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On the average value of the canonical height in
higher dimensional families of elliptic curves
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WEI PIN WoNG (Providence, RI)

1. Introduction. Let K be the function field Q(71,...,7;,) and T =
(Th,...,Ty). Let E/K be an elliptic curve with Weierstrass equation

Y? = X34+ A(T)X + B(T)
where by a change of variable, we can assume A(T), B(T) € Z[T| and there
is no nonconstant g(T) € Q[T] such that
A(T)/g(T)*, B(T)/g(T)°® € Z[T].
We further assume that E/K is not split over K, i.e. E is not K-birational

isomorphic to Ey xq K for any elliptic curve Ey/Q. This implies that A(T)
and B(T) cannot both be constant. The discriminant

Ap(T) = —16(4A3(T) + 27B*(T))
is a nonzero element in Z[T]. Let Q"(Ag) be the set of all w = (w1, ...,wy)
€ Q" such that Ag(w) # 0. Thus for every P € E(K), for w such that

P, := P(w) is defined, the point B, is a rational point on the elliptic curve
E,/Q defined by the Weierstrass equation

Y? = X3+ A(w)X + B(w).
We denote the canonical height on E,, by iLEW and the logarithmic height
on Pg by h, ie.
h(w) =log H(w) :=log H([1, w1, ...,ws)),
where
H([vg,...,w)) = m?XﬂVi’} if v; € Z and ged(vp,...,v,) = 1.

To ease the notation, we will write ||v|| := max;{|v;|} for any v € Z".
We will prove the following theorems about the average value of

hi, (P,)/h(w).

2010 Mathematics Subject Classification: Primary 11G05; Secondary 11G50, 14G40.
Key words and phrases: height function, elliptic curve, function field, average, lower bound.

DOI: 10.4064/aal166-2-1 [101] © Instytut Matematyczny PAN, 2014



102 W. P. Wong

THEOREM 1. With notation as above, let
Qi(Ag) ={weQ"|1< Hw) < B and Ag(w) # 0},
E(K)y :={P € E(K) | P nontorsion},
Q%(Ag, P) :={w € Q(Ag) | P, is defined}  for P € E(K).

Then there exists an L1 > 0 depending only on Ag such that for all P in
E(K)nt7

M%(P) := lim inf STy Y Z — = > ];.
B #Qp(An.P) o ) ()

When n = 1, Silverman [I1] proved that

. BE (Pw) 7

lim Bl (P,
B Ty D)
h(w)—o0

where hp(P) is the canonical height of P in E/K. One would like to obtain
a similar result for general n but by a simple observation this limit cannot
exist for n > 2. This is because we can restrict the w to lie on a particular
algebraic curve 7 for h(w) tending to infinity, reducing this to the case of
n = 1, but now the limit obtained will depend on P, and the elliptic curve
E., in which it lies. For illustration, consider the elliptic curve
E/Q(S,T):Y?= X3 - 5?°X + T2

and P = (S,T) € E(Q(S,T)). If we restrict w to v : S = 0, a simple calcula-
tion shows that P, = (0,7) is a torsion point on E,(Q(T)) : Y2 = X3+ T2
Thus the limit of hg, (P,)/h(w) is zero when h(w) tends to infinity by re-
stricting w € 7. On the other hand, if we restrict w to the curve 7/ : S =T,
then P, = (T,T) is in a basis of E,/(Q(T)) : Y? = X3 — T?X + T2 (this is
an example given in [12]). Thus Silverman’s theorem implies a nonzero limit
of the quotient when h(w) tends to infinity by restricting w € +/. In fact,
this limit is 1/6. One can also look at the restriction 7' = 1 (resp. S = 1)
and get the limit of the quotient equal to 1/2 (resp. 1/3).

Since the limit of g, (P,)/h(w) fails to exist in general for n > 2, we
turn our attention to the average of this quotient:

1 h, (P.)
AWR(P)p = LY
E(P)B #Q(Ag, P) we@%ﬁp) h(w)

Following the idea of Silverman, we make the following conjecture:
CONJECTURE 2. In the setting of Theorem[l], for any P € E(K),
lim AhR(P)p = hg(P).
lim ABE(P)s = he(P)



Awverage value of the canonical height 103

The case n = 1 of this conjecture follows trivially from Silverman’s
theorem and the Cesaro mean theorem. However, proving this conjecture
for n > 2 appears to be difficult, so we first check whether the conjecture
makes sense, i.e.: if the limit of the average exists as a function of P € E(K),
does it have the properties of the canonical height function ([13, Chapter
VIII, Theorem 9.3] or [6, Chapter 5])7

One such property is that hp is a quadratic form. By linearity of average,
it is straightforward that the limit of Ah%(—) B, if it exists, is a quadratic
form too. Another important property of the canonical height on E/K is
that h g(P) =0 if and only if P is in the subgroup generated by the torsion
points and the image of the K/Q-trace of E [0 Chapter 6, Theorem 5.4].
Since we assume F is not split over K, the K/Q-trace is of dimension zero,
which means it is the trivial group and hence its image in E is the identity.
In other words, if F is not split over K, then

(1) hp(P) =0 if and only if P is a torsion point.

So we investigate property for lim inf Ah%(P) B- We shall prove that
lim inf Ah%(P)B is zero if and only if P is a torsion point of E(K). The “if”
part is trivial since if P is a torsion point of E(K), then P, is a torsion

point of E,(Q) and so the average is always zero. It turns out that the other
direction is also true. We first look at the average over Z":

ProrosiTION 3. With notation as above, let further
Zy(Ag) ={veZ"|1<|v|| < B and Ag(v) # 0}.
Zy(Ag,P) :={v € Z(Ag) | P, is defined}  for P € E(K).

Then there exists an Lo > 0, depending only on Ag, such that for all P in
E(K)nt;

Z LEV (Py) > Lo.

ARE(P) := lim inf ) 2
veELYL(AE,P)

1

B—oo (23)"

Proposition[3]is the key tool to prove Theorem|[I] via a standard inclusion-
exclusion argument. Notice that Proposition [3| and Theorem [1| state some-
thing stronger: there exists a uniform nonzero lower bound of Ah%(—) and
@%(—) for all nontorsion P in E(K). One might think that the uniform
lower bound is expected once we prove that Ah%(P) > 0 and @%(P) >0
for P in E(K )y, due to the fact that E(K )y is finitely generated and hg,
can be extended to a positive definite quadratic form on E,(Q) ®z R. At
the level of E,(Q), one can get a uniform lower bound of iLEw on the lattice
E,(Q)n C Eu(Q) ®z R in terms of the canonical height of a nice basis of
E,(Q)y [6, Chapter 5, Theorem 7.7 and Corollary 7.9]. However, at the
average level, it is not obvious at all whether one can find a basis {P;}cr
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of E(K)y such that the specialization {P;(w)}ier is always a nice basis in
the image of the specialization (E(K)nt)w € Ey(Q)nt for all w. Our proofs
produce the uniform lower bounds without exploiting these facts.

We will postpone the proofs of Proposition [3]and Theorem|[I]to Sections 5]
and |§| respectively. On the other hand, we also prove that lim sup Ah%(P) B
is finite.

THEOREM 4. With the same hypothesis as in Theorem (1| and for any
P € E(K), there ezists a constant Up, depending only on P, such that

b, (P) < Up(1+ h(w))
for allw € QE(Ag, P). Consequently,

—0 ) 1 hi, (P,
Ahp(P) == limsup - ————— Z — = < o0.
b BT Ae P s ) )

In fact Theorem [4] is true in a more general setting as stated in the
following theorem:

THEOREM 5. Let k be a number field, let S and A be nonsingular, ir-
reducible, projective varieties defined over k, and let m : A — S be a flat
morphism defined over k so that the generic fiber A, of m is an abelian
variety over k(S). Let

SO .= {w e S(k) | A, is a nonsingular abelian variety defined over k}.

Fiz a divisor D € Divg(A). For each w € S, let D,, € Div(Ay,) be any
divisor in the restriction of the divisor class of D to A, and let the corre-
sponding canonical height be iLAwa. Fiz a projective embedding i : S C P™.
Then for any P € A,(k(S)), there exists a constant cy depending on ha p,
D, i and P such that

hayp.(Po) < co(1+ h(i(w)))
for all w € SO for which P,, is defined. As a consequence, if we let
S%(P):={we S’ |1< H(i(w)) < B, P, is defined},
then

S | 1 0. (Pu)
Ah P) :=limsup ——— — . =L < 00,
A, ()= e o ) WEZSO ) (i)
B

Theorem [j]is easier to prove than Theorem I} so we will prove the former
theorem first in Section 2] The we prove Theorem [f]in Section [3]in a similar
fashion.

The behavior of kg, (P,) for n = 1 is well studied in the literature in
a more general setting of an abelian variety A defined over a function field
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k(C) of a nonsingular projective curve C' over a number field k. In fact, this
is the original setting of [II] where Silverman proved

ﬁAt (Pt)
11m
tec(k)  h(t)

h(t)—o0

= hu(P).

For the special case where A = E is an elliptic surface, Tate [I7] obtained a
stronger result by showing that

hi,(P) = hg(P)h(t) + Op(\/h(t) + 1)

and if C' = P!, the error is only Op(1). This stronger result was extended
to the general case of abelian varieties by Lang [0, Chapter 12, Section 5]
under the assumption that the Néron model of the generic fiber has a good
completion. Call [2] reproved Lang’s result using a theorem on canonical
heights and further discussed cases where the good completion assumption
may be weakened or eliminated. Readers can consult Chapter III of [15] for
a nice introduction and other results on elliptic surfaces.

Although the behavior of kg, (P,,) for n > 2 is not yet well studied in the
literature, we know something about the density of w such that h E,(Py) =0,
i.e. P, is torsion. Again, this is known in the setting of an abelian variety
A defined over the function field k£(V') of a variety V over a number field k.
Masser [§] proved that for a finitely generated subgroup I" of A the special-
ization homomorphism

op: ' = Ay(k(w))

is injective “almost always” for w € V (k).

2. Proof of Theorem Notice that it suffices to prove that
ha,.p,(P,)/h(i(w)) is bounded above uniformly for all w € S%(P). This
is an immediate consequence of Theorem A of [I1], due to Silverman and
Tate. In fact, under the hypothesis of Theorem [5| let further h4 p be the
Weil height (defined up to equivalence) corresponding to D. Then Theo-
rem A says that there exists a constant ¢ depending on D and A such that
for all P € A,(K),

|hay,p.(Po) = hap(Po)| < ch(i(w)) + O(1),

where O(1) depends on the choice of particular Weil heights ha p and the
embedding i. So we reduce the problem to estimating ha p(P,).

We recall the definition of hs p. If D € Divz(A) is very ample, then
choose an embedding ¢p : A — IP’%’ corresponding to the linear system |D].
Then hy p is defined by

hap: Ak) =R, pr h(op(p)).
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For a general divisor D € Div(A), write D = X —Y, where X,Y € Div(A)
are very ample divisors, and define
ha,p(p) == hax(p) —hay(p).
Any P € A,(K) defines a rational map
Yp:S--+A, wr— P,
So we have

ha,p(Po) = hax(Po) —hay(Po) = hMéx(¥p(w))) — by (¥p(w)))
< h(ox(Vp(w))),

where fx := ¢x o9p is a rational map from S to P™. By using the triangle
inequality for absolute values of k, one can show the following standard
property of height on projective space [0, Chapter 4, Lemma 1.6]:

h(fx(w)) < dh(i(w)) + e

for some constants ¢; and d that depend on fx only. Finally, by applying
Theorem A, we get

ha,.p,(Py) < hap(P.,) + ch(i(w)) + O(1)
< dh(i(w)) + c1 + ch(i(w)) + O(1),

which is the first part of the theorem. Since the set of points of bounded
height in P"(k) is finite, there is a nonzero lower bound (which depends
on k) for h(i(w)) > 0. We obtain our desired uniform upper bound for
ha,.p,(P,)/h(i(w)) by dividing the inequality above by h(i(w)) > 0, and
hence prove the second part of the theorem.

3. Proof of Theorem [4. We remark that Theorem [ does not fol-
low trivially from Theorem [5| even if we can find a nonsingular irreducible
projective variety £/Q and a flat morphism 7 : & — P™ with generic fiber

&, isomorphic to E/K. This is because in general we cannot find a divisor
D € Divg(€) such that

he,p(p) = hpx ([z(p), 1]) + O(1),
due to the fact that the X-coordinate map
¢:g,,_, Plv p*—)[fl:(p),].],
is just a rational map in general. By mimicking the idea of the proof of
Theorem A in [I1], one can overcome this by blowing up £ and extending ¢
to a morphism. However, we found a more direct and elementary proof for
Theorem [] which is the one that we are going to present.

Using just the definition of height on elliptic curves and the triangle
inequality for absolute values of Q, we first prove that there exist positive
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constants ¢, ¢z such that for all w € Q"(Ag) and all p € E,(Q), we have
(2) hi,([2]p) — 4hE, (p) < c1h(w) + c2.
Recall that E,, is defined by the Weierstrass equation
Y? = X3+ A(w)X + B(w).
For any p = (z,y) € E,(Q), we may assume [2]p # Og,_, as otherwise (2) is
trivially true for any positive c1, co. The duplication formula gives
zt — 2A(w)2? — 8B(w) + A(w)?

() = 2 S

423 + 4A(w)z + 4B(w)

Thus, we have

(3)  Hg,([2]p) := H([z([2]p ) 1])
= H([z* — 2A(w)2? — 8B(w)x + A(w)?, 42® + 4A(w)z + 4B(w)))

< 4H([1, -24(w), ~8B(w), A(w)*, 4, 4A(w), 4B(w))) H [z, 1])*

< 4N4 pH(w)* > Hg, (p)*
where the inequalities follow from the triangle inequality for absolute values
of Q. The constant Ny g depends on the coefficients and the number of
monomials in A and B, whereas d4 g is the maximum of deg A% and deg B.
Inequality is obtained by taking the natural logarithm of .

Now, we use Tate’s telescoping sum trick to prove an analogue of Theo-
rem A in [I1]:

@) ) = b = > — (b (27p) — 4hi, ([27]p)

4
n=0
=Y (e ()0 27) — b (27]0)
n=0
< Z Fil(clh(W) +¢2)  (using (2))
n=0
C1 (&)

Finally, given any P = (2(T),y(T)) € E(K), the X-coordinate of P defines
a rational map

Yp P -5 P wes [2(w), 1]

Just as in the proof of Theorem [5] the standard property of height on pro-
jective space gives

(5) hig,(Fo) = M[z(w), 1)) = h(¢p(w)) < dh(w) + c3
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for some constants d, cs that depend on ¥p only. We get the conclusion of
Theorem {4 by combining and .

4. Lemmas. Besides some results on elliptic curves over QQ, the proof of
Proposition [3| requires several nontrivial facts about polynomials with inte-
ger coefficients. In this section, we will state these results and give complete
proofs with appropriate references. We keep all the notation defined previ-
ously. In addition, for the specialized elliptic curve E,, let Ap, = Ag(w)
and A%lin be the discriminant and minimum discriminant of E,,/Q respec-
tively. Also, for any UFD R, whenever we say Pi,..., P, are relatively
prime in R[T], we always mean that they have no common irreducible factor

in R[T).

LEMMA 6. There exists an absolute constant Cy > 0 such that the fol-
lowing holds. Let k > 4 be an integer, Ny := lem(1,...,k) and suppose
v € Z" is such that Ag(v) is nonzero and kth-power-free (briefly, k-free).
Then for any nontorsion point q € E,(Q), we have

. C .
he,(¢) > 5 log | AR,
N v
Proof. We make use of a weakened form of a conjecture of Serge Lang

proved by Silverman in [I0, Section 4]. We apply it to a nontorsion point
q € E,(Q) such that ¢ is in

(Ev)o(Qp) :={q € E,(Qp) | g (mod p) is nonsingular}

for every prime p in Q. This is possible by the Kodaira—Néron Theorem [15]
Chapter VII, Theorem 6.1] which implies that the order of E,, (Q,)/(E,)0(Qp)
is either ord,(AR™) or at most 4. So if Ag(v) is k-free, we have ord,(AB")

< k and thus [Ny]q is in (E,)o(Qp) for all p with N, :=1lem(1,...,k). Then
the special case of the conjecture gives

he, ([Nilg) > Ci log | AR

for an absolute constant C; > 0. Using the fact that Ay, is a quadratic form
completes the proof. m

LEMMA 7.

1
 _o(B"),
2 gl =B

vezZ™
I<|lv|I<B

where the implicit constant depends only on n.

Proof. In this proof, the implicit constants depend only on n. By sym-
metry of each quadrant in Z", we have
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1 1
2 loguun:()( 2 logwn>

vEL™ 1<z < <zxn<B

I<|lv|<B
Bzy T2 B n—1
1 1 x
=0 dry--de, | =0\ —— 2" 4qg.
<§ (S) (S) logzn v > (é (n —1)! log x, v )

VB n—1 B n n
_O<S 7lto tdt+ S fo tdt> _O<IOBB)' .
, log Jp o8 g

LEMMA 8. Let k,m,r € N satisfy

1 1 1
S —+-<1.
kK m r

If P,Q, R € C[T] satisfy P*+Q™ = R", then either P,Q, R are all constant,

or else they are not relatively prime.

Proof. We first prove the case n = 1, which is an immediate consequence
of the Mason—Stothers theorem ([5, Chapter IV, Theorem 7.1] or [16, The-
orem 1.1]). Suppose to the contrary that P,Q, R are not all constant and
relatively prime. Then by the Mason—Stothers theorem, we have

max{kdeg P,mdeg @, rdeg R} + 1 < #{distinct roots of PkaRr}
< deg P + deg @) + deg R.

Without loss of generality, suppose kdegP > mdeg(@, which implies
kdeg P > rdeg R, so the inequality above becomes

k k
kdegP+1<degP + —deg P + —degP,
m r

hence

1< <1+1+1—1>kdegP<0,
k- m r

which is absurd.

Now, let P,Q, R € C[T] satisfy the hypothesis of the lemma. Suppose
P, @Q, R are not all constant and relatively prime. Without loss of generality,
we can assume the degrees of T, in P, (Q are at least 1. We will make use of
some standard results about the resultant of two polynomials in R[z], where
R is a UFD. These results eventually boil down to linear algebra [4, Chapter
VIII, Theorem 8.1]. Consider P, @ as elements in C[T1, ..., T,_1][T,] and let
f e C[Ty,...,T,—1] be their resultant with respect to T},. Then there exist
nonzero u,v € C[T] with degy u < degy @ and degy v < degy P such
that

uP +v@Q = f.
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Since P, have no common factor in C[T], f cannot be identically zero.
We can choose 4 := (y1,...,yn_1) € C"! such that f(y) # 0 and P(y,T})
is nonconstant. Then Py(T,,) := P(y,T,) and Q,(T,) := Q(y,Ty) are rela-
tively prime in C[T},] and P,(7},) is nonconstant. So we get relatively prime
P,,Qy, R, € C[T,] that are not all constant and satisfy the hypothesis
of the lemma for n = 1, which is impossible as we have shown previ-
ously. m

LEMMA 9. Let k,m,r € N satisfy
1 1 1
4+ —+-<1
kK m r

Let ¢ = lem(k,m) and g = ged(k,m), and assume that ¢|r. Let P,Q,R €
C[T] be polynomials with R # O that satisfy

Pk—i-Qm — R".

Then there exist aq, an € C such that

<

E
9

|

P:alR%% and Q= asR

Proof. The case where P,Q, R are all constant is trivial. So suppose
P,Q, R are not all constant. We let S := R"/%; then

(6) Pk Qm=25"
Let Gq, ..., G be the distinct irreducible factors of PQS and write

p=al]Gy, Q=8][c", s=~]]G¢
with «, 8,7 € C. Then we can rewrite @ as

(7) oFI[as+pm [ e =[] G5

We claim that a;k = b;m = c¢;¢ for all 7. Notice that we cannot have one
exponent of GG; in that is strictly less than the other two, since otherwise
by dividing by the least power G; factor, we get a contradiction. So two of
the exponents of G; in are equal and at most equal to the third one. We
divide by G; with the common lower exponent and we do this for all i.
Since ¢ = lem(k, m), the resulting equation can be written in the form

Pllc + Q;n = Sla
where Pj, Q1,51 are either all constant or relatively prime. Notice that the
former case corresponds to our claim a;k = bym = ¢;f for all i, and we
are going to prove that this must be the case. Since 1/k +1/m + 1/r <1,

without loss of generality, K > 2 and m > 3 and one easily verifies that
¢ :=lem(k,m) > 6 except for (k,m,¢) = (3,3,3),(2,4,4),(4,4,4),(5,5,5).
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So we always have 1/k+1/m + 1/¢ <1, and hence we can apply Lemma
to Pi, Q1,51 to conclude that they are all constant. So we have

P =a18Y% = a;8™9 and Q= e SY™M = 05519
Substituting back S = R"/¢ completes the proof. m

To avoid heavy notation in the proofs below, we denote
Zp:=7ZN[-B,B|
and for any F' € Z[T],
pr(m) = {v € (Z/mZ)" | F(v) = 0 (mod m)},

|F|| := max{|c| | ¢ is a coefficient of F'}.

Note:

(1) By abuse of notation, the symbol = in the proofs of Lemmas
and [I1] has three different meanings depending on the context. When
f is an element of Z[x|, f = 0 means f is the zero polynomial. The
notation f =0 in Z/pZ[x] means the reduction modulo p of f is the
zero polynomial in Z/pZ[x]. If we evaluate f at x and f(z) is an
integer, the notation f(z) =0 (mod p) means p divides f(x).

(2) By definition, a polynomial F' € Z[T] contains the information about
its domain, which is Z" in our case. Thus, if an implicit constant in
the big O or small o notation is said to be dependent on F', that
means that it depends on deg F' and n as well.

LEMMA 10. Let F € Z[T| with total degree d > 1. Then for all prime
p > [|F[|, we have

Ny(F, B) i= #{v € Zy | F(v) =0 (mod p)} = O(B"/p+ B"™Y),
where the implicit constant depends only on n and d.
Proof. In this proof, the implicit constants depend only on n and d. We

argue by induction on n. For n = 1, by the condition on p, F' # 0 € Z/pZ[T1].
So

Np(F,B) < pr(p)(2B/p+1) < d(2B/p+1).
Now let F € Z[T] and for y € Z"', Fy(T,) := F(y,T,) € Z[Ty). The
condition Fy = 0 in Z/pZ[T;] becomes a bunch of (at most d) polynomials

of degree at most d in Z[T1, ..., T,—_1], all equal to zero modulo p. Thus, by
induction hypothesis,

#{y e Z% 1 | F,=0in Z/pZ[T,)} = O(B" ' /p+ B"?%).
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So we get
Ny(F,B) = Z Ny(Fy, B) + Z Ny(Fy, B)
yEZ%_l yEZ%_l
Fy=0inZ/pZ[Ty) Fy#0inZ/pZ[Ty)

<O(2B)" '/p+ (2B)"?)(2B+1)+ (2B + 1) *d(2B/p + 1)
=O(B"/p+B"1). u

LEMMA 11. Suppose F(T) € Z[T] has total degree d > 1 and has no
multliple irreducible factor in Z[T|. Then except for finitely many prime p,

N2 (F,B) == #{v € Z}; | F(v) =0 (mod p*)} = O(B"/p* + B" 1),
whenever p < B. The implicit constant depends only on F'.

Proof. In this proof, the implicit constants depend only on F', which
includes d and n. Since we allow finitely many exceptions for p, we can
assume that F' is primitive, i.e. the content of F'is 1. For n = 1, if p ¢
Disc(F) # 0, then N,2(F,B) < d(2B/p* + 1). Now let F € Z[T] and for
y € 2", Fy(Ty,) = F(y,T,) € Z[T,,). Let Y := (Ty,...,T,—1). By Gauss’
lemma for UFDs, the fact that F' has no multliple irreducible factor in
Z|T| = Z[Y][T},] implies the same in Q(Y)[T,]. So D(Y) := Disc(Fy) #
0 € Z[Y]. Also, for p > ||D||, D(Y) # 0 € Z/pZ[Y]. We write Fy(T,) =
ag(Y)T? + -+ + ao(Y) and we consider two cases:

Cask 1: ged(aq(Y),...,a0(Y)) = 1. We decompose N,2(F, B) into

> Np(F.B)+ > Np(F,B)+ > Ng(F,B).
yEZ%_l yEZg_l yGZ%_l
D(y)Z0 (mod p) Fy#0 in Z/pZ[Ty) Fy=0 in Z/pZ|T»]
D(y)=0 (mod p)

The first sum is trivially bounded by (2B + 1)"~!'d(2B/p? + 1). For the
second sum, we apply Lemma on D(Y) to get an upper bound

O(B™'/p+ B"?)dp(2B/p” + 1) = O(B"/p* + B" ™).

Lastly, since ged(ag(Y),...,a0(Y)) = 1, if we look at the y € (Z/pZ)"~!
such that F,, = 0 in Z/pZ[T,], then either y is a common root in (Z/pZ)" !
of at least two polynomials that are relatively prime in Z[T7,...,T,_1] or
there is no such y because there is only one nonzero a;(Y) and it must be 1
by the assumption of Case 1. From the proof of Theorem 3.1 of Poonen [9],
the set of such y € (Z/pZ)"*~' has size O(p"~D~2) for large p. Hence for
p< B,
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> N,:(F,,B) < O(p")(2B/p+1)""*(2B + 1)

-1
yeL
Fy=0 in Z/pZ[Ty]

= 0" #)0(B™ fp" o+ By (2B + 1) = O(B /4 B,

and we are done.

Cask 2: ged(ag(Y),...,a0(Y)) = g(Y) # 1. Then F(T) = A(T)g(Y)
for some nonconstant A(T ) € Z|T]. Then
Np(F,B)= > + Y Ny(Ay,B)+ > Np(A,B),
yEZ?;l EZ” 1 yeZ" 1
9(y)=0 (mod p?) plla(y) Pla(y)

where p || g(y) means p|g(y) but p? { g(y). Since g(Y) does not have multiple
irreducible factors in Z[T, ..., T, 1] either, we use induction on n to bound
the first sum by Oy, (B"!/p? + B"?)O(2B). As for the third sum, it is
trivially bounded by N2(A, B), and this reduces to Case 1. Finally, we split
the middle sum as follows:

> Ny(4,,B)= > N,(A,, B) + > O(2B).

yezy ! yezy ! yezy !
pllg(y) pllg(y) pllg(y)
Ay#0 in Z/pZ[T}] Ay=0 in Z/pZ|Ty]

Using Lemma we can bound the first sum by
O(B"™!/p+B"?)d(2B/p+1) = O(B" p* + B"7").

As for the second sum, since A is of Case 1, the number of y € (Z/pZ)"~!
such that A, = 0 in Z/pZ[T;] is O(p"~D=2) and so the sum is bounded by

O("*)(2B/p+1)"0(2B) = 0" (3B/p)" B) = O(B"/1?)
for large p < B. m

LEMMA 12. Suppose F(T) € Z[T] has total degree d and has no multiple
irreducible factor in Z|T]. Then for all integers k > d we have

#{v e Ly | F(v) is k-free} ~ v, r(2B)",

where Vg, r = [l rime pez(l — pr(p¥)/p™) is a nonzero convergent Euler
product. Here, we adopt the convention that 0 is k-free for all integers k > 2.

Proof. In this proof, we will introduce some arbitrary constants &, e > 0,
and all implicit constants depend only on F', k, £ and ¢. We adapt the idea
of Browning in [I Section 4]. Let £ > 0 be a constant and define
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NP .= {v e Z | F(v) is k-frec},
N® L g F(v) is not k-free, and for all prime p such
T B | that p* | F(v), we have ¢ < p < B ’

F(v) is not k-free, and for all prime p such
NIE];)Q:: v e Z% | that p*| F(v), we have p > £, and ,
p*| F(v) for some prime p > B
NP = (v ez | i p* | F(v) then p > €} = NP UNG) LN,
F(v) is k-free, and }
p?| F(v) for some prime £ < p < B
F(v) is not k-free, and }
p?| F(v) for some prime £ <p < B

Mﬁ%:{yezg

M“%:{uezg

nfr

M® .= {v ez | p*| F(v) for some prime ¢ < p < B} = ( ) UMIEfr)‘

Then obviously Mf(rz) C Ng, *) and N (fr) 1 C Mr(lfr) and thus

#NE > NP > gND — g - NG

We first estimate #Ng(k) using the Mobius function p. Let
pr(m) = #{v € (Z/mZ)" | F(v) =0 (mod m)}.

Then we can write

#NG = ST p(h)#{v € Zy | hF | F(v))

heN
plh=>p<¢

= > w5 + o)

heN
plh=p<E

= Y ;mhmpuﬁ)<%£2n+4?<(if>n_l+1)).

heN
plh=p<E

Since the summation is over square-free h only, the condition p|h = p < ¢

implies
h < Hp = exp(Zlogp) < e,
p<{ p<¢
where the last inequality is a consequence of the prime number theorem.
Moreover, it follows from the proof of Theorem 3.2 of Poonen [9] that
pr(p?) = O(P*2) (or we can deduce this from Lemma [11| with B = p?).
Subsequent lifting will lead to pr(p’) = O(p'™2) for j > 2. Together
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with the fact that pp is multiplicative, for square-free h we have pr(h¥) =
O(h"*=2+¢) for any € > 0. The € is needed here in order to bound the prod-
uct of 7, copies of the implicit constant of O(p?*~2), where ry, is the number
of distinct prime factors of h. Using the fact that h is square-free, we have
h > rp! and the Stirling formula will give us the desired bound. Hence

k

k n PF\D n— —1+e€ nk—1+4€

#N& = (2B) H(1— ZE"“ )> +O((2B)" L2 hm1te) | 2(nk=1ta)),
p<g

Again because pr(p¥) = O(p*"~2), the infinite product

Vi, F = H <1 - pF,(f,zk))

prime peZ p

converges and we have
#Ng(k) > (2B)" i p + O(B" ).
Next, by Lemma we have

4MO < Y plvezy | AFO)= Y O(ffw"-l)

E<p<B £<p<B

B"  B"
< - 4=
- c( 3 - logB>

for some constant ¢ > 0 depending only on n and d. The first term of the
upper bound is obtained by an integral estimate and the second is by the
prime number theorem.

Lastly, #Nr(llf? 5 = 0 for B large enough. Indeed, there exists a constant

Cr > 0 such that |F(v)| < Cf||v||%. Thus, for all B > Cp, prime p > B,
v € Z' and k > d, we have

p* > BF > B > CpBY > |F(v)],

so no such p* divides F(v).
Combining all the estimates, we get
k _ c
#0290 p(2B)" +O(B") ~ 2

§

for B > max{¢,Cr}. The fact that ppr(p*) = O(p*"~2) implies i  con-
verges, and vy r is zero if and only if one of its factors is zero. So in order
to make v, r > 0, it is sufficient to choose k so large that pr(p*) < p™ for
all prime p. More explicitly, choose a vy such that F'(1p) # 0 and look at its
prime factorization []; piﬁ “in Z. Then any k > max;{f;,d} will do. We fix
this & and for any A € (0, 1), by choosing { so large that ¢/§ < i F, we get

#NP > Ay p(2B)

(2B)" + 04n(B")
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for B large enough. Since for all £ > 0, #Ng(k) > #Nf(rk) and

#N® ~ 2By [] (1 B pFil}?j))

p<§ P

we get

(k) (k)
PF(Pk)> . #Ny L #ENG
|| 1-— > lim sup L > liminf > A
pgg( pE ) T NS @B T B @By T

for all £ > 0 and A € (0,1). Taking A — 1 (which forces £ — oo0) completes
the proof. m

COROLLARY 13. For any F(T) € Z[T|, there exists an integer ko such
that for all integers k > ko and for all X € (0,1), there exist By > 0
depending on F,k,\ and ¢, r > 0 depending on F,k such that

#{v € Zy | F(v) is k-free} > Ay, p(2B)"
whenever B > By.

Proof. Write F' = []i_, f* where f; are distinct irreducible factors of
F in Z[T]. Let f := [];_, f; with total degree d and « := max;{c;}. Now
it is immediate by the previous lemma that for all k& > k'« with k' > d
large enough as in the previous lemma, we obtain our corollary with ¢, p =
Vg > 0. m

LEMMA 14. For any integer N > 2, denote by fry(m) the Nth free part
of the integer m, i.e. the smallest positive integer £ such that |m|/{ is an Nth
power of an integer. Suppose a primitive F(T) € Z[T] is not a pth power in
C[T] for all prime p| N. Then for all M > 2, we have

#{v ez | (fen(F@))Y > (v} ~ (2B)".
Proof. Let the total degree of F be d, so there exists a constant Cp > 1
such that |F(v)| < Cg|v||%. Define
lvll < B,
Sy (F,B) =} (v,y,2) € Z"" | |y| < (CpBYYN, F(v) = yNz,
0 < |z| < BYM,

We will prove by induction that
#SM(F, B) <<F,e,M7N C;_‘B(nfl)+1/N+l/M+2d6 IOgB Ye > 0.

The implicit constants in this proof will depend only on F', ¢, M and N.
We are going to apply Theorem 15 of Heath-Brown [3], so we try to use



Awverage value of the canonical height 117

notation coherent with it. For n = 1, for all zy € Z, let
vl < B, |yl < (CrBHYX, }

N(fuy, B, (CpBH)YNY .= { v,y) € Z°
(f (CpB9)™) (v,y) € fo(y) == F(v) — 20y" =0

Then
#Su(F,B) = > #N(fs, B, (CpB)M).

0<|z0|<BY/M

Since for all prime p| N, F' is not a pth power in C[T}], the same holds
in C(11). By Capelli’s lemma [5, Chapter VI, Theorem 9.1], f,,(11,Y) =
F(Ty) — Y™ is absolutely irreducible in C(77)[Y] for all zg # 0. We need
this fact for the next step.

Now we apply Theorem 15 of Heath-Brown [3] on N(f.,, B, (CrB4)YN).
Let T := max{B% CrB?} = CpB? Then for all ¢ > 0, there exists a
constant D = Dy and k € N, with

log Blog(CpBhH)Y/N log | o |
0
log(CrB9) & 1120
<ae (CpBY) BN 1og ||z,
such that there exist fi,..., fx € Z[T1,Y], coprime to f,, and with degrees
at most D, such that every (v,y) counted by N(f., B, (CpBYHYNY) is a
zero of some polynomial f;. By Bézout’s theorem, the number of points of

intersection of the curves f; = 0 and f,, = 0 is bounded by deg f; - deg f, <
D(d + N). This gives immediately

#N(fzy, B, (CrBYYN) <4 D(d+ N)(CrBHYBYN log || f. |-

kE<qe T exp{

So
®)  #Su(F,B)<aenv >, (CpBY BNlog|fs,|

0<|z0|<BY/M

<den Y. (CpBYBYNlog B gy CpBYNTM 00 B,
0<|z0|<BY/M

where we may choose B > || F|| and hence || f.,|| < B for |z| < BY/M.

Now we proceed to general n > 2. For all x € Z"7L, let F,(T,) :=
F(z,T,) € Z[T,]. For all p| N, since F(T) is not a pth power, we look at
the pth power-free part of F(T) in Z[T], call it G)(T). In other words, G,(T)
is the smallest degree polynomial such that F'(T)/Gp(T) is a pth power in
Z[T]. So Gp(T) = I, Gyp.;(T)P where G, ; are distinct irreducible factors
and 0 < 3; < p. Let g,(T) := [[; Gp,;(T), which has no multliple irreducible
factor in Z[T|. By Gauss’ lemma on UFDs and by reindexing if necessary,
the discriminant of ¢,(X,T;,) € Z[X][T},] is not a zero polynomial in Z[X].
So there are at most O(B"~2) of z € Z'5! such that g, .(T},) = gy(z,T})
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has a multiple irreducible factor in Z[T,,]. This will imply that there are at
most O(B"2) of z € Z'5 " such that F,(T,) is a pth power in Z[T,,]. So we
have

(9) #Su(F,B)= Y. #Su(F.,B)+ Y. #Su(F.,B).
zeZy ! A
F; non-pth power F; pth power
for all p| N for some p| N

Notice that |F,(v,)| < (CrB®)|vy|? for x € Z5 and deg F; < d. So using
the result from the case n = 1, we get

#S50(F, B) <gen (2B n—1 CFBd eBl/N+1/M+d6 log B+0O anQ.B_Bl/M
bt g
<<F15,M,N C%B(n—l)—l—l/N-i-l/M—‘erE logB,

where to estimate the second sum, we use the fact that y is determined (up
to sign for N even) once (v, z0) is fixed in F,. When e is sufficiently small
relative to d and M > 2, we get #Sy(F, B) = o(B™). Lastly, define

Bady(F, B) := {v € Z% | (fen (F(0)M < |||},

which is the complement of {v € Z% | (fexy(F(v)))M > |lv||} in Z%. It is a
simple exercise to show that Bad s (F, B) injects into Sys(F, B) via the map
v, N/|F(v)|/ frn (F(v)),sign(F(v)) frn (F(v))), proving the lemma.

COROLLARY 15. With the same hypothesis as in the previous lemma, let
g € N be such that 0 < g < BYWN+2) Then for M large enough, we have

#{v e Zp), | (rn(F@)M > g™V p|} ~ (2B/g)".
In particular, when N =2 or 3, then any M > 8 is admissible.

Proof. The proof is just a slight modification of the previous proof, so we
will keep all the same notation. Again, the implicit constants in this proof
depend only on F', ¢, M and N. We are going to show that the complement
of

{vezp, | (fen(F@)M > g V=D |},
which is
Badu (F, B, g) = {v € Z, | (frn(F())™ < g™V =DH |1},
has size 0(2B/g)"™. Just as in the previous proof, Bady,(F, B, g) injects into

|v|| < B/g,
Su(F,B,g) == ¢ (v,y,2) € Z"? | |y| < (Cr(B/g)H)'N, F(v) = yVz,
0 < |z < gNTIHYM(B/g) /M

Thus, it suffices to show that #Sy(F,B,g) = o(2B/g)". Comparing
Sy (F, B,g) to Sy (F, B) from the previous proof, this boils down to just
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changing B to B/g and slightly increasing the upper bound for z with a
factor of gV 1tYM Qo for n = 1, from , we have

#u(E5 B,6) Ko > (ol B9) Vog] L
0<|z0|<gN—1+1/M(B/g)1/M

<<deN Cr%(B/g)l/N+1/M+d€ngl+l/M IOgB

where we choose B > ||F|| and hence Hfzo” < max{B, ¢V~ 1Bl/M} < B2.
Since g < Bl/(N+2), we have B/g > ¢V*! and B < (B/g) (N+2)/(N+1) <

(B/g)?,

B\ UN+1/M+de / p %%Hm B
#Sv(F, B, g) <4en CF <g) <g> log (g)’

which is 0(2B/g) for M sufficiently large and e sufficiently small. Using the
same induction argument as in @, we have for n > 2,

(10) #SM(F7B79)

B\l B\N/B /N+1/M+de+ N+ oyiiar B
Ld,e,M,N <2 <CF <> ( log{ —
g g g g
n—2 1/M
o8 2 ()
g g g

(B n—1+1/N+1/M+2de+ 31+ (v ryar B
<LFemnN Cp I o 9)

which is also 0(2B/g)" for M sufficiently large and e sufficiently small. We
remark that for N = 2,3, the exponents of B/g in are n — 1 + 2de +
5/64+4/(3M) and n — 1+ 2de+5/6 4+ 5/(4M) respectively. For any M > 8,
there exists € > 0 such that these exponents are strictly less than n, hence
giving us Corollary for N = 2,3, and these are the instances where we
will apply this corollary. =

5. Proof of Proposition We keep all the previous notation. The
implicit constants in this proof will depend only on Ag, n and P. The main
idea in this proof is to first apply Lemma [6] This allows us to get a lower
bound of kg, (P,) in terms of Ami“ for all “nice” v € Z™. Then we try to
bound AR™ below in terms of Ag, and then in term of h(v), again for all
“nice” v. The nontrivial part of the proof is to show that after we impose
again and again certain niceness conditions on v, this set of “nice” v has a
positive density in Z%(Ag, P).

Fix a large integer k > 4, which we will specify at the end of the proof,
and let Nj := lem(1,..., k). Then by Lemma [6] there is an absolute con-
stant C; > 0 such that for any P € E(K )y and for any v € Z'%(Ag, k, P2*),
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where
75(Ag, k:,P,ﬁlt) ={v e Z}(Ag,P) | Ag(v) is k-free, P, € E,(Q)nt },
we have

(11) > h’j;“((:;”) > % 3

log | AB™|

veZR(Ap,P) k vezn (Apk,Pot) h(v)
. & Z log ‘AIJIEI;,H|
N? log [lv|

k vezy (Ap .k Pot)
We obtain the second line because of the convention that we made earlier:
h(v) =log H([1,v1,...,1p]).

Next, we claim that Ag(T) = —16(4A43(T) + 27B2(T)) is never a con-
stant times a twelfth power in Z[T], as otherwise Lemma [0 says that there
exists g(T) € Q[T] such that A(T)/g(T)*, B(T)/g(T)® € Z. So using Gauss’
lemma, we can write Ag(T) = o(F(T))*"12?, where o € Z, F(T) is prim-
itive in Z[T], nonpower in C[T], a € {1,...,11} and b € N. Recall that for
all primes p in Q,

0 < ord,(AB™) = ord,(Ap,) (mod 12),

SO ordp(A%‘in) is at least the unique integer in {0,1,...,11} congruent to
ord,(Ag,) (mod 12). We split into two cases in order to get a lower bound
of A%lin.
CASE 1: a # 4,8. If we let sqfr(m) := fra(m) and sq(m) := |m|/sqfr(m)
be the square-free part and square part of an integer m, then
[Ap(v)| = |af [sa(F@))| [ sqfr(F (v))|*H1?".

Notice that for every prime factor p of sqfr(F(v)) that is relatively prime to
a, its power (3, in F'(v) is odd and thus a3, # 0 (mod 12) for a # 4,8. So p
is a factor of AR™ and we have, for v € Z%(Ag, k, P}*),

| AR > [safr(F(v))|/|a]-

CASE 2: @ = 4 or 8. The argument is similar to Case 1 except that we
look at cufr(F(v)) := frs(F'(v)), the cube-free part of F'(v). Then for every
prime factor p of cufr(F(v)) that is relatively prime to «, its power 5, in
F(v) is not a multiple of 3 and thus af, # 0 (mod 12) for @ = 4 or 8. In
fact, aff, = 4 or 8 (mod 12). So again, for v € Z(Ag, k, P2*), we have

A > entr(F()]/lal”

Fix M > 2 and let

(v € ZR(Ag) | ab(FONM > ]} ifa# 48,

Gooda (F, B) := { {v € Zh(AR) | [eufr(FW)M > |v|} ifa=4,8.



Awverage value of the canonical height 121

Then from , we have
1M

™ he®) 0 S log [/ — log |a?
- 2
veZ}(AE,P) h(V) Nk VEZR (AR k,Pit)NGood s (F,B) lOg Hl/”

@ > 1+ o(B"),

T NIM
veEZ} (A, k,Ppt)NGood s (F,B)

where we use Lemma [7 to bound the sum of the second term. Now we are
at the final step of analyzing the asymptotic cardinality of Z'(Ag, k, P2*)N
Good s (F, B). Tt is straightforward that

#Lp(Ap, P) ~ (2B)",

as the set of points for which Ag(T) vanishes or P, is not defined is of size at
most O(B"~!). Next, by Mazur’s theorem [I3, Chapter VIII, Theorem 7.5],
the order of E,(Q)to is at most 12. Hence if P, is torsion, v must satisfy
one of the twelve algebraic equations of torsion points that depends on P.
Since P is nontorsion in E(K), none of the twelve equations is identically
zero and so

#{v€Z" | H(v) < B and P, is torsion} = O(B"!).
This gives

HT% (AR, P™) := #{v € Z%(Ag,P) | P, € E,(Q)u} ~ (2B)".
We now apply Corollary [13|to Ag(T), and we specify that k is large enough
to have ¢ A, > 0 in the corollary. Then for any A € (0,1) and for B large
enough, we get
#Z%(AE7 k, P;t) > )‘Ck:,AE (2B)n

Lastly, since F' is primitive and is neither a square nor a cube in Z[T], we
use Lemma [14] to conclude that

#(Z(Ap, k, P™) N Good s (F, B)) > Acg,a,(2B)",

and this gives us

EV(PV) Cl n n
> 2 NgM/\Ck,AE@B) +0o(B").
veZw(Ap,P)

(&1
NZM

This proves Proposition |3| with a lower bound
and M > 2, hence we can take Ly = QCTgckAE.
k

Ak, A, for any A € (0,1)

6. Proof of Theorem [1, The idea of this proof is to reduce to the case
of Proposition [3] since a point in Py can be represented with integer coor-
dinates. Again, the implicit constants that appear in this proof will depend
only on Ag,n and P, unless stated otherwise. Let w = (uy/v1, ..., up/vy)
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€ Q" in the lowest form and let 4, := lem(vy, ..., vy,). Recall that the Weier-
strass equation of F,, is

Y?= X%+ A(w)X + Bw),
which might not have integer coefficients. In order to estimate A%iwn, we need
to look at a Weierstrass equation that is Q-isomorphic to E,, with integer
coefficients. Let d be the maximum of deg A and deg B. By the change

of variable Y’ = £31yY and X’ = (21X, we obtain an integral coefficients
Weierstrass equation:

Y2 = X 4 4 AWw) X' + (5 B(w)
with discriminant
Ay = —1602(4A(w)? + 27B(w)?) = (27 Ap(w).
Let us set up the following correspondence to ease our argument. If we write

Ap(T) =Y 8uT70 ... Tgm,
jo<d

then let
Ap(To, T) = 3 STy e T3m,
o] <d

Notice that A~E is a homogeneous polynomial of degree 12d. We have a
one-to-one correspondence between

Qp(Ap) ={we Q" |1 < H(w) < B and Ag(w) # 0}
and
{v=(,v1,...,vn) € Z%H(ANE) |ged(vo, vi, ..., vn) = 1 and vp > 0}

via the map
wir vi= Ly, urly/v1, ..y unly,/Un).

This correspondence gives

Z iLEw (Po) _ 1 Z’ hE(ul/uo ..... Vn/uo)(P(VI/V07--~7Vn/V0))

h(w) 2 h([vo, ...,V ’
UJGQ%(AEVP) ( ) VEZ%+1(A~E,P) ([ 0 n])
gedv=1
where gedv := ged(vyp, ..., v,) and the primed summation means vy # 0

with the factor 1/2 taking care of the negative 1. In order to use the
inclusion-exclusion argument effectively in the later part, we need to modify
the estimate on the set of v for which Ag(v) is k-free. Let

sqfr ANE(TO, T) := fp(T),T),
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which is a homogeneous polynomial too, and let
Z (Ap, k, P™)
vo # 0, fe(v) is k-free,
= v=(vy,...,vn) €EZE AR, P) | P, € Ey(Q)ns ,
where w = (11 /v, ..., vn/10)

for some k£ > 4 large enough as in Lemma If a is the maximum of
the exponents of distinct irreducible factors of Ag(Tp, T), then for all v €

Z%“(ZE, k, P™) with gedv =1, and w = (v1 /w0, ..., vn /1), we have
ﬁE(y) = Ay is ka-free.

Thus, letting Ny := lem(1,...,ka) and using the same argument as in
Lemma [0}, we get

Z ItLEw(Pw) > 1 Z/ Cl IOgA%:n
hw) ~2 — NE log |l
weQE(AE,P) veZy ™ (Ap k,P™)
gedv=1

Notice that A £(Tp, T) is not a constant times a twelfth power in Z[Tp, T,
since otherwise so will be Ag(1,T) = Ag(T). Just as in the proof of Propo-
sition [3) we write Ag(Th, T) = B(F(Tp, T))* %, where 8 € Z, F(Tp, T)
is primitive homogeneous in Z[Ty, T] and nonpower in C[Tp, T], b € N and
a € {1,...,11}. Since the property

0 < ord,(AB™) = ord,(Ag(r)) (mod 12)

still holds for all primes p in QQ, we can repeat the entire corresponding
argument of Section [5] to get

iLE (Pw) 1 / Cl 1
§ DRo\T W) 2 E §
h(w) — 2 N2 log||1/||
w€EQR(AE,P) v€Goody (F,B) B
veZET (AR k,P%)
gedrv=1

where

{v e ZE ' (Ap) | Isafe(F@)M > |Ivll}  if a # 4,8,

coodulh ) ::{{uezw p) | leate(F@)M > ]} ifa=4.8,

for any fixed M > 2. We know from Lemma [7] that the second term is
o(B"1). As for the first term, we estimate it by an inclusion-exclusion
argument using the Mobius function:
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(12) o= Y S ulg)

veGood (F,B) veGood (F,B) g|gedv
veZB (Ap k,P™) veZT (A, k,Pot)
gedv=1
B
/
=> ulg) > L.
g=1 veGood  (F,B)
veZFT (A k,PMt)
glged(v)

To deal with the inner sum, we have to analyse the sets we are summing
over. Recall that F' is a homogeneous polynomial, so F(gv) = g' F(v) where
t = deg F', and we have the trivial inequalities

safr(F(gv)) > q“f“)

These imply the following inclusions:

cufr(F(v)) .

, cufr(F(gv)) > 7

Goody(F,B,g) :={v € Z”H( E) | glged(v)} N Goody (F, B)

_ {g (v e TN Ap) | [safe(Fg)[M > llgv]]}  if a # 4,8
g-{ve ZT;;(AE) | leufe(F(gv)) ™ > llgv|l} if a=4,8
. {g {v e ZH(Ap) | [safe(F0) /gl > glvll}  ifa+#4.8

)
g-{ve ZE?;(AE) | leufe(F()/g?1M > gllv]|} if a = 4,8,

where the notation g - S means {gv | v € S} for any set S of vectors. By
Corollary for ¢ < BY/® and M > 8, we have

(13) Goody (F, B, g) ~ (2B/g)" ™.
On the other hand, fg is also homogeneous, say of degree r. We have
2N (Ap, k, P, g) == {v € Z%™(AR) | | ged(v)} N 2% (AR, k, P™)

v # 0, ¢"fe(v) is k-free,
=g-Qv=(v0,.-,vn) € Z(Ap, P) | Py € Ey(Qu
where w = (v1 /v, ..., Vn/0)

For u(g) # 0, i.e. g squarefree, we have the inclusions

- T (Ap,k —r, P*) CZpt (Ap, k, P, g) C g- 255 (Ap, k, P™).

From (|13} ., Lemma.and Magzur’s theorem again, for any € > 0, there exists
B, such that if B/g > B., g < B'/® and p(g) # 0 then

- #(Z5 (Ap.k P, ) N Goodu (F, B, g))
eonde = (2B/g)"1

S pykva + €.
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It is important to note that the implicit constants in the rest of the proof
depend only on n. From , for B > BE/4,

!/ LB1/5J / B /
)SINEES SUTUID SIS T SENTO R DR
veGood  (F,B) g=1 veGood (F,B,g) g=|BY/5|+1 veGood (F,B,g)
Vel (Ap k,P™) veZyt (Ap kP g) vyt (Ap kP g)
gedv=1
|B/5] |B/5|
> > w9 hergs — OCB/O™ T+ > (g) (kg +€)(2B/g)"
g=1 g=1
nlg)=1 n(g)=-1
B
+o( Y @B/
g=|B/5|+1
LBl/SJ ( )
Hg
= (Ve—rgp —€)(2B)" Tl
=1 9
g
5~ o) 5o
g
+(2€ + ’Yk,fE - ’}/k_r7fE)(2B)n+1 gn+1 + (2B)n+10( Z gn+1> .
g=1 g=|B1/5]+1
nlg)=-1
So we get
lim inf 71 Z 7}@“ (2)

B—oo (2B)n+1

h(w)

S1a 1/ P
=g N2 M\ e T )

where ( is the Riemann zeta function, and one possible bound for the O(1)
here is {(n+1). So

UJEQ% (AE,P)

(2t g — vkr,fE>0<1>)

lim inf

2((n +1) he, ()
i Gpp 2 Thig)

h(w)
weQRE(AE,P)
C1
2 W ((Vk—vaE —€) + (2¢ + Ve fe — ’Wﬂ—ﬁfE)O(l))-
Since this holds for all € > 0 and M > 8, and the same inclusion-exclusion
argument will give
(QB)n'H

#{WGQ”H(M)SB}Nma
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we have proven Theorem 1| with L; = SCT%('Yk—nfE + (Vi fir — Vie—r, 1) O(1)).

Notice that L is positive for k large enough because the sequence (v, ;)7
is increasing and bounded above by 1.

7. Discussion. Our proofs of Proposition [3] and Theorem [1] use the
weakened form of Lang’s height conjecture proven by Silverman, mentioned
in the proof of Lemma [6] which is a key tool in our proof that the set
of w € Q" such that hg,_(P,) S%gh(w) has a positive density at least
Yer,fe + Ve, fz — Ye—r fz)O(1). In view of this, the corollary below follows
immediately from Corollary 4.2 of [14].

COROLLARY 16. Keeping all the above notation, let further I' be a sub-
group of E(K) of rank r and I, be its image under the specialization map.
Then there exists a constant ¢, depending only on E, such that the set

{w € Q"(Ap) \ #(E(Z) L) < 12+<\/807k>}

has density at least Yi—r f + (Vi — Vo—r,£5)O(1).

We remark that if Lang’s conjecture is true, then we can improve both
Proposition |3| and Theorem [l to Ly = C1/2 and L; = C1/8, independent
of F. Also, Corollary [16] will then be improved to stating density 1.

One might be interested whether we can generalize our initial setting
of Q to any number field F. In order to do that, we first have to replace
Z by the F' integers Op in Proposition |3 and scrutinize all the lemmas
used in the proof to see whether they are still valid in F. Lemma [f] can be
easily generalized to F', as both the Silverman Theorem [10] and Kodaira—
Néron Theorem [15] were originally proven for number fields. Further, Lem-
mas [7], [0 generalize immediately, and Mazur’s theorem also has its general-
ized counterpart, Merel’s Theorem. Alternatively, we can use the following
Masser bound (we thank the referee for pointing this out). Using methods
from transcendence theory, Masser obtained the upper bound [7, Corol-
lary 2]

#E(K)tor < Cev/ (1, 91, 2])[K + K](R([1, g1, g2]) + log[K : k])

for the elliptic curve E/k : y?> = 42® — g1o — g3, where C}, is an effective
constant that depends only on the number field k, and K/k is any finite
field extension. Applying this to our setting over the number field F'; we can
easily deduce that for all v € (Op)7,

HE,(F)ior < Cr (h([1,4A(), 4Bw))))*? < Cjo(log B)*2

where C% is an effective constant that depends on F' and the polynomials
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A(T), B(T). This is sufficient for our application as it gives the bound
#{v € OF | H(v) < B and P, is torsion} = O(B"!(log B)*/?) = o(B").

Besides having the advantage of a computable effective constant, Masser’s
bound is also true for general abelian varieties [8, Main Theorem and Schol-
ium 2].

What is left to be worked on is Lemmas[I2|and [T4] Another, and possibly
more interesting problem is to prove convergence of the average, or even
better, to prove that the average converges to ﬁE(P)
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