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Approximation properties of S-expansions
by

SIMON BAKER (Manchester)

1. Introduction. Let § € (1,2) and Ig :=[0,1/(8 — 1)]. Given x € Ig
we say that a sequence ()22, € {0,1} is a B-ezpansion for z if

(1.1) r=Y 2
2.3

It is a simple exercise to show that x has a [-expansion if and only if
x € Ig. Expansions of this form were pioneered in the papers of Parry
[17] and Rényi [20]. One significant difference between integer base expan-
sions and [-expansions is that almost every x € Ig has uncountably many
(B-expansions, unlike in the integer base case where every number has a
unique expansion except for a countable set of exceptions which have pre-
cisely two. Whenever we use the phrase “almost every”, we always mean
with respect to Lebesgue measure. The fact that almost every = € I3 has
uncountably many [-expansions is due to Sidorov [22].

We say that a finite sequence (¢;)7; € {0,1}" is an n-prefiz for x if there
exists (,44)%2; € {0, 1} such that

Ly > €
o & n+1
$_25z +Zﬁn+i’
=1 =1

So an n-prefix for z is simply any sequence of length n that can be extended
to form a B-expansion for x. It is straightforward to show that a sequence
(€)1, € {0,1}™ is an n-prefix for z if and only if

(1.2) 0<~”3_25z—5n T

When (¢;)7, € {0,1}" is an n-prefix for z, we also define the number
dor €87 to be an n-prefix for x. Whether we are referring to a sequence
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or a number should be clear from the context. We refer to any number of
the form >°% | €;87" as a level n sum.

In this paper we study how well a typical x € Ig can be approximated
by its prefixes. To this end we introduce the following general setup. Let
U :N— RZO and

o oo
-NU U [Ca> s
m=1n= m(el)" 16{0 1}n =1
Alternatively, Wg(¥) is the set of x € R such that for infinitely many n € N
there exists a level n sum satisfying the inequalities
n
€
(1.3) ogx—zﬂ—i < W(n).
i=1
In (1.3) the approximation to x is given by a level n sum, not necessarily
an n-prefix for x. However, as the following argument shows, if (1.3) is
satisfied by a level n sum then it must also be satisfied by an n-prefix
for z. For if (¢;)}_; satisfies (1.3) and (¢;)7_; is not an n-prefix for x, then
w(n) > (B"(8—1))"! by (1.2). Every element of I has an n- preﬁx for each
n € N. Let us denote the n-prefix for = by (€)_;. Applying (1.2) we see that

"l 1

Therefore, if € W3(¥) then there exist infinitely many n-prefixes for x
satisfying .

If "7, 2"F(n) < oo, the Borel-Cantelli lemma tells us that A\(W;3(¥))
= 0. Here and throughout A(-) denotes the Lebesgue measure. Motivated
by observations and results from metric number theory, we expect that if
Yool 2"F(n) = oo and the level n sums are distributed sufficiently uni-
formly throughout Iz then Wg(¥) is a set of full measure within Ig.

With the above in mind we introduce the following definition. We say
that 3 is approzimation regular if for each function ¥ : N — R satisfying
Y00 1 2"F(n) = oo, the set Wp(¥) is of full measure within I3. We make
the following conjecture.

CONJECTURE 1.1. Almost every 8 € (1,2) is approzimation regular.

We cannot hope to extend this “almost every” statement to an “every”
statement. For example, if we take 8 to be a Pisot number, i.e., a real
algebraic integer strictly greater than 1 whose conjugates all have modulus
strictly less than 1, then the cardinality of the set of level n sums is of the
order ". This follows from Garsia’s results [10]. If ¥ (n) = 27" it is clear
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that >, 2"W(n) = co. However a simple covering argument appealing to
the Borel-Cantelli lemma implies A(W3(¥)) = 0.

In this paper we fail to prove Conjecture Instead we show that
whenever 3 is a special type of algebraic integer known as a Garsia number
then S is approximation regular. For our purposes a Garsia number is a
positive real algebraic integer with norm 42, whose conjugates are all of
modulus strictly greater than 1. Recall that the norm of an algebraic integer
B is defined to be the product of 8 with all of its conjugates. The reader
should be aware that in the literature Garsia numbers are not always defined
to be positive, and in some cases are taken to be complex. Garsia numbers
were first studied as a separate significant class of algebraic integers in a
paper by Garsia [10]. For more on Garsia numbers we refer the reader to
the paper of Hare and Panju [12] and the references therein.

Our main result is the following.

THEOREM 1.2. Let f € (1,2) be a Garsia number. Then [3 is approzi-
mation reqular.

REMARK 1.3. It is worth commenting on the fact that throughout this
paper we have imposed no restrictions on the monotonicity of ¥. In classical
Diophantine approximation, when ¥ : N — R>( is decreasing the set

W(¥) := {x € R : there exist infinitely many (p,q) € Z x N
such that |z — p/q| < ¥(q)}

is either null or full with respect to Lebesgue measure depending on whether
> ae1 9% (q) converges or diverges. In [6] Duffin and Schaeffer showed that it
is not possible to relax the monotonicity assumption on ¥. They constructed
a function ¥ : N — Rxq such that >°2, q¥(q) = oo yet A(W(¥)) = 0.

Suppose [ is approximation regular and the function ¥ : N — Rx
satisfies ) 7, 2"W(n) = co. For a Lebesgue generic « € Ig it is natural to
ask whether x has a -expansion (€;)22, € {0, 1} such that the inequalities

OSx—Z%SQI(n)
i=1

are satisfied for infinitely many n € N. This turns out to be the case when-
ever ¥ satisfies a mild technical condition. We say that ¥ : N — Ryq is
decaying regularly if for each m € N there exists C,,, € N such that
U(n+m) 1

U(n) — Cnp
for every n € N. We emphasise that the constant C, is allowed to depend
on m. As an example, when ¥(n) = 27" then ¥ is decaying regularly. For
each m € N we can take C,,, = 2™.

(1.4)
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THEOREM 1.4. Let 3 be approzimation reqular and suppose ¥ : N — R>q
is decaying regularly and satisfies Y 2 | 2"W(n) = co. Then for almost every

x € Ig there exists a B-expansion for x satisfying the inequalities
n

€
0<zx— Z B—ZZ < ¥(n)
=1
for infinitely many n € N.
As an application of Theorems and we have the following result.

COROLLARY 1.5. Let B € (1,2) be a Garsia number. Then for almost
every x € Ig there exists a B-expansion of x which satisfies the inequalities

for infinitely many n € N.

In Section [3] we prove Theorem and in Section [4] we prove Theorem
In Section [5| we discuss the connection between the set Iz \ W3(¥) and
the set of points with a unique [S-expansion. We end our introduction by
giving a summary of related work undertaken by other authors.

In two recent papers by Persson and Reeve [18], [19], the authors consid-
ered a setup similar to ours. Let

o0 o n n
=0 U U [Z S w3 ¢<n>].
m=1n=m (¢)  €{0,1}" ~i=1 =1
Notice that W3(¥) C Kg(¥). In the definition of K3(¥) the level n sums
form the centres of the significant intervals, whereas in the definition of
Wp3(¥) the level n sums are the left endpoints of the significant intervals.
The reason we have insisted on the level n sums being the left endpoints
is because we are interested in the approximation provided by an n-prefix,
rather than a general level n sum. It is an obvious consequence of that
if <> " €eB " then ()", € {0,1}" cannot be an n-prefix for z.
Persson and Reeve studied the set K3(¥) when ¥(n) = 27" for some
a € (1,00). In this case Y 2 | 2"¥(n) always converges. Motivated by Fal-
coner [9], they studied the intersection properties of Kz(¥). Falconer defined
G* to be the set of A C R which have the property that for any countable
collection of similarities {f;}32;,

o0
dimH(ﬂ fJ(A)> > s.
j=1
Persson and Reeve generalised the definition of G® to arbitrary intervals I

by defining G*(I) := {A C I : A+ diam(])Z € G*}. The main results of
[18, 19] can be summarised in the following theorem.
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THEOREM 1.6. Let o € (1,00) and ¥(n) = 27",

For all 5 € (1,2), dimg (Kg(¥)) < 1/a.
For almost every 8 € (1,2), Kg(¥) € G*(Ig) for s =1/a.
For a dense set of B € (1,2), dimg(Kg(¥)) < 1/a.

For all § € (1,2), Kg(¥) € G*(Ig) for s = 01?552'

e For a countable set of B € (1,2), dimy(Kg(¥)) = ;‘{gg%.

The approximation properties of S-expansions were also studied in a
paper by Dajani, Komornik, Loreti, and de Vries [4]. Given = € Ig and
(€)72, a B-expansion for z, we say that ()2, is an optimal expansion if
for any other S-expansion for x the following holds for all n € N:

xr — Z 6—1 <z-— Z B—ZZ
i=1 i=1
In other words, a S-expansion for x is an optimal expansion if for each n € N
the n-prefix (¢;)I"_; always provides the closest approximation to x. Before
we state the main result of [4] we recall a definition: a multinacci number is
the unique root of an equation of the form z™ = 2”1 + ... + 2 + 1 lying
in (1,2), where n > 2. The golden ratio is a multinacci number; this is the

case when n = 2. It can be shown that every multinacci number is a Pisot
number. The main result of [4] is the following.

THEOREM 1.7.

o Let 8 be a multinacci number. Then every x € Ig has an optimal
expansion.

e If B € (1,2) is not a multinacci number, then the set of v € Ig with an
optimal expansion is nowhere dense and has zero Lebesgue measure.

2. Preliminaries. In this section we state the necessary background
information from the theory of Bernoulli convolutions. Let 8 € (1,2). The
Bernoulli convolution associated to 3 is defined to be the measure pi3 where

ua(8) =P { (e € 0.1 iﬁ c£})

for any Borel set E C R. Here P is the (1/2,1/2) probability measure on
{0,1}". Tt is a long-standing problem to determine precisely those 3 for
which pg is absolutely continuous with respect to Lebesgue measure. When
g is absolutely continuous, we denote the density function by hg. We em-
phasise that the density function is only defined almost everywhere.

Jessen and Wintner showed that g is either absolutely continuous with
respect to the Lebesgue measure or purely singular [13]. This was later
improved upon by Simon and Mauldin [16], who showed that s is either



274 S. Baker

equivalent to the Lebesgue measure or purely singular. Erdds [7] showed
that whenever  is a Pisot number then ug is purely singular. No other
examples of § € (1,2) for which pg is singular are known. In a standout
paper, Solomyak proved that for almost every § € (1,2) the Bernoulli con-
volution is absolutely continuous [23]. This was later improved upon in a
paper of Shmerkin [21], where it was shown that the set of 8 € (1,2) for
which pug is singular has Hausdorff dimension zero. Loosely speaking, it is be-
lieved that whenever the level n sums are distributed sufficiently uniformly
throughout I, then the associated Bernoulli convolution will be absolutely
continuous. Similarly, when the level n sums are distributed sufficiently uni-
formly throughout Ig, we expect 3 to be approximation regular. As such,
the results of Shmerkin and Solomyak lend some weight to the validity of
Conjecture [L.T}

The following theorem due to Garsia [10] will be essential in our later
work.

THEOREM 2.1. If B € (1,2) is a Garsia number then pg is absolutely
continuous. Moreover, the density of ug is bounded above by

2
H§:1(’Yi —1) .

Here ~1,..., v are the conjugates of 3.

Garsia numbers are the largest explicit class of real numbers for which
it is known that pg is always absolutely continuous.

Our proof of Theorem also requires the following results taken from
Kempton [14]. They emphasise the connection between [-expansions and
Bernoulli convolutions. Given 8 € (1,2) and = € I, we denote the set of
n-prefixes for z by Y3 ,(x). Kempton studied the growth rate of | X3, ()],
in particular the following limits:

(8-1)p"

f(iL') = lim inf 7’2&71(1')’, ?(1‘) := lim sup w

= n—00 n n—00 2n

|25, ()].
The main results of [I4] are the following two theorems.

THEOREM 2.2. The Bernoulli convolution pg is absolutely continuous if
and only if

0< S?(az)dw < 0.
Ig
In this case the density hg of ug satisfies

T
o) §r, ) dy
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THEOREM 2.3. Suppose that
0< S f(z)dr < 0.

I
Then ug is absolutely continuous with density function

f(x)
hg(x) = —=——.
B( S I i (y) dy
Conversely, if ug is absolutely continuous with bounded density function hg
then
0< S f(z)dr < oco.
Is
When 3 € (1,2) is a Garsia number, Theorem [2.1] tells us that pg is ab-
solutely continuous with bounded density function hg. By combining Theo-
rems [2.2] and [2.3] the following proposition is immediate.

PROPOSITION 2.4. Let § € (1,2) be a Garsia number and x € Ig be such
that hg(x) is defined. Then there exist K1 > 1 and N(z) € N sufficiently
large such that for all n > N(x),

hg(z) _ "
K, —2n
Here K1 only depends on .

| Xsn(2)] < Kihg(z).

Proposition 2.4 will be a vital tool when it comes to proving Theorem [I.2

3. Proof of Theorem Our proof of Theorem is inspired by
the work of Beresnevich [I}, 2]. However, it is not a simple case of swapping
notation where appropriate—a much more delicate argument is required.

We start by proving several technical lemmas. The following one is due
to Garsia [10].

LEMMA 3.1. Let B € (1,2) be a Garsia number and (&), (€;)", €
{0, 13" If (e0)iny # (€3)iy then
L " € Ky
2LFTLE

for some strictly positive constant Ko that only depends on f3.

Lemma [3.1]is well known. However to keep our work as self-contained as
possible we provide a short proof.

Proof. Let (&), (), € {0,1}" and assume (&)™, # (€;)i,. We
introduce the polynomials

Pz)=e2" '+ ezt P2)=€z""14+ -t 246,
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Since S is an algebraic integer with norm +2 it is a zero of no polynomial
with coefficients in {—1,0,1}. Therefore P(8) — P'(3) # 0. Moreover, if
Y1, ...,k are the conjugates of S then

k

(3.1) (P(B) = P'(8)) [ [(P(v) = P'(m)) € 2\ {0}.

=1

Taking the absolute value of (3.1) and applying a trivial lower bound, we
see that (3.1) implies that

1§’( H — P 'Yz))‘

221 -
<IP3) = POITIO+ il oo+ ) < 1P&) — POITL -

i=1 6; . 11 1
<o)~ Po i =[S 5 - X 4t

This gives the required lower bound. In the above we have used the fact
B*TTE, |™ = 2", which follows from the norm of § being +2.

Recall the Lebesgue differentiation theorem: if f € L'(R) then for almost
every x € R,

(3.2) lim — | f(y) dA(y) = f(x).

Here B,(z) denotes the closed interval centred at z with radius r. Given
f € LY(R), we call any x € R satisfying a Lebesgue differentiation point
for f. The Lebesgue differentiation theorem tells us that given f € L!'(R),
almost every £ € R is a Lebesgue differentiation point for f. With this
theorem in mind we establish the following lemma.

LeMMA 3.2. Let B € (1,2) be a Garsia number, and let x € Ig be a
Lebesgue differentiation point for hg satisfying hg(x) > 0. Let r*(z) be such

that
WD < L b))

Br(x)

for all r € (0,7*(x)). Then there exists L € N and r € (1,2) such that for
all r € (0,7*(x)),

A{y € By(x) : hgly) <1/L}) < sr.

Moreover, L and x only depend upon B and x.
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Proof. Fix 8 and x that satisfy the hypothesis of the lemma. We begin
by relabelling the upper bound for the density provided by Theorem [2.1

Let
B 2

I (n-1)

where 71, ..., are the conjugates of 3. To each L € N we associate
Ap :={y € Br(z) : hg(y) <1/L}.
For r € (0,7*(z)), by trivial estimates,

hg(x 1
(3.3) 62( ) < 5(5 he()d\w)+ | hs(y) dA(y))
Ap B, (z)\AL
< 2 (1) + @ - xanC
S5\ T L r L .
Manipulating yields
(3.4) MAL)(C —1/L) <r(2C — hg(x)).
We may assume that L € N is sufficiently large that C — L= > 0. Hence
2C — hg(x)
. < —_— .
(35) Az < (2521

It is obvious that as L — oo,
2C — hﬁ(l’) N 2C — hg(:r)
C—-1/L C '
Since (2C' — hg(x))C~t € (1,2), we conclude that there exist L € N and

k € (1,2) such that for all r € (0,7*(x)) we have \(Ar) < kr. Moreover,
both L and x only depend upon z and 3. =

We also make use of the following lemma due to Chung and Erdés [3].

LEMMA 3.3. Let (E,)02 be a sequence of measurable sets contained in
a bounded interval. If >~ | N(Ey) = oo, then

k 2
ME
A(lim sup En> > limsup — (27;:1 (En)) .
n—00 k—00 Zn:l Zm:l )\(En n Em)
We are now in a position to give our proof of Theorem

Proof of Theorem [1.3 The proof depends on an application of the Le-
besgue density theorem, which states that if £ C R is a measurable set,
then for almost every = € F,

L MEN B, (@)
r—0 2r

=1.
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As a consequence, to show that Wg(¥) is of full measure within Ig, it suffices
to show that for almost every x € Ig there exists 6 > 0 such that

(3.6) A(Ws() N B, () > or

for all r sufficiently small. Here ¢ is allowed to depend on z but not on 7.
This will be the strategy we employ to show Wg(¥) is of full measure. It
is worth noting that the Lebesgue density theorem is simply the Lebesgue
differentiation theorem when f is the indicator function on F.

For the rest of the proof we fix x € Ig. We only need to show that
holds for almost every x € Ig. We may therefore assume without loss of
generality that: hg(x) exists, hg(z) > 0, and x is a Lebesgue differentia-
tion point for hg. In this case, both Proposition and Lemma can
be applied. The fact that we can take hg(z) > 0 is a consequence of the
aforementioned work of Simon and Mauldin [I16], who showed that if ;4 is
absolutely continuous with respect to the Lebesgue measure then it is in
fact equivalent to the Lebesgue measure.

For ease of exposition we break what remains of our proof into three
parts.

(1) Replacing ¥ with¥. Let Ky be as in Lemma soif (&), # (e,
then
Ko
on’

6 .

(3.7)

Let ¥(n) = min{¥(n), K22~ "}. Then Zflo:l 2" (n) = oo. To see this, we
remark that if S°°  2"W(n) < oo then there must exist infinitely many
n € N for which ¥(n) = K»2~". This is a consequence of °°  2"F(n)
diverging. However, this implies that for infinitely many n € N the term
2"F(n) equals Kg, and as Ky > 0 the sum must diverge.

Clearly Ws(¥) C W5(%). Therefore, to show that (3.6) holds and Wp(¥)
is a set of full measure within Ig, it is sufficient to show that the following
analogue of (3.6 holds for some § > 0 and for all r sufficiently small:

(3.8) A(Ws(#) N By (x)) > or.

The important feature of our new function ¥ is that 1} implies that
for (e;); # (e;)I_, we have

(3.9) {Z Z ] [ZﬁzZﬂLW } 0.

This observation will prove useful later on in our proof.
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(2) Construction of the E,,. Letr € (0,7*(z)) and L € N be as in Lemma
Let
Bp = {y € By(x) : hg(y) = 1/L}.

Lemma tells us that A\(Br) > wr where w := 2 — k > 0. Importantly,
w only depends upon S and z.

Proposition shows that for almost every y € I there exists N(y) € N
sufficiently large that

(3.10) hi((ly) < Q—Z\Eﬁ,n(y)l < hg(y) K1

for all n > N(y). Using the upper bound for the density provided by The-

orem [2.1} we see that for almost every y € By there exists N(y) € N such
that

(3.11) L s < =

- S A , ki

LEy — 20 [liei(vi—1)

for all n > N(y). Now let us take N* € N to be sufficiently large that
(3.12)

n
)\({y € Br: LlKl < 2—”|Eﬁ7n(y)| < Hff(ljj—l) for all n > N*}) > %
Throughout our proof, N* is allowed to depend on r. Let
n
C:= {y € Br: LlKl < §7|Zgn(y)\ < Hff([il— ! for all n > N*}.
Upon relabelling, any y € C' satisfies
(3.13) 1. @!Em(y)! < K3
K3 2m ’

for all n > N*, where K3 is some positive constant depending only upon 3
and x. Importantly, K3 does not depend on r.

We now focus our attention on the interval B,(z). Fix n > N* where N*
is as above. We fill B,.(z) with closed intervals satisfying certain desirable
properties. We may pick a set of closed intervals satisfying;:

Each interval is of width (8™(8 —1))~%.

Each is strictly contained in B, (x).

If they intersect it is only at a shared endpoint.

They cover all of B,(z) except for a set of measure at most wr /4.

To assert that there exists a set of intervals with this covering property, it is
necessary to assume that N* is sufficiently large. This is permissible as N*
is allowed to depend on 7. Let {I7'} denote a set of intervals with the above
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properties. Then it is a consequence of (3.12)) that

(3.14) A(U N C) > wr/d.

Without loss of generality, we may assume that the enumeration of the set
{17} is such that I7' is the leftmost interval, then I3 sits immediately to
the right of I{, then I3 sits immediately to the right of I3, and so on.
This implies that for any two distinct intervals in {I'} whose subscripts
have the same parity, there is at least one interval of size (3™(8 — 1))~!
sitting between them. We partition {I}'} into two subsets, those with an
odd subscript, {I? ,4}, and those with an even subscript, {IJ" }. It is a

,even
consequence of (3.14)) that

A(Ulj’foddﬂ(}'> >wr/8 or A(UIJ’fevenﬂC> > wr/8.
J J

Without loss of generality we assume that A(J I} ,qq N C) > wr/8. Let
J = {1} yaq  Int([qq) N C # 0}
Each I7 44 is of width (5"(3 —1))~!, therefore
1> [8%(8 — Dwr/8].
We pick a subset of J with cardinality precisely [8"(8 — 1)wr/8]. Abusing
notation we also denote this set by J.
For each I?

Toda € J we choose a point of € int(I,4q) N C. Since |J| =
(8" (8 — 1)wr/8] we have

(3.15) {af} = [6"(8 — Dwr/8].

For each o, let {v;} be the set X, (a]) of n-prefixes. We are now in a
position to define

(3.16) E.v=J U [ +en)

a? VS”,]EZB,n(oz;L)

For distinct o, o, we have o} — ol > (8"(8 — 1))~L. This is because
aj and 04;5 are in the interior of distinct I3 and I;%, where j and j’ have
the same parity. Recall that it is as a consequence of our construction that
for any two intervals of the same parity there exists an interval of width
(B™(B — 1))~ sitting between them. By each element of Xg,(a}) is
contained in [} —1/(B8"(8—1)), o], and similarly each element of Xg ,(a}))
is contained in [a, —1/(B8"(8—1)), aj;]. Therefore X, (af)N X5 (af) = 0,

and by 1) we may conclude that any two distinct intervals [V, v, +¥(n)]
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and [V ., vl .+ Ll/( )] appearlng in 1} are disjoint. Making use of this
8.7 Vs
fact, along with ( and ( , we observe that

B (B — 1)007“ 2n - BB —1)wr]2"Ks -
aan | ]W&MMSMEJS[ 2 )
It is clear that (3.17)) implies
(3.18) &@( ) < MEy) < 2"r KW (n)
K,

for some positive constant K, that only depends upon 8 and x.

Clearly limsup,,_,., E, C W5(¥) N B,(z). Therefore to show that there
exists 6 > 0 for which . holds, it suffices to show that there exists § > 0
such that
(3.19) A(lim sup En) > 6r.

n—oo
Estimates (3.18) and our divergence assumption imply > > . A(E,) = oc.
Therefore we can apply Lemma [3.3] In the next part of our proof we obtain

a lower bound for A(limsup,,_,., Fy) using Lemma As we will see, this
lower bound yields a ¢ that satisfies (3.19)).

(3) Applying Lemmal3.5 to E,,. To begin with, let My € N be sufficiently
large that

Mo
(3.20) > 2"F(n) > 1
n=N*
Let m,n > N*. For any v, the number of 1/8 J whose corresponding
interval [V ., vg o + ¥ (n)] may intersect [V g Ve T ¥(m)] is at most

s,
T(m) 94 2" (1)

Ky2—n Ky ’
by Lemma Therefore
. - 2y
B21)  MEBNWl + E) < B (24 20
2

Applying (3.13) and (3.15)) it is clear that

m -1 om
lg%ﬂﬁﬂngg)wbgﬁ

Therefore
(3.22) ‘U Ss.mla ‘ < 9K,
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where K3 is a positive constant depending only on g and z. Combining

(3.21)) with (3.22]) we obtain the bound

(3.23)  AE.NEy) <2"rK; (@(n) <2 N Q”fém) )>

< 9rks (Qm@(n) n 2n+mgpl((7z)lll(m) )

We now give an upper bound for the double sum in the denominator in
Lemma First of all we split up the terms in this summation:

Mo Mo Mo n—1
(3.24) ) Z MEnNEm) = > ME)+2 > > ME.NEp)

n=N* m=N* n=N* n=N*+1m=N*

By and m we obtain
Mo Mo ) .
(3.25) Z ME) <rKy Y 2%(n) < TK4( 3 2”@(7@))

n=N* n=N* n=N*
As a consequence of (3.23)),

My n—1
(3.26) > Y AMENER)

=N*+1m=N*
n m My n—1 5 2n+m@(n)@(m)
<K Y > (2”@(71) + e >
n=N*+1m=N* 2

We now split the summation in (3.26]) into two summations. For the first
we have the bound

My  n-1 ) Mo ) My )
(3.27) Yo Y iy < Y 2(n) < ( 3 2"u7(n)> .
n=N*+1m=N* n=N*+1 n=N*
For the second summation in (3.26)) we observe
My n—1
(3.28) SN i ( Z 2" (n ) .
n=N*+1m=N* n=N*

Combining (3.18)), (3.24)—(3.28) we obtain

(- AMEn))?
27];/[:0N* Z%O:N* AME, N Ep)
S r2K (- 2" (n))? .
T r(Ky + 4Ks + 4Ky TKs) (ML 2nB (n)2

(3.29)
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Let
-2
0:= Ky :
Ky +4K5 + 4K, ' K5’

it is clear that ¢ only depends on 8 and x. Combining Lemma and ([3.29)
we obtain

A <lim sup En> > or.

n—o0

Therefore (3.19) holds and we may conclude that Wg(¥) is a set of full

measure within /g. m

4. Proof of Theorem Our proof is straightforward and relies on
basic properties of the Lebesgue measure. For ease of exposition we recall
that ¥ is decaying regularly if for each m € N there exists C,, € N such that

14 1
(4.1) ¥(n+m) >
U(n) Cm

for every n € N.

Suppose ¥ : N — R satisfies Y - 2"W(n) = oo. Given k € N let
V), : N = Rx( be defined via Wx(n) := ¥(n)k~!. For each k € N the sum
S0 2" (n) also diverges. If 3 is approximation regular then Wg(¥%y) is a
set of full measure within I for each k € N. Therefore

Qp(P) == () Ws()
k=1

is also of full measure. Let

I(¥) = 1Ig\ £2(¥),

so if f is approximation regular then A\(I'3(¥)) = 0. We introduce the func-
tions Tp(x) = Sz and Ti(x) = Sz — 1. We will denote a typical element of
{Ty, Th}" by a = (ay,...,ay). Moreover, we let a(z) denote (ano---0aq)(z).
By {Tv,T1}° we denote the set consisting of the identity function. Let

250):=J U o'W

n=0 aE{To A }n

Since T, ' and T * are both similitudes, it follows that A\(Az(%)) = 0 when-
ever (8 is approximation regular. We are now ready to prove Theorem

Proof of Theorem[1.4. Assume f is approximation regular, ¥ : N — Rxg
is decaying regularly and ) 7, 2"W(n) = co. Let z € Iz \ Ag(¥). By the
above, Iz \ Ag(¥) is a set of full Lebesgue measure within /3. We now show
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that = has a S-expansion (¢;)°; which satisfies

n

ng—Z%SW(n)

i=1
for infinitely many n € N. Since x € Ig\ Ag(¥) it is clear that € Wg(¥).
Therefore there exist infinitely many solutions to the inequalities

n
ogx—zggw
=1

Let (€]), be the first sequence whose level n; sum satisfies these inequali-

ties. Without loss of generality we may assume (€})7"}; is an n;-prefix for z.

In this case, multiplying through by 5™ in gives

(T, 0 0Ta)(z) =fMe—ef™ ™~ ey 18—, € I5.
Let C! € N be sufficiently large that
(4.2) W%ln(ln) <¥(n+ng)
for all n € N. Such a C' exists because ¥ is decaying regularly. Since z €
Is\ Ag(¥) we have (T11 o---oTa)(x) € Ws(¥cr). Therefore there exists

(€7,...,€2,) such that
(4.3) (T, 00 Ta)( Z B < Wi (ng).
Dividing through by g™ in (4.3) and applylng 2)) yields

62 Wcl (TLQ)
fE—Z*—WZEZ < W < ¥(nj + ng).
Without loss of generality we may assume that (e}, ..., el . €, ... ,6%2) is an
(n1 + ne)-prefix for x.

Since z € Ig\ Ag(¥) we have (TE%2 0-+-0TzoTy o oTa)(x) € Wa(¥y)
for each k € N. We choose C? € N sufficiently large that

We2(n)
Britms <¥(n+ny+ no)

for all n € N. We then repeat the above argument with C! replaced by C?
and (T67111 o---oT,.) replaced by (Te%Q 0--0T20Ty o o T ) to obtain

a sequence (6‘%, cee ns) such that

L €; 1 & €2 1 U5 €3
T — — — 2 — L < ¥(ny + no + ng).
; ﬁz Bm ; Igz ﬂnﬁrnz ; Bz ( )
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Again we may assume that the sequence (ei,... ,61111,6%, R 6%2, €, ...,e)
is an (n1 + ng + ng)-prefix for x.
Repeatedly applying the above procedure we obtain an infinite sequence

(€)2, which forms a S-expansion for x and satisfies

n
€
0<z— Z ﬁ < Y(n
=1
for infinitely many n € N. =

5. Final comments. In this final section we make a few comments on
the connection between the set of points with a unique B-expansion and
Iﬁ \ Wﬁ(@) Let

1
Ug := {1: € (0, 51) :  has a unique ﬂ—expansion}.

The set Ug is a well studied object. It is a consequence of the work of Dardczy
and Katai [5] and Erdés, Jo6 and Komornik [8] that Ug is nonempty if and
only if 8 € (%, 2). Let B. = 1.78723 be the Komornik—Loreti constant
introduced in [I5]. Glendinning and Sidorov [II] showed that Us is count-
able if § € (1+2\/5, BC), Up, is uncountable with zero Hausdorff dimension,
and Up has strictly positive Hausdorff dimension if 8 € (8.,2). Moreover,
dimpy(Ug) = 1 as f — 2.
The significance of Up is that if x € Ug then

(5.1) Y <
5”( Z g ﬁ" pr(B—1)
for all n € N, where (ei)fil is the unique p-expansion for z, and k is some
strictly positive constant that only depends on x. The existence of k can be
seen as a consequence of the symbolic interpretation of Ug provided by [11],
Lemma 4]. Equation (5.1)) then implies that for any ¥(n) = O(y™™) where
~ > B there are finitely many solutions to the set of inequalities

n

e
ogm—zﬁ—’i < W(n).

i=1
Therefore if ¥ decays sufficiently quickly and 8 € (H\[ ) then Iz \ Wg(¥)
is always infinite. We finish with an example that emphasises the above.

EXAMPLE 5.1. Take 8 ~ 1.76929, the appropriate root of 23 —2x—2 = 0.
Then S is a Garsia number and by Theorem it is approximation regular.
If we then take ¥(n) = 27" we see that Wg(¥) is of full measure. Yet by
the above Ig \ W3(¥) contains an infinite set.
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