Bernoulli numbers. When
q > 1, we denote by d,, the largest divisor of ¢ with d, < q.

ProPOSITION 1. Let p be a prime number with p =3 mod 4 and p > 7.
If 0 is a primitive root modulo p? and ¢ > q — 2d,, then 0 { h,, for all n.

In the process of showing this proposition, we obtained an assertion [5l
Lemma 2] which implies the Theorem for the case where e = 0 and d, = 1.
We prove the Theorem by generalizing some arguments in [4, [5]. Further,
as a by-product, we obtain the following proposition.

PROPOSITION 2. Let p be a prime number with p =5 mod 8 and p > 13,
and £ a prime number which is a primitive root modulo p>. Then £ { hy, /h, 4
for allm > 1 if € > 2p(q — 2d,)*.

It is known that when p = 3 (resp. 5), £t h,, for all n if £ is a primitive
root modulo p? by [2, Proposition 3] (resp. [I1, Proposition 3]). When p = 7,
the same assertion holds by Proposition 1, as ¢ — 2d, = 1. When p = 11
or 19, the same is true for £ > 3, as ¢ — 2d, = 3. Let p = 13. We see that
among the primes ¢ with ¢ < 2p(q— 2dp)2 = 26, { is a primitive root modulo
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p? when £ = 2,7,11. (Note that £ = 19, 23 is a primitive root modulo p but
not modulo p?.) Hence, it follows from Proposition 2 and hy = 1 that £ 1 h;,
for all n if ¢ is a primitive root modulo p? except for ¢ = 2,7,11. For the
case ¢ = 2, see the following remark.

REMARK 1. Let hj, be the relative class number of Q((,n+1). We can
easily show that h, /h,,_, divides h} /hY_;. When p < 509, it is shown in [6,
Theorem 2] that 2 )( hy/hY_, for allm > 1.

REMARK 2. In [3| Theorem 2], Horie worked in a more general setting.
Let k be an arbitrary imaginary quadratic field, and h,, the same as above.
He gave, for each natural number a, an explicit (but large) constant mp,
for which ¢ t h;, for all n if £ > m,, and ¢ satisfies a certain congruence
modulo p®.

2. Proof of Theorem. First, we prepare some lemmas. For an element
x of the ring Z, of p-adic integers, let
z=ao(z) +a(x)p+ - +an(x)p" +---
be the p-adic expansion of z with 0 < a,(z) < p—1. Further, denote by s, (x)
the unique integer satisfying s,(z) = x mod p"*! and 0 < s,(z) < p"*i.
Clearly, we have ay,(z) = (sp(z)—sp—1(x))/p". Let n > 1. Let §, ¢ and 9, be
as in Section 1, and put x = dp¥,. For o € Z,, with a = 1 mod p, we write

X = Try 1 (3¢n(@) ' Buy)
for brevity. For an integer r dividing p—1, let u, be the group of rth roots of

unity in Z,. We choose and fix a generator 7 of pige+1. We put ¢, = ¢, (1+p"),
which is a primitive pth root of unity.

LEMMA 1. Under the above setting, we have

-1 2¢-1
. iQ S (5 suleralt + ey )
b=0 j=0 €€puq

-1

Proof. Replacing a™"a with a and noting that & = 1 mod p, we see that

pn+1_1

U@ Bu= gy 3 adla)e(@)vala”o)
I

e X sala)d(@pla)in(a)
a=0

= o Z 3" suleall +bp))3(e)p(e)ibn (1 + bp).

b=0 €Eup—1
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For a p"th root { of unity in Ky, we have Tr, /() = p" 1€ or 0 according
as & = 1 or not. Further, v, (1 + bp)? = 1 if and only if p"~! divides b.
Hence, noting that 1 + bp" = (1 + p")® mod p"*!, we obtain

1 22
_ b
(1) X = 27)2 gfbep
with
2etl_1
=D saleall+bople) =D D salen’all+")in)e(e).
Chp—1 c€pg  j=0
We have n>° = —1. Hence, as ¢ is an odd character and sp(—x) = pntt —
sp(z) if p"* 2, we see that
2¢ 1
()@= > (sulea(l+bp") — su(—ea(l+bp™))d(n)p(e)
€€pg j=0
2¢ 1 A ‘
=23 3" salera(l+bp")dm)p(e) — pC
ecpq =0
with
261 '
c=Y ey Y.
€€ N1q 7=0

Since C' is independent of b and Zg;é C;,’ = 0, we now obtain the assertion
from (1) and (2). =

LEMMA 2. For v € Zy, and an integer b with 0 < b < p — 1, we have
sn(Y(1+bp")) = sn-1(7) + soan(7) + ao(v)b)p".
Proof. Write a,, = a,(7) for brevity. Then we obtain the assertion from
Y1 +bp™) =ag+a1p+ -+ an_1p" '+ (an + agh)p™ + - -
= Sp—1(7) + so(an +apb)p™ +--- . =

For a while, we assume that ¢ > 1. For integers n,b,j and a p-adic
integer o with

n>1 0<b<p-—-1, 0<j<2°-1, «a=1modop,

we put
2¢—1
1 . .
Tnba,j = W Z sn(en’a(l+bp")) and  zppa = Z Tnba,i0 (1)
€€ g 7=0

As g > 1, we see that x,3 + ; is an integer.

LEMMA 3. Under the above setting, we have dp < Tppoj < q— dp.
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Proof. Write d = d,, for brevity, and put r = ¢/d. We have r > 3 since
d is the largest divisor of the odd integer ¢ with d < ¢. Further, fixing n, b,
a and j, we put x =z, o ; for brevity. Let {1 = 1,&s,...,& be a complete
set of representatives of the quotient p,/p,. Putting
1 .
Yu= =7 D SnlCucr’a(l +0p™)),

T
p EC Uy

d

=3

u=1
As r > 1, we have y, € Z. Then, since

1< sp(Suen’ (1 +p™)) <p™ -1,
we obtain 1 < g, < r — 1. Therefore,
d<z<dir—1)=qg—d. =
LEMMA 4. Under the above setting, we have

we have

p—1 2e_1
Z Znbo = Zn—1,0,a T 2eq2 Z 5(77)]
b=0 =0

Proof. Fixing a and j, we abbreviate z,, ;, = T o ;. From Lemma 2, we
see that

p—1 1 p—1
Z$n,b = W Z Z Sn(ﬁnja(l + bpn))
b=0 €€lg b=0

1 = :
= i 2 D (sna(ena) 4 sofaf, + agh)p"),

€Elg b=0
where af, = ay(en’a) with u = 0 or n. As ena € 2%, aj # 0mod p.
Therefore, when b runs over {0, 1,...,p — 1}, the integer so(a$ + a§b) runs
over the same set. It follows that

p—1 1

1 ) p—1 pn+

Z Tnb = prtl Z (psn—l(en]a) + (2) = 2p-1,0 +2°¢%.
b=0 €€ g

The assertion follows from this. =

LEMMA 5. Under the above setting, for each n and «, we have zpp o 7
Zn,0,a for some b with 1 <b <p—1.
Proof. Fixing «, we abbreviate 2, = 2 1o and x,0 = Tpn,0,0,0- Assume
that 2,3 = 2,0 for all b. Then Lemma 4 implies that
p—1 2¢—1

Z Znb = Zn-1,0 + 2°¢° Z §(n)? = 0 mod pZ[(yes1].
b=0 j=0
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It follows that
(3) Tn—1,0 + 2¢¢> = 0 mod p

because the elements §(n)? with 0 < j < 2 — 1 constitute a free basis of
Z[(ge+1] over Z. We see that

2¢¢% = P4 mod p and 0<1%<p
Lemma 3 gives
— +
0< 2 10+Tq< +% p2q< — 9oty 11,

Thus, the congruence (3) is impossible. u

Proof of Theorem; the case d, = 1. Under the notation in Lemma 1, it
suffices to show that X # 0 for any n and o. When ¢ > 1, we see from
Lemma 1 that

1 1

Y = pn—lX - Trn/l(gwn Bl,x Zznban
p—1
= (zn,b,a - Zn,(],a)c;)) € Kl = Q(C25+17 CP)
b=1

Since the elements (g with 1 < b < p — 1 constitute a basis of Ky over
F = Q((ge+1), we see immediately from Lemma 5 that Y # 0.

Next, we deal with the case ¢ = 1 (that is, the case where p is a Fermat
prime). We see from Lemma 1 that

- 2¢—-1

(4) X:Tl‘n/1(%1/1( )~ le ;Z(ZSM’J )p
b=1  j=0

with
Snp = sn(Pa(l+0p™)) — sp(n’ ).

It follows from Lemma 2 that

1 , . : :
ﬁsn,b,j = 50(an(’ @) + ao(n’ a)b) — an(n’ ) = n’ab # 0 mod p

for 1 <b < p — 1. Therefore, S, ; # 0 and hence

2¢—-1

Z Sn,b,jé(n)j 7£ 0

since the elements 6(n)/ with 0 < j < 2¢ — 1 constitute a basis of F over Q.
It follows from (4) that X # 0. =
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Before going on to the case d, = ¢ (> 1), we prove one more lemma. Let
qi,---,qs be some distinct odd prime numbers dividing p — 1. We put

(5)  n= g Hg = e e e g, A<u<s)})  (CZY).
Let f : p — Z be an arbitrary map, and 7 : u© — C* an injective homomor-
phism. Put S = {1,...,s}. We define a map g : u — Z by

gler- - €s) = Z(—l)s_uZ(U)f(ftl )

u=0 TCS

Here, in the sum Zgﬂ“gs, T = {t1,...,ty} runs over the subsets of S with
|T| = u. Further, when v = 0 (and T is empty), we set €, - - - €, = 1.

LEMMA 6. Under the above setting, we have
D FEOTE =Y > gler--e)r(er) -+ 7(es),
ecu e1#1 es#1
where in the sum Zeu;él’ €y Tuns over the nontrivial elements of pig, .

Proof. Let i = g, - pg. , (C p), and S = S\ {s}. As 7 is an injective
homomorphism, we have
Z 7(e5) = 0,

€s€Mgs
and hence
Zf(e Z (Z (e€s) — )T(ﬁ))T(ﬁS).
€Ep es#1l  €€n

Then, by induction on s,

S rAr@ =D (X X delarerie) o)) 7e)

ecu es#l  e1#1 €s—17#1
with
s—1 ()
Gesler--es1) =D (1)1 T (flery - €nges) = fle oo er,,)).
u=0 TCS

The right hand side equals
s—1 s—1

©) Y10 e ae) + 3 e e,
u=0 TCcS u=0 TCS§

Putting s = t,41 and changing 1 + u to u, we see that the first term equals

s—1 (u+1) s

1+u _ s u
> (- PN flen e ) =Y (- E JACTRERCW
u=0 TCS u=1 TCS

seT seT
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where in the second sum of the left (resp. right) hand side, T runs over the
subsets of S such that |T'| = u + 1 (resp. u) and s € T. The second term
of (6) equals

s—1
§ : s u§ :

f €ty - etu
u=0 TCS

s¢T
From these, we see that g (€1 €s—1) = g(€1---€5), and hence we obtain
the assertion. m

Proof of Theorem; the case d, = q (> 1). Let ¢ = ¢7" - - - ¢5° be the prime
decomposition of g. As in Lemma 1, let X be the trace of 1, (a) "' By /2 to
Kl = Q(C26+17 <d¢7 Cp) = Q(CQE‘H ) qul sty ngs ) Cp)

We put

K = Q(CZe'H?CqU ceey Cqsa Cp)

Denote by Tr the trace map from K; to K. Let u = pg, - - - pig, be as in (5).
For a gth root € of unity in Z,, we see from d, = ¢ that Tr(p(e)) = cyp(e)
or 0 according as € € u or not, with ¢ = [K; : K]. Then Lemma 1 yields

p—12°-1
322 2 smleral+b)e(dm)’s;
b=0 j=0 ecpu
c p—12¢—1 ‘ . .
= 523 (X leuleralt+ ) = su(erra)e(e))sny

=0 €En

J

Assume that Tr(X) = 0. Then, since the elements 6(n)7¢} with 0 < j <
2° —1land 1 <b < p—1 constitute a basis of K over £ = Q((g,,---,Cq)s
we observe that

> (sn(en a1 +bp™) = sn(en’a))p(e) =0

EC
for all j and b with 1 < b <p— 1. Lemma 2 yields
(7) > (so(an(en’a) + ao(en’ a)b) — an(en’a))p(e) = 0.

ECp
Define a map f : u — Z by

f(e) =50 (an(ﬂ?ja) + aO(Enja)b) - an(ﬂija)~

Then, from (7) and Lemma 6, we obtain

Zz(i( suz f€t1 etu)>(1)...¢(és):0

e1#1 es#1  u=0 TCS
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because d, = gq. We also see that the elements ¢(e1)--- ¢(€5) in the above
formula constitute a basis of E over Q. Hence,

S
_ (w)
D=0y ey e rer,) =0
u=0 TCS
for any €, € pg, with €, # 1 (1 < u < s). Noting that f(e) = bn/ae mod p,
we see that .
by a Z(—I)S_“Z(u)etl <€, =0mod p
u=0 TCS
for any b, j, a, and ¢,. It follows that

S

H(eu —1) =0 mod p.

u=1
This is impossible since each ¢, is a primitive g,th root of unity in Z,. Thus
Tr(X) # 0, and hence X #0. »

REMARK 3. Let p = 2. Let § be the quadratic character of conductor 4,
1, an even Dirichlet character of conductor 2”2 and order 27, and x = d),.
Algebraic proofs for B, # 0 for this case are given in [§, [9, 10]. We put
Kp = Q(¢2n) (n > 2), and denote by Tr,/, the trace map from K, to Ka.
Then we can easily show the following stronger nonvanishing result:
X =Tryo(5¢n(@) ' Biy) = £2" (1 £ V=1) #0

for any integer n > 2 and « € Zo with a = 1 mod 4. We give an outline
of the proof. We choose a generator i of the multiplicative group 1 + 4Zo
so that 72" = 1+ 2" mod 2"+2. For & € Zy, we define s,(z) and an(z)
exactly as in the case p > 3. Since Y is of conductor 2”2, we have

2n_1

Sn(0) Bry = sir 303 sia(ena)d(e)n(n)”

e=£1 b=0
Letting i = 1, (1 + 2"), we see similarly to Lemma 1 that

3
| , 1 |
X:16gjmﬂmﬂ+bwﬁlzlé$+w)

with

= sp1(a) = spr1(a(l +2"),

U= sa(@(1+2) — supa(o(1 +27)(1 4 240)).
For v € Z, we see from Lemma 2 and ap(y) = 1 that

st (Y(L+2F1) = s,(7) + s0(1 + ans1(7))2"
Now, we obtain the assertion noting that a,+1(y) — so(1 + ant1(7y)) = £1.
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3. Proof of Proposition 2. In this section, let p = 1+ 4¢g with an odd
integer ¢ > 3. We choose o = 1, abbreviate

Tnb = Tnp1,0, Ynbp = Tublls  2np = Znbl = Tnp + Ynpl,
and put
b = Znp — dp(1 +1).
Here, i = v/—1. By Lemma 3, we have
(8) mp €EA={z+yi|0<z,y<q—2dy}

for any n. Let 0 (resp. ¥,,) be an odd (resp. even) Dirichlet character of con-
ductor p (resp. p"*1) and order 4 (resp. p"), and let x = 61,,. By Lemma 1
and the relation -0~} ¢b =0, we have

p—1 p—1
X = Tro (3Bix) =p" 1D 2nsGp = 0" 1Y ansGh € Ki = QUi G).
b=0 b=0

Let N be the norm map from K; to K = @(Cp). Then

(9) Y = N(p "X) Zwagp
with

(@)  _
(10) Wq = Z dn,bdn,c € 7.

(b,c)

Here, the sum is taken over the pairs (b,¢) of integers b and ¢ with 0 <
b,c <p—1and b+ c=amodp, and z is the complex conjugate of z € C.
When b = ¢, we see from (8) that 0 < 3,306 < 2(¢ — 2d,)%. When b # c,
we observe that both pairs (b, c) and (¢, b) appear in the sum (10), and

0< Zn,bgn,c + Zn,cgn,b < 4(q - 2dp)2
from (8). Since there are exactly (p — 1)/2 sets of such pairs {(b,¢), (¢,b)},
it follows that
(11) 0 < w, < 2p(q — 2d,)2.

Proof of Proposition 2. It is known that the unit index of the imaginary
abelian field %, equals 1 (cf. Conner and Hurrelbrink [I, Lemma 13.5]).
Hence, from the class number formula (cf. [13, Theorem 4.17]),

Ry [y_1 = H (—3B16y.)
571/)71

where ¢ (resp. 1) runs over the Dirichlet characters of conductor p (resp.
p" 1) and order 4 (resp. p"). Let ¢ (> 2p(q—2d,)?) be a prime number which
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is a primitive root modulo p?. Assume that ¢ divides the ratio h,, /h, ;. We
fix 0 and v, and put xy = d¢,,. Then the above formula yields

%Bl,x = 0mod L,

for some prime ideal £,, of K, = Q(4, (=) over £. Since ¢ is a primitive root
modulo p?, the prime ideal £; = £, N K; of K; remains prime in K,. It
follows that

X = Trn/l(%BLX) = 0 mod £,

and hence
Y =N(p'™X)=0mod £; N K.

Then, since ¢ remains prime in K, we see from (9) that w, = wg mod ¢ for
all a. By the Theorem, we have X # 0 and hence Y # 0. Thus, w, # wp
for some a and b. For these a and b, we have |w, — wp| = 0 mod ¢, and
0 < |wa — wp| < 2p(q — 2d,)? by (11). However, as £ > 2p(q — 2d,)?, this is
impossible. u
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