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The evaluation of two-dimensional lattice sums via
Ramanujan’s theta functions

by

PiNG XU (Urbana, IL)

1. Introduction. In general, elementary evaluations are rare for higher-
dimensional lattice-type sums. They have been studied for many years in
the mathematical physics community. The most famous higher-dimensional
sum is Madelung’s constant from crystallography. In this paper, we analyze
various generalized two-dimensional lattice sums, one of which arose from
the solution to a certain Poisson equation. We evaluate certain lattice sums
in closed form using results from Ramanujan’s theory of theta functions,
continued fractions and class invariants. For instance,

Z Z n o \/571'10 2—1 \/ —f
S (8m)? 4n+1) 16 g1_|_ V2-1)(VV2+ _\f

In [5], Berndt, Lamb and Rogers evaluated in closed form the sum

m+n

(1.1) Z Z o2 an+b)2, g=e "%

n=—0o0 m=—0o0

for any positive rational value of z, and for certain values of (a,b) € NZ.
They used the notation F, () instead of Fq5)(q). We use Fq)(q) here
so that we can state Theorem more easily and clearly. The authors of
[0] first proved the following theorem.

THEOREM 1.1. Suppose that a and b are integers with a>2 and (a,b)=
and that Rex > 0. Then

(1.2) e -
F __ =7 —(2j+1)b 2541 2m41 . =2j—1, 2m+1
wh)(@) == w log [ (1 = w1t (1 — w271,
7=0 m=0
where w = €™/ qnd ¢ = e~/
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Now, for any positive rational number x and positive integers a and b,
in addition to (1.1]), we consider two new types of sums:

oo oo _1m
(1.3 Gun@ = 3 3 ol

N=—00 M=—00
)n

oo o0 _1
(1.4 Hon@= Y Y oot

NnN=—00 M=—00

where ¢ = e~ /%,

Before we establish the evaluations of F43)(q), Gap)(q) and H,p)(q),
we first note that these double sums are conditionally convergent. However,
it is possible to convert them into single sums which are absolutely and
rapidly convergent by substituting the partial fractions decomposition for
csch(z) [12, p. 28, Entry 1.217]:

sinh(%) cos(%b)

oo
3 B Gl D ﬂ[
= (am+b2+c  ac COShQ(%C) — cosQ(Lb) .

a

While we have [3l, eq. (2.1)] for Fi,)(q), we are able to rewrite G(4)(¢) and
H,4)(q) as the following absolutely and rapidly convergent sums which can
be calculated to high numerical precision:

> wcosech[@]
15) Ganle) = 3 T

e sinh(m) cos(’r—b) 2 cot(”—b) csc(”—b)
1.6 H — a a a a
(1O M) = 2 g o (228) — oo () %

Indeed, one just need sum from (n, —50, 50) for and (n,1,100) for
to get many decimal places accurately.

In analogy with Theorem for F(,4)(q), we are able to prove results
for G(4)(q) and H,p)(q). Moreover, it can be shown that G, ) (q) can be
recast in the theory of F{, ), which is done in Section 3 In Section @7 we
study the theory of G(4)(g) with the aid of the results on F{, ;) and derive
many explicit examples afterwards.

The authors of [5] simplified Theorem [I.1|for a € {3,4,5,6} and b = 1 us-
ing classical results for theta functions and g-series, and evaluated in closed
form certain classes of double series. When a > 6, the situation is much
more complicated; we study the case (a,b) = (8,1) in detail in Section
and derive an explicit example afterwards. The case a = 12 can be derived
in a similar fashion. Similarly, we can also derive the theory of H(, ), and
more double series can be evaluated. Although the main theorems on all
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these three types of sums are similar and not difficult to prove, the ex-
amination of special cases of H(,y) is quite different from those of F,p).
In Section {4} we consider H,p) for a € {3,4,5,6} and b = 1. The re-
sulting formulas are closely related to continued fractions including the fa-
mous Rogers—Ramanujan continued fraction, Ramanujan’s cubic continued
fraction, the Ramanujan—Gollnitz—Gordon continued fraction and continued
fractions of order 12. We are able to produce many explicit examples from
the values of these continued fractions. In these instances, we assume b = 1
without loss of generality, because other possible values of the lattice sums
can be easily recovered from the case when b= 1.

Inspired by all the nice results for F,3)(q), Gap)(q) and Hqp)(q), we
consider a generalization of these lattice sums that is defined by

7rzms 7r7,nt

(1.7) J(a s Z Z (an +b)2’

n=—o0om=—oo

where ¢ = e~™/%. In Section [3| we prove the main theorem for Jiap,s)(q) in
analogy with Theorem and the main theorems for G'(,4)(q) and H(, 4)(q)
follow easily. We then specialize to the case (a,b) = (2,1) in Section For
certain s and t, we are able to obtain very nice evaluations. Ramanujan’s
cubic continued fraction plays an important role in determining explicit
examples. For instance,

mm 2rin
> Z S T = 1t logs.
2m +(2n+1) 4\/5

n=—0o0 m=

Recently, Bailey, Borwein, Crandall and Zucker [2] studied a class of lat-
tice sums arising from solutions to Poisson’s equation. They determined
some closed-form evaluations using Jacobi theta functions for the series
a(x,y) defined by

1 cos(mmx) cos(nmy)
'(Z}Z(l‘vy) = 3 Z m2 + n2 :
m,n even
As graphically illustrated in [10], ¥2(z,y) is the ‘natural’ potential of the
2-dimensional jellium crystal, that is, the solution to the Poisson equation
of the physical model of the jellium,

V() =1- > &(r-m
meZ2

where r = (z,y) and §%(r) = §(z)6(y) is the Dirac delta function, with the
integral of this 62 over R? being unity.
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We are thus motivated to consider the class of sums when b = 0 in
Jab,s0) (@), that is,

mTims ,mint

e e
(1.8) J(a,0,5,6)(2) == Z

2 2"
s (xm)? + (an)
(m,n)#(0,0)
Clearly,
Re{J1,02s,29)(e7 ")} = Ay (z, y).
After proving the main theorem for Ji, ) (¢q) in Section (3, we examine
J(a,0,5,4)(q) when a € {1,2} in Section [8 While the authors of [2] are mainly
interested in applying numerical methods to first deduce the values of lattice
sums, our rigorous determinations focus from the start on Ramanujan’s

theory of theta functions. We not only rigorously derive all the evaluations
of Yo (x,y) established in [2], but also produce further nice results such as

Z cos(zﬂTm) COS(%TH) o o 2-43

= —log ——.
m2 + n? 6
(m.m)2(0.0) 3V3
The explicit values of the two class invariants and Ramanujan’s cubic con-
tinued fraction are frequently applied during the examinations.

2. Preliminary results. Let us begin by introducing the standard no-

tation
o0

(a5 @)oo := H(l —aq"), ¢l <1.

n=0
We now introduce Ramanujan’s general theta function f(a,b) and the fa-
mous Jacobi triple product identity for f(a,b) [3, p. 35, Entry 19]. For
lab| < 1,
(2.1)  f(a,b):= Z a2 1) — (s ab) oo (—b; ab) so (ab; ab) .

n=—oo

Following Ramanujan’s notation for theta functions, define

(2.2) o) = fla.9)= > ¢,

(2:3) U(g) = fg.q%) =D ¢" "2,
n=0
(2.4) X(@) = (—4:¢%) oo,

(2.5) f(=9) = (¢ @)oo-
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From Entry 24 in Chapter 16 of Ramanajan’s Third Notebook [3 p. 39], we
have

fla)  ¥(@  xl@ | ¢l
(2:6) f(=q)  v(=9)  x(=q9) \ e(—q)
and
(2.7) x(@)x(—q) = x(—¢%).

If n is any positive rational number and ¢ = exp(—m/n), the two class
invariants G,, and g, are defined by

(2.8) G =247y (q) and g, = 27V ¥y (—g).

In the notation of Weber [16], G, = 2-'/4f(v/—n) and g, = 2~ 41 (v/=n).
The term invariant is due to Weber. From the definitions, it follows easily
that G, = Gy, is equivalent to the identity [3, p. 43, Entry 27(v)]

(2.9) ex(em) = P x(e?),

where a8 = 2.

There are four continued fractions that play important roles in this pa-
per. First of all, let us recall the famous Rogers—Ramanujan continued frac-
tion and its product representation:

" q ¢ 15 (66°)e0 (0" 0o

7.7 =q )

i T+ )l d)
The second one is Ramanujan’s cubic continued fraction, which is defined
by

R(q) := lg| < 1.

q1/3 q+q2 q2+q4 q3+q6
1+ 1 + 1 + 1 -

From Ramanujan’s Lost Notebook [I, p. 94, eq. (3.3.1a) and p. 95, eq.
(3.3.6)], we have

(2.10) G(q) =

. el <1

2
97 ) _ 173 X(=9)
2.11 G(q) = 1/3(7 =q /"S5
(210 @ (g% %)% X*(=¢*)
Thirdly, the Ramanujan—Gollnitz—Gordon continued fraction is defined as

1/2 2 4 6

q q q q
2.12 T(q) := : ,
(2.12) O = g T+ @ T P+ T4 d +

lq| < 1.

Ramanujan recorded a product representation of 7'(¢) on p. 229 of his Second
Notebook [14], namely,

_ 12 (@6%)0(6"56%)
21 @ (0% 6%)o0 (6 6%) oo
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The last one is the continued fraction of order 12 defined by

(2.14) )

K(g) = 100 ¢l-¢)1-¢") ¢1-¢*)(1—-4q")
=g+ (=@ A+ + (=@ (T2 +

This is a special case of one of the fascinating continued fraction identities

recorded by Ramanujan in his Second Notebook [14], [3} p. 24, Entry 12].

Indeed, replacing ¢ by ¢ and letting a = ¢ and b = ¢® in [3, Entry 12], we

can obtain the product representation

S0 (@470, 0%)o
f(=*=4") " (d% 4" (d", 4"
The addition formula for theta functions [3| p. 48, Entry 31] is stated
below.

lg| < 1.

(2.15) K(q) =

LEMMA 2.1. Let U, = a""+D/2pn(n=1/2 qnq v, = qn(n=D/2pn(n+1)/2,
Then, for each positive integer n,

(2.16) F(UL VL) = ZUf( A Z)

We also need the following two lemmas [3, p. 36, Entry 20|, [3, p. 45,
Entry 29].

LEMMA 2.2. If a8 = m, Re(a?) > 0, and n is any complex number, then
(217)  Vafe e ) = e /B e o),

LEMMA 2.3. If ab = cd, then

(i) f(a,b)f(c,d) + f(=a,=b)f(—¢c,—d) = 2f(ac,bd) f(ad, be),

(i) f(a,b)f(c,d)+f(—a, —b) f(—c, —d):2af<i,2abcd)f(2 Zabcd)

As special cases of the above lemma [3, p. 51, Example (iv)], we have

f2(q q°)

(2.18) o(—q) + ¢(¢?) = 71#((1) :
2 7

(2.19) o(—q) — ¢(¢°) = —Qf&’q()”-

3. Main theorem. We begin this section by proving the main theorem
for Japs,) (q) defined by ((1.7)).

THEOREM 3.1. Suppose that a and b are integers with a > 2 and (a,b) =1,
s and t are any real numbers with at least one not being an even number,
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and Rex > 0. Then

J(a,b,s,t) (Q)

_ _@ Zw (25+t)b log H w2j+tq|2m+s|)(1 o w—(2j+t)q\2m+s|)’

m=—00

m/a -/

where w = e and g =e

Proof. Let N be a positive integer. Since the series Ji, ) is not ab-
solutely convergent, we adopt the convention ) = limy o) yepen-
Then we have

mms 7rznt

(3.1) Z Z (an + b)?

—N<n<N mEZ

0o
} _ 2 —
- § : emint S e 7 (an+b) u(§ : eTims ™m2z u) du.

—N<n<N 0 meZ

Now we apply (2.17) with a = /7/(z\/u), 8 = x/ur, and n = 7ws/(xz\/u)
to deduce that

(32) Z eTims— mmieiu _ Z o m ngz/g)Q '

MEZL mEZ

Using (3.2)) and inverting the order of summation and integration twice by
absolute convergence in ({3.1]), we obtain

7r7,ms mnt

Z Z + (an +b)?

—N<n<N meZ
S
T mint fTr(anqu)?uj : M du
- Z € S € e z2u \/»
* u
—N<n<N 0 me7,
mnt ﬂ(an+b)2u7M du
P Te s du
u
T ez —N<n<N 0 Vu

Applying the elementary formula [12] p. 384, eq. (3.471), no. 9], [7, p. 39],

T —2m|Al||B
5 PR )
0 Vu Al
we have
eTims pmint ewintq|2m+s\ lan+b|
By D > DD
N i (an+b)? w2 oy lan ]

Now we introduce a variable r and establish the following claim by com-
paring Taylor series coeflicients in r and letting N — oo:
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(3.5)
1 a—1
Z emint lantb| _ _1 Zw—(2j+t)b log(l _ w2j+t,r,)(1 o w_(2j+t)7‘).

—oo<n< oo |an T b| a 7=0
Note that if both s and t are even numbers, then we have log0 at m = 0
on the right-hand side of the above identity. Therefore we exclude this case
in the assumption of the theorem to ensure the convergence of the series.
Similarly to [5, eq. (2.5)], we use a crude error estimate to bound the terms
where n > N and n < —N as follows:

(3.6)
eTint .lan+b| 1 a-l s ) e
Z et = Zw (2708 10g[(1 — w¥Tr) (1 — w™ @y
—~N<n<N =0

(o )

To complete the proof, we substitute (3.6)) into (3.4)) and take the limit as
N —00. n

Note that Fq5)(q) = Jia,p,1,1)(2)s Gap)(@) = J(ap,1,0)(0) and Hap)(q) =
J(a,,0,1)(q)- Thus we have the following corollary.

COROLLARY 3.2. Suppose that a and b are integers with a > 2, (a,b) =
and assume that Re x > 0. Then

o a—1 - o
(3.7) G(Chb) (q) = _a w 25 log H 2] 2m+1)(1 —w 2]q2m+1)’
j=0

(3.8)  Hap)(q)
_ _% Zw (25+1) blog H w2j+1q2|m|)(l _ w—?j—qu\m\)’
meZ

where w = e™/% qnd g = e/,

The following theorem shows that G (,)(q) can be placed within the
theory of Figp).

THEOREM 3.3.

(i) Suppose that a and b are integers with a > 2 and (2a,b) = 1, and
that Rex > 0. Then

(3.9) G 2a6)(@) = 3F(ap) (@) + 3G (a) (0)-
(ii) If we further assume that a is any odd integer, then
Fian(—q)  if bis even
. (a,b) s
(3.10) Glanla) = {_F(a,b)(_q) if bis odd.
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Proof. We begin by proving (3.10). Note that sin(2jbr/a) does not ap-
pear in the summation below since G, ) (q) is real-valued and the imaginary
terms sum to 0. Now from (3.7)), we have

a—1 . 00 )
27 25bm 25
G(a,b) (q) = - cos(]a> log H <1 — 200s<»; )q2m+1 + q4m+2)
J

=0 m=0
(a—1)/2 . oo )
4 25b 2
- = E COS<M> log H (1 — 2COS<']7T>q2m+1 + q4m+2>
ar - a a
J=0 m=0
27 had
| _2m+41\2
+ w08 H (1—¢q )
m=0
(a—1)/2 . 0 )
4 —275b 9
=5 eos( T g I (12008 (T et i)
ar = a a
J=0 m=0
T oo
+1log [T (1 —¢*')?
m=0

0o ofa—1 _
X log H <1 +2cos< [a 2( 2 ])]W>q2m+1 —|—q4m+2>

m=0 a

+ 2ilog ﬁ (1 —g*mt1)?

axr =0

(a—1)/2 )
4 1— 27+ 1

IS con(l 0 LI T
ar 4 a
Jj=0 -
27 +1
x log H <1 + 2cos<(3+)7r>q2m+1 + q4m+2>
m=0 a

2T e

| 1— 2m—+1\2
tale L=

(a—1)/2 .
4 27 +1
- (_1)bcos<<ﬂ+>b7f>
ar “ a
Jj=0 ~
27 +1
x log H <1 + 2cos<(3+)7r>q2m+1 + q4m+2)
m=0 a

2
| | I 1— 2m—+1\2
+ azx 8 ( q )
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(a=1)/2

4 25 +1 = 2 +1
_ _(_1)b£ Jz::O COS<( J + )b?’l’) 10 7nH <1+2COS<( J—Z )7T>q2’m+1 +q47n+2)
b 2T M 'a1+1 b 'a71+1)7r 2m—+1 dm42
+(-1) *IOgHCOS( ) 1+2COS<27)qur +qm+)
axr m—=0 a
)

= (—1)"Flan(—q
This completes the proof of (3.10)). It remains to prove (3.9) from (3.7):
G(Qa,b) (Q)

2a—1
T mibj Tij 71'1]
:_72:6(1 OgH l—ea 2m+1)(1_6 q2m+1)
ar =<

ax -
7=0 m=0

a—1 o]
™ mib(2j+1) mi(25+1) _ mi(2j41)
_ _{ E :6 - log H (1 —e = q2m+1)(1 —e - q2m+1)

a—1 00
7ib(25) 7i(27) mi(25)
I T ) (R e R R ]
j=0 m=0

= %F(ayb) (q) + %G(a,b)(Q)- .

To finish this section, we prove the main theorem for J(a,0, s, t) defined

by (L.8).

THEOREM 3.4. Suppose that a is a positive integer, s and t are any real
numbers with at least one not being an even number, and Rex > 0. Then

J(a,0,5,6)(7) = - Z log H 1 — wittgl2mtsly(q — = @i+t gl2mts]y

where w = ™/ qnd g = e/,

Proof. The proof is similar to the proof of Theorem [3.1] The main differ-
ence is that the index (m,n) cannot be (0,0). Therefore, we need to separate
the sum when n = 0 at the very beginning, and thus we have

eTims omint ewintq\Zm—i-sHan\
I D D e rEA-D DD Dl rre
(3:-11) (xm)? |an|
—N<n<N meZ mEZ N<n<N
n#0 N#£0

Then we claim that for |r| < 1,

TI'l?’LtT.|7’L(l|

e . _ .
(3.12) Z al Z log[(1 — w?+tr) (1 — w0y,
n#0
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Indeed, by expanding the right side of (3.12) as Taylor series in r, we have
1 . .
—= 3 Tlog[(1 — w¥Hr) (1 — w™ G p)]
a

a—1 oo
— 1 Z rk 7rzk(2]+t)/a ke—mk(2]+t)/a
a 4 k k

7=0 k=1
1 0 [ a—1
_ = r < wikt/a 2 : 2mijk/a +e —mikt/a § :6—27rijk/a)
a k
k=1 7=0
1 rlnal _
— — 2 : 7rznt ca4 = 2 : mint
a \na\ \na\
na>1
Jnal plna | . orint |nal
— 2 : ewznt+ § : eﬂ"LTLt :§ : )
|nal |nal Inal

na<l n#0

To finish the argument, we use the same idea as in the proof of Theorem

B =

4. Examinations of H(, ;) for a € {3,4,5,6} and explicit examples.
Although the proofs of and Theorem are similar, the examinations
of special cases of H(,y) are quite different from those of F{, ), and they
are actually more difficult, because we have even powers of ¢ instead of
odd powers in the evaluation. In this section, we examine the cases where
a € {3,4,5,6}.

Let us prove a couple of lemmas before the examinations.

LEMMA 4.1. For |q| < 1, we have

1) JJa-v2¢m+q)

m>1

af(=¢**) [ f(—qY) I ey
e f(—q8>< Ao (V2+1) W))’

42)  JJa+v2em+4"m)
m>1
af(=¢**) [f(=4") < 1 >
= + \/i -1 T q4 )
f(=a®) \ f(=¢®) ( VI

I 1-vV2¢"" +¢" _ 1-(V2+1)T(q")

a1 L V2 gt 14 (V2 - 1D)T(gY)

where T'(q) is the Ramanujan—Gaéllnitz—Gordon continued fraction .

(4.3)
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Proof. The equality can be easily derived from and (| .
Here we give the proof of 4.1)) only, as the proof of (4.2) is snnllar Letting

w = e™/* and using the J acobl triple product 1dent1ty . 2.1)) for Ramanujan’s
general theta function f(a,b), we have

44  JIa-v2zm+a™) = JJQ - (w+w e +¢"™)

m>1 m>1
= ] -we™( -w ™)
m>1
= (W% oo (w ¢4 ¢
1 frw,—wl?)
(4% ¢*) 1-—w '
Applying the addition formula (2.16) with n =4, a = —w and b = —w™¢?,
we obtain
f-w,—wg®) = (1 —w) f(—¢'%, —¢*) + (W* + )P f(—q*, —¢*).
It follows that

—w 12
FED 200 pg )~ (VI D' 0.

To complete the proof, we substitute (4.5) into (4.4), divide both the de-
nominator and numerator by +/ f(—q'2, —¢%0) f(—q¢*, —¢?®), use the product
representation of the Ramanujan—Gollnitz—Gordon continued frac-
tion, and manipulate theta products to deduce that

F(=a"% =) f(=a* =¢**) = f*(=¢")
LEMMA 4.2. For |q| < 1, we have

46)  J[—-v3a"+¢"™)

m>1

(4.5)

:ﬂﬁig%u+wumﬂﬁ+@+ﬁm@»
@n  JIa+v3em+4™)
e f(=¢%,—4")
04 (VB (@) + 2~ VER ()

(4.8)

I 1—V3@m +¢"™  1—(V3+1)J(¢5) + (2+ V3)K(¢°)
A LHVB@m g 14 (VB 1)J(¢8) + (2= VB)K(¢%)

where J(q) := q1/3%, and K(q) = qﬁq’iqq;; is the continued frac-
tion of order 12 defined by (2.14)).
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The proof is similar to that of Lemma [4.I} and we leave this calculation
as an exercise to the reader.

THEOREM 4.3. Suppose that ¢ = e~ ™/*. Let G(q), T(q) and K(q) be

the continued fractions defined in (2.10)), (2.12)) and (2.14])), respectively. Let
J(q) be the function defined in Lemma[4.2] Then
2 8(1+ G3(¢?))

(4.9)  Hglg) = 0z 08 8G3(q?)

™ 2—1-T(¢"
(4.10)  Hn(g) = T2z log 1\-{(\/5— 1)15?((1)4)7

_ 2 T XEE) T VEe(d®) — ele)
(4.11) H(571)(q) = 5r 10g2 + 5z 1 g X5(—q2) \/51: 1 g \/ggp(q5) n (p(q)
m (1-a’R(q))(1 = B°R°(¢%))

T 5vBr (1 - BRNg)(1— PR (¢%))
- 1+ (V3—1)J(¢° + (2 — V3)K(¢°)
3o o8 V3] + (VB 1)J(S) + 2+ V3)K(gS)

Proof. We begin by proving (4.9). If we set (a,b) = (3,1), then (3.8))
immediately reduces to

(4.13)  Hg o (g)

2 . .
25+ 1 25+ 1
= 7% 2 COS<(‘7_§)W> log H <1 _ 2C08<(3—g)7r)q2|m| + q4|m|)

(4.12) He(g) =

meZ
1 — g2lml 4|lm)| 1 1 — g2m 4m)\2
B _% log H 14+ 2q Q\m\—:-q Am| _% log 4 H ((1 + 2qq2m—:_qq4m))2
meZ q q m>1
2m 27 1+ ¢fm 27 21 3 (—¢%)
=—log2— —1 = — T log2-— =1 )
300077 3 P W (ke 30 0T 30 P (=)

Notice that we used x(—¢) = 1/(—¢; ¢) o in the last equality above. To finish
the calculation, let us take o = 1—¢*(—¢q)/¢*(q) and B = 1—¢*(—¢3)/¢*(¢?),
so that 8 has degree 3 over « in the theory of modular equations. Then using
[3, p. 124, Entry 12],

X(—q) = 2Y/5(1 — 2)/12(xq) "1/,

we have
q1/3 x(=q) s (1-— 04)1/12ﬁ1/8 XS(_q) _ o3 (1-— 04)1/4l31/24.
(=) (1— B)Vial21 (=% (1— B)1/1241/8

Since a and 3 admit birational parameterizations a = p(2 + p)3/(1 + 2p)3
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and 8 =p3(2+p)/(1 + 2p) [3, p. 230, Entry 5(vi)], we deduce that

xX3(—4%) 20+p))
X=q) _ [ 20-p? \°
(4.15) = .
x(—q%) (2+p)(1+2p)
Now if v = ¢'/3x(—q)/x*(—¢*) = G(q), as given in (2.11)), then we solve
(4.14) for p to obtain
1 — 403 + V1 —8v3
4.1 =
(4.16) P 108 :
and it follows that
3(_ 1—-8 3\ 1/3
(4.17) X g>:< g)
x(—q%) l1+w

by substituting (4.16) into (4.15]). Replacing ¢ by ¢? and substituting (4.17)

into (4.13) completes the proof of (4.9).
Notice that if (a,b) = (4,1), then (3.8) becomes

3 .
s 274+ )m
H1y(q) = i E COS<(]4)>
Jj=0
_ (27 + DTN ol | 4ajm|
x log | | (1 2COS<4 q +q

mEZ

2 1 — /2 g2lml 4 g4lml
Vem log H V2q +q
meZ

D) 1—-+2 2m Am
:—\[Flog<(\/§—1) I1 V20"t )

2 4
2 m211+\@qm+qm

Using (4.3), we are led to the closed form ({4.10]).
We set v = 2cos(27) = 1*2\/5, and 8 = 2cos(i7) = % With (a,b) =
(5,1) in (3.8)), we have

(4.18) H(5,1)(Q)

4 . .
2 +1 2 +1
_ _5% > COS(“;”) tog [ (1 _ 2COS<U;>”> 2l q4|m|>

meZ

" g ] (1 — ag®™ 4 ¢"m)*(1 — Bg*™ + ¢*Im)P
(1 + g2ml)2

10/m|\1/2 /1 _ p.2lm| o A4lm|\ V5/2
WIOH(1+q ) <1 Bg™ +¢q )

s (1 + q2|m|)5/2 1— aq2|m| + q4|m|
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T 1<\/5—1>ﬁ_7r1 X(—=4?)

og ——ov

VE+1 5z x(—q'?)
1— 2m
oz ] o
NGY" —aq™ + ¢2m’

meven

Factorizations of certain theta-function identities of degree 5 are given by
[1, p. 30, Entry 1.7.2(i),(ii)]:

(1+V5)f(=4*)

+V50(¢°) = :

= A [[+aq"+¢*) J] -8+
nodd neven

Bo(dd) = (1-V5)f(—=¢%) ,

(q) (a’) T —aq" +a®) [[ 0+ 5d" +d™)
neven nodd

from which we deduce that

(4.19)
I L=pa" +q +q*" H 1+ag™ +¢*" _ (V5+1)(V59(¢°) — ¢(a))

Now we use two of the most important formulas for the Rogers—Ramanujan
continued fraction from Ramanujan’s Lost Notebook [I, pp. 21-22, Entry

1.4.1],
1 5
(ﬁ) ~ (Vi) = 1/2 \/ 1;[ 1+ ag” +q2”)
1\° 1 | f(-a) 1
(ﬁ) ~ BV = ¢\ f(=a°) ,El (1+ Bg™ + ¢2n)>
to obtain

1+ B¢™ +¢*™ _ ;[(1-aPR%(q))(1 - B°R%(¢%))
(4.20) mgd Itaqg" +@m \/(1 RN (q)(1 — SR ()

To complete the proof of (4.11)), we substitute (4.19) and (4.20) into (4.18).

Now if (a,b) = (6,1), we can easily prove (4.12) by applying Lemma[4.2]
From (3.8]), we have

(4.21)  Hy(g) = _72 ( 2+ Um )
xlog [ [ (1 — 2COS((2J—gl)Tr)q2m + q4m)

MmeZ
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V3T 1— /3¢l 4 g4ml
=———1Iog H
6 7 1+ \/§q2|m| + q4|m|

log(2 4+ /3 .
\f$ g( )ngll_\/gq2m+q4m

Applying (4.8), we are led to the closed form (4.12)). m
Next we consider explicit examples of H(a p)(q) from Theorem We
first derive examples for H(z1)(q) from . It is clear that the formulas

for G(q) can also be used to evaluate H(3’1)( ). When x = 1/v/2 we appeal
to [I, p. 100, eq. (3.4.4)]. We have

—2+6

(4.22) G(e™V?m) = .

Thus we obtain

Z Z 2m2 3n+1) —\/gﬁlog(4+2\/6).

n=—oo m=—0o0

Similarly, set x = 3v/2. We use [} p. 100, eq. (3.4.5)] to find that

(4.23) G3(e VI3 = _2;:\/6.

Therefore

e
Z Z 18m2 3n+1) 37 log(44+186).

n=—oo m=
As another example, when = = 1 we appeal to [I, p. 100, eq. (3.4.3)] to
obtain

(4.24) Gle—my = —U0F \/gi +V6V3

and thus

(4.25) Z Z — 3n+1) log(2+\/+\/9+6 3).

n=—oo Mm=—0o0

Now we derive explicit examples from (4.10]), which include the Ramanu-
jan—Gollnitz—Gordon continued fraction on the right-hand side. When x=2_8

we appeal to [9, p. 84, eq. (4.2)] to find that T(e~™/2) = v/v/2 — V2,

which yields
" Ve (VAo - (VB v)
D o e VNI reeY
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When z = %ﬁ we appeal to [9, p. 86]. We have
T(e™32) = VVE+ V2 +1-VV6+ V2,

and hence
- -1
n_z_oom; (8m)? +34n+)
_\/éwlog (V2-1) = (VV6+V2+1-VV6+2)
B 71+ (V2-D(VVE V21 - VVE+V2)

We can find further evaluations for H41y(¢q) by applying other formulas in
[9, p. 84, egs. (4.3), (4.4)] and [9], p. 86, Examples].

Now we examine the more difficult case of H ). We consider z = 6,
which yields ¢% = e=™. We appeal to [I3, Theorem 5.1] to find that

(6v3—9)/4 -1
(6v3—9)1/4 41
We still need to examine J(e~™). We apply [13, Lemma 3.1] first to obtain

2¢"*x(0)¥(~¢%)
v(q) + (%)
So we can evaluate J(e™™) from formulas for ¢(e™™), p(e=37), ¥(—e

and x (e~ ™). We appeal to [I7, Lemma 5.1, Theorem 5.5], [18, Theorem 5.6]
and [4, p. 326, Entry 2(viii)] respectively. For a = 7~1/4/I'(3/4) we have

(4.26) K(e™™) =

J(q) =

737r)

pe™™) = a, Y(—e3) = a2*3/43*1/263”/8(2\/§ — 3)1/4,
o(e™3™) = a2 1373/8\/\/3 + 1, x(e ™) = e /24914,
Simplify the resulting quotient to obtain
VI - VY
33/8 L 9-1/4/\/3+ 1

To finish the calculation, we just need to insert (4.26)) and (4.27) into (4.12)
and simplify. Hence

(4.27) J(e ™) =

’I’L

Z Z (6m)? 6n+1)

n=—oo m=—oo

- bg(?*f (5 VB4 V254 6B 001+ VB + V35
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5. Simplification of F(g ;) and explicit example

THEOREM 5.1. Suppose that ¢ = e~™/*. Then
(5.1)  Fgnl)

:_lmbgz‘l@ V1++v2/2¢\/Clq) — V1—-+2/2¢q\/D
Az A(g) + V1+v2/2¢\/C(q) +v1—f/ qv/D(q)
_lmlogB(q) V1-+v2/2¢\/C(q) + V1+v2/29\/D(q)
Az B(q) + V1 -v2/24\/C(q) — V1+v2/24/D(q)
where
o(—¢*) 20(=¢*) (@) e(d®)
AW = g Y2y GO 5T gy
p(— q64) 19(=¢*) 9@ w(d®)
B =g~ V2 gy PO = 5w T gy
Proof If (a,b) = (8,1), then reduces to
(5.2)  Fg)lg)

7 . e’ .
T (2 + H (25 + 2m+1 4m+2
—_ A | 1—2 \=J v )" m
4x r OCOS< 8 ) ©8 < COS( 8 a 1

m=0
(%)q2m+1 + q4m+2 ) 2cos(%)
14+2 COS(%)QZm-i-l 4 q4m+2

(1 . ZCOS(dér)qu—l—l + q4m+2>2005(8”)
X
1+2 cos(Sg) 2mtl 4 gdm+2

q

cos 2m+1 | Am+2 2m+2y\ 2cos( %)
log H< —2cos(g) " ¢ ) (1 - ))

1+ 2cos(T)g2m+l 4 gim+2)(1 — g2m+2)

(1 _ 2COS(3S7r)q2m+1 + q4m+2)(1 _ q2m+2) 2005(3{)
<(1 +2 COS(%T)q%n—I-l + ¢tm+2)(1 — q2m+2)> :
Letting € = ¢™/8 and using the Jacobi triple product identity (2.1), we find

o0

F(q) = ng[)(l + 2008<g>q2m+1 + q4m+2> (1 _ q2m+2)
= (64 D)oo(—E6: D)o@ oo = Y €'

_ Z (_1) [q(8n +§q(8n+1 52 (8n+2)2 +____'_€7q(8n+7)2].

n=—oo
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Note that F'(q) is real-valued, so the imaginary terms above sum to 0. There-
fore we only need to consider the real parts. First, we have

[e.o]

Re Z ( ) (52 (8n+2)2 56 (8n+6)? )
= 2Re i (— )n£2 (8n+2)? -2 Z K 44n+1)
_ f(Z( )n 4(4n+1)2 i(_l)nq4(4n+3)2)
n=0 n=0

_[Z nn+1/2 4(2n+1)2 \fq ( )

Now we consider

Re Z Sq (8n+1)? +§7 (8n+7)? ]

— Re (5 Z (_1)n[q(8n+1)2 B q(8n+7)2]>

=92 T S _1\n,(8n+1)2 _ ™ - _1\n,16n(4n+1)

= 2cos| ¢ Z(l)q —2COS8QZ(1)(]

n=-—00 n=-—00

=2 cos( >qf( 3, —¢%%) = /2 cos( ) \/1/; 0(q'%) + ¢(g32)],
where we apply (2.18)) in the last identity. If we use (2.19)), then we find

Re Z 53 (8n+3)2 +£5 (8n+5)2 ]

2< )w} 7% — o).

Combining the results above, we are led to the closed form

(5.3) F(q) = o(=¢*") + V2¢"(—¢*)
+ \/§COS( >q\/¢ ©(q1%) + v(¢3?)]

+\/§COS< )W q'%) — o(¢%2)].

Similarly, we can derive a formula for the other factor in the denominator
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of (5.2)). Thus,

* 3 m m m
(5.4)  G(g) = H (1 + 2(:os< 5 >q2 gt +2>(1 — ¢*mt?)

m=0

= () — V(g >+ﬂcos< )m EOOERErS)
2cos< >Q\/¢ q'%) — p(¢*?)].

To complete the proof, we just need to apply (5.3)), (5.4) and the facts that

T _V2Hve 3m\  V2-12
COS 3 = 9 al COS 3 —72 . m

The formula for a = 12 can be deduced in a similar fashion. However,
the formula is more complicated and thus we do not give it here. We will
need to apply Lemma to obtain formulas similar to (2.18]) and (2.19)),
namely,

5 7 [ f(=a%)e(@)x(=q®) + f(=a?)e(—a)x(—¢?)
Fagh) = \/f(—qﬁ)w(q3)x(—q6) f(a?)p(—a*)x(~¢?)
’ 2¢2x(—¢?) '

We conclude this section by proving a formula for Fg ) from . In
principle, these calculations are straightforward exercises if the values of
v(a), 9(¢*), (=4%), p(—4"), ¥(—q) and ¢(—¢*) are known. However,
is a long equation, so in practice, we only identify one instance where ¢'¢
is reasonably simple, that is, when ¢'% = e=™. We appeal to [17, Theorems
5.5, 5.7] and [I8, Theorems 5.6, 5.7]. For a = 7~ /*/I"(3/4) we have

elem)=a p(—e71m) = a2 (V2 + 1)1,
go(e*Q’T) = a2*1(\/§+ 2)1/27 b(—e ) = a2*3/4e“/8,
@(—6*2”) = a2*1/87 w(_e—%) _ a2715/1667r/4(\f2 _ 1)1/4'

After simplification, we obtain
Aemm) =281 (V2 + )Y+ (V2 - 1),
B(e™™) = 25/10e (V3 + 1)/ (VB - 1)),
Cle™™) = e ™32 + (V2 + 1)1/?),
D(e™™) = e /8234 — (vV2+1)1/?).

e —T
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With all the calculations above, we have

2. Z 16m 8n+)

T . Va1 Ve /1 Vad
- 64mlogﬂa+\/2+ﬁc+\/2—ﬂd

9 Valog V2 — /2 —V2c+ V2 +V2d

6 *Vab V2 Vie— v2rvad

where
a = 215/16{(\f2+ 1)1/4 + (\/5_ 1)1/4}’ c= 23/4 + (\/§+ 1)1/27
h— 215/16{(\/§+ 1)1/4 _ (\/57 1)1/4}’ d= 23/4 _ (\/§+ 1)1/2‘

Curiously, v/2+ v/2 is the connective constant of the honeycomb lattice
(see [11]).

6. Examination of G(,; and explicit examples. The authors of
[5] examined F{q ) for a € {3,4,5,6}, and we have just considered the case
a = 8 in the previous section. Applying Theorem [3.3] we can easily express
Gap) for a € {3,5,6,10,12} in terms of F{, ;). Moreover, it can be easily
derived from . that

T 0 (1 _ q2m+1)2

(6.1) Gn(a) =~ log ml_[oo (14 g2mi)2
_ (@@ 27, x(=9)
z 7 (46w x x(q)

where x(q) is defined in (2.4). Combining (3.9), (6.1) and the fact that

Fi2,1) = 0, we can examine the case when a = 4. Indeed, we have

(6.2) Glap(a) =~ log X)E(_q?.

By iterating, we can now examine the cases where a € {8,16}.
Now we produce explicit examples for G, 4)(q). We first consider the
simple case when (a,b) = (3,1). From (3.10)) and (4.17)), we can easily derive

that
27 1+ G3(q)
) — " oo -
(6 3) G(S,l)(Q) oy og 1— 8G3(q)7

where G(g) is Ramanujan’s cubic continued fraction (2.10). We can use
formulas for G(q) to evaluate G (31)(¢q). When x = 1/+/2 we appeal to (4.22).
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After simpliﬁcation it follows from . ) that

)m \/§7T 246
Z Z 2 log :
m+23n+1) 9 1

n=—o00 m=—

Similarly, when 2 = /3, we appeal to [I, p. 105] to find that G(e"r/‘/g) =

V3-1
41/3

After simplification, we have

:E:: :E:: o 27 10 5 + 3\/€§
3m2 3n+1) Tov3 T 2

n=—oo m=—oo
Now we examine G'1)(¢) from (3.9)). It follows from [5, eq. (3.3)] and (6.3)
that

) (1+v3)(1 — 8u?)
—lo

9z 8 (1— 803 (1 + ud)’

). When = = 1 we appeal to [8, p. 350, eqgs.

G(G,l)(Q) =

where u = G(—¢) and v = G(q
(4.1) and (4.2)] to find that

1-V3 Loy VB (=14 V3) +V6V3)

Gl—e™) = ==, Ge™) .

which yield

(6.4) Z Z e 6n+1) = Slog(1+3%1V2 - V3).

n=—oo m=—oo

Next we consider G(4,1)(q) and then G5 1)(q). Recall from (6.2) that

T ox(=qg) _ m  Y(=q) T p(=q)

6.5 G q) =——1Io = lo =——1Io .
(6.5) an(@) =~ g oy x5 i) 20 % o(q)

The formulas for (g) and ¥(q) can be used to evaluate G 4 ;). For example,
many explicit evaluations can be found in [4, p. 325], [I7] and [18]. Set = = 4.

By [, p. 325, Entry 1], for a = 7'/4/I"(3/4) we have
ey = a1 +27Y), p(—e ) = o1 — 271,
It follows from (6.5} . ) that

)" T V241
6.6 -0 .
(6:6) Z Z 16m2 4n+1) 8§ %1

Using (3.9), we can obtain the formula for G(&l)(e_“/‘L) from F(4’1)(e_7r/4)
and G(4,1)(e_”/4). We first evaluate F(y1)(q) at = = 4 from [3, eq. (3.4)].
Similarly to the evaluation of [5 eq. (3.18)], we appeal to [4, Examples 9.4]
to find that ay = (V2 — 1)4 and thus

D 14 VBT
(67) Z Z 16m2 4n+1)2:4\/§log1, 21

n=—oo m=—0o0
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Substituting (6.6) and ( into (3.9) leads to
Z Z 110 \4@—#1+ T o 1+vVVvV2-1
16m2 8n+1) 16 5321 82 21 _Jva—1

n=—oo m=—

m

7. Examination of J(, ) (¢) and explicit examples. Simplification
of Jigp,s,)(q) is difficult when (s, ) # (1,0), (0,1) or (1,1). However, we can
get several nice evaluations for (a,b) = (2,1).

THEOREM 7.1. Assume that s and t are any real numbers with at least
one not being an even integer, and Rex > 0. With ¢ = e~™*, we have

ﬂzms 71"mt

™ _mit
(7.1) Z Z (xm)? 4+ (2n + 1)2 27 Tt 7

n=—oo m=

x log H (- QCOS(M)‘IQW“ +¢" ) (1= 2cos(%) >0 + gt )
( + QCOS 7Tt)q2m+s + q4m+5) (1 + 2cos(7T )q2mH2=s 4 ghm+a- 25)

Pmof. The proof is straightforward. We apply m 7.1) witha =2and b =1

to obtain
&0 0 mTims ,mwint

_z: Z (xm)? 4+ (2n + 1)2

it

T 7%”1 H (1 _ e%itq|2m+s|)(1 — e q\2m+s|)
=75.¢ Og ux3
2 ez (14 €% gl2mbsl) (14 e gl2ms)
™ mit
= —— 2
2z

it it it
s 2m+_9)(1_€7%q—(2m+.s))(1 e% 2m—+2— s)(l_e*%q—(2m+2—s))

me

x log H (e’ 4
1+e%nq2m+s)(1+e_%1t 7(2m+s))(1+e%q m+275)(1+8_7tq7(2m+275))

)q2m+2 s+q4m+4 25) .

™ _mit H (1—2005(%t)q2m+s+q4m+25)(1—2(:os(
08 (142 cos (5 )g2m+s+g4m+25) (142 cos (

mt
2

mt
2

)q2m+2 .s+q4m+4 25)

THEOREM 7.2. With Rexz > 0 and ¢ = e~ ™/*, we have

o I P )
(7.2) ZIEZam %+n 2 B u@)

n=—o0 m=—0o0

2 .
Lm 37T’LTL

(7.3) nz_oo m; (xm)2 + (2n + 1)2
B _ T _m (_ G(g ) (@)v(¢®) )
G(- )]’

2z a3 (—)(—
7Tlm637T’i7’L T 7%1, (,02(_(]2)
(74) n—z—oo m; xm 2n + 1) %e log (p(_q§)¢(_q6) 7

where G(q) is Ramanugjan’s cubic continued fraction (2.10)).
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Proof. If we set t = %, then ([7.1)) immediately reduces to

& & 7rzms 2 rin

(7.5) Z Z 62371 +1)2

n=—oo m=—o
= ——e_* log H
m>0
IS SO Ol ?)oo(@®%14%) (=475 ¢%) e (—4
2 (=% %) oo (%751 ¢?) 00 (3% %) 00 (4733 ¢%) o

We begin by proving ([7.2)). If s = 1, then (7.5 becomes

1 _ q2m+s 4 q4m+23)(1 _ q2m+2 s q4m+4 25)
1+ q2m+s + q4m+28)(1 + q2m+2 s+ q4m+4 25)

2—s 6—35; qﬁ)

SN e w s (02— % 0o
n_z_:oom_z_:oo (@m?+ 2n+ 12 z° tog (=43 4%)o0 (4% ¢5) 0
T _mio xX(@Ox(=¢*)  m _m (@)p(—¢?)
= —e 3log Mt = 2 — _e" 3 Jog—t 1~ = 2
BN Cox®) T 2° T B ()

where we applied (2.6)) in the last identity.
Next, we prove (7.3). Notice that if we set s = %, then (7.5) becomes

im 2 7in

(7.6) Z Z (xm)? 2371—1-1)

=" e % log (6" 6%)oo (4% 4%) oo (=03 °) oo (=475 ¢°)
2z (— 1/3a )oo(_q5/3;q2)oo(q§ q6)oo(q5;q6)oo

To manipulate the g-products on the right side of ([7.6)), we first replace ¢
by ¢> to obtain

(56%)50(0% %) 00 (=05 %) 00 (=0"%: 0"%) o0 (4:6%)0c(—¢%;4°)20 (075 ¢"®) o

(=4;4%) 00 (0% 0%) 0 (0% 0'%) s (6% ¢"®) 0 (=302 o0(0%; 4%) % (—0% ¢'®) o
_ X0 (@)x(=4")
x(@)x*(=¢*)x(¢°)

We recall from (2.11)) that

(7.7 G- =—-a"x(@)/’*(*),  G@)=d"x(~a)/x*(~a*).
After replacing ¢ by ¢'/ in the above identity and simplifying, we have

mmei S = B A € G R LA AL U
Z Z Tenrn? 2t ! g< G(q1/3)¢(qw(q3)>'

n=—000 m=—0o0

Now it remains to prove (7.4). Similarly to the proof of ([7.3)), we set t = %
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in , manipulate the resulting ¢g-products and simplify to obtain

7r2m 2rin

Z Z (xm)? + (2n +1)2

n=—oo m=—

— e %log =) (=%
22 F(=a*) f(=a%)x(—=¢**)x(—45)
Finally, we use (2.7) to complete the proof. =

Now we derive some explicit examples from Theorem All of our
identities follow from well-known g¢-series evaluations. We first examine an
example from . This case is relatively easy to evaluate. When z = 1 we
appeal to [I8, Theorems 5.6, 5.7]. For a = 7—/4/I"(3/4) we have

(7.8) Y(—e ™) = a273/ e /8,
(7.9) PY(e™™) = a27%/3em/8,
(7.10) Y(—e3T) = a273/4371/2¢37/8(24/3 — 3)1/4,
3r/8

(7.11) P(e™3) = ac .

21/833/8\/1 + V2 /3 + /3
With all the evaluations above, from ((7.2)) we get

4
(712) Z Z 2 63 :We—ﬂi/3log1+\/§\/§+ \/g
e B V214 3)

If we equate the real and imaginary parts of (7.12), then lattice sums in-
volving sine and cosine functions can be evaluated. We obtain, respectively,

Z Z ™ cos 37771)_#1 1+v2V3+V3
mz

e 2t R T2 R
™ sin 27Tn)_ \/§7r 1+\/§\4/§+\/§
nz—:oomz—:oo m2 anl) o 2 log \/5(1_‘_\/3) '

Similarly, when = = 1/4/3, we have [I8, Theorems 4.7(iii), 4.10(x)]
P(—eV3T) _ 31/4,—VBr/a_ VO V3

h(memsVin) Vi-1
M _ 31/4,—V3r/4 31/6(1 — /34 V3 V43
Ple —3f7r) 21/12(\[ )2/3(1+\f)1/6

Thus we obtain

b VB 1-VE+VEYA
(7.13) Z Z m2+3 2n+) =g e "o B3+ 12

n=—0o0 Mm=—0o0
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To calculate further examples from ([7.2)), we rewrite the ¥-quotient on
the right-hand side of (7.2) in terms of Ramanujan’s cubic continued frac-
tion. We appeal to (2.6]), (7.7)) and [4, p. 330, eq. (4.6)] to deduce that

/4
v(q) ( x*(q) >1 3_ 1/
=(1+8¢ = (1 -8¢G"(—q))"",
(q?) X (%) ( =)
and therefore we can rewrite l as

m 2/37rm ) 1— 8G3(_q)
.14 = —mi/3 _ .
(7.14) Z Z (xm)2 4+ (2n + 1)2 83:e log 1 —8G3(q)

n=—0o0 Mm=—00

Besides ([7.12]) and (7.13), we can derive more examples from ([7.2]) by
applying formulas for G(q) and G(—¢). For instance, when x = 3, we have
[1, p. 105], [6, Corollary 4.6]

/
(7.15)  G(—e /%) = —(1 +4\/§’>1 3,

(7.16) G( —”/3)—1 o (320 ) ith b=12V3+3
' ¢ )T 140 A ’

and thus we obtain

(717)
Z Z PR T nifa g V3T 2VE( 4 V3 +2V)
e me 9m2 (2n+1)% 12 3—-V3+23

Now we examine . When z = 1, we have similar evaluations for
PY(—e ™), P(e ™), P(— _3”) Y(e=3), G(—e~™3) and G(e~™/3) to the pre-
vious example, namely, ((7.8] , . 7.10), (7.11)), (7.15) and ([7.16]). By a

direct computation, we obtam

7rzm 2 rin

Z Z + (2n+1)2

= 567ﬂ2/310g21/4(2+\/§)1/4(\/m+1) (1—}—\@%—#\/@_1/2.

After further simplification, we obtain the very neat and nice formula

7rzm gwin

(7.18) Z Z CEs 46—7”'/3 log(2 + V/3).

nN=—00 M=—00

Equate the real and 1maginary parts to obtain

cos 7rm—i— ﬂn)_ﬂ
>y e ol AL G L)

n=—0o0 Mm=—0o0
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Z Z sin 37TT';7;|‘+71T)71) _ _\/gﬂlog@—{—\/g).

NnN=—0o00 m=—00

Next, we examine . Theoretically, the calculation is also straightfor-
ward if the values of the p-functions on the right side are known. In prac-
tice, it is actually difficult to simultaneously obtain the values of cp(—q2/ 3,
©(—q?) and p(—¢%). However, we can rewrite the right side in terms of
cubic continued fractions. From Ramanujan’s Lost Notebook [Il, p. 96, eq.
(3.3.10)], we have

p(—¢'7?)

o(—¢°)
In [17, Theorem 4.3], J. Yi proved that for P = ¢(q)/¢(¢®) and Q =
v(a*)/p(d”),

(7.19) (Q>2_pQ+3_3

=1-2G(q).

P PQ

Now we apply (T.19) with P = p(—¢*?)/¢o(—¢%) and Q = ¢(—¢*)/p(—¢°)
to find that
Q_ (=4 po = £C27)
P o(—¢*?)p(—4¢5)’ ¢(—4%)
To evaluate @/P, we only need to know the value of the relative cubic
continued fraction. We give a couple of examples here.
If we set z = /2, then G(¢?) = G(e‘ﬂ”) = (=1 4+ v/6)/2, as given
in ([4.22)). It follows that PQ = 3 — v/6. Applying (7.19)), we have

= 1-2G(g%).

—\/§7r
p (e V)
7.20 =3,
(7.20) (—e—V2/3)p(—e—3V2T)
which implies
2 -
7T’Lm TI"Ln T
921 71'1/31
(7:21) Z Z 2m2 T enrE et osd

n=—oo Mm=—0o0

Again, if we equate the real parts and imaginary parts of (7.21)), then we
obtain, respectively,

. cos 37T7TL+ 7m)_ T loe 3
Z D2 oty T nt1)2  sy/z 8

n=—oo m=—0o0

o0 o0

Z Zs1n37rm+ 7rn)_ \/>7T o3,

2m? + (2n + 1)2 8\[

n=—oo Mm=—00
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When x = 1, the value of G(e=?™) (see (4.24])) yields
p(—e”*"%) p(—e~?T) 3+ V3+V6V3
5 .

p(—e™2m) p(—e07)
Substituting this last result into ((7.19) and simplifying, we deduce that

p?(—e?")
(7.22) e 31/4.

=1-2G(e™?) =

Thus we obtain

7rzm 2 TN

(7.23) Z Z T Ty —8 ~mi/30g 3.

n=—oo m=—

8. Examination of J(a,0,s,t) and explicit examples. Now we ex-
amine J(a,0,s,t) from Theorem in two cases: a = 1 and a = 2. Calcu-
lation easily shows

Tims eﬂint

(8.1) 3y W

m,ne”L
(m,n)#(0,0)
TF’LTI'LS | +2 | 2| +2 ‘
- 1 1-2 t)glst2m s+2m
Z @) og H cos(mt)q +q )
m=—0oo
and
wims ,mint

(82) 2 (x;v —f(Qn)2

m,ne”
(m,n)#(0,0)

7rzms

0o
s
_ e 1-9 [s+2m)| 2|s+2m)|
Z (xm)? 2 Ogmgw< COS(?) +a

<1 + 2COS< 2 > |s+2m| + q2|s+2m>

Before we derive explicit examples from and , let us recall
the definition of the Weber—-Ramanujan class invariants G, and g, from
(2.8). The table at the end of Weber’s book [16, pp. 721-726] contains
the values of 105 class invariants. Without the knowledge of class field
theory, Ramanujan calculated class invariants independently for different
reasons. His table of 46 class invariants does not contain any values that
are in Weber’s book. As G. N. Watson [I5] remarked, “For reasons which
had commended themselves to Weber and Ramanujan independently, it

is customary to determine G,, for odd values of n, and g, for even val-
ues of n.” With the help of the properties of y, i.e., (2.6), (2.7) and



Evaluation of two-dimensional lattice sums 85

(2.9), we can calculate many values of y-functions using the values of
class invariants in the tables [16, pp. 721-726], [4, pp. 189-204]. For in-

stance,
y(e ™) = 21/46—7r/24G1 _ 6—7r/2421/4’

_8—27r) _ 21/46—7r/12g4 _ 6—7r/1223/8’

= X

_67677) — 21/46771'/4936 — e*ﬂ'/421/8(2+\/§+ 9+6\/§)1/3,
6771'/3) — eTr/QX(ef?ﬂr) _ 6771’/7221/12(1 + \/3)1/37

>

(
(
(e737) = 91 /4e=m/8 Gy — e—7r/821/12(1 1 \/5)1/37
(
(

X

—27 —27
—m/2\ _ 3w/4A8 ( —2m\ __ 37r/48¢(6 )x(—e™")
e =e e =e
X( ) X( ) 1/1(—6_277)
_ e—7r/4821/16(\/§+ 1)1/4.

ExaMPLE 8.1.

(8.3) > o —rmlog?2,

2 2
(mao0 "
(=1)mtn ™
. ) = T4
(8.4) Z em2 +n2 1 og(4+3v2),
(m.n)#(0,0)
(—1)™ T, 4+3V2
. B S oY et S
(8:5) 2 m2+(2n)2 4% 2
(m.n)#(0,0)
(8.6) > (cym o« log(27 Y3 (V7 — V/3)(3 4+ V7)?/3)
‘ 3m2+ 72 21 ’
(m.n)#(0,0)
(8.7) 0s(%5) 3 (F) _ T 1g(2 4 v3),
m*+n 3
(m.n)#(0,0)
(8.8) COS(?’:);}(:Q(Q?) = %log 23_\}3/3,
(m.n)#(0,0)
2mm 2mn
(8.9) COS(Q;LQ)TZ& ) _ —2fﬁlog3,
(m.n)#(0,0)
2mm 2mn _
(8.10) COS(mS +) C;Z§23 ) = %log 23 33/2/3.
(m.n)#(0,0)

Note that (8.3) is the classical lattice evaluation [7, eq. (9.2.4)]. By in-
terchanging the order of m and n and using the special values of the cosine
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function, we very easily see that

—1)" cos % —1)™ cos %
s G g CDmaos(®)

2 2 2 2 2 2
magoe ™ @ (g ZTER
a cos(™g*) cos() 1 (-pm™n o«
- Z m2+n2 - 4 Z m2_|_n2 - 410g2
<m N)#(O 0) (m,m) £(0,0)

Identities , , , and . can be found in [2, Ex. 18,

Appendlx C] However those authors can only rigorously establish (| -,

, and (8.7). The authors of [2] obtain (8.8) experimentally, and

moreover, they have a misprint in their evaluation: glog(%‘/g) instead of

V3
2 . . ,
Zlog( f) on the right-hand side of (8.8). Using (8.1)) and (8.2]), we can
derlve all these identities from well-known g-series evaluations.
We derive some explicit formulas from (8.1f) first. If we set s =t = 1,
then (8.1)) immediately reduces to

(—1ymtn
Y e~ 0D

m,ne”L
(m,n)#(0,0)

Note that eréo(—l)m/m2 = —72/6. When z = 1, then x(q) = x(e™") =
e~ /24914 and therefore we have (8.3). Similarly, when = = 2, we have
x(q) = x(e7™/?) = e77/4821/16(/2 + 1)1/4. Thus we obtain (8.4). We can
obtain many additional formulas using the explicit values of the class in-
variants G, and g,. For instance, when = = /3//7, we have Gri3 =

2713(T — V343 + VT)Y/6 [4, p. 341]. This completes the evaluation

of .

If we set s =t =1/3 and then s = 1/3, ¢ = —1/3, we obtain

Z ewim/3e7rin/3 Z em’m/3e—7rin/3
2 2 = 2 2
mamzoe T mmz00) "
2 omim/3
_ T X @ Z ~

z T x(@P)x(@) A (am)

Equate the real parts of each side to find that

cos(m + M) cos( n
Z m23+ n23 _ Z 23+ n23

(m,n)#(0,0) (m,n)#(0,0)
2
m x“(q) Z
= _; log ﬁ + T N9

™m ﬂn)
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Therefore we also have
g o) eos(3) Vo) g o)

2 2 :_Elog 1/3 3 32 .
mmzop) T tn e 7X@ P)x(e?) = (am)

When z = 1, we have

2 2(,—m
x“(q) x“(e™™) _ 67r/18271/3(\/§_ 1)2/3'

X(@)x(@®)  x(e=™/3)x(e37)

Note that », ., ws(;iif/?’) = 72/18. The last two identities lead to (8.7).
Now we examine a more complicated case when s = ¢t = 2/3. Similarly
to the previous case, we find that

(8.11)
cos(%Tm) cos(%T") T f2(_q2) COS(%Tm)
-1 7
(m,n)z:#t),o) (xm)? + n? v 8 F(=a*)f(—4®) ! mzaé:O (zm)*

To calculate the theta function quotient on the right side above, we first
apply to obtain
P PP x(=EP)x(=d%)
Fa@B) (=%  o(=a*)p(=d%)  x*(=¢*)
Consider the case x = 1. Recall that we have for the p-quotient. So
it remains to calculate the y-quotient

x(—qz/?’)xz(—qﬁ) _ X(—q2/3);<(—q22)x(—q6) G-,
X*(—¢?) X*(—¢?)
We appeal to [I}, p. 39, eq. (3.3.9)], and to find that
Ge>/%) = —G(e ™) G(—e /%) = 27733~ 1)/3(\/2VB + 3 - 1),
which yields
X(—e# ) x(—e~7)
X*(—e?7)

Notice that >, “’ﬁ(f;fign/?’) = —72/9. Substituting all these results into

(8.11]) and simplifying, we complete the proof of (8.8]). Similarly, when x =
2, we first appeal to [4, p. 200] and (4.23) to find that go = 1, g18 =

(V2 + V3)1/3 and G(e=V27/3) = %(*ﬁJr V/3)'/3 and therefore
X(=e” V) (—e V2T

(8.12) — e ™/9271/0(\/3 — 1)V3(2 + V3)/3.

T = VP0G eV (e )x (—e YT
X*(—eV2m)
— o V21/18
Substituting (7.20) and the result above into (8.11)), and simplifying, we
complete the proof of .
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We conclude this section by deriving (8.10)) from (8.2)). If we set s =t =
2/3, then (8.2 reduces to

cos (45 cos(*5")
(mm)z#:(o’o) (xm)? + (2n)?
L fA=a®)  x(=)x(=d%) cos(*5™")
T g(f(—q2/3)f(—q6) () )*
_ T P(=a*)  (x(=a*P)x(=¢"))* cos(#3")
a 2wlg<so(—q2/3)so(—q6)< x2(—4?) >>+7§0 (xm)?

Set x = 1. Substituting (7.22) and (8.12) into the identity above, and sim-
plifying, we obtain (8.10]).
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