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Asymptotic nature of higher Mahler measure
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1. Introduction

DEFINITION 1.1. Given a nonzero Laurent polynomial P(z) € Clz*!]
and k € N, the k-higher Mahler measure of P (see [4]) is defined by
: 1 dz
— k 270 _ k
mi(P) := | logh | P(e*™?)|d0 = 5 | logh|P(2)] —.
0 |z]=1
These my’s are multiples of the coefficients in the Taylor expansion of Akat-
suka’s zeta Mahler measure (see [2])

1 o]
. P
Z(s, P) = | [P(¢*™)°df, that is, Z(s,P):E:m’;{g ) gt
0 k=0 )

For k =0,1,2,..., let ax(P) = my(P)/k!, so that
Z(s,P) =Y _ ax(P)s".
k=0

In this paper we only consider polynomials of type P(x) = x — r with
|r| = 1. Therefore, from now on, we write mg(x—r) = my, and ag(z—7) = ai
for simplicity.

2. Asymptotic nature of higher Mahler measure of »r — z when
|r| = 1. We will prove

THEOREM 2.1. Let my and ayp be as above. Then
my mi
(a) - + =5 = agy1 +ap = O(1/k),

k+1)! " &

Lmg | 1
() kli{glo’k' = m faxl =2,
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m m
(¢) L D% iy + ag = o(1/k),

k+1)! &
1
(d) lim —— . R gy SR g
k—oo k + 1 mg k—oo Qg

From [4] we know that for |s| < 1,

0 k(1 _ ol—k
(2.1) Z(s,r—x)zexp(Z( Dt k‘2 )C(k)sk>

k=2
Differentiating both sides of ([2.1) with respect to s we obtain

Z kaps®t = QZ(S, r—x)
P 0s

WE

=Z(s,r— ) ) (-1 —27F)¢(k)s"
k=2
(S (S0 = 3 oot )
k=0 k=1 k=1 j=1

where by, := (—1)¥(1—21"%)((k). From the power series expansion of (2.1)
we already know that ag = 1. Now comparing coefficients on both sides of
the last expression we get a1 =0, ay = %agbl = %((2) and for k > 3,

=
(2.2) a =3 Z a;by_1_j,
j=0
where
(2.3) b == (-1 —27F) ¢k +1).

3. A few remarks and lemmas

REMARK 3.1. It can be easily shown by induction that agr > 0 and
agi+1 < 0 for all k > 1. It is also easy to see that

(_1)k k—2
ap = 2 Z ‘ajbkflfj’ for k > 1.
7=0
REMARK 3.2. Let By := |bg|. Then By < 1 for all k£ > 1, By, is increasing
and B, — 1 as k — oo.

Notice By, = n(k+1) where n(k) is Dirichlet’s eta function. Since n(k) — 1
as k — oo and n(k) is an increasing function of k by [I], B(k) < 1 for all
k > 1, By, is increasing and By — 1 as k — oc.

LEMMA 3.3. |ag| <1 for all k > 1.
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Proof. We use induction. First we see that |ag| =1 <1, |a;| =0 < 1,
and |ag| = ((2)/4 = 7%/24 < 1. Now assume |a;| < 1 for all 2 < j < k.
Using this along with Remark [3.2] we get

k 2

1
lag| = k‘za]bk 1 J’< |ajbk,1,j\ < %
7=0

LEMMA 3.4. For k>4, ((k) —((k+1) < 1/k2.

Proof. We use induction. First notice that for all £k > 4 and n > 2 we
have 0 < \/n/(v/n — 1) < 4 < k, from which it follows that n(1 —1/k)?
For k = 4 we see that ((4) — ¢(5) ~ 0.045 < 0.0625 = 1/4%. Assume the
conclusion of the lemma is true for all 4 < j < k, in particular for j = k — 1.
Since for all k > 4 and n > 2 we have n(1 — 1/k)? > 1, it follows that

e= () iz (- D) e -aw

1:%<1..

IMI

LEMMA 3.5. Recall By = |bg|. For k > 1,
By, — By_1 < 1/k2.
Proof. Indeed,

1 1
ﬁ_(Bk_kal):ﬁ_Bk‘f‘kal
1 1 1
~5 (o) (- g
11 1 11
k2 _2k+1+3k+1_4k++ + RV T
1 1 1 1
=5 a(ta) rw(s) (0 )
1 1 1

4. Proofs of the results of Section 2

Proof of Theorem [2.1)(a). Using (2.3) and Lemma notice that for
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bp—j  br_1-j
k+1 k
' (=DM A —27M) (k= + 1) | (=DM = 27FH) (K — ) ‘
_I_
k+1 k
(1-27 k“”)((k—j) (1—27")¢(k—j+1)
' - k41 ‘

< - j><<k:j>k<12,}j><<kj+1>‘

‘k — Q=+ 1) = g (20— §) = (k= +1)

+ (1 g )= )

1 . .
E] [k?(C(k? —J)—Ck—=j+1))

IN

gy (60 =) = ¢l =5+ 1)+ ¢l = )} + (1= gy otk - 3)

< R o gp t E g ) <o)

I S 1 L )
(k+1)(k—7)?2 2k3(k+1)(k—75)2 2k3(k+1) k(k+1)
1 1 ¢(2) ¢(2)
< ~— T+ ~— T - +
“(k+1)(k—35)?2 (k+1)(k—j)?2 2k9(k+1) k(k+1)
2 L) @
(k+ 1) (k—j) 2k=i(k+1) k(k+1)
Therefore,
|ag11 + ag|
k—1 k—2
1 1
= k1 Zajbk_j + E : ajbk_l_j
7=0 7=0
k—2
_lag—1b1 o bk—j | bg—1-
R %<k+1+ k
7=0
1 bk bpa
< 1 + jz;) klijl + k_kl ~ | by Remark (3.2) and Lemma ({3.3)
k—4
1 by | bioioy| , max{lbal fbal} ) maxbal, o]}
< S hed L ] E ) Bl e LA e £
—k+1+j§k+1+ KT K * K
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1 =17 2 1 2 1 c(2) 4
5k+1+j§[(k+1)'(k—j)2+(k+1)'2k—f+k(k+1)}+1<;
JB, 2 Nt 1 N L, @) §E
~k k+1j:0(k—])2 /-c+1]:02k—ﬂ k(k+1)j20
52 (1 1 1 (2 /1 1 1
Tk tErile e T +k2>+k:+1<24+25+ +2k>

¢(2)(k —3)

LTy

5, 2 ¢(2) 1 ¢(2)
§E+k+1‘g(2)+k+1‘1*1/2+k+1
5 5(2) _5
=t S @)

Therefore for k > 4

5
|ar+1 + ax| < - (1+¢(2)),
and so agi1 + ar = O(l/k) L]

Proof of Theorem ( b). By definition of the Akatsuka zeta Mahler
measure (see [2]), the generating function f(s) of ay’s is precisely Z(s,x —r)
with |r| = 1. From [4] we know that for |r| =1 and |s| < 1,

o -  I(s+1) 4 I(s)
f(s) = kzoaksk =) = Rty T s T2(s)2)

Define

F(S) =1+ Z(—l)k(ak,1 + ak)sk.
k=1
So, F(s) = (1 —s)f(—s). Notice that
— —4 1
lim F(s) = ——=— lim (1-s)I'(—s) = ———= lim (1 I'(s) =—
Jm F(s) = oy gy Jm (=9)1(=9) = gy Jim, (4s)0(s) = 2
since limg_,_1(1+ 8)I'(s) = —1 and /7 =I'(1/2) = (—1/2)['(—1/2).

Now {k(—1)*(ar + ary1)} is a bounded sequence by Theorem (a).
Therefore applying Littlewood’s extension of Tauber’s Theorem (see [3]) to
the sequence {(—1)*(as + ar,1)} and its generating function F(s) — 1 we
see that

3|

s—1—

Jim | =1 > {(=DMar + ars1)} =1+ lim (F(s) — 1) =
k=0
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Proof of Theorem[2.1|(c). Recall By, = |bi| from Lemma Now define
a new sequence { Ay} by setting Ag =1, A; =0 and

=
A = z jZOAjBklj

for all k > 2. A careful observation of the individual terms inside a; and
Ay, easily shows that Ay = |ag|. Clearly Ay = |ax| < 1 by Lemma Let
m:= [(k—2)/2] and A := 1/7. Since limy_,~, A = 1/m = A, using Remark
and Lemma we see that for each ¢ > 0 there is a sufficiently large
integer N > 0 such that £ > N implies

|(k+ D(ar1 + ar)| = [(k + 1) (Aps1 — Ap)|

k—1 k—2
_ (Z AjBi_j =S A;By1 Ak)

=0 =0

k—2
(41) ‘Ak 1B1 — A + Z A Bk j — Br_1 J)’

j=m+1

+ Y Aj(Br—j — Bi-1-).

j=0

Now if the term within the absolute value signs in (4.1)) is positive, then

|(k +1)(ap+1 + ag)|

k—2
(4.2) <|A+9BI - (A=) +(A+) Y (Bey— Bi1y)

j=m+1
m
AJ
+ Z N

\(A+6) ( — )+ (A+€)(Brm-1 — B
1

5(m+1)

Ty
Notice that By_,,—1 — 1 and (m +1)/(k —m)? — 0 as k — co. Therefore
kli_>m |(k+1)(agsr +ar)| < |[(A+€)B1—(A—¢)+ (A+e)(1 — By)|.

Since this inequality holds for each fixed ¢ > 0, it also holds for ¢ = 0.
Hence |(k + 1)(ags+1 + ax)| — 0 as k — oo. Therefore, ap1 + ar = o(1/k).

If the term within the absolute value signs in is negative, then
a similar argument gives the same conclusion just by replacing +¢ by —e

in.l
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Proof of Theorem [2.1)(d). From Theorem [2.I[b) we know that 0 <
limg o0 |ax| = 1/m < 0o. Now using Remark we have
lim &k+1
k—oo a

=—1n
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