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1. Introduction. If K is a field and g,h € Klz|, then f = go h is
their functional composition and (g, h) is a (functional) decomposition of f
over K. The decomposition is nontrivial if g and h are of degree at least 2.
A polynomial is said to be indecomposable if it is of degree at least 2 and
does not have a nontrivial decomposition. Given f € K[z| with deg f > 1, a
complete decomposition of f over K is a decomposition f = fo---of,,, where
the polynomials f; € K|[z] are indecomposable over K for all i = 1,...,m.
Two decompositions f = g1 o hy = g9 0 ho are said to be equivalent over K,
written g1 o hy ~g g2 o ha, if there exists a linear polynomial | € Kz] such
that

go=g¢g1ol and h2:l_1oh1.

Clearly a complete decomposition of a polynomial of degree greater
than 1 always exists. However it is not unique and not even up to equivalence.
Nonuniqueness of prime factorization in (C[x], o) was of central interest to
J. F. Ritt, who proved remarkable results on this topic in his fundamen-
tal 1922 paper [16]. In particular, he showed the “essential uniqueness”
of factorization in (C[z], o), by showing that the sequence of the degrees
of the indecomposable polynomials in a complete decomposition over C of
a polynomial f € Clz| is uniquely determined by f up to permutation.
Ritt’s results have been extended to any field of characteristic zero by En-
gstrom [I1] and Levi [I3] in the 1940s, and to any field K of positive char-
acteristic, provided that the degree of the polynomial under consideration
is not divisible by the characteristic of K, by Dorey and Whaples [10] in
1974. For an exhaustive explanatory work on this topic, we refer the reader
to [18].

Ritt’s polynomial decomposition results have been applied to a great
variety of topics. Fried [12] was the first to notice a connection with rational
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points on curves. In 2000, Bilu and Tichy [7] succeeded in fully combining
polynomial decomposition with the classical theorem of Siegel on finiteness
of integral points on curves of genus greater than 0, to give a complete
ineffective criterion for the finiteness of the number of integer solutions z, y
of diophantine equations of the form f(z) = g(y), where f(x) and g(z) are
polynomials with rational coefficients. Their result led to a great number
of papers over the past decade, in which the question of finiteness of the
number of integer solutions has been solved for many concrete diophantine
equations in two separated variables. In particular, we mention the work
of Bilu, Brindza, Kirschenhofer, Pintér and Tichy [6] with an appendix by
Schinzel on equations with power sums of consecutive integers Sy, (z) = 1% +
.-+ the related paper [14], where the finiteness of the number of integer
solutions of the equation 1% + --- 4 z¥ = g(y), with arbitrary g(z) € Q[z],
has been investigated, as well as the most recent work of Bazsé, Kreso,
Luca and Pintér [3] on a direct generalization of the problem treated in
[6] to the case of the power sum of elements of an arithmetic progression.
We mention that the study of diophantine equations involving power sums
of consecutive integers has a long history, dating back to the 1956 work of
Schéffer [17].

In the present paper, we study a related problem, with the power sum of
consecutive integers being replaced by the alternating power sum, Tj(n) =
—1% 428 — ... 4 (=1)"n*. The quantity T}(n) is related to the kth Euler
polynomial via the identity

n
iy = PO+ DBl 1)
The Euler polynomials are defined by the following generating function:

0 k tx
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Our main result is a full classification of complete decompositions of
Euler polynomials over the set of complex numbers. Since the Euler poly-
nomials appear in many classical results and play an important role in var-
ious approximation and expansion formulas in discrete mathematics and in
number theory (see for instance [1], [§]), our result might be of broader
interest. We emphasize that there is a novelty in our approach to this de-
composition task. In Section [2] we recall and develop lemmas which are
interesting in the context of polynomial decomposition. We then combine
these results with the properties of Euler polynomials to prove the following
theorem.

THEOREM 1.1. The Euler polynomials Ey(x) are indecomposable over
C for all odd k. If k = 2m is even, then every nontrivial decomposition of
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Ei(x) over C is equivalent to

1) B =En((= 1)), where Bue) =3 (20) s

§=0
and Ej is the jth Euler number defined by E; = 27E;(1/2). In particular,
the polynomial E,,(x) is indecomposable over C for any m € N.

Theorem [I.1] combined with the aforementioned criterion of Bilu and
Tichy enables us to characterize those polynomials g(x) € Q[z] for which
the diophantine equation
(1.2) —1F ok — o (—1)"aF = g(y)

may have infinitely many integer solutions, provided k£ > 7. Apart from five
exceptional cases we list, the equation ([1.2]) has only finitely many integer
solutions. More precisely, the following theorem holds.

THEOREM 1.2. Let k > 7 be an integer and g(z) € Q[z] with degg > 2.
Then the diophantine equation (1.2) has only finitely many solutions x € N,
y € Z unless one of the following holds:

(i) g(x) = f(Ex(p(2))),
(

(i) g(x) = f(Es(p(z)?)),
(iii) g(x) = f(Es(d(x)p(x)?)),
(iv) g(x) = f(Bs(vd(x)")),
(v) g(z) = f(Es((ad(x)? + b)p(x)?)),
where t > 3 is odd, a,b,y € Q\ {0}, p(x) € Q[x],

@) = £2/2 + Ep(0)/2 and By(z) =Y (2;’) %x_
7=0

In the proof of Theorem in each of these exceptional cases, we find
a choice of parameters leading to an infinite family of integer solutions
to (2).

In relation to our problem, we mention a paper by Dilcher [9] where an
effective finiteness theorem has been established for the diophantine equa-
tion

(1.3) 1k 3k (da = 3)F 4 (dx— 1R = ym,

viewed as a “character-twisted” analogue of Schaffer’s equation, and a recent
paper by Bennett [4], where the same equation has been completely solved
for 3 < k < 6 using methods from diophantine approximations as well as
techniques based upon the modularity of Galois representations. We point
out that by using our techniques, an ineffective finiteness theorem on the
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number of integer solutions can be obtained for the diophantine equation
(1.4) —1F 4 3F — 4z = 3)F 4 (4o — DR = g(y)
with k£ € N and an arbitrary g(z) € Q[z].

2. Decomposition of Euler polynomials. In this section, we recall
and establish some results on polynomial decomposition, and then use them
to classify decomposition properties of Euler polynomials over the complex
numbers.

The following lemma describes the structure of the set of all decomposi-
tions of a fixed monic polynomial into two factors when the corresponding
field is either of characteristic 0 or of positive characteristic but the degree
of the polynomial is not divisible by the characteristic, the case known as
“tame” in the literature. In the “wild” case, when the degree is divisible
by the characteristic, Ritt’s first theorem does not hold in general, as is
shown by an example due to Dorey and Whaples [10]. Similarly, the follow-
ing lemma fails in the wild case.

LEMMA 2.1. Let F(z) € K[z] be a monic polynomial such that deg F is
not divisible by the characteristic of the field K. Then for every nontrivial
decomposition F' = F} o Fy over any field extension L of K, there exists a
decomposition F' = Fl o Fg such that:

o F1ofy~p FlOFQ;
e Fi(x) and Fy(x) are monic with coefficients in K,
o coeff(zdes 11 [y (z)) = 0.

Moreover, the decomposition Fy o Fy is unique.

Proof. Let L be an arbitrary extension field of K and let F'(z)=F;(Fa(x))
be a nontrivial decomposition over L. There exists an equivalent decompo-
sition Fy o Fy such that Fj(z) and Fy(x) are monic polynomials in L[x].
Indeed, let k be the degree of Fy(x) and by € L be the leading coefficient
of Fy(x). Then

Fl (¢] F2 ~L Fl OFQ’
where Fy(z), Fy(z) € L[z] are given by
Fi(z) = Fi(bgz), Fa(x) = by ' Fa(),
and are clearly monic.

Hence, we may assume that Fj(x) and Fy(x) are monic polynomials.
Furthermore, let t be the degree of F; and a;—; be the coefficient of x!~!
in Fy(x). Then

FioFy~p FioFy,
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where F(z), Fy(z) € L[z] are given by
Fl(x) = Fl(a: — tilat_l), Fg(x) = Fg(x) + tilat_l.
It is easy to verify that the coefficient of 2= in Fy(z) is 0 and since F; and
F» are monic, so are Iy and Fy. Let F(x) = ot +ay 27+ +ag € L[]
and Fy(z) = :Bk + bp_12* 71 4+ .- + by € L[z], where a;_; = 0. Further, let
F(z) = cpa™ + - + a1z + cp. Clearly, n = kt and ¢,k > 2 by assumption.
Now we will show that F1 and Fg have coeflicients in K. From

(2.1) F(.%’) :Fl(FQ(ZL')) :FQ(.%') +at_2F2(x) —i-"-—l—a1F2(:U)+a0,
by expanding Fb ()t we get the following system of equations which com-
pletely determine the coefficients of Fy(x):

Cpn—1 = thg_1,

Cn—2 = thyo + (é) b1
(2.2)

7 7 ig—1
Cp—k = tho + > i i,y Op—1bp—g -+ 01,
i1+2i2+4-~+(k‘71)’ik,1=k

i1s82eie 1 = | . . ) .
215225 -« -5 Up—1

Since ¢; € K, it follows that b; € K for all ¢ = 0,1,...,k — 1 and hence
Fy(z) € K[z]. Furthermore, from ([2.1), it is clear that the coefficients of
Fy are uniquely determined by F and Fy. Recursively, a; € K for all i =
t—2,...,1,0. Together with a; = 1 and a,_; = 0, it follows that F} () € K[z]
as well. m

where

REMARK 2.2. The proof fails in the wild case, when the degree is di-
visible by the characteristic, since in this case there does not exist a multi-
plicative inverse of the degree in the relevant field. Note that in the proof
we assume that ¢~ € K.

REMARK 2.3. We also remark that our restriction to monic polynomials
is not a restriction at all. For a nonmonic polynomial F', we may apply
Lemma[2.I] to the polynomial obtained by multiplying the coefficients of F' €
K[x] with the multiplicative inverse in K of the leading coefficient of F'. Also,
Lemma implies that indecomposability over any field extension implies
indecomposability over the original field, provided that we are in the tame
case. This result is attributed to Schinzel. In fact, our proof of Lemma
is based on the proof of this fact from [I8, Theorem 6, Chapter 1.3].

Further, we will need the following lemma.

LEMMA 2.4. Let F € Kz| be such that degF' is not divisible by the
characteristic of the field K. If g1 0 go and hy o ho are two decompositions of
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F over K satisfying
deg gy =deghy; and hence deggs = degho,
then these decompositions are equivalent over K.

Proof. Already in Ritt’s fundamental paper [16], this fact is shown for
K = C via Riemann surface techniques, and was later proved by Levi [13]
in an elementary way. See also [19] for a recently found elementary proof. =

The following observation will be of great help in the proof of Theo-
rem 1.1.

LEMMA 2.5. Let n be an even positive integer. If
(x+1)" — 2" = G(x)H(x)

with G(z), H(x) € R|x], then the coefficients of G(x) and H(x) are either
all positive or all negative.

Proof. We have (z +1)" — 2" = [[I,(z + 1 — w;z), where w; = 2™/,

i = 1,...,n, are the nth roots of unity. Hence, w, = 1, w,;; = —1, and
wp—j =w; for all j =1,...,n/2 — 1. Therefore we have
n/2—1
(23) (@+D)"—2"=@2e+1) [] @+1-wa)(@+1-zm)
j=1
n/2—1
=2z +1) J] (@ (wj+@)2* + (2 - (W + @)z +1).
j=1

Clearly 2 — (wj + wj) > 0 for all j € {1,...,n/2 — 1}. Now the assertion
follows from the fact that R[z] is a unique factorization domain. =

Finally, to prove Theorem we need some well known properties of
Euler polynomials; they will sometimes be used without explicit reference.

LEMMA 2.6 ([§]).

(a) En(z) = (-1)"En(1 — )
(b) En(z+ 1) + Ep(z) = 22"
(¢) El(z) =nE,_1(x).
d) E5(x) is the only Euler polynomial with a multiple root.
(
(e) En(z) =31 (Z)%(:c—%)”_k, wherefrom Ep(z) = Y }_q ckx® with
n—k . n—k—j
_ n\ E; (n—j 1 J _
S OB E)T o

where Ej is the jth Euler number. In particular,

1

1/n
Cn = 1’ Cn—1 = _57’17 Cpn—2 = 07 Cp—3 = Z <3),
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Proof of Theorem[1.1. Let n € N and suppose
(2.4) En(z) = G(H(x))

is a nontrivial decomposition of the Euler polynomial E,(z) € Q[z] over C.
According to Lemma we may assume that G(zr) and H(z) are monic
polynomials with rational coefficients; let G(z) = ' + a;_ 121 +---+ag €
Q[z] and H(x) = 2% + bp_12* 1 + -+ + by € Q[z]. We furthermore assume
at—1 = 0. Clearly ¢,k > 2 by assumption.

Now, since E,(1 —x) = (—=1)"E,(x), we have

G(H(1—x)) = (-1)"G(H(x)).

CASE 1: n is even. Then G(H(1—z)) = G(H (z)) and Lemma|2.4]implies
that either H(1 —x) = H(z), or H(1 —x) = —H(z) and G(x) = G(—x).

In the former case deg H = k is even and by_; = —k/2. Furthermore,
Lemma and decomposition (2.4) imply

2+ 1)"—2")=E,(—x—1) — Ep(x) = G(H(—z — 1)) — G(H(2)),
from which we deduce that H(—z —1) — H(x) divides (z+1)" — 2™ in Q[z].
Since the leading coefficient of H(—x — 1) — H(x) is 2k, Lemma shows

that all the coefficients of H(—xz — 1) — H(z) must be positive. Suppose
k > 4. The coefficient of =% in H(—x — 1) — H(x) is found to be

(2.5) (Z) — <k ; 1>bk_1 + <k ; 2) bp_o — (k I 3> br_3 > 0.

From (2.2]) we can determine the coefficients by, bx_1, ..., by of H(x) in terms
of the coefficients ¢,, c,—1, - . ., ¢o of the nth Euler polynomial. The latter are
given in Lemma [2.6((e). Hence

k (t —1)k? 1/k (t —1)k?(k —2)
26) bp_1=—=, bpo=——"— bp.3=- :
(2.6) br—1 5> k-2 g v be-s 4(3>+ 16
Substituting these values in ([2.5]), we obtain

k (t — Dk?(k — 2)(k — 3)
(1) >

which implies t < 1, contradicting our assumption. Since k is even, we
conclude £ = 2 and hence t = n/2. Now Lemma implies that this
decomposition is equivalent to ([1.1).

In the case when H(1—x) = —H(z) and G(x) = G(—x) one can deduce
that k is odd, ¢ is even,

(2.7)

G(z)=2"+ ar—or 2+ + asx® + ag

and
En(z) = G(H(2)) = G1(Hi(x)),
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where G1(z) = 22 + a;_ox'/> ' + .-+ aox + a9, Hi(z) = H(x)?. But then
Hy(z) = H1(1—2) and we can use the above argument to get a contradiction
provided that deg(G1(z)) = t/2 > 2. In the remaining case ¢t = 2 we have
G(z) = 2% + ag and so

(2.8) En(z) = H(z)? + ao.

By Theorem below on simple zeros of shifted Euler polynomials, ([2.8)
holds only if n = 6. But a simple calculation shows that Eg(x) is not of the

form ([2.8]).

CASE 2: n is odd. Then k and t are also odd and G(H(1 — z)) =
—G(H(z)). Lemmal2.4]implies H(1—z) = —H (). Furthermore, Lemma 2.6|
and decomposition ([2.4) yield

20" = Ep(z) — Ep(—2) = G(H(2)) — G(H(—z)),

from which we deduce that H(z) — H(—x) divides 22" in Q[z]. Hence,
H(z) — H(—z) = qz! with ¢ € Q and [ < n. By expanding H(z) — H(—x)
we obtain [ = k, ¢ = 2 and bg_o = 0, which together with implies t = 1
or k = 0, contradicting the assumption k,t > 2. Hence, Euler polynomials
with odd index are indecomposable. u

3. Finiteness result for —1% + 28 — ... + (=1)%2% = ¢(y). For the
proof of Theorem we need some auxiliary results. The first one is a
complete ineffective finiteness criterion for diophantine equations of the form
f(x) = g(y) which is due to Bilu and Tichy [7].

We say that the equation f(z) = ¢(y) has infinitely many rational solu-
tions with bounded denominator if there exists a positive integer A\ such that
f(x) = g(y) has infinitely many rational solutions z, y satisfying Az, Ay € Z.
Clearly if f(x) = g(y) does not have infinitely many rational solutions with
bounded denominator, then it has only finitely many integer solutions.

THEOREM 3.1 (Bilu and Tichy, 2000). Let f(x),g(x) € Qlz] be non-
constant polynomials. Then the following assertions are equivalent:

o The equation f(x) = g(y) has infinitely many rational solutions with
bounded denominator.

o £(@) = p(A(A))) ond g(z) = p(g1(u(x)), where \(z), u(z) € Q]
are some linear polynomials, (x) € Q[z], and (fi(x), g1(z)) is a stan-
dard pair over Q such that the equation fi(x) = g1(y) has infinitely
many rational solutions with bounded denominator.

There are five kinds of standard pairs over Q and they are listed in the
following table. Note a,b € Q \ {0}, ¢q,s,t € N, r € Z*, q(z) € Q[z] \ {0}
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and Dg(z,a) is the sth Dickson polynomial defined by

(3.1) Dy(z,0) = Lsf s <S - Z) (—a)iz"~2.

=0 S—1 (3
Kind Explicit form of (fi,g1) or Parameter restrictions
switched pair (g1, f1)
first (x*, ax"q(x)") 0<r<t (rit)=1,r+degq(z) >0
second (22, (ax® + b)g(x)?) -
third (Ds(z,a"), Di(x,a®)) (s,t) =1
fourth (a™*/?Dy(z,a),b~ /2 Di(z,b)) s,t) =2
fifth ((az® —1)3, 32" — 42®) -

Now, the theorem of Bilu and Tichy can be summarized as follows: the
equation f(z) = g(y) with f,g € Q[z] has infinitely many integer solutions
x, y if up to certain transformations on the set of polynomials with ratio-
nal coefficients, the pairs of polynomials (f,g) belong to one of five well
understood families.

We will make an extensive use of the following theorem from [I5].

THEOREM 3.2 (Rakaczki, 2011). Let m > 7 be an integer. Then the
shifted Euler polynomial E,,(z) + b has at least three simple zeros for every
complex number b.

The following theorem is a classical effective result of Baker [2] related
to hyperelliptic equations.

THEOREM 3.3 (Baker, 1969). Let f(x) € Q[z] be a polynomial having
at least three simple roots. Then all the solutions x,y € 7Z of the equation
f(x) = y? satisfy max{|z|, |y|} < C, where C is an effectively computable
constant depending only on the coefficients of f.

For P(z) € Cl[z], a complex number c¢ is said to be an extremum if
P(x) — ¢ has multiple roots. If P(x) — ¢ has s multiple roots, the type of
¢ is the tuple (aq,...,as) of multiplicities of its roots in increasing order.
Obviously, s < deg P, (a1,...,a5) # (1,...,1) and oy + - -+ + a5 = deg P.

The following result concerns Dickson polynomials defined by . The
proof can be found in [5, Proposition 3.3].

THEOREM 3.4. For a # 0 and k > 3, Di(z,a) has exactly two extrema
+2aF/2. If k is odd, then both are of type (1,2,...,2). If k is even, then
2a¥/2 is of type (1,1,2,...,2) and —2ak/2 is of type (2,...,2).

What follows is a technical lemma which will be needed in the proof of
Theorem Everywhere below, c,u € Q\ {0} and d,v € Q.
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LEMMA 3.5. The polynomial E,(cx + d) is neither of the form uz? + v
with ¢ > 3, nor of the form uDy(x,a)+v, where Dy(z,a) is the kth Dickson
polynomial with k >4 and a € Q\ {0}.

Proof. Suppose that E,(cx+d) = uz?+v, where ¢ > 3. Since deg E,,(x)
= n we have ¢ = n. The number of roots, as well as the root multiplicities,
of an algebraic equation in variable x remain unchanged if we replace x by
a linear polynomial in z, so it follows that the polynomial (E,(z) —v) =
nkE,_1(x) has a zero of multiplicity at least ¢ — 1. This is not possible due
to Lemma [2.6(d).

Now assume that E,(cx + d) = uDg(z,a) + v and n > 7. Then

1
k=n and Dy(z,a)+2d"? = a(En(Cl‘ +d) — v+ 2ua™?).

From Theorem we infer that D, (z,a) £ 2a™/? has at least three simple
zeros, contradicting Theorem In the cases n = 5 and n = 6 a direct
calculation shows that E, (cz 4+ d) cannot be of the form uD,(z,a) +v. We

remark that
1 4 3 1
E4<CHZ+2> = C D4<.’L‘,802> +§ u

Proof of Theorem[I.3 We recall that

(32)  Tu(n) = —1F 426 — oo (—1)mnk = 2RO F (—12)”Ek(n +1)

Now clearly

Ek(O) + Ek(2n + 1) Ek(O) - Ek(2n)

(3.3) Ti(2n) = and  Tj(2n—1) =

2 2
for k,n € N. Hence we can write in the form
(3.4) Fi(z) = g(y),
where
(3.5) Fi(z) = f(Ek(h(x)))

with f(x) = /2 4+ Ex(0)/2 and h(z) = 2x + 1, or f(z) = —x/2 + Er(0)/2
and h(x) = 2z.
We first treat the case when deg g = 2. Then (3.4]) transforms into
(3.6) df (Ep(h(z))) = ay®> + by + ¢ with a,b,¢,d € Z, a,d # 0,
and then simply into
(3.7) uBg(h(z)) +v = (2ay +b)?,

where u # 0 and v are rational numbers. Combining Theorems [3.3] and
we infer that (3.7) has only finitely many integer solutions x, y which can
be effectively determined, provided that k& > 7.
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Now let degg > 2. Suppose that (3.4]) has infinitely many solutions x €
N, y € Z. Then by Theorem there exist p(z) € Q[z], linear polynomials
AMz), p(z) € Q[z] and a standard pair (f1(z), g1(x)) over Q such that

(3.8) Fi(z) = o(f1(M))) and  g(z) = (g1 (u(x))).

Since deg Fj(z) = k, from decomposition properties of Euler polynomials
(Theorem and from ({3.5) we see that deg =1, deg o =Fk/2, or deg p =k.

CASE 1: degp = k. Then from (3.8) we get deg fi = 1. Therefore
Fi(xz) = p(t(x)), where t(z) € Q[z] is a linear polynomial. Hence clearly
(3.9) Fi(t71(2)) = o(t(t™ (2))) = ().
From (3.5), (3.8) and (3.9) we obtain

9(x) = (g1 (1(2))) = Fe(t™ (g1 (u(@)))) = f(Br(p(x))),

where p(z) = h(t71(g1(u(2)))) € Q[x]. Hence (3.4) may have infinitely many
solutions z € N, y € Z only if g(x) = f(Ex(p(x))), where p(x) = 7(g1 (pu(x)))
with 7(x), u(z) € Q[x] linear polynomials and (f1(z), g1(x)) a standard pair
over Q with deg f; = 1. In this particular case, is of the form

(3.10) Fi(z) = Fp(p(y)) in integers x € N, y € Z.

Obviously, if p(y) € N for infinitely many integers y, we have infinitely many
solutions x € N, y € Z of (3.4). For example, one can take an arbitrary
polynomial p(z) € Z"[z].

CASE 2: degyp = 1. Let p(z) = @12+ o, where @1, o € Q and ¢ # 0.
From (3.8)) it follows that

(3.11) B\ @) = o(fi(2) = e1f1(x) + o,
and yields
(3.12) F(EL(h(A () = F(A (@) = ¢1fi(2) + ¢o.

Since f(z), h(x),\"1(x) € Q[z] are linear polynomials, we have
(3.13) Ex(cx +d)=ufi(z)+v for some ¢,d,u,v € Q, c,u##0.

Now we study the five types of standard pairs over Q.

First, consider the case when (f1(z), g1(x)) in is a standard pair over
Q of the first kind. From (B.13)), either Ej(cz+d) = uz’+v, or Ey(cx+d) =
uaz"q(z)t +v, where 0 < r < t, (r,t) = 1 and r+deg g(x) > 0. In the former
case we get a contradiction by Lemma[3.5]since k = ¢t > 3. In the latter case,
Theorem yields degg =t < 2, a contradiction.

Let now (f1(z), g1(x)) be of the second kind. Then either Ey(cx + d) =
uz? +v, or Ey(cx+d) = u(ax?+b)q(x)? +v. The former case is not possible
since k > 7, and the latter since Theorem applies.
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Next, let (f1(z),g1(x)) be of the third or fourth kind. Then by (3.13) it
follows that

(3.14) Ei(cx +d) = uDy(z,w) + v,
where w = a* or w = a. However, from Lemma 3.5 we obtain a contradiction
since k > 7.

Finally, it is easy to see that (fi(x),gi(x)) cannot be of the fifth kind
either because k > 7.

CASE 3: deg p=k/2. Obviously, in this case k=2s is even and deg f; =2

From (3.5) and (3.8) we see that

(3.15) Ey(z) = [~ e (fi(r(2)))),

where 7(z) = cx+d is a linear polynomial in Q[z]. Since deg f; =2and k > 7
we have a nontrivial decomposition of Ej(z) in (3.15). By Theorem [L.1] this
decomposition is equivalent to the decomposition Ej(z) = E((x — 1/2)?),
so there exists a linear polynomial u(xz) = uiz + ug such that

(3.16) p(x) = f(Es(u(x))) and u(fi(r(2)) = (& —1/2)%,

which together with (3.8) implies that (3.4]) may have infinitely many integer
solutions only if

(3.17) g(x) = f(Es(a(x))), where q(x) = u(g1(u(z))).

Now again we study the five types of standard pairs over Q.
First, consider the case when (fi(z),g1(x)) is of the first kind. Since
deg f1 = 2, if f1(x) = 2 we have (fi(z), g1(x)) = (22, axq(x)?). From ([3.16)),

we infer that u(z) = z/c? and

(3.18) g(z) = f<E<“(M(”($))>)

c

which we can write as g(z) = f(Es(5(z)p(z)?)), where 6(z), p(z) € Q[z] and
degd(x) = 1. Now (3.4) turns into

(3.19) F(Es((h(x) = 1/2)%) = F(Es(E)p(y)*))-

If 6(y) is the square of a rational number for infinitely many integers y,
and for these y, \/d(y) p(y) + 1 / 2 are all positive even integers or all posi—
tive odd integers, then r = \/0(y)p(y)/2 £ 1/4, y are solutions of ,
respectively. For example, let §(x ) = z, r(x) be a polynomial which takes
a positive odd integer value for every = € N and p(z) = r(x) — 1/2. Then
for every positive integer k the pairs of integers z = ((4k + 3)r((4k + 3)?)
— 2k —1)/2, y = (4k +3)? and = = ((4k + )r((4k + 1)?) — 2k — 1)/2,
y = (4k + 1)? are solutions of .
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Since 0 < r < t, (r,t) = 1 and r + degq(z) > 0, if the two components
are switched, that is, when (fi(z),g1(z)) = (az"q(x)!, zt), there are two
possibilities: either

(i) »=0,t=1 and deggq(xz) =2, or
(ii) =2, t > 3 odd and ¢(x) is a constant polynomial.

In the former case, we have g;(z) = x and thus

(320)  g(o) = F(Eyu (o) - F(By(b()p(@)?)  with plz) =1

In the latter case, from we deduce that fi(z) = br? and u(x) =
z/(bc?), where b € Q\ {0} Then

(3.21) o) = 1(B. (V2" )) = 1o,
where v = 1/(bc?), §(x) = u(z). Now is of the form
(3:22) FES((h(w) = 1/2)%) = f(Bs(v0(y)"))-

If there are infinitely many integers y for which /~vd(y)t + 1/2 are all
positive even integers or all positive odd integers, then z = /v (y)t/2+1/4,
y are solutions of , respectively. For example, let v = 1/4, §(z) = =z,
t > 3 odd. Then, for k € N, the pairs of integers = = ((4k — 1)! 4 1)/4,
y = (4k—1)? and = = ((4k+1)" —1)/4, y = (4k+1)? are solutions of (3.22).

Next suppose that (fi(x), g1(x)) in is of the second kind. If fi(x) =
(ax? 4+ b)q(z)?, then g1(x) = 22 and ¢(z) is a constant polynomial. Hence

)
(3.23) 9(x) = f(Es(uip(x)’ +uo)) = f(Es((ad(x)* + b)p(x)?))
with @ = ug, b = ug, d(x) = p(x) and p(z) = 1. When fi(z) = 22 an easy
calculation shows that u(z) = z/c? and

~ a X 2 X 2 ~
(3.24) g(x) =f<Es<( plx)” + balp(x)) )) — F(Bu((ab(x) + bp(x)?)),

c
where p(x) = q(u(z))/c and §(z) = p(z). Then (3.4)) is of the form

(3.25) F(Es((h(z) = 1/2)%) = f(Es((ad(y)® + b)p(y)*)-

Let §(z) = x, r(z) be a positive integer valued polynomial and p(z) =
4r(xz) + 1. Let a = 1/2, b = 1/4. Then (3.25) has infinitely many integer
solutions

aon+1(4r(y) +1)+1 agn(4r(y)+1) —1
T = 1 (Z) ) LY =bonyr; T=— ( (yl ) s Y = bon,
respectively, where a,, and b,, are defined by

an + bpV2 = (3 +2V2)",

that is,
(a1,01) = (3,2), (an+1,bn+1) = (3an + 4by,2a, + 3b,), n €N.
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Let now (f1(z),g1(x)) be of the third kind. In this case (f1(x),q1(z)) =
(Da(x,a'), Di(x,a?)) with odd t. Substituting fi(z) = Da(x,a’) = 2% — 2a’
into ([3.16)), we obtain u(x) = (x + 2a?)/c?. Hence

~ (D %) 4 2a*
(3.20) 9(2) = f(E( (), a”) + 2a ))

c2

From Theorem we know that the polynomial Dy(u(z),a?)/c? has exactly
two extrema and those are +2a’/c?. Since t is odd, both extrema are of the
type (1,2,...,2). We deduce

g(x) = f(Es(8(x)p(x)?)),
where 6(x), p(z) € Q[x] with degd(z) = 1.
Finally, let (f1(z),g1(x)) be of the fourth kind. Then (fi(x),g1(x)) =
(a='Dy(z,a),b=t2Dy(z,b)) with t even. Using again , one can deduce
that u(z) = (az + 2a)/c? and so

(3.27)  g(x) = f(Bu(ulgr(u(z)))) = f(E(

Now, the extrema of the polynomial ab=*/2D;(uu(x),b)/c* are £2bt/2ab=*/2 /¢
= 42a/c?, and the extremum —2a/c? is of the type (2,...,2) by Theo-
rem [3.41 Therefore

c2

ab=t2Dy(u(x),b) + 2a>) |

g(x) = f(Es(p(x)*),
where p(z) € Q[z]. Let r(z) be a positive integer valued polynomial and
p(x) = 2r(z) F 1/2. It is easy to see that the equation

(3.28) F(E((h(x) = 1/2)%) = f(Es(p(x)*))
has infinitely many integer solutions, for example (z,y) = (r(k), k), where
k € N. Since deg f1 = 2, clearly (fi(x),g1(x)) cannot be of the fifth kind. =

Acknowledgements. The first-named author was supported by the
Austrian Science Fund (FWF): W1230-N13 and NAWI Graz. The second-
named author was supported, in part, by the Hungarian Academy of Sci-
ences under OTKA Grant K75566 and the Project TAMOP-4.2.1.B-10/2/
KONV-2010-0001, which was supported by the European Union and co-
financed by the European Social Fund.

References

[1] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions with Formulas,
Graphs and Mathematical Tables, Dover, New York, 1972.

[2] A. Baker, Bounds for solutions of hyperelliptic equations, Proc. Cambridge Philos.
Soc. 65 (1969), 439-444.


http://dx.doi.org/10.1017/S0305004100044418

Diophantine equations with Fuler polynomials 281

[3] A. Bazs6, D. Kreso, F. Luca and A. Pintér, On equal values of power sums of
arithmetic progressions, Glas. Mat. 47 (2012), 253-263.

[4] M. A. Bennett, A superelliptic equation involving alternating sums of powers, Publ.
Math. Debrecen 79 (2011), 317-324.

[5] Y. F. Bilu, Quadratic factors of f(z) — g(y), Acta Arith. 90 (1999), 341-355.

[6] Y. F. Bilu, B. Brindza, P. Kirschenhofer, A. Pintér and R. F. Tichy (with an ap-
pendix by A. Schinzel), Diophantine equations and Bernoulli polynomials, Compos.
Math. 131 (2002), 173-188.

[7] Y. F.Bilu and R. F. Tichy, The diophantine equation f(z) = g(y), Acta Arith. 95
(2000), 261-288.

[8] J. Brillhart, On the Euler and Bernoulli polynomials, J. Reine Angew. Math. 234
(1969), 45-64.

[9] K. Dilcher, On a Diophantine equation involving quadratic characters, Compos.
Math. 57 (1986), 383—-403.

[10]] F. Dorey and G. Whaples, Prime and composite polynomials, J. Algebra 28 (1974),
88-101.

[11] H. T. Engstrom, Polynomial substitutions, Amer. J. Math. 63 (1941), 249-255.

[12] M. Fried, On a theorem of Ritt and related Diophantine problems, J. Reine Angew.
Math. 264 (1973), 40-55.

[13]] H. Levi, Composite polynomials with coefficients in an arbitrary field of character-
istic zero, Amer. J. Math. 64 (1942), 389-400.

[14] Cs. Rakaczki, On the Diophantine equation Sm(z) = g(y), Publ. Math. Debrecen
65 (2004), 439-460.

[15] Cs. Rakaczki, On the simple zeros of shifted Euler polynomials, Publ. Math. Debre-
cen 79 (2011), 623-636.

[16] J. F. Ritt, Prime and composite polynomials, Trans. Amer. Math. Soc. 23 (1922),
51-56; Erratum: ibid., 23 (1922), 431.

[17]] J. J. Schéffer, The equation 1P + 2P + 3P + ... + n? = m?, Acta Math. 95 (1956),
155-1809.

[18]  A. Schinzel, Polynomials with Special Regard to Reducibility, Cambridge Univ. Press,
2004.

[19]] B. Wyman and M. Zieve, Two questions on polynomial decomposition, Quart. J.
Math. Oxford 63 (2012), 507-511.

Dijana Kreso Csaba Rakaczki
Institut fiir Analysis und Institute of Mathematics
Computational Number Theory (Math A) University of Miskolc
Technische Universitat Graz H-3515 Miskolc Campus, Hungary
Steyrergasse 30/11 E-mail: matrcs@uni-miskolc.hu

8010 Graz, Austria
E-mail: kreso@math.tugraz.at

Received on 25.10.2012
and in revised form on 15.4.2013 (7243)


http://dx.doi.org/10.3336/gm.47.2.02
http://dx.doi.org/10.1023/A:1014972217217
http://dx.doi.org/10.1016/0021-8693(74)90023-4
http://dx.doi.org/10.2307/2371520
http://dx.doi.org/10.2307/2371692
http://dx.doi.org/10.1090/S0002-9947-1922-1501189-9
http://dx.doi.org/10.1007/BF02401100
http://dx.doi.org/10.1093/qmath/haq043




	1 Introduction
	2 Decomposition of Euler polynomials
	3 Finiteness result for -1k+2k-@let@token +(-1)xxk=g(y)
	References

