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1. Introduction. Lang [22] proved that if a curve C C A? contains
infinitely many points whose coordinates are both roots of unity, then C is
the zero set of an equation of the form X™Y"™ = «a for some m,n € Z (not
both equal to 0) and some root of unity «. In this case we note that if C
projects dominantly on both axes, then for each point (x,y) € C we know
that x is a root of unity if and only if y is a root of unity. In particular, the
following result is a corollary of Lang’s Theorem.

COROLLARY 1.1. Let Fy, F5 € C(z) be nonconstant rational maps such
that there exist infinitely many X\ € C such that both Fy(\) and Fa(\) are
roots of unity. Then Fy and Fy are multiplicatively dependent, and therefore
for each X € C, Fi(\) is a root of unity if and only if Fo(\) is a root of
unaty.

Lang’s result is a special case of the Manin—-Mumford Conjecture (proven
by Raynaud [28, 29] for abelian varieties, and by Hindry [20] for semi-
abelian varieties). The Manin—-Mumford Conjecture (in its most general
form asked by Lang) predicts that the set of torsion points of a semi-
abelian variety GG defined over C is not Zariski dense in a subvariety V'
of G, unless V is a translate of an algebraic subgroup of G by a tor-
sion point. Pink and Zilber have suggested extending the Manin—Mumford
Conjecture to a more general question regarding unlikely intersections be-
tween a subvariety V of a semiabelian scheme G and algebraic subgroups
of the fibers of G having codimension greater than the dimension of V' (see
[6, [19], 24, 25], 26]).

Masser and Zannier [24] 25] studied the Pink-Zilber Conjecture when
G is the square of the Legendre family of elliptic curves. We state below a
special case of their theorem.
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THEOREM 1.2 (Masser—Zannier). For each A € C\ {0,1}, let E) be the
elliptic curve given by the equation Y? = X (X — 1)(X — A). Let Py and
Qx be two given families of points on E\ depending algebraically on the
parameter X. Suppose there exist infinitely many A € C such that both P
and Q) are torsion points for Ey. Then the points Py and Qx are linearly
dependent over Z on the generic fiber of the elliptic surface E).

Both Lang’s result and Masser—Zannier’s result are special cases of the
following problem. Let {G} be an algebraic family of algebraic groups, and
let {Py} and {Qx} be two algebraic families of points on G). If there exist
infinitely many A such that both Py and (), are torsion points, then at least
one of the following three properties holds:

(1) P, is torsion for all A.
(2) Q) is torsion for all A.
(3) For each A, Pj is a torsion point if and only if @, is a torsion point.

In the arithmetic theory of function fields of positive characteristic, Drin-
feld modules play a role similar to elliptic curves over number fields. Hence,
it is natural to ask if there exist results for the family of Drinfeld modules
that are parallel to those obtained by Masser and Zannier.

In this paper we study the first instance of the above problem in char-
acteristic p, where G := (G,,®") is the constant family of additive group
schemes endowed with the action of a Drinfeld module ¢* (which belongs
to an algebraic family of such Drinfeld modules). More precisely, let K be
a field extension of Fy(t) and let K (z) be the rational function field in vari-
able 2. Let @ : Fy[t] — Endg(,)(Ga) be a Drinfeld module defined over K (z)
(see Section [2] for details). Equivalently, @ is also regarded as a family of
Drinfeld modules by specialization. That is, by letting z = A for A in the
separable closure K% of K inside K, we obtain an algebraic family of Drin-
feld modules, denoted by ¢*, which are defined over K®¢P. Then we are able
to prove that the above trichotomy must hold.

The following result is a special case of our more general result (Theo-

rem .

THEOREM 1.3. Let r > 2 be an integer, let q be a power of a prime num-
ber p, let K be a finitely generated extension of Fy(t), and let g1,...,g-—1 €
K(z]. We let @ : Fy[t] — Endg(;)(Ga) be the family of Drinfeld modules
defined by

r—1
Py () = tx + Z gi(2)z? + 27 .
i=1
Let a,b € K|[z] and assume there exist infinitely many A € K*P such that

both a(\) and b(\) are torsion points for ®*. Then at least one of the fol-
lowing properties holds:
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(1) a is a torsion point for @.

(2) b is a torsion point for ®.

(3) For each A € K, a()) is a torsion point for & if and only if b(\) is
a torsion point for .

For certain families of Drinfeld modules and for constant starting points
a,b (i.e., with no dependence on z) we can give an explicit condition for
there to exist infinitely many A € K5P such that both a and b are torsion
points for ¢*.

THEOREM 1.4. Let r > 2 be an integer and let K be a finitely generated
extension of Fq(t) such that Fy is algebraically closed in K. Let a,b € K
and let @ : Fy[t] — Endg(.)(Ga) be the family of Drinfeld modules given by

&y(x) =t + 229 + 27 .
If there exist infinitely many A € K°P such that both a and b are torsion
points for ®, then a and b are linearly dependent over F,. Moreover, for
)\ € K, a is torsion for & if and only if b is torsion for .

Going in the opposite direction, when K is a constant field extension of
F,(t) we can also give a more precise relation between a and b.

THEOREM 1.5. Let v > 2 be an integer, let q be a power of a prime

number p, let a,b € K =Fy(t) and let ¢ : F[t] = End(G,) be the family of
Drinfeld modules given by

Oy(x) = tx + 2294 29 .

If there exist infinitely many X\ € K*P such that both a and b are torsion
points for *, then a and b are linearly dependent over F,. Moreover, for
X\ € K, a is torsion for & if and only if b is torsion for <15>‘

Both Theorems [T.4] and [I.5] should be true without any extra condition
on the (constant) startlng points a and b. However, our methods cannot be
extended to this general case. In order to prove Theorems [1.4] and [L.5] we
employ a finer analysis of the valuation of torsion points for Drinfeld modules
which fails for arbitrary extension fields K of Fy(t). Also, for the family of
Drinfeld modules from Theorems [I.4] and [I.5] we prove in Proposition [6.2]
that for almost all ¢ € Fy[t] there are indeed infinitely many A € Fy(t)%P
such that c is torsion for &*, thus justifying that the conclusion in both
Theorems [[.4] and [L.5] is not vacuous.

A question analogous to the problem studied by Masser and Zannier in
the setting of arithmetic dynamics is the following. Given complex numbers
a and b and an integer d > 2, when do there exist infinitely many A € C
such that both a and b are preperiodic for the action of fy(z) := ¢ + X
on C? This question was first raised by Zannier at an American Institute of
Mathematics workshop in 2008 and further studied by Baker and DeMarco
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in [I]. They show that this happens if and only if a® = b?. In [I5], the present
authors together with Tucker extended Baker—DeMarco’s result to general
families of polynomials.

On the other hand, a Drinfeld module can be viewed as a collection
of (additive) polynomials acting on the affine line—so we can apply the
techniques and results that have been developed in arithmetic dynamics
into the study of Drinfeld modules, especially to Diophantine problems
arising from Drinfeld modules; this point of view will prove useful in our
paper.

The problem studied in this paper naturally can be viewed as an ana-
logue of the problems from [I] and [15] in the setting of Drinfeld modules.
Hence, our method for studying the question raised above follows closely the
methods used in [I]. We will apply the techniques used in [I5] to our situa-
tion. The reader will find the material in Section [3] and results in Section [4]
parallel to [15, Sections 4-6].

However, as we work in the world of positive characteristic, we cannot
expect that all the techniques developed in [I] and [I5] can be applied to
our situation. This paper reveals the differences and difficulties in the study
of the same questions in the setting of Drinfeld modules. In particular, we
cannot use complex analysis in order to derive the explicit relations between
a and b as in Theorems[I.4]and [I.5} instead we use arguments from valuation
theory which are amenable to Drinfeld modules. Also, in all of our results
we need to restrict to specializations A € K®P rather than A € K since the
powerful equidistribution results on Berkovich spaces that we will be using
are also restricted to separable points.

The plan of our paper is as follows. In Section [2| we set up our notation
and state our main result (Theorem , and then we describe the method
of our proof. In Section [3]we give a brief overview of Berkovich spaces. Then,
in Section [d] we compute the capacities of the generalized v-adic Mandelbrot
sets associated to a generic point ¢ for a family of Drinfeld modules. We
proceed with the proof of Theorem [2.6] in Section [5] Then, in Section [6] we
conclude the paper by proving Theorems [1.3

2. Preliminaries and statement of the main results. In this sec-
tion, we give a brief review of the theory of Drinfeld modules and height
functions that is relevant to the discussion below. Throughout the paper,
we let ¢ be a power of a prime p and let I, be a finite field of g elements.

2.1. Drinfeld modules. We first define Drinfeld modules (of generic
characteristic)—for more details, see [18]. Let L be a field extension of the
rational function field F,(t). A Drinfeld Fy[t]-module defined over L is an
[F,-algebra homomorphism @ : Fy[t] — Endf(G,) such that
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r—1
&y(x) = t:c—i—Zaia:ql + 29  witha;e Lforalli=1,...,7r—1,

i=1
where @, denotes the image of a € F,[t] under @, and r > 1 is called the rank
of @. Note that as an F,-algebra homomorphism, @ is uniquely determined
by the action of &; on G,. In general, ®;(z) is not required to be monic
in x. However, at the expense of replacing @ by a Drinfeld module which is
conjugate to it, i.e.

(2.1) Wy(z) =7 ' y(ya),

for a suitable v € L we can reduce ourselves to the case that ¥; is monic.
Note that ¥ is defined over L(7) which is a finite extension of L.

A point z € L is called torsion for @ if there exists a nonzero a € Fy[t]
such that z is in the kernel of @,. Since each @, is a separable polynomial,
we conclude that actually x lives in the separable closure L3P of L inside L.
We denote by @i, the set of all torsion points for @. It is immediate to see
that z is torsion if and only if its orbit under the action of @, is finite, i.e. x
is preperiodic for the map @;. Note that if ¥ is a Drinfeld module conjugate
to @ as in , then x € @y, if and only if Y 'z € ¥,.

2.2. Canonical heights. Let K be a finitely generated transcendental
extension of F,. At the expense of replacing K by a finite extension and
replacing F, with its algebraic closure in this finite extension, we may assume
there exists a smooth projective, geometrically irreducible variety V defined
over [, whose function field is K (see [10]). We let then (2 := £2) be the set
of places of K corresponding to the codimension one irreducible subvarieties
of V. Furthermore, we normalize the absolute values | - |, so that for each
a € K* we have

(2.2) I ledo =1.

vef?
For more details see [23] §2.3] or [5] §1.4.6]. We note that if € K is a v-adic
unit for all v € 2k, then x € Fy.

Let C, be a fixed completion of the algebraic closure of a completion K,
of (K, |-|,). Note that there is a unique extension of |- |, to an absolute value
on C,. By abuse of notation, we still denote this extension by | - |,. Let @
be a Drinfeld module of rank r defined over C,. Following Poonen [27] and
Wang [30], for each x € C,, the local canonical height of z is defined as

~ log™ [Py ()],
(2.3) hoo(z) = lim 08 (2@l

n—00 q”n ’

where log™ 2 always denotes logmax{z,1} (for any real number z). It is
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immediate that qu’v(djti (7)) = ¢ ﬂgv(a:), and thus qu’v($) = 0 whenever
x € Dior.

Now, if f(z) = Z?:o a;x’ is any polynomial defined over C,,, then | f(z)|,
= |agz?| > |z|, when |z|, > 7, where

(2.4) ro = ro(f) == max{1, max{|a;/aq|"/ " }o<ical.

Moreover, for a Drinfeld module @, if |x|, > r,(®P;) then K¢7U(x) = log |z|,
> 0. For more details see [17] and [21].

We fix an algebraic closure K of K, and for each v € 2k we fix an
embedding K < C,. The global canonical height hg(z) associated to the
Drinfeld module & was first introduced by Denis [I1] (Denis defined the
global canonical heights for general T-modules which are higher dimensional
analogue of Drinfeld modules). For each z € K, the global canonical height
is defined as

he(z) = lim h (@i (@)

n—00 qm ’

where h is the usual (logarithmic) Weil height on K. As shown in [27]
and [30], the global canonical height decomposes into a sum of the cor-

responding local canonical heights. Furthermore, ﬂgs(:v) = 0 if and only if
x € Dior (see [30, Proposition 3(v)]).

REMARK 2.5. (1) We note that the theory of canonical height associated
to a Drinfeld module is a special case of the canonical heights associated to
morphisms on algebraic varieties developed by Call and Silverman (see [§]
for details).

(2) The definition for the canonical height functions given above seems
to depend on the particular choice of the map @;. On the other hand, one
can define the canonical heights hg as in [I1] by letting

N h (Pr(z))

bo(z) =t ¢ Aee(R)

)

and a similar formula (see (2.3))) for canonical local heights ﬂquv(;r) where
R runs through all nonconstant polynomials in F,[t]. In [27] and [30] it is
proven that both definitions yield the same height function.

Let @ : Fy[t] = Endp(Ga) be the Drinfeld module as in Theorem [1.3
with L = K(z). Then our main result is the following.

THEOREM 2.6. Let K be a finitely generated extension of Fy(t), let r > 2
be an integer, and let gi,...,gr—1 € K[z]. We let @ : Fy[t] — Endg(;)(Ga)
be the family of Drinfeld modules defined by

r—1
Dy(x) =t + Z gi(2)z? 4 27
i=1
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Let a,b € K|z] and assume the following inequality holds:

deg(g1)  deg(gr—1) }
qr_q vt qr_qrfl :

If there exist infinitely many A € K°P such that both a(\) and b(\) are
torsion points for @, then for each A € K, a()\) is torsion for ®* if and
only if b(X\) is torsion for . Furthermore, in this case, if Ca and Cy, are
the leading coefficients of a, respectively of b, then Cgeg(b)/Cgeg(a) eF,.

Note that inequality (2.7) prevents a and b from being torsion points
for all X (see Proposition 4.2]).

REMARK 2.8. One can consider a more general Drinfeld module such
that the additive group G, is equipped with an action by a ring A consisting
of all regular functions on a smooth projective curve defined over F, with
a fixed point removed. In our definition above, the curve is P! with the
distinguished point at infinity. However, we lose no generality by restricting
ourselves to the case A = F,[t] since F[t] always embeds into such a ring A,
and moreover, A is a finite integral extension of F,[t]. Indeed, for any two
Drinfeld modules & : F,[t] — End(G,) and @' : A — End(Ga) with &'|g
=@, x € Py, if and only if x € &}, (provided A is a finite integral extension

of Fy[t]). One direction is obvious, while if € @'[a] for some a € A, we let
€0, Cly - -+, Cm—1 € Fg[t] (with co # 0) be such that

a™ + cp1a™ - cja+cp =0,

and then z € ®cg), as desired.

(2.7) min{deg(a),deg(b)} > max{

Theorem is an easy consequence of the following more general result.

THEOREM 2.9. Let K be a finitely generated extension of Fy(t) such that
F, is algebraically closed in K, let r > 2 be an integer, let a,b € K, and
let g1,...,9r—1 € K[z]. We let & : Fy[t] — Endg(.)(Ga) be the family of
Drinfeld modules defined by

r—1
Dy (z) = ta + Z gi(2)x? + 27
i=1
Assume there exists igp € {1,...,r — 1} such that
(2.10) deg(gi,) > deg(gi)  for each i # iy.

If there exist infinitely many A € K°P such that both a and b are torsion

points for &, then a and b are Fy-linearly dependent. Moreover, a is torsion
for @ if and only if b is torsion for .

We note that the “moreover” clause follows immediately since we have
Ds1)(c-a) = c- Py (a) for each ¢ € Fy, and for each f(t) € F,[t].
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Our results and proofs are inspired by the results of [I] so that the strat-
egy for the proof of Theorem [2.6|essentially follows the ideas in the paper [1].
However there are different technical details in our proofs. Also, Drinfeld
modules are a better vehicle for the methods of [I] (see also [15] [16]).

Following [I], the strategy to prove Theorem [2.6|is the following. For the
family of Drinfeld modules @, we define the v-adic generalized Mandelbrot
sets M, (inside the Berkovich affine line) associated to any ¢ € K|[z] similar
to that introduced in [I]. We then use the equidistribution result discovered
independently by Baker-Rumely [2], Chambert-Loir [9] and Favre-Rivera-
Letelier [12] [13] to deduce that for any given points a and b the v-adic
Mandelbrot sets M, and M, , are equal for each v € 2x. Here we use
the version obtained by Baker and Rumely [2], which connects the equidis-
tribution result to arithmetic capacities; we apply it in the final step of
the proof to show that the leading coefficients of a and b have the desired
relation.

In order to apply the equidistribution results and capacity theory over
nonarchimedean fields mentioned above, we need to introduce the Berkovich
space associated to the affine line, which we overview in the next section.

3. Equidistribution theorem and Berkovich spaces. As mentioned
above, we will need to apply the arithmetic equidistribution discovered in-
dependently by Baker—Rumely, Chambert-Loir and Favre—Rivera-Letelier.
When the base field is a nonarchimedean field, the equidistribution theorem
is best stated over the Berkovich space associated to the underlying vari-
ety in question. For the convenience of the reader, we review the Berkovich
spaces in this section.

We use the version of the equidistribution theorem obtained by Baker
and Rumely which connects the equidistribution result to the theory of
arithmetic capacities. Hence, the material presented in this section is mainly
from the book [3] by Baker and Rumely. The main body of this section
is taken from [I5, Section 4] which is written according to the summary
in [I]. For more details on arithmetic equidistribution as well as a detailed
introduction to the Berkovich line we refer the reader to [3].

Let K be a field of characteristic p endowed with a product formula, and
let 25 be the set of its inequivalent absolute values. For each v € 2 := {2k,
we let C, be the completion of an algebraic closure of the completion of K
at v. Let All?)erk@v denote the Berkovich affine line over C,, (see [4] or [3}, §2.1]
for details). Then A%erkcv is a locally compact, Hausdorff, path-connected
space containing C, as a dense subspace (with the topology induced by the
v-adic absolute value). As a topological space, All_%erk,(cv is the set consisting
of all multiplicative seminorms, denoted by [-|,, on C,[T] extending the
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absolute value |- |, on C, endowed with the weakest topology such that the
map [-], — [f]. is continuous for all f € C,[T].

The set of seminorms can be described as follows. If {D(c¢;,7;)}; is any
decreasing nested sequence of closed disks centered at ¢; € C, of radius
r; > 0, then the map f + lim; o0 [f]p(c,,r,) defines a multiplicative semi-
norm on C,[T] where [f]p(c,r,) is the sup-norm of f over the closed disk
D(Ci, Ti).

Berkovich’s classification theorem says that there are exactly four types
of points, Type I, II, III, and IV. The first three types of points can be
described in terms of closed disks ¢ = D(e,r) = () D(¢4,7i) where ¢ € C,
and 7 > 0. The corresponding multiplicative seminorm is just f — [f]p(c,r)
for f € Cy[T]. Then ( is of Type I, I or IIT if and only if r = 0,7 €
|Cy|y or r & |CF|,, respectively. As for Type IV points, they correspond to
sequences of decreasing nested disks D(¢;,r;) such that () D(¢;,7;) = 0 and
the multiplicative seminorm is f = lim; o[ f]p(c,,r,) as described above.
For details, see [4] or [3]. For ¢ € A%erk@v, we sometimes write ||, instead

In order to apply the main equidistribution result from [3| Theorem
7.52], we recall the potential theory on the affine line over C,. The right set-
ting for nonarchimedean potential theory is the potential theory on A]13erk,<c,u
developed in [3]. We quote part of a nice summary of the theory from [,
§2.2 and §2.3] without going into details. We refer the reader to [Il, 3] for all
the details and proofs.

Let F be a compact subset of All3erk,(cv' Then analogous to the complex
case, the logarithmic capacity v(E) = e~V ¥) and the Green’s function G
of FE relative to oo can be defined, where V(F) is the infimum of the energy
integral with respect to all possible probability measures supported on F.
More precisely,

V(E) =inf || —logd(x,y)du(x)du(y),

K ExXE

where the infimum is taken with respect to all probability measures p sup-
ported on E, while for z,y € A}Berk c,» the function d(z, y) is the Hsia kernel
(see [3, Proposition 4.1]):
d(z,y) :== limsup |z — wly.
z,weC,

Z—T, WY

The following are the basic properties of the logarithmic capacity of E:

e If Fy, E5 are two compact subsets of A]IBerk,(CU such that Fy C E», then
Y(Er) < v(E2).

o If £ = {(} where ( is a Type II or III point corresponding to a closed
disk D(c,r), then v(E) = r > 0 [3, Example 6.3]. (This can be viewed
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as an analogue of the fact that a closed disk D(c,r) of positive radius
r in C, has logarithmic capacity v(D(c,r)) =r.)

If v(E) > 0, then there exists a unique probability measure ug, also called
the equilibrum measure on E, attaining the infimum of the energy inte-
gral. Furthermore, the support of ug is contained in the boundary of the
unbounded component of All_))erkcv \ E.

The Green’s function Gg(z) of E relative to infinity is a well-defined non-
negative real-valued subharmonic function on A]13 erk,c, Which is harmonic on
A]éerk@v \ E (in the sense of [3, Chapter 8]). If v(E) = 0, then the Green’s
function associated to the set ' does not exist. Indeed, as shown in [3, Propo-
sition 7.17, p. 151], if v(OF) = 0 then there exists no nonconstant harmonic
function on A%Berk,(cv \ E which is bounded below (this is the Strong Max-
imum Principle for harmonic functions defined on Berkovich spaces). The
following result is [I, Lemmas 2.2 and 2.5], and it gives a characterization
of the Green’s function of the set FE.

LEMMA 3.1. Let E be a compact subset of AIIBerk,CU’ and let U be the
unbounded component of AIIBerk,(Cv \ E.
(1) If v(E) > 0 (i.e. V(E) < 0), then Gg(z) = V(E) + log|z|y for all
z € A]13erk,(Cv such that |z|, is sufficiently large.
(2) If Gg(z) = 0 for all z € E, then Gg is continuous on A}13erk,(CU7
supp(pg) = 0U, and Gg(z) > 0 if and only if z € U.
(3) IfG: A%erk@v — R is a continuous subharmonic function which is

harmonic on U, identically zero on E, and such that G(z) —log™ |z|,
is bounded, then G = Gg. Furthermore, if G(z) =log|z], +V +0(1)
(as |z|y— 00) for some V <oo, then V(E)=V, and so y(E)=e".

To state the equidistribution result from [3], we consider the compact
Berkovich adelic sets which are of the form

IE::HEU

veS?

where F, is a nonempty compact subset of A}Berk ¢, for each v € 2 and

where E, is the closed unit disk D(0,1) in Allserk,(cv for all but finitely many
v € 2. The logarithmic capacity v(E) of E is defined as

(32) v(E) =[] +(E).

ves?
Note that in we have a finite product, as for all but finitely many
ve R, v(E,) =~(D(0,1)) = 1. Let G, = Gg, be the Green’s function of E,
relative to oo for each v € (2. For every v € (2, we fix an embedding of the
separable closure K of K into C,. Let S C K*° be any finite subset that
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is invariant under the action of the Galois group Gal(K*P?/K). We define
the height hg(S) of S relative to E by

(3.3) hi(S) Z( D Glz >

ves? zES
Note that this definition is independent of any particular embedding K*°P
— C, that we choose at v € {2. For each v, we let u, be the equilibrium
measure on E,. The following is a special case of the equidistribution result
[3, Theorem 7.52] that we need for our application.

THEOREM 3.4. Let E =[] o Ev be a compact Berkovich adelic set with
v(E) = 1. Suppose that S, is a sequence of Gal(K*P/K)-invariant finite
subsets of K5 with |S,| — oo and hg(S,) — 0 as n — oo. For each v € {2
and for each n let &, be the discrete probability measure supported equally
on the elements of Sy,. Then the sequence {0, } of measures converges weakly
to y, the equilibrium measure on E,.

4. The dynamics of the Drinfeld module family ®. Let K be a
finitely generated field extension of F,(t). We work with a family of Drinfeld
modules @ as given in Theorem ie.

r—1
Oy(x) =tx + Z gi(2)x? + 27,
i=1
with g;(z) € K[z] for i =1,...,r — 1. For convenience, we let go(z) :=t be

the corresponding constant polynomial. Let ¢ € K[z] be given. We define
fen(2) := @n(c) for each n € N. Note that fc, is a polynomial in z with
coefficients in K. Assume m := deg(c) satisfies the inequality

r—1 deg(gi)
4.1 m = de > max -,
(4.1) 5(c) > thagc E

We let C,, be the leading coefficient of c. In the next lemma we compute
the degrees of all polynomials fc, for all positive integers n.

LEMMA 4.2. With the above hypothesis, the polynomial fc,,(2) has degree
m-q"™" and leading coefficient cL” for each n € N.

Proof. The assertion follows easily by 1nduct10n on n, using , since
the term of fe,,(2) of highest degree in z is c? . m

We immediately obtain as a corollary of Lemma [£.2] the fact that c is
not preperiodic for f. Furthermore we find that if c(\) € @7, then \ € K.
Fix a place v € 2. Our first task is to define the generalized Mandelbrot
set M, associated to c¢ and establish that Mg, is a compact subset of
AllBerk,(Cv' Roughly speaking, M, , is the subset of C, consisting of all A € C,
such that c(\) is v-adic bounded under the action of Fy[t] with respect to
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the Drinfeld module structure ¢*. A simple observation is that the orbit
of ¢(A) under the action of F[t] is v-adic bounded if and only if under the
action of @} the orbit {®.(c(\)) | n=0,1,2,...} is v-adic bounded. Hence,
in our definition for the generalized Mandelbrot set M, ,, below we shall only
consider the orbit of ¢()\) under the action of @;. Following [I], 15], we put

Mey = {)\ € Abarc,  SUP[fen(T)]y < oo}.

Let A € C, and recall the local canonical height ﬁ@,v(x) of x € C,, given
by

~ log™ | D

hgr () = lim log” |#pn (@)l (x)\u

) n—oo qrn

Notice that ﬂ@ﬂ,(:n) is a continuous function of both A and . As C, is a
dense subspace of A}Serk ¢, continuity in A implies that the canonical local
height function ﬁ@,v (c(A)) has a natural extension on AL c, (note that

the topology on C, is the restriction of the weak topology on A]13erk,(cv7 SO
any continuous function on C, will automatically have a unique extension
to AL, c,)- In the following, we will extend hgx ,(c())) to a function of A

on A}Berk’cv and view it as a continuous function on A]13erk,(CU' It follows from
the definition of M., that A € M., if and only if E¢A7U(C()\)> = 0. Thus,
M¢ , is a closed subset of AEerk,Cv. In fact, the following is true.

PROPOSITION 4.3. M, is a compact subset of A%erk’(cv.

We already showed that M, , is a closed subset of the locally compact
space A}l%rky(cv, and thus in order to prove Proposition we only need to
show that M, is a bounded subset of All_%erk C,

LEMMA 4.4. Mc, is a bounded subset of Alla»erk C,-

Proof. For eachi=0,...,7r—1, we let D; be the leading coefficient of g;
(recall that go = t); also, let d; := deg(g;). Using an argument identical to
that in deriving ([2.4]), we see that there exists M > 1 such that if |A|, > M,
then

19i(\)|o = | Do - [A\|%  for each i =0,...,r — 1,
[N = [Crmlo - [AlF" > Al > 1.
At the expense of replacing M with a larger number we may assume that
M™Ma =44 > Dyl |Cld ™7 for each i =0,...,r — 1.

Note that we may achieve the above inequality for large M since (by our
assumption (4.1))) m > d;/(q" — ¢") for each i = 0,...,r — 1. Therefore, if
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|Aly > M, then
(N9 > |g;(\) - e(N)? ], foreach i =0,...,r — 1.
Hence,
12 (c(M))]o = [N > [e(N)]o > [Aly > 1.

This allows us to conclude that if [A|, > M, then |®}(c()\))|, — oo as
n — 0o. Thus A ¢ Mc, if |A[, > M.

Next our goal is to compute the logarithmic capacities of the v-adic
generalized Mandelbrot sets M., associated to ¢ for the given family & of
Drinfeld modules.

THEOREM 4.5. The logarithmic capacity of Me, is y(Mecy) = ]C’m|;1/m.

The strategy for the proof of Theorem is to construct a continu-
ous subharmonic function G, : Aéerk ¢, — R satistying the conditions of

Lemma [3.1f(3). We let
— T 1 +
(4.6) Gew(A) = nhﬁn;() dog(fon) log™ [fen(T)]a-

By a similar reasoning to the proof of [I, Prop. 3.7], it can be shown that
the limit exists for all A € Allserk c,- In fact, by the definition of canonical
local height, for A € C, we have

log® |fY(c(\))]s as deg(fen) =mg™ by Lemma

Gew(A) = lim

n—00 mq"'”

1 ~
= — -hgr ,(c(X)) by the definition of canonical local height.
m ’

Note that G¢,(A) > 0 for all A € Allaerk,tcv' Moreover, by definition we
see that X\ € M, if and only if G¢,(A) =0

LEMMA 4.7. G, is the Green’s function for M, relative to co.

The proof is essentially the same as the proof of [I, Prop. 3.7]; we just
give a sketch of the idea.

Proof of Lemma . By the same argument as in the proof of [7, Prop.
1.2], we observe that as a function of A, the function log™*[fe ,,(T)]x/deg(fe.n)
converges uniformly on compact subsets of A]%erk,(cv' So, it is a continuous
subharmonic function on Allaerk,cv’ which converges to G, uniformly; hence
it follows from [3, Prop. 8.26(c)] that G, is continuous and subharmonic
on A]ISerk C, Furthermore, as remarked above, G¢,, is zero on Mc,,.

Arguing as in the proof of Lemma if |A|, is sufficiently large, then
for n > 1 we have

[fen Mo = 23 (c(A))]o = [CraA™ [
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Hence, for ||, sufficiently large we have

log | fen(A)]o = log [Aly +
It follows from Lemma [3.1|(3) that G, is indeed the Green’s function of
Mc,. =

Now we are ready to prove Theorem

Proof of Theorem[[.5 As in the proof of Lemma [4.7, we have
log |Cn v
m

log |Chn v
—

Gep(N) =log ||, +

for |\|, sufficiently large. By Lemma (3), we find that V(M. ,) = %.
Hence, the logarithmic capacity of M, , is
1

'7(M ,v) = 67V(MC’U) =
‘ |Cols/™

as desired. =

Let us call M, = HUE.Q M, the generalized adelic Mandelbrot set as-
sociated to c. As a corollary to Theorem we see that M, satisfies the
hypothesis of Theorem

COROLLARY 4.8. For all but finitely many nonarchimedean places v,
Mo, is the closed unit disk D(0,1) in Ab_ c,; furthermore v(Me) = 1.

Proof. For each place v where all coefficients of g;(z),i = 0,...,7—1, and
of ¢(z) are v-adic integral, and moreover |Cy,|, = 1, we have M., = D(0,1).
Indeed, D(0,1) C Mc,, since @ (c(\)) is then always a v-adic integer. For
the converse inclusion we note that each coefficient of fc,(z) is a v-adic
integer, while the leading coefficient is a v-adic unit for all n > 1; thus
| fenN)]o = A4 — oo if [Al, > 1. Note that C, # 0, and so the second
assertion in the corollary follows immediately by the product formula in K. =

Using the decomposition of the global canonical height as a sum of local
canonical heights we obtain the following result.

COROLLARY 4.9. Let A € K5 et S be the set of Gal(K*P/K)-con-
Jugates of X\, and let hy, be defined as in (3.3)). Then deg(c) - hy (S) =
hga (c(N))-

REMARK 4.10. Corollary is a result on specialization of height func-
tions relating the canonical heights of c¢()\) in the family and the height of
the parameter A. As a consequence, we find that c(\) is a torsion point for
@™ if and only if hy, (S) = 0.

By abuse of notation we will write hy, (A) := hy, (S), where S is the
Gal(K®°P /K )-orbit of A.
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5. Proof of Theorem We work under the hypothesis of Theo-
rem 2.6, and we keep the notation from the previous sections.

Recall that @,(x) = tx + Z::_& gi(2)x?" 4+ 29" where g; € K|z] for i =
1,...,7 — 1. Let a,b € K]|z] satisfy the hypothesis of Theorem
In particular, both a and b have positive degrees. Let {2k be the set of all
inequivalent absolute values on K constructed as in Subsection

Next, assume there exist infinitely many A € K*P such that a()),b(\)
€ By

Let hm,(z) (respectively, hy, (2)) be the height of z € K*P relative to
the adelic generalized Mandelbrot set Mla := [[,c 5, Ma,v (respectively, M)
defined as in Section [ (see also Remark [4.10). Note that if A € K5P is a
parameter such that a(\) (and b()\)) is torsion for @*, then hyy, (\) = 0 by
Corollary So, we will apply the equidistribution result from Theorem
to conclude that M, ., = My, for each place v € (2.

Indeed, we know that there exists an infinite sequence { Ay, },en of distinct
numbers A € K*P such that both a()\) and b(\) are torsion points for &>,
So, for each n € N, we may define S,, to be the union of the sets of Galois
conjugates for A, for all 1 < m < n. Clearly #5,, — co as n — oo, and also
each Sy, is Gal(K*?/K)-invariant. Finally, hw, (Sn) = hu, (Sn) = 0 for all
n € N, and thus Theorem applies in this case. We obtain uar, , = fias,,
for each v € 2k and since they are both supported on My, (resp. My ),
we also get My, = My .

It follows that the two Green’s functions Ga, and Gy, for M,, and
My, ,, are the same. By the definitions of Ga . (Gp, respectively) (see (4.6)),
for each v € 2 we have

1 =~ 1 -~
——h A)=Garv(A) =Gpy(A)==——<h A)) for all A -
Toga) P o(BO)) = Gas(3) = G (N) = g Tia (a() for all e
Using the decomposition of the global canonical height as a sum of local
canonical heights, we conclude that

I = 1
deeta) ") G

Thus, for each A € K we sce that hga (a(X)) = 0 if and only if hig (b())) = 0.
Hence a(\) € @7, if and only if b(\) € &7, .

Finally, knowing that M, = My we deduce that the capacities of the
corresponding generalized Mandelbrot sets are equal to each other, i.e.

|Ca|t/de8(@) — |y |1/de8(B)  for each place v.

hgr(b(A)) forall A € K.

We let U := Cgeg(b)/Cgeg(a). Then for each v € 2 we know that |U|, = 1.
Since the only elements of K which are units for all places v € 2k are the
ones living in F,, we conclude that U € F,, as desired.
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6. Proof of our main results. Theorem [[.3] follows from Theorem 2.61

Proof of Theorem[I.3 If either a or b is a torsion point for @, then we
are done. So, from now on, assume that neither a nor b is torsion for @.

We now consider the given Drinfeld module @ : F,[t] = Endz(G,) as a
Drinfeld module over L = K (z), the rational function field with constant
field K. We let 27,/ be the set of all places of the function field /K, and

let E@ be the canonical height for the Drinfeld module ¢ over L. We first
show that there exists a place w € §21,/i such that hg ., (a) > 0 and similarly

E¢7w/(b) > 0 possibly for a different place w’ € 27 . There are two cases
to consider.

CASE 1: Fach polynomial g; is constant. If for infinitely many A € K®°P,
a(A) and b(\) are torsion points but neither a nor b is torsion, we would
infer in particular that a is nonconstant, and thus for some w € 2k

we have Bqaw(a) > 0 by [14, Theorem 4.15(a)] (a similar statement holds
for b).

CASE 2: There exists at least one polynomial g; which is not constant. In
this case, there exists at least one place v € {21k such that for some i =
1,...,7 — 1, we have |g;|, > 1 and thus [I4, Theorem 4.15(b)] implies that
there exists some place w € {2y /i such that quw (a) > 0. A similar statement
holds for b since we know that neither a nor b is torsion for &.

Therefore in all cases we know that there exists some place w € {21,/

such that E¢7w(a) >0, ie.
(6.1) | (a)]y — 00 as n — oo.

However, since a € K|[z] and each g; € K[z] and also t € K, we deduce
that for each place v € {2 /i except the place at infinity, the iterates @yn (a)
are all v-integral. Hence it must be that for the place w at infinity of the

function field K(z) the convergence (6.1]) holds, i.e.
deg,(Pm(a)) = 00 asn — oo.

A similar argument shows that also deg, (@ (b)) — oo as n — oo. Hence,
at the expense of replacing both a and b by & (a) respectively @ (b)
(for a sufficiently large integer n), we may achieve that inequality is
satisfied. Moreover, note that for each A, a(\) (or b())) is a torsion point
for @ if and only if & (a(N)) (respectively @7 (b()))) is a torsion point
for @*. Theorem shows that for each A € K, . (a(\)) (and thus a()\))
is a torsion point for @ if and only if @7 (b())) (and thus b())) is a torsion
point for ¢*. u

Next we prove that for the family of Drinfeld modules from Theorems
and and for almost all ¢ € F,[t], there exist indeed infinitely many
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X\ € K%P such that c is torsion for ¢*; thus the conclusion in those results
is not vacuous.

PROPOSITION 6.2. Assume not both q and r equal 2. Then for the Drin-
feld module family ® : Fy[t] — End(G,) given by &} (z) = tz + Az + 29
(for some r > 2), and for all ¢ € Fy[t] of degree larger than 1, there exist
infinitely many X € F,(t)>P such that c is torsion for ®.

Proof. Indeed, we let as before
fen(N) = D (c).
An easy induction shows that for each n > 2 we have
fc,n(A) = Pn + Aan()\q) + RTL(Aq)7

where P, € F,[t], while deg(Q,) < ¢""? and deg(R,) = ¢"" D~ (where
Qn and R,, are polynomials with coefficients in F[t]).

CLAIM 6.3. For each n > 1, we have @, # 0 provided ¢ € Fy[t] has
degree larger than 1.

Proof. It suffices to prove that the constant coefficient of @),, is nonzero,
for which in turn it suffices to show that the coefficient b, of A in f¢, is
nonzero. We observe the recurrence relations

bps1 =tby + P4 and P,y =tP, + PI.

We start with b = ¢? and P; = tc + ¢ . Hence, if ¢ € F[t] has degree
D > 1, then both b, and P, are in F,[t] of degrees ¢" ("D respectively
q"D forn>1.u

We let Aq,..., s be the roots of fc, with multiplicities dy,...,ds > 1.
Then fén will have the roots Aq, ..., As; with multiplicities d; —1,...,ds—1
(at least). If some d; is less than p, then the corresponding root J; is separable
over Fy(t).

Now, fr,(A) = Qn(A?), which has degree at most ¢" "=+ in . But
note that @, # 0 for all ¢ € F,[t] of degree larger than 1. So, assume
AL, ..., Ay have multiplicities less than p, while A\y1, ..., As have multiplic-

ities at least p. Then
(du—i-l o 1) 4t (ds o 1) < qr(n—2)+1
and since d; > pfori=u+1,...,s, we have

dyp1+ - +ds < _P q’”(n*2)+1_
p—1
Because
di + - +ds = deg, (R, (\1)) = qr(n—l)
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and d; <p—1fori=1,...,u, we conclude that
rin-1) _ _p . r(n—2)+1
u > 7 p-1 1
- p _ 1 9

which goes to infinity as n goes to infinity (as long as not both ¢ and r are
equal to 2). m

In the following proof, for a nonzero element f € F,[t] and a Drinfeld
module @ we denote the submodule of f-torsion by @[f] as usual.

Proof of Theorem [2.9. If either a or b equals 0, then the conclusion is
immediate. So, assume now that both a and b are nonzero.
We note that

ai(2) = By(a) = a’” - g, (2) + O(z2 1)
and .
bi(2) i= Bi(b) = b7° - gy (=) + O(="01)
are both polynomials in z of the same degree dy. Furthermore their leading

coefficients are cq, - a?”, respectively Cdy - b?°, where ¢4, is the leading

coefficient of g;,. Using ([2.10)), we find that inequality (2.7) from Theorem
is satisfied and thus we conclude that a/b € F,. On the other hand, we

know that a,b € K and F, is algebraically closed in K hence a/b € F as
desired. =

We omit the proof of Theorem since it is an immediate corollary to
Theorem Similarly to the proof of Theorem we can prove Theo-
rem

Proof of Theorem . Let s be a positive integer such that a,b € Fys(t)
and let (25 := (2 ,(;). Assume there exist infinitely many A € F¢(¢)*P such

that a,b € &} ,. In addition, we may assume both a and b are nonzero.
The proof of Theorem shows that a/b € F,. In addition, Theorem [2.6
implies that for each A € F,(¢)%P, we have a € &, if and only if b € &7, .
In order to finish the proof of Theorem we will use both consequences
of Theorem [2.G] stated above.

We let v := b/a € Fs, and assume ¢ F,. Let Ao be such that $;°(a)
= 0. Then we have

(6.4) Moal = —ta—a? .
Since a € Fys(t), we conclude that also A\g € Fys (t) C Fq(£)*P. We will show

that b ¢ @i‘gr, which yields a contradiction to the conclusion of Theorem 2.6

Before we proceed, we note that
(6.5) P, (b) = yta +~9\a? + 77 al’
= (y—1Dtat+ (7" —4Da” by ([6.4).
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In the following, we denote by |- |+ the absolute value corresponding to the
unique place of Fys (t) where ¢ is not integral. We split our analysis into two
cases:

CASE 1: a € Fgs. By (6.4) we have [A\o|s = |t/ and it follows from (6.5
that

[2°(b)]oe = (v — ¥ ta+ (77 =192 o0 = [tloo
> max{1, ||}/ D | \o| L@ =D},
Using (2.4), we conclude that |#7? (b)|s — 00 as n — oo and hence b ¢ &7,
as desired.

CASE 2: a ¢ Fgs. In this case there exists a place v € (25 such that
laJ, > 1. Note that it is not possible to have |ta|, > |a|?" for then also
|t], > 1. This implies that | - |, = |- s and |t|oo > |a]% ", But this is
impossible in Fys(t). Hence, |tal, < |al¢ , and so |Ao|, = |ali ~%

There are two possibilities now.

CASE 2a: 49 — 49 # 0. Then

|87 (b)], = max{ta],, |a|{ } = [a]]"
It follows that
° |t|11)/((1’“*1) < |y,
1/(¢"—
° P‘O’v/(q q) — ‘a‘m and
T 1 T*l 1 T __

o [20°(b)]o = [alf > [aly = masx{1, [/, o/ ).

Using (2.4) again, we conclude that |@3¢ (b)|, — co as n — oo and b ¢ &0 .

CASE 2b: 49 = ~9. Since we assumed that v ¢ F,, we deduce that
r > 3. By (6.5) and the assumption in Case 2b we have

@, (b) = (v —79)ta.

If [t|, > 1 (i.e. v is the place oo) then |#;°(b)|, > |a|,, and so again (2.4)
can be used to infer that | (b)], — oo since

1670 (b)|, > |a], = max{|t|/ @D | A/ (@ D)},
Assume now that |t|, < 1. Using the assumption of Case 2b we get
@ (b) = (v —y)t*a + (v — y)%a' o + (v — )Y 17a?
¥ — 4 T)tTal N + (17 — 47 )t7 2l
. ,YQQ) - (t1a%) + thaqT)
o ’Yq2) S(—t1Ha —t9a? + 19" a?)  using (6.4)
y1— AT (=t a g al - (17— 19)).
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Since |al, > 1 and v € {25 we conclude that
(6.6) [t =ty = [t —t] > [al;

since t9 " —tisa separable polynomial and thus it is either a v-adic unit
or has the v-adic absolute value equal to that of a uniformizer of v in Fys(t)
(note the assumption that |¢, < 1). So, using we get

a? - (¢ —9)], > |ald O
> ]a]ZB_q because r > 3 in Case 2b

> |al, because ¢ > 2

r—1

> |t?"ta|, because |t|, < 1 by assumption.

Therefore (using also the assumption that v ¢ F, and thus ¢ — N0 £ 0)

(6.7) (77— 4T) - (—tla+a? - (17 —19))], > [a]? .
On the other hand
(6.8) |(y — ’72)t23|v < laly

because |t|, < 1. Using and coupled with the fact that
¢ —qg>1 sincer >3 and g > 2,
we conclude that
(@, ()]0 > [alf ~7 > Jal, = max{[¢]}/ @D, [rg| /@),

Again using (2:4) yields [#7?(b)|, — 00 as n — 0o and thus b ¢ &5,.
In conclusion, assuming that v ¢ F, yields in each case a contradiction;

this finishes the proof of Theorem .
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