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1. Introduction. Let G be a finite abelian group, p be the smallest
prime dividing |G|, and let r(G) denote the rank of G. Let S be a sequence
over GG. We say that S is an additive basis of G if every element of G can be
expressed as the sum over a nonempty subsequence of S.

Let ¢(G) denote the smallest integer ¢ such that every subset of G of car-
dinality at least ¢ is an additive basis of G. In 1964, Erdés and Heilbronn [I]
proposed the problem of determining ¢(G), and it was completely determined
by 2009 through many authors’ effort (see [5], [2] and the references therein).

For every subgroup H of G, let Sy denote the subsequence of S consisting
of all terms of S contained in H. We say that S is a regular sequence over G
if |Sg| < |H|—1 for every subgroup H C G. Let co(G) denote the smallest
integer ¢ such that every regular sequence over G of length at least ¢ is an
additive basis of G.. The problem of determining cy(G) was first proposed by
Olson and then studied by Peng [12], [13] in 1987, who determined co(G) for
all the elementary abelian groups.

Let

|G| if G is cyclic,
m(G) =< |G|/p+p—1 if G=Cp®Cgp and p||G|/p,
|G|/p+p—2 otherwise.

In this paper we determine co(G) for more groups, and our main result
is the following.

THEOREM 1.1. Let G be a finite abelian group, and let p be the smallest
prime dividing |G|. Then co(G) = m(G) if one of the following conditions
holds:
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) G is cyclic;
) |G| is even;
) 1(G) =

) r(G) € {3 4} and p > 17;
) r(G

2. Preliminaries. Let G be an additive finite abelian group. A sequence
S over G will be written in the form
S=¢g1-...- g = H g"g(s) with vy(S5) € Ny for all g € G.
geG
We call |S| = /¢ € Ny the length and

ZQZ—Z S)g € G

geG
the sum of S. Let supp(S) = {g € G :vy(S) > 0}. Define

$(8) = {o(T) : 1 £ TS},
where T'| S means 7' is a subsequence of S, and 1 denotes the empty sequence.
We say that S is a zero-sum sequence if o(S) = 0.
We say that a subset A C G \ {0} is a 2-zero-sum free set if A contains
no two distinct elements with sum zero.
Let A C supp(S) be a subset of maximal cardinality such that A is
2-zero-sum free. Define

1
2
3
4

NSNS S

5 ) > 2 and G is a p-group except G = Cp & Cpn with n > 2.

[supp™ (S)] = |A.

Let D(G) denote the Davenport constant of G, which is defined as the
smallest integer ¢ such that every sequence S over G of length |S| > t contains
a nonempty zero-sum subsequence.

For every subset A of G, denote by (A) the subgroup generated by A.
Let st(A) = {g € G: g+ A = A}. Then st(A) is the maximal subgroup H
of G with H + A = A. We need the following well known Kneser theorem.
For the detailed proofs, the readers can refer to [6] 8, Q].

LEMMA 2.1 (Kneser). Let Ay,..., A, be finite nonempty subsets of an
abelian group, and let H = st(Ay +---+ A,). Then

|41+ 4+ A > A1+ H+--+ A+ H| — (r—1)|H]|.

LEMMA 2.2. ¢o(G) > m(G) for every finite abelian group G.

Proof. If G is cyclic then m(G) = |G| by the definition. Let g be a
generating element of G and S = g‘G‘*l. Then S is regular and 0 ¢ X(5).
Therefore, co(G) > |S| + 1 = m(G).

If G = Cp ® Cig)yp with p||G|/p, where p is the smallest prime dividing
|G|, then m(G) = |G|/p+p— 1. Let G = (e1) ® (e2) with ord(e;) = p and



On additive bases I 249

ord(e2) = |G|/p. Let S = e’fﬁle‘fvp*l. Then S is regular and 0 ¢ X(S5).
Therefore, co(G) > |S| + 1 = m(G).

For all the other cases we have m(G) = |G|/p+p—2. Let H be a subgroup
of G with |H| = |G|/p, and let g € G\ H. Take any p — 2 distinct elements
hi,...,hp—o from H. Let S = (H\ {0})U{g+h1,...,9+ hp—2}. Then S is
a subset of G and so a regular sequence over G. But (—g + H) N X(S) = 0.
Therefore, co(G) > |S|+1=m(G). »

The following result is crucial in the proof of Theorem

LEMMA 2.3. Let G be a finite abelian group, and let p be the small-
est prime dividing |G|. Let S be a regular sequence over G of length |S| >

max{|G|/p+p—2,D(G)}. If X(S) # G then
(1) st(2(S5)) = {0},
(2) st({0}UX(T)) = {0} and |[{0}UX(T)| > |T|+1 for every nonempty
subsequence T of S.

Proof. Write S = g1-...-gp. Since S is regular, g; # 0 forall 1 <7 < /. Let
A; = {0, g;} for every i € [1,/]. From |S| > max{|G|/p+p—2,D(G)} > D(G),
we know that 0 € X(5). It follows that
Y(S)=A1+---+ A
Let H = st(X(S)). From X(S) # G, we know that H # G. Suppose that
H # {0}. Then by Lemma[2.1] and the fact that |Sy| < |H| — 1, we have
(XS =z A+ H|+ -+ A+ H[ - (£ - 1)|H]
> (+2 - [H|)|H| = (IG|/p+p - [H|)|H|
> min{(|G|/p+p—p)p, (IG|/p+p — |G|/p)|G|/p} = |G],
a contradiction. This proves that st(X(S)) = {0}.
By renumbering if necessary we assume that T'= g1 - ... g, where t =
|T| € [1,¢]. Let
B=A+---+A4 and C= (At+1+"'—|—Ag)U{O}.
Then B = {0} UX(T') and X(S) = B+ C. It follows that st(B) C st(X(S5)).
Therefore, st(B) = {0}.
Again by Lemma [2.1] we have [{0} U X(T)| = |A1 + -+ + A¢| > |A1] +
o+ A -t -1)=|T|+1. =
LEMMA 2.4. ¢o(G) < |G| for every finite abelian group G.

Proof. Let S be an arbitrary regular sequence over G of length |S| = |G].
It follows from Lemma [2.3|that X(S) = G. Hence, ¢o(G) < |G|. =

LEMMA 2.5 ([11]). Let H and K be two finite abelian groups with 1 <
|H | | |K|, and let G = H & K. Then D(G) < |H| + |K|— 1.

We need the following well known results on the Davenport constant.
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LEMMA 2.6 ([LI]). Let p be a prime. Then:

(1) DGy Cp® Cp) = 3p — 2.

(2) D(Cy) = n.

(3) If G = Cp, ® Cy, with 1 < nqy|ng then D(G) =n1 +ng — 1.
LEMMA 2.7. If G is a finite abelian group then D(G) < m(QG).

Proof. Let G = Cp, & --- @ Cy, with 1 < ny|---|n,. Let p be the
smallest prime dividing |G|.

If r =1 then D(G) = |G| = m(G) by Lemma

If r = 2 then D(G) = n1 + n2 — 1 = |G|/n1 + n1 — 1 by Lemma [2.6]
Since p is the smallest prime dividing |G|, we have m(G) < |G|/p+p—1<
|G|/n1 +n1 — 1 =D(G).

If » > 4 then Lemma yields D(G) < |G|/(nin2) + ning — 1 (take
H=0C,, &C,, and K = Cp,&---®Cy, ). Therefore, m(G) = |G|/p+p—2 <
|G|/(nin2) + ning — 1 < D(G).

It remains to check the case r = 3. If p # ng then ng > p. Taking H = C),
and K = Cy, & Cp, in Lemma 2.5 we obtain D(G) < |G|/na +n2 — 1 <
|G|/p+p—2=m(G). So, we may assume that

ny = ng = p.
Write n3 = pu. We want to prove that
D(G) < (3p—2)u.
If this holds then
D(G) < (3p — 2)u < p*u < p*u+p—2 =m(G).

Let S be a sequence over G of length |S| = (3p — 2)u. We need to show
that S contains a nonempty zero-sum subsequence.

Let ¢ : G = C, ® Cp ® Cpy — C, be the natural homomorphism with
ker(¢) = C,®C,®C,, (up to isomorphism). Applying D(p(G)) = D(Cy) = u
to ¢(S) repeatedly, we can get a decomposition S =S - ... S3,_25" with

|Si| € [L,u]l, o(S;) € ker(yp) for everyie [1,3p—2].

Applying D(ker(yp)) = D(C, @ Cp & Cp) =3p—2to o(S1) ...  0(S3p—2) we
find that there is a nonempty subset I C [1,3p—2] such that } ,_; o(5;) = 0.
Now [T, Si is a nonempty zero-sum subsequence of S proving that D(G) <
(3]? - 2)u. L]

3. Proof of Theorem [1.1(1) and (2)

Proof of Theorem ( 1). The result follows from Lemmas and n

To prove conclusion (2) of Theorem we need the following technical
result.
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LEMMA 3.1. Let A C G\ {0} be a 2-zero-sum free 3-set. Then either
|X(A)\ {0} > 6 or A contains some element of order two.

Proof. Let A ={a,b,c}. If a+ b+ c # 0 then the result has been proved
in 6l Proposition 5.3.2]. So we may assume that

a+b+c=0.
Clearly, a + b, a + ¢, and b + ¢ are pairwise distinct nonzero elements.
If
{a,b,c} N{a+ba+c,b+c} =10

then |X'(A)\ {0} > 6. Suppose that the above intersection is nonempty. We
show that there is an element of order two in A. By renumbering we may
assume that a € {a + b,a + ¢, b+ ¢}, which forces a = b + ¢. This together
with a +b 4+ c =0 gives 2a = 0. n

Proof of Theorem[1.1](2). Let n = |G|. From conclusion (1) of the theo-
rem we may assume that
r(G) > 2.
By Lemma|2.2] it suffices to prove co(G) < m(G). Let S be a regular sequence
over G of length |S| = m(G). We need to show that

X(S)=aG.

Assume to the contrary that X(S) # G. By Lemma we then have
st(X(S)) = {0}. If there is some g € supp(S) such that 2g = 0, then
since X(S) = {0,g} + (X(Sg~1) U {0}) and g + {0,g} = {0, g}, we obtain
0 # g € st(X(S)) = {0}, a contradiction. So, 2g # 0 for all g € supp(S5).

Now we distinguish several cases.

CASE 1: max{vy(S) +v_4(S5) : g € G} <n/6. Let t > 0 be the maximal
integer such that S has a factorization

S=Ay ... AT,

where A; is a 2-zero-sum free 3-subset of G for every i € [1,1].
We fix a factorization of S above with |supp™(7')] maximal possible.
Clearly,
lsupp ™ (T)| < 2.

We claim that
Vg(T) +v_y(T) <1 forevery g € G.

Assume to the contrary that vy (T)+v_;(T) > 2 for some h € G. We may
assume that v, (T) > 1. Since A; is a 2-zero-sum free 3-set and |supp™ (7|
< 2, we can choose some x € A; such that neither x nor —x occurs in T
We assert that

A1 M {h, —h} ?é @
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Indeed, otherwise we let A} = (A; \ {z}) U {h} and T" = Txh~'. Then
S=A Ay ... AT
where A}, Aa, ..., A; are all 2-zero-sum free 3-subsets of G but |supp *(1")| >

|supp *(T)|, a contradiction. Therefore, Ay N{h,—h} # (. Similarly, we have
A;in{h,—h} # 0 for every i € [2,t]. It follows that

o m
[supp*(T7)] —

Note that 3t + |T'| = |S| > n/2. Therefore, t + |T'|/3 > n/6. Hence,
max{vy(S)+v_y4(S): g€ G} >t+|T|/2 > t+|T|/3 > n/6, a contradiction.
This proves the claim.

It follows that 7' C G and

|T| = |supp(T)| = [supp™ (T)| < 2.
Let B; = {0} U X(A;) for every i € [1,t], and let B = {0} U X(T"). Then
By +---+ By + B = X(9).

From Lemma [3.1] we get |B;| > 7 for every i € [1,t]. Since st(X(S5)) = {0},
Lemma [2.1] yields

|By+ -+ By + B| > |By|+ -+ |B| + |B| —t > 6t + | B|.

Since |T| = |supp(T)| < 2, T is a subset of G. It is easy to see that |B| > 2|T|.
Note that X'(S) # G. So we have

n—1>|X(S)|=|B1+ -+ B+ B| > |B1| +---+ |By| + |B| = t
> 6t + |B| > 6t + 2|T| = 2[S| > n,
a contradiction.
CASE 2: max{vy(S) +v_4(5) : g € G} > n/6. We first assume that
€ [2,11].

max{vy(S) +v_4(S):9ge G} >t + ———

Since r(G) > 2, we have
n € {4,8}.

If n = 8then G € {C3, C2®Cy4}. Since S contains no element of order two,
it follows that G = Cy @ Cy. Now |S| = m(G) = 5. Let x1, —x1, x2, —22 be
the only four elements of order four in G. Then v4(S)+v_4(S) > 3 for some g
in {z1,22}. Let K = (g). By Lemmal2.3} [{0}UX(Sk)| > |Sk|+1 >4 = |K|.
Therefore, {0} U X (Sk) = K and K = st({0} U X (Sk)) C st(X(S)) = {0},
a contradiction.

If n = 4 then G = Cs & Cy. Hence every term of S is of order two,
a contradiction.

From now on we suppose that

(3.1) G| =n > 12.
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Choose h € G such that | S| attains the maximal possible value. Then

n+1
|Siny| > max{vy(S) +v_y(S): g€ G} > e

Let H = (h). It follows that |Sy| > 3. Let g = g + H for every g € G. We
distinguish two subcases:

SUBCASE 2a: For any two terms g1, g2 of S such that g1g2|S we have
{0}UX (91 92)| < 2. Then, for any two terms g1, go of SSI}1 we have g1 = g2
and 2g7 = 0. Therefore, for any term go of SS7!,

(supp(:5)) = (h, g0)-
Since S is regular, |(supp(S))| > |S| + 1 > n/2. Therefore,

G = (supp(S)) = (h, 90)-

Since 2go € H = (h), we infer that |G| = 2|H| and G = Cy @ C,, /5. Hence
we have

|S| =m(G) =n/2+ 1.
Let
T = goSH.
Let t > 0 be the maximal integer such that ST~! has a factorization
ST'=Ay-...- AW

with A; a 2-zero-sum free 3-subset of G for every i € [1,1].
We fix a factorization of ST~! as above with |[supp™ (W)| maximal pos-
sible. Clearly,

|[supp™ (W)] < 2.
Then S has a factorization
S=A;-...- AWT

where t > 0, A; is a 2-zero-sum free 3-subset of G, and W is a subsequence
of S which contains no 2-zero-sum free 3-subset of G. It follows that

3t+ |W| + || = |S] > n/2

and
vz, (S)

W |z (—:L‘l)"*zl(S)a:\ézQ(S)(—xg)"*zz(S)
for some distinct x1, 22 € G.
Let B; = {0} U X(4;) for every i € [1,t], let C = {0} U (W), and
let D = {0} U X(T). From Lemma we get |B;| > 7. Then Lemmas
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and [2.3] yield
n—12[X(S)| = |Bil+ -+ [B| +|C| + D] -t -1
>Tt+ W+ 142|T| —t—1=6t+2|W|+2|T| — |W|
=25 - |W|=n+2—|W|.
This gives
|W| > 3.
Write W =W, Wy with W | 23 ) (—21)"=21() and Wy | 272 (—)v-22(9).
Without loss of generality we may assume that
|W1| > |Wa| > 0.
Since |Wi| > |W|/2 > 3/2, by the maximality of Sy, there is some y | Sy
such that y & (x1). Letting U = Wiy and T" = Ty~ !, we obtain a factoriza-
tion
S=A-...- A UWLT.
Let C; = {0}UX(U), Cy = {0}UX(W3), and D' = {0}UX(T”). Similarly
to the above we obtain
n—=1>|X(S)| 2 [Ai| + -+ [A] + |C1] + [Co| + [D'| =t =2
> Tt+2|U|+ [Wo|+142/T"| —t —2
=2(3t + U] + [Wa| + |T'[) — 1 — [Wa|
=2|S|—1—|Wa|=n+1—|Ws|.
This gives
|[Wa| > 2.
By the maximality of Sy and |Sy| > 3, there is z | Syy~! such that z ¢ (z3).
Letting V = 2Wo and T = T'27! = T'(yz)~! gives a factorization
S=A-...- AUVT".
Let C4 = {0} U X(V) and D" = {0} U X(T"). Similarly to the above we
have
n—12|2(8)| = [Ai] + -+ [A] + |C1] + |Co| + |D"] =t — 2
>Tt+ 22Ul +2|V|+2/T"| -t —2=2|S| -2 =mn,
a contradiction.

SUBCASE 2b: There are two terms g¢i,g2 of S such that gig2|S and
{0} U X (g192)| > 3. Let T'= g192Su. Now S has a factorization

S=A1-...- AWT

where t > 0, A; is a 2-zero-sum free 3-subset of GG, and W is a subsequence
of S which contains no 2-zero-sum free 3-subset of G. It follows that

3t + (W] + |T| = 8] > n/2
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and

W ’ x\llxl (S)<_x1)v_m1 (S)x;xg (S)(—QZQ)V_“°2 (S)

for some distinct z1,22 € G. Let B; = {0} U X(A;) for every i € [1,¢], let
C ={0}uX(W),andlet D = {0}UX(T). Then By +---+B;+C+D = X(S5).
Since st(X(S)) = {0}, by Kneser’s theorem we obtain
n—1>[2(8)] = |Bil+---+|B| +|C] +[D] -t -1
> Tt W] +1+3[T) -3 —t—1
=6t+2|W|+2|T|+|T|—-3—|W|=2|S|+|T| -3 —|W|
>n+|T)—-3—|W|.
This gives
\W|>1|T|—2>3.

Write W =W W, with W | :U\llzl (5)(_951)\/,11(5) and Wa | x;zz(s)(—xg)"*w(s).
Without loss of generality we may assume that |[Wi| > |Ws| > 0. Since
|[Wi| > |W]/2 > 3/2, by the maximality of Sy, there is some y|Sy such
that y & (x1). Letting U = Wiy and T' = Ty~ !, we obtain
S=Ay-... - AAUWT.
Let C; = {0} U X(U), Cy = {0} U X (W3), and D' = {0} U X(T"). Similarly
to the above we obtain
n—1=|2(S)| = [Bi| + -+ [Bi| +[C1] + [Co| + |D'| =t — 2
>Tt+2\U| 4+ |[Wa| +1+ 3T -3 -t —2
= 6t + 2|Wy| + |Wa| + 3|T| — 5 = 6t + 2|W| + 2|T| + |T| — 5 — |Ws|
>n+|T|—5— Wl
This gives
|Wo| > |T|—4>1.
Therefore
‘W1| > 2, |W2‘ > 1.
By the maximality of Sy, there is some y| Sy such that y & (za). Let
U = Way and T" = Ty~'. Again by the maximality of Sy and by |Sg| > 3,
there is z | Syy~! such that z ¢ (x1). Letting V = 2Wj and 7" = T'27! =
T(yz)~! gives
S=A-...- AUVT".
Let C] = {0} U X(U), C, = {0} U X(V), and D" = {0} U X(T"). Similarly
to the above we have
n—12[2(8)| = [Bi| + - +|Bi| + |C1] + |C5] + |D"| =t — 2
>Tt42|U|+ 2|V + 3T -3 —t—2
=6t 4+ 2|W|+2|T|+|T|—7=2|S|+|T|-7>2m(G)+|T|—7.
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This gives |T'| < n + 6 — 2m(G). Therefore,
n+1

(3.2) < |Su| < n+4—2m(G).

If m(G) > n/2+ 1 then n < 11 follows from (3.2), contradicting (3.1).
Therefore,

(3.3) m(G) = n/2.
It follows from ([3.2)) that n < 23. Since n is even, we have
(3.4) n < 22.

By (3.1)), (3.3), and (3.4)), to complete the proof of this subcase it remains
to consider

(3.5) n € [12,22] and m(G)=n/2.
Since r(G) > 2, we have n ¢ {14, 22}. So, it remains to check
n € {12,16, 18, 20}.

If n € {12,20} then G = Co®C; with t = 6 or 10. Hence m(G) = n/2+1.
This is not any case listed in .

If n =18 then G = C3 ® Cs. Now |S| > m(G) =9, |Sg| > 4, and there
are two terms g1, go of S such that gig2| SS;' and [{0} U X(g1g2)| > 3. Let
T = g192Sy. Then |T| > 6 and |ST~!| < 3. Let A= ST~!. Then

S = AT.
Let B = {0} UX(A) and D = {0} U X(T). Then B+ D = X(S). So by
Lemmas 2.1 and [2.3] we have
|1X(S)| > |B|+|D|-1>A|+1+3|T|-3)—1=|S|+2|T| —3>18.

Therefore X(S) = G, a contradiction.

If n = 16 then G € {C3,C% © Cy,C?,Cy @ Cg}. Since m(G) = n/2, we
may assume that G' # Cy @ Cy. Therefore, G € {C4,C2@Cy,C3}. If G = C3
then every term of S is of order two, a contradiction. So, G = C3 & Cy4
or G = C3. Since max{vy(S) +v_¢(5) : g € G} > 2t = 16t we see
that vy(S) +v_g(S) > 3 for some g of order 4. Let K = (g). By Lemma [2.3]
{O}UX(Sk)| > |Sk|+1 > 4 = |K]|. Therefore, {0} UX(Sk) = K, and hence
K = st({0} U X(Sk)) C st(X(S)) = {0}, a contradiction. This completes
the proof of Theorem 1.1(2). m

4. Proof of Theorem|[1.1|(3), (4). In this section we shall be employing
group algebras as a tool.

Let G =@;_, Cpn, with 1 <nqi| --- |n,, and let K be a field. The group
algebra K[G] is a vector space over K with K-basis {X9 : g € G} (built with
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a symbol X'), where multiplication is defined by

(> a,x7) (gGZG b X9) = 3 (3 anbyn) X7,

geG geG heG

More precisely, K[G] consists of all formal expressions of the form f =
deG cg X9 with ¢, € K. For more detailed background information, we
refer the readers to [0, [7, [§].

Choose a prime ¢ so that ¢ = 1 (mod n,). Consider the group algebra
F,[G]. For any a € F,[G], denote by L, the set of elements g € G such that
a(a — X9) =0 for some a € F,.

LEMMA 4.1.

(1) For any a € F4[G], Ly is a subgroup of G.

(2) Ifa#0 and Lo = G, then oo =) . ag X9 with 0 # ag € Fy for all
geq.

(3) Let S =gi-... g be a sequence over G. If there exist ay,...,a; € F,

such that o = [\, (a; — X9) # 0 and Lo, = G, then G\ {0} C 3(S).

geG

Proof. Conclusions (1) and (2) have been proved in [4, Lemma 3.1|. Here
we only give a proof of (3). Let 0 # o = Hézl(ai — X9) = > eq agX?.
By (2), ag # 0 for all g € G. This implies g € X(S) for all g € G\ {0}.
Therefore, G\ {0} C X(S5). =

LEMMA 4.2 ([4]). Let S be a sequence of elements in G of length | >
ny(1 +logny---n,_1). Suppose that S contains at least one nonzero term.
Then one can find a subsequence T = g1 - ... - g of S of length t <
ny(1+logny---ny—1)—1and ay,...,a; € Fy such that

a=(ag — X)) (ap — X9)#0
and all terms of ST~! are in L.

Proof. This has been proved in [4, Lemma 3.2]. There is a typo there:
log n/logm has to be replaced by log(n/m). =

Let a # 0 be a real number, and let » > 3 be an integer. Define a function
of r variables y1,...,y, by

Y- Yr yi---Yr

+a—2-2y(1+logys - yr-1) — a2

fa(y17' . '7y7”) =

LEMMA 4.3. If y; > a > 3 for all i € [1,7], then fo(y1,...,yr) > 0
provided that one of the following conditions holds:

(1) r=5;
(2) 7€ {3,4} and a > 17.
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Proof. First we compute the partial derivatives of fo(y1,...,yr):
RY, — R. We obtain

P e
ﬁ:y12yr(a_1)_2& yr<y1 2yr1(a_1)_2>
dy; a*y; Yi Y a

>4 -3)>0

Yi
for1<i<r-—1,and

Ofa Y1+ Yr
a7yr:7a2 (a—1)—2—=2logys - Yr—1

It is easy to see that g(z) = % (a—1) —2—2logx is increasing when z > a?.

(1) If r > 5 then
fa _ Y1 yro1
Oy a’

> ar—S(a_ 1) _2_2(7«_ 1)10ga > aQ(a— 1) —2—8loga > 0.

(a—1)—2—2logys - yr-1

So we have
fayt, .. vye) > fala,...;a) =a"*(a—1) +a—2—2a(1 +loga"1)
>a*(a—1)+a—2—2a—8aloga
:a(az(a—l)—Q—Sloga)+a—2Za—QZ 1.
(2) If a > 17 and r € {3,4} then

Ofa _y1--yr
oyr a?
>a—3—4loga >0

(4.1) (@—1)—2—2logy " yr—

since f(z) =2 — 3 —4logz is an increasing function of x > 17. We get

fa(ylv s ,yT) > fa(aa s 70’) = aT—Q(a - 1) +a—-2- 2&(1 + logar_l)
>ala—1)4+a—2—2a—4aloga,
since fy(a,...,a) =a" (a —1)+a—2—2a(l +loga"!) is an increasing
function of r > 3. By (4 , we obtain
v) > fa

falyr,.. .,y (aaa)—a(a—S 4loga)+a—2>a—2 > 15,
as desired. m

Proof of Theorem[1.1(3), (4). Suppose that G = Cy, @& --- & C,, where
1 <nqi| - |n,. By Lemmal2.2 and Theorem [L.12), it suffices to prove that
co(G) < m(G) = |G|/p+p—2 for p > 3. To do so, let S be a regular sequence
over G of length |S| = |G|/p + p — 2. We need to prove that X'(5) = G.

Assume that X(S) # G. By Lemma we can deduce that |S| >
ny(1 + logny ---n,—1). Then by Lemma , one can find a subsequence
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T=g1-... g of Switht <n,(1+logny---n,—1)—1anday,...,a; € F
such that
a=(ag —X9)---(ag — X9)#0
and all terms of ST~! are in L.
Since S is regular, again by Lemma [4.3] we have
[Lal = 1> [Sp,| > [ST™Y|

ni-

p

2
p
Together with Lemma this shows that |Ly| = |G|/p1 for some prime

divisor p; of |G| with p < p; < p?. It follows that L, as a subgroup of G
must be isomorphic to the group of the form

@ Cni @ Cnio/pw

i=1, iig

where 1 <19 <.
Let Lo = @i Cpy; with 1 <my| -+ |ms. We claim that
ms(1+1logmy---ms—1) <ny(1+logng---ny_1).
If 1 <ig<r—1then

Ny« Nyp_
ms(1+logmy -+ -mg_1) = n, <1+log 1pr1> <ny(l+logng---n,._1).
1

If i9g = r then
mg(1+1logmy---mg1) <mg(l+logny---np—1) <np(l+logng---np_1).
This proves the claim.

By Lemma, |IST= Y >n,(1+logny -+ np_1) >ms(1+logmy - -ms_1).
Since ST~ is a sequence over L, by Lemma we can find a subsequence
S1=hy-...-hy of ST~ with u < ms(1+logmy---ms_1)—1andby,..., b, €
[, such that

B=(by—X") - (by— X"™) #£0
and all terms of ST _151_ Lare in Lg, where Lg denotes the set of elements
g € Lq such that f(a — X9) = 0 for some a € IF}.
Since S is regular, by Lemma [£.3] we have
Lol = 12> (ST )g,| > |STS7

n ...n
>%+p—2—nT(1+logn1---n7«,1)

—ms(1+logmy---ms_1)
nl ..'n""
»

v
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This implies |Lg| = |G|/p1 = |La|- Hence Lg = L. As 8 = [, (b; — X™),
we deduce from Lemma [4.1| that {0} U X(S1) = Lg = Lq. Therefore, L, =
Lg = st({0} U £(S1)), contrary to Lemma [2.3] This completes the proof of
Theorem 1.1(3), (4). =

5. Proof of Theorem [L.1)(5). Let p be a prime. In this section we shall
be using group algebras as in Section 4.

Let G = @;_, Cpmi = P;_;{e;), where Cpni = (e;) for 1 < i < r and
I1<n <---<mny.

Consider the group algebra F,[G] over F,,. As a vector space over [,
F,[G] has a basis

T
{H(l — XYk k€ [0,p™ — 1] for all i € [1,r]}
i=1

(see for example [6]). So any o € F,,[G] can be uniqgely written in the form

a= 0k, . k(1— Xenk. (1 Xer)k’" with oy, . € Fp.
For any sequence S =g -...- g; over G, let
l
I1(s) = - x*).
i=1

Let g € G and a € F),. Since 1 is the only exp(G)th root in [F,, the element
a — XY is invertible in F,[G] if and only if a # 1. Thus
L, = {g € G : there is an a € F), such that a(a — X9) = 0}
={geG:a(l-X9) =0}

LeEMMA 5.1 ([13]). Let S be a sequence over G. Then L) = G if and
only if [I(S) = o [[i— (1 — X)P" =1 for some o € Fp. In partzcular if
S| = >, (p" — 1) then [[(S) = o [[i,(1 — Xei)pnifl. Furthermore, if
o # 0 then G\ {0} C X(9).

LEMMA 5.2 (|6, Proposition 5.5.8|, [10]). Let S be a sequence over G of
length |S| > >0, (p™ — 1) + 1. Then

[ =o.

Let a be a real number, and let » > 2 be an integer. Define

T

fa(yl, N 7y7') = a_1+zgzlyi _|_ a— 2 _ Z(ayi . 1)

=1
_ Z ayz _ ayl 1 1) _ a—2+22:1 Yi 13

where y1,...,y, are real Varlables.
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LEMMA 5.3. Let p > 3 be a prime, and let r > 2 be an integer. Let
ni, ..., N, be positive integers.

(1) If r > 3 then fp(n1,...,ny) > 0.
(2) Ifr =2 and ny > ny > 2 then fy(ni,n2) > 0 except when p =3 and
n1 = 2, in which case fp(ni,n2) = —4 < 0.

Proof. First we compute the partial derivatives of fp(yi,...,¥r):
RY; — R. We obtain

9fp
o
for all (y1,...,yr) € RY; when r > 3, and for all (y1,y2) € RY, when r = 2.
For all 2 <17 < r, we get
0 r .
aﬂ’ = p¥Llogp(p~ T 2=15#1 Y (p — 1) — 2p) > p(p — 3) > 0
Yi
for all (y1,...,yr) € RL; when r > 3, and for all (y1,y2) € RY, when r = 2.
(1) If » > 3 then fy(ni1,...,n,) > fp(1,...,1). Thus it remains to
prove that f,(1,...,1) > 0. It is easy to see that g(r) := fp(1,...,1) =
p" "2(p — 1) — (2r — 2)p + 2r is an increasing function of r, since ¢'(r) =
(p— 1)(p"2logp —2) > 0 when p > 3 and r > 3. Hence f,(1,...,1) >
9(3)=(p—2)(p—3) >0, as desired.
(2) If r = 2 then

fp(ni,mg) = p™MHm2=2(p — 1) — 2p"™ — p™" — p"~L 4 p 45

So, if p > 5 then f,(n1,n2) > p+5> 0. If p= 3, we have f3(2,n2) = —4 for
all ng > 2, and f3(n1,n2) > f3(3,3) = 80 > 0 for any integers nj,ng with
n9 >ny > 3. =

=p* Mogp(p == Yi(p—1) —p—1) 2 p(p—2) — 1> 0

LEMMA 5.4. Let p be a prime, and nq,...,n, be positive integers. Let
G =@;_, Cpni. If either r >3, orr =2, ng > ny > 2, and (p,n1) # (3,2),
then
co(G) =|G|/p+p—2.

Proof. By Lemmal2.2] it suffices to prove ¢o(G) < m(G) = |G|/p+p—2.
To do so, let S be a regular sequence over G of length |S| = |G|/p+p — 2.
We need to show that X(S) = G. Since |S| > D(G), by Lemma [2.7] we have

0 € X(S).

Assume ¥(S) # G. Then by Lemma we have st(X(S)) = {0}. Let
So be the maximal subsequence of S such that [[(Sp) # 0. By Lemma
we see that [So| < Yoi_,(p™ — 1). If |So| = >, s"(p™ — 1) then by
Lemma we have G \ {0} C X(Sp). It follows from 0 € X(S) that
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Y(S) = G, a contradiction. Therefore,
Sl <30 1) - 1.
i=1

Let H = Lyy(s,) and T' = 555!, By the maximality of Sy, we know that
every term of T belongs to H, and T is a regular sequence over the subgroup

H of G. By Lemma we find that

1€ - Gl
[H|=1> |8y >[S—So| > —+p—2-> (p—-1)> .
p — p
Taking into account Lemma we deduce |H| = |G|/p. Since H is a sub-
group of G with |H| = |G|/p, H must be isomorphic to a group of the
form

T
P oo C g1
i=1, iig
where 1 < g <.
Since n1 < --- < n,, we can easily deduce that
T

(5.) D(H)~1= > (" =D+ (" ~1)

i=1, iig

.
<Y - +pm T -
=2

Let S1 be the maximal subsequence of T such that [](S1)#0. By Lemmal5.2]
we have |Si| < D(H) — 1. If |S1| = D(H) — 1 then by Lemma [5.1] we get
{0} U X(S1) = H. Therefore, H = st({0} U X(S1)). But |H| = |G|/p > p?,
contrary to Lemma [2.3] Therefore,

151 < D(H) — 2.

Let Ty = T'S7" = S(SoS51)7 %, and let N = Lyy(s,). By the maximality
of S we see that T} is a sequence over N. By (5.1) and Lemmawe obtain
|Ty| > |G|/p* —1.If N = H then by Lemmae have {0} UX(S1) = H =
st({0} U X(S1)), again contradicting Lemma Therefore,

N £ H.

But |[N| — 1> |T| —|S1| = |T1| > |G|/p? — 1. This forces |[N| = |G|/p?. On
the other hand, using Lemma we have [{0}U X(Th)| > |T1|+1 > |G|/p?
= |N|. Hence {0} U X(T1) = N, which implies that N = st({0} U X(T1)).
But |N| = |G|/p? > 1, contradicting Lemma [2.3 =

In what follows, by using group algebras and the method from Section 3
we determine co(G) for G = C32 @ Cyn with n > 2.
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LEMMA 5.5. Let G = C352 @ Cyn withn > 2. Then
co(G) =3 1.

Proof. Let S be a regular sequence over G of length |S| = m(G) =
3"+t 41. We need to show X(S)=G. Assume to the contrary that X(S)#G.
Note that |S| > D(G). So we have

(5.2) 0e 5(9).

Let S; be the maximal subsequence of S such that [[(S1) # 0. Clearly,
|S1] < D(G)—1=9-143"—1=3"47.1f |S1| = 3"+7 then G\ {0} C X'(51)
by Lemma [5.1] It follows from (5.2)) that X(S) = G, a contradiction. So

1S1] < 3" + 6.

Let H = Lyy(s,)- Since 51 is maximal, every term of 55’1_1 is in H. Note
that .S is regular. We have

|H| —1>|Sg| >SS > 3" 41— (3" +6) =2 x 3" —5.

Hence
3" > |H| > 2 x 3" -5,
It follows from n > 2 that
|H| = 3"+
This implies that
H=C3&C3n or C3 @ C3n1.
Therefore,
D(H) <3"+2.
We next show that
(5.3) co(H) <2x3" -5,

which implies X(Sy) = H, contrary to Lemma Thus it follows from
Lemma that co(G) = 3"! + 1, completing the proof.

To prove , let S’ be a regular sequence over H of length |S'| =
2 x 3™ — 5. We need to show that X'(S’) = H. Assume to the contrary that

X(S") # H.
Since |S'| =2 x 3" —5 > m(H), by Lemmas [2.3| and [2.7| we obtain
st(X(S)) = {0} and 0e€ X(9).

Let Sy be the maximal subsequence of S” such that [[(S2) # 0. Similarly
to the above we derive that |S2] < D(H) —2 < 3".
Let Hy = Lyy(s,)- Similarly to the above, we have

|Hi| — 1> |8y, | >19'S; [ >2%x3"—5—-3"=3"—5.
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This implies that
|Hq| = 3".

Choose a subgroup K of H with |K| = 3" such that |S%| is maximal.
Since S’ is regular, we have |S%| < |K| —1 < 3" — 1. By the maximality
of | Sk |, we have 3" — 5 < [S; | < [Sj|. Therefore,

3" —5< |9 <37 - 1.

Let g =g+ K for every g € H.

Since |H| = 3""!, we can always choose two terms g1, g2 of ' not in K
such that g1g2|S" and [{0} U X (g1 92)| > 3. We distinguish two cases.

CAsE 1: 3" —1 > |S)| > 3" — 3. Take a subsequence Wi |S} with
|W1| = 3" —3. Let T = g1goW1 and T} = S"T~!. Then

|T|=3"—1
and
Ty =|ST ' =2x3"-5-3"+1=3"—4>5
SUBCASE la: vg(T1) + v_¢(T1) < 2 for all ¢ € H. Since |T1| > 5,
T contains a 2-zero-sum free 3-subset A of H. Let
W=s5T"A"".
Then |[W| > 2. Now S’ has a factorization
S' = AWT.
Let B = {0} U X(A), C = {0} UX(W), and let D = {0} U X(T'). Then
B+ C+ D = X(5). Since st(X(S")) = {0} and S’ is regular, by Kneser’s
theorem we obtain
|H| - 1> [2(5)
> |B|+|C|+|D| -2
>T+|Wl+1+3]T|—-3-2
>7+343"" —6-2>3"" = |H|,
a contradiction.

SUBCASE 1b: vy¢(T1) + v_¢(T1) > 3 for some g € H. Since S’ is regular
over H, there is some term y of W such that y € (g), as otherwise |Sgg>| >

3" > |{g)|, which is a contradiction. Let To = Ty~!. Then
Ty =3" -2 and |S'Ty;'=2x3"-5-3"4+2=3"—-3.

Since vy (T1) 4+ v_g(T1) > 3, there is a subsequence 4; = g*(—g)° of Ty with
a+b=3. Let
A=Ay and W = S'TQIA'_I.
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Then |W'| > 2. Now S’ has a factorization
S = AW'T,.
Let B = {0} U X(A"), C = {0} U X(W’), and let D = {0} U X(T3). Then
B+ C+ D = X(5). Since st(X(5")) = {0} and S’ is regular, by Kneser’s
theorem we obtain
[H|—12>]2(5")

> |B|+|C|+|D|—2

> 2(|Ar| 4+ 1) + W+ 1+ 3|Tx] —3—2

>843+3" —9g_2=3"" = |H|
a contradiction.

CASE 2: 3" — 5 < |S)| < 3™ — 4. Take a subsequence W, |S) with
|W1| = 3" —5. Let T = g1goW and Ty = S'T~!. Then

IT|=3"-3 and |Ty|=|ST ' =2x3"-5-3"+3=3"-2>7.

SUBCASE 2a: vg(T1) +v_4(T1) < 2 for all g € H. Since |T1| > 7, there
are two 2-zero-sum free 3-sets A; and Ag of H such that A;Ay|Ty. Let
W = ST~ 1A A;!. Then |[W| > 1. Now S has a factorization

S'= A1 AWT.
Let B; = {0} UX(4;) fori € {1,2}, C = {0} UX(W), and D = {0} U X(T).
Then B; + By + C + D = X(5'). Since st(X(S’)) = {0} and S’ is regular,
by Kneser’s theorem we obtain
H| =12 |9(5)

> |Bi| + |B2| + |C|+ |D| -3

>T+7T+|W[+1+3|T|—-3-3

>7+7+2+3" —12-3>3" = |H|,
a contradiction.

SUBCASE 2b: vy(T1) +v_g(T1) > 3 for some g € H. Since |T1| = 3" — 2,
there are two elements y1,y2 & (g) such that yi1ya | 71, as otherwise, ’S29>’ >
|Th| —1=3" —3 > |S%/|, which contradicts the maximality of S’

Since vy(Ty) + v_g(T1) > 3, there is a subsequence A; = g%(—g)® of T}
with a +b =3 and a,b > 0. Let

A = Ayiys and W' = S'T=tAL.
Then [W’| > 2. Now S’ has a factorization
S = AW'T.
Let B = {0} UX(A"), C = {0} U X(W'), and let D = {0} U X(T). Then
B+ C+ D = X(5). Since st(X(S")) = {0} and S’ is regular, by Kneser’s
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theorem we obtain

|H| =12 [2(8")| = |B| +|C| + |D| -2
>3(|A]+ 1)+ W +1+3|T|—3-2
>12+3+3" —12 -2 > 3" = |H]|,

a contradiction. m

Proof of Theorem[1.1)(5). 1f G = C,@®C, then ¢o(G) = m(G) = 2p—1 by

a result of Peng [12]. For the other cases, the result follows from Lemmas
and .

We end this section with the following

CONJECTURE 5.6. ¢co(G) = m(G) for all finite abelian groups.
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