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On certain infinite families of imaginary quadratic fields
whose Iwasawa A-invariant is equal to 1

by

AKiko ITo (Yokohama)

1. Introduction. Throughout this paper, D will denote the fundamen-
tal discriminant of a quadratic field Q(v/D). Let xp := (Q) be the Kro-
necker character. For a prime number p, we denote by \,(Q(v/D)) the Twa-
sawa A-invariant of the cyclotomic Zy-extension of Q(VD). If p splits in an
imaginary quadratic field Q(v/D), then it is known that \,(Q(v/D)) > 1.
We may ask how often imaginary quadratic fields with A\, = 1 appear for a
given prime number p. First, we consider the following question.

QUESTION 1.1. Let p be a prime number. Is the set

D: the fundamental discriminant of
an imaginary quadratic field

MW(QVD) = L and xplp) = 1]

infinite?

For p = 2, Question has an affirmative answer. In fact, we can prove
this by using Kida’s formula for Ay of imaginary quadratic fields [18§].

We treat the case where p > 3. D. S. Dummit, D. Ford, H. Kisilevsky, and
J. W. Sands [10], T. Fukuda and H. Taya [12], J. S. Kraft and L. C. Washing-
ton [22] and others constructed tables of A, for imaginary quadratic fields.
For p = 3, T. Fukuda and H. Taya [12| p. 302] gave the following table of
A3(Q(v/—d)) for positive square-free integers d less than 10,000,000:

A3 0 1 2 3 4 5
d=0mod3 890546 (x) 409063 145360 49796 16750 5517
d=1mod 3 1327112 617243 220648 76138 25595 8666
d=2mod 3 0 1320935 618333 225217 76691 25554
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A3 6 7 8 9 10 11 12 13 14 Total
d=0mod3 1864 613 218 50 24 8 1 1 2 1519813
d=1mod3 2939 912 329 112 28 12 4 2 1 2279741
d=2mod3 8622 2956 939 311 123 44 6 3 2 2279736

The number in (x) is the number of positive square-free integers d less than
10,000,000 such that d = 0 mod 3 and A\3(Q(v/—d)) = 0. It seems that the
Iwasawa A-invariants of the cyclotomic Zs-extensions of imaginary quadratic
fields tend to be small.

REMARK 1.2. Kraft and Washington [22] and J. S. Ellenberg, S. Jain,
and A. Venkatesh [11] made heuristic predictions on the behavior of A, for
imaginary quadratic fields. Ellenberg, Jain, and Venkatesh [I1] conjectured
the following: Let p be an odd prime number and n a non-negative integer.
Among imaginary quadratic fields k in which p does not split, the probability
that Ap(k) =nis p" [[;o, ten (1 — ph).

Question was studied by D. Byeon [5]. Suppose 0 < X € R. We
denote by S_(X) the set of negative fundamental discriminants —X <D <0
of quadratic fields. Byeon proved the following theorem.

THEOREM 1.3 (Byeon, [5, Proposition 1.2]). Let p be an odd prime num-
ber. Assume that there is a negative fundamental discriminant Dy of a quad-
ratic field which satisfies the following conditions:

() MQ(Do) =1, (i) xpp(p) = L.

Then, for any sufficiently large X € R, we have

H{D € S_(X) | \(QVD)) =1 and xp(p) = 1} > vx

log X~

The assumption of the existence of Dy is necessary for the proof. In [5],
Byeon gave such a Dg for each odd prime number by using a result of
R. Gold [13| Theorem 4|. But it seems that he did not use Gold’s result
correctly (he did not verify the indivisibility of the class number). Therefore,
we give such a Dy in the following way.

THEOREM 1.4. Let p be an odd prime greater than 3. If Ap(Q(v/1 —p))
> 1, then A\p(Q(v/4 —p)) =1.
EXAMPLE 1.5. (1) When p = 13, we have

A3(Q(v1—13)) = Mi3(Q(V=3)) =2 > 1,
A3(Q(V4 - 13)) = Aa(Q(V-1)) = 1.

(2) When p = 23, we have
A2s(Q(VI = 23)) = Ao3(Q(vV—=22)) =2 > 1,
A23(Q(V4 = 23)) = Ag3(Q(v=19)) = 1.
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We calculated these examples by using Mizusawa’s program [24]. Since
the integers 1 — p and 4 — p are quadratic residues modulo p, we can take
Q(v/Do) to be Q(/T—p) or Q(/4 —p) when p > 5. When p = 3, we can
take Q(v/Dy) to be Q(v/—23). From Theorems and we obtain the

following corollary.

COROLLARY 1.6. Let p be an odd prime number. Then, for any suffi-
ciently large X € R, we have
vX
#H{D € S_(X) | \(Q(VD)) =1 and xp(p) =1} > g X
Question [I.1] is thus answered affirmatively. Secondly, we will study a
refinement of Question (1.1

QUESTION 1.7. Letp,r1,...,7s andr},...,r; be distinct odd prime num-
bers, where s and t are positive integers. Is the set

D: the fundamental discriminant xp(p) =1,
of an imaginary quadratic field | xp(r1) =---=xp(rs) =1, and
xp(ry) == xp(ry) = -1
infinite?

We study the existence of infinite families of imaginary quadratic fields
with A\, = 1 under the splitting conditions of prime numbers. Results in [17,
Theorem 13] and [19, Theorem] gave a hint on raising this question. We give
a generalization of Theorem

THEOREM 1.8. Let p be an odd prime number, and let G and S_ be
disjoint finite sets of odd prime numbers such that p € &4. Fiz (A, B) in
{(1,8),(5,8),(8,16)}. Assume that there is a negative fundamental discrim-
inant Do of a quadratic field which satisfies the following conditions:

(i) Do=Amod B, (ii) Do # —8, (iii) \p(Q(vDy)) =1,
(iv) every r € &4 splits in Q(v/Dyg) and every ' € S_ is inert in

Q(vDo).

Then, for any sufficiently large X € R, we have

D = A mod B,
#4DeS_(X)|MNQWD)) =1, and p > lﬁ

og X’
condition (x) holds

where (%) denotes the condition that every r € & splits in Q(v/D) and
every v’ € &_ is inert in Q(v/'D).
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EXAMPLE 1.9. Assume p = 3, &4 := {3}, 6_ := {5}, and (4,B) =

(1,8). In this case, we can take Dy = —23, for example. It follows from
Theorem that for any sufficiently large X € R we have
D =1mod38
) \/y
4D €S (X) X(Q(VD)) =1, > e X
xp(3) =1, and xp(5) = -1
Since the condition that D = 1mod 8, xp(3) = 1, and xp(5) = —1 is

equivalent to the congruence relation D = 73,97 mod 120, the above esti-
mate implies that
X
#{D e S_(X)| D =73,97 mod 120 and \3(Q(vV'D)) =1} > 1\/;(
0g

In Theorems [1.3] and we do not construct infinite families of imag-
inary quadratic fields with A, = 1 explicitly (see the proof of Theorem
in Section . Therefore, we consider the following problem.

PROBLEM 1.10. Let p be an odd prime number. Construct explicitly an
infinite family of imaginary quadratic fields whose Iwasawa A,-invariant is
equal to 1.

We construct such fields in the following theorem. However, we do not
know whether they are infinitely many or not. We denote by h(k) the class
number of an algebraic number field k.

THEOREM 1.11. Let p be an odd prime number, q1 a prime factor of
p — 2 such that q’l’_1 # 1 mod p?, and n an integer greater than 1 such that

ged(p,n) = 1.
(1) Assume p =3 mod 4.
(i) Suppose p=3. If 31 h(Q(/1—p")), then \3(Q(/1 —p"))=1.

Furthermore, if n1 and mo are positive odd integers with
ni,ng # 5 such that Q(/1 — p™) = Q(v/1 — p™2), thenn; = na.

(ii) Suppose p # 3 and 2P~1 # 1 mod p?. If p{ h(Q(/T — p")), then
Ap(Q(v/1 —p")) = 1. Furthermore, if nq and ny are positive odd

integers such that Q(y/1 — p™) = Q(y/1 — p™2), then ni = ns.
(i) Suppose 2P~1 = 1modp? If p 1 h(Q(/¢ —p")), then
AP(Q(\/W)) = 1. Furthermore, if ny and ny are positive
odd composite numbers such that Q(\/q? — p”l):@(\/W),
then n1 = ns.
(2) Assume p =1 mod 4.

(i) Suppose 2°P~Y #£ 1modp® If p 1 h(Q(v/E—p")), then
Mp(Q(v4 —p")) = 1. Furthermore, if ny and ny are positive
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integers such that Q(y/4—p™),Q(v/4 —p™2) # Q(v/—1) and
Q(v4 —p™) = Q(v4 —p2), then ny = na.

(ii) Suppose 2P~! =1 mod p? and 4¢3 < p". If pt H(Q(\/4q? — p™)),
then A\p(Q(+\/4q? — p™)) = 1. Furthermore, if ny and na are posi-
tive composite numbers such that Q(\/4q% —pn), Q(\/Zlq% —pn2)

# Q(vV=1), and Q(VAqf —p™) =Q(/af —p™), then ny =ns.

REMARK 1.12. A prime number p such that 2P~! = 1 mod p? is called a
Wieferich prime.

REMARK 1.13. For a given odd prime number p with 2°~! = 1 mod p?,
we can prove the existence of ¢; as in Theorem as follows. Assume that
qffl = 1 mod p? for any prime factor q; of p—2. Then (p—2)P~! = 1 mod p?.
Expanding the left side of this equation, we find that

o= S ("7 )

=0~ 7 o
— (-2t - op-2p 2 X (U ap
=~

=2°71 — p(—2)P"2 mod p*.
Using the assumption 2°~! = 1 mod p?, we obtain
271 p(=2)P72 =1 — p(—2)P"? mod p°.
Thus,
1=1-p(—2)""% mod p?,
that is, p|2, a contradiction. Hence, there exists at least one prime factor
g1 of p — 2 such that q"i’_l # 1 mod p?.

Finally, as a topic relevant to Theorem[1.11] we add a result on imaginary
quadratic fields whose Iwasawa A,-invariant is greater than 1. J. W. Sands
[26] proved that there exist infinitely many imaginary quadratic fields K
such that p splits in K and the Iwasawa \j,-invariant of K is greater than 1.

The outline of his proof is as follows. Fix an odd prime number p and an
arbitrary integer n > 2 which is not divisible by p. Define

Appn={a€Z|0<a<2p”, pfa, and aP~! =1 mod p?}.

He proved that p splits in Q(y/a? — 4p?") and that A\,(Q(y/a? — 4p?)) >1

if a € Ay, (see [20, Lemmas 3.1 and 3.2]). The cardinality of A, is
2(p — 1)p" 2 (see [26], proof of Theorem 3.3]). He counted the number of
imaginary quadratic fields Q(y/a? — 4p?") with a € A,, and showed that
there exist at least 2(p — 1)p"~2 — 3 imaginary quadratic fields K such that
p splits in K, A,(K) > 1, and the fundamental discriminant of K is greater
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than —4p?" (see [26, Theorem 3.3]). Let n — oo in the above result. Then
we find that there exist infinitely many imaginary quadratic fields K such
that p splits in K and the Iwasawa \,-invariant of K is greater than 1 (see
[26, Corollary 3.4]).

We refine Sands’s proof. By studying the divisibility of the class number
of the imaginary quadratic fields Q(y/1 — 4p™), we obtain a simpler proof of
his result in the following way.

THEOREM 1.14. Let p be an odd prime number and let n be an integer
greater than 1 such that gcd(p,n) = 1. Then \y(Q(y/1 — 4p™)) > 1. Further-
more, if n1 and ny are integers greater than 8 such that Q(y/1 —4p™1) =

Q(v/1 —4pm), then ny = ny.

For a given odd prime number p, there exist infinitely many integers
n such that n > 8 and ged(p,n) = 1. We see from Theorem [1.14] that

Q(v/1T —4p™) # Q(+/1 — 4p™2) if ny # na. Therefore,
{Q(y/1 —4p™) | n € N such that n > 8 and ged(p,n) =1}

is an infinite family of imaginary quadratic fields in which p splits and whose
Iwasawa Ap-invariant is greater than 1.

This paper is organized as follows. In Section [2| we show Theorem
by using a result of Sands [26]. In Section |3, we prove Theorem by
using some property of the Fourier coefficients of Cohen’s Eisenstein series
of half-integral weight [7]. In Section |4} we show Theorems and by
combining the method of proof of Theorem and the study of divisibility
of class numbers of imaginary quadratic fields.

2. Proof of Theorem [I.4 The method of proof is based on the one
in [5]. To check whether the Iwasawa A-invariants of the cyclotomic Z,-
extensions of imaginary quadratic fields are equal to 1, we use the following
theorem.

THEOREM 2.1 (Sands, [26, Proposition 2.1]). Assume that p is an odd
prime number that splits in the imaginary quadratic field K. Thus (p) = pp,
the product of prime ideals of K. Suppose that my is a positive integer not
dwisible by p such that "™ = (), a principal ideal of K. Then A\,(K) > 1
if and only if either €~1 = 1 mod @? or p divides the class number of K.

REMARK 2.2. We see from Theorem that A\p(K) = 1 if and only
if &1 # 1mod p? and p { h(K). When p t h(K), we have \,(K) = 1
if and only if €71 # 1 mod p%. Gold proved this special case in [13], and
Sands improved his result as seen above. To use their necessary and sufficient
condition for A,(K) = 1, we need to check that p t h(K). In [5], the above
necessary and sufficient condition is used without this study.
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To use Theorem 2.1} we need the following lemma.

LEMMA 2.3. Let p be an odd prime number such that p > e’, and x1 a
positive integer such that x3 < p. Then p{ h(Q(\/z? — p)).

Proof. Let K be an imaginary quadratic field. The class number formula
for such fields is
WK |DK|
— (1

27'(' ( 7XDK)7
where wg is the number of roots of unity in K, Dg is the fundamental
discriminant of K, and L(s,xp, ) is the Dirichlet L-function. We substi-

tute K = Q(y/zf —p) in this formula. Since p 1 h(Q(v/=1)) = 1 and
p1 h(Q(v=3)) = 1, we may assume Q(y/x? — p) # Q(v/—1), Q(v/=3), that

s, we may assume wg, VE) = 2. Substituting this in the class number

V1 Po( sz
Q( 1 ) L(l

XD
T " a/=2-p)

h(K) =

formula, we get

hQ(y/2? - p)) = )

From
|DQ(\/x%7—p)| S 4|$% _p‘ = 4(]7 - :‘C%) < 4p,
we see that

R@(at—p) < L, )

2-p)
We have
L(1,xp,) < %log |Dk |+ loglog |Dk| + 2.8
(see [8, Proposition 10.3.16]). Using this inequality, we obtain

2
ey L, )
< T{;log\DQ(m)\ —i—loglog]DQ(@)] +2.8}
< 2;{ﬁ{;log4p+loglog4p+2.8}
= 2;/13{; -2log2 + %logp+log(2log2 +logp) + 2.8}
= Q;T/ﬁ{;logp—i— (log 2 + log(2log 2 + log p) + 2.8)}.

We now prove that

(2.2) log2 + log(2log2 + logp) + 2.8 <logp when p > e’.
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Indeed, let
f1(X) :=log X —4 —log(2log 2 + log X).
From
f/(X)—i— 1/X 1 /2log2+logX —1
D277 X0 2log2+1logX X\ 2log2+logX )’

we see that f{(X) > 0 when X > e. Thus, f1(X) increases when X > e. For
X = €7, we have

fi(e") =loge” — 4 —log(2log 2 + loge”)
=7—4—1log(2log2+7) =3 —log(2log2 +7)
3
>3 log(2+7) :3—10g9:10g% > 0.

Hence, f1(X) > 0 when X > €7, that is,
log X >4+ log(2log2 +log X) when X > €.
Since log 2 + 2.8 < 4, we have
4 +log(2log2 +log X) > log2 + log(2log 2 + log X) + 2.8.
Hence,
logp > log2 +log(2log2 +logp) + 2.8 when p > e,

proving (2.2).
Substituting this in (2.1)), we see that

2 1
) < f(zlogp—klogp)

2B, 3
o2 &

pzi
™

(2.3) 2£L(l,XD

s Q(y/=3—p)
logp when p >e’.

Next, we prove that
(2.4) logp < /p when p > e
In fact, let f2(X) := VX —log X. Since

f/(X):lX—lﬂ_i:L_i:\/X_Q
2 X 2/X X 2X

2
we see that f5(X) > 0 when X > 4. Thus, fa(X) increases when X > 4. As

fa(e?) = Ve2 —loge? =e—2> 0,
we have fo(X) > 0 when X > €2, proving (2.4).
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Substituting this in (2.3)), we obtain

2\/p 3P
\WfL(l,XDQ( 12_p))< \ﬂflogp
1
3 3p
\f\f_ <p whenp>e'.

This implies that 2(Q(y/27 —p)) < p when p > €7, that is, p t R(Q(y/27—p))
when p>e’. m

Using the Kash program, we can check that the class numbers of

Q(v/T=p) and Q(y/4 — p) are not divisible by p when 3 < p < €7. From
this and Lemma we get the following lemma.

LEMMA 2.4. Let p be an odd prime number greater than 3. Then the

class numbers of Q(v/1—p) and Q(v/4 — p) are not divisible by p.
We now show Theorem [I.4] by using Lemma [2.4]

Proof of Theorem . First, we analyse Q(y/1 —p). Suppose that
Ap(Q(v1—=p)) > 1. We can Write
P11 = (I++/1-p)(1—+/1-—p

in Q(v/1 — p), where g denotes the prime 1deal of Q(\/l — p) over p, and
©1 denotes the complex conjugate of ;. Since p 1 (1 ++/1—p) and p 1

(1—y/1—p), we may assume p; = (1++/1 —p) and p; = (1—+/1 — p). Then
©? is a principal ideal. Applying Theorem for K = Q(/1—p), m; =2,
and £ = (1 + /T —p)?, we see from Lemma [2.4] that \,(Q(v/T—p)) > 1 if

and only if
(14 /1 =p)»H?P! =1 mod g2
This is equivalent to

(1+V1=p)*"" V(1 + /1 -p)?* — (1+ 1 —p)® = 0mod pipr”,

that is,

(2.5) (1++/1—=p)* —(1++/1—p)* =0mod p*.

Expanding the left side, we obtain

(26) (1++/1-p)* —(1+/1-p)?

_ {jzpjo @f) (1 p)j} +1 p{: <2j2i 1) S p)j}

—(2-p+2y1-p).
Note that

=3 (=1 (s E (e s

=0 1=2

<
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Substituting this in (2.6)), we obtain

(1+/1—=p)* = (1+/1—p)

E{§<§§>(l_jp)}+ 1—p{§(2j2i1>(1_‘jp)}
_ 2—p—|—2\/i
p p! —
E]ZO< ) Z( )HF{]Z(Qﬁ) pj_0<2j2i1)j}
— (2= p+2y/1-p) mod p*.
Since
Z( /) (7)) -2 jzp;@?>j=22p2p,
and
jZ_é (a721)1 =2 200
we have

(4 VTP = (1+ /T =)
=221 2% 4 1 — {2 = 2% 2p(p— 1)} - (2—p+2V/1—p)
=271 4 /1 —p(2% 71 4227 2p) — (2 —p+2¢/1—p)
=271 —24p)+/1—p2%~ 1 +2%72p — 2) mod p*.

From this and , we obtain

(2.7) 2%~1 — 2 4+ p=0mod p?
and
(2.8) 2%P=1 1 92P=2) _ 9 = 0 mod p*.

In fact, (2.7) implies (2.8), because when 2?P~! = 2 — p mod p?, we have
9201 L 922, 9 =9 _ ;9% 2 9
= —p+22P72p = p(2?272 — 1) mod p?,
and since 2%7=2 — 1 = 0 mod p, we obtain (2.8).
Thus, A,(Q(v/IT —p)) > 1 if and only if
22r=1 _ 9 4 p =0 mod p°.
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Secondly, we analyse Q(1/4 — p). We can write

P22 = =2+V4—p)(2—4—

in Q(v/4 — p), where g2 denotes the prime ideal of (@(\/4 — p) over p, and
P2 denotes the complex conjugate of po. Since p { (2 + /4 —p) and p 1

(2—+/4 — p), we may assume po = (2++/4 —p) and Pz = (2—/4 — p). Then
@3 is a principal ideal. Applying Theorem for K = Q(v/4 —p), my = 2,
and ¢ = (2 + /4 — p)?, we see from Lemma that A\,(Q(v/4 —p)) =1if
and only if

(2.9) (2+ VA= )P # 1 mod g2
We will prove that this is equivalent to
241 93 1 % 0 mod p?

or

24P=2 1 94=5) _ 92 £ () mod p?.
Indeed, (2.9)) is equivalent to

2+ V4 -p)?P 2+ /4 —p)® = (2+ /4= p)* £ 0 mod p3ps°,

that is,
(2.10) (24 /4 —p)* — (2+ /4 —p)® # 0 mod p*.

Expanding the left side, we obtain

2+ VA= P/ - (2+/A—p)?
p—1
S s
J=

O<2j+1

'Mﬁ

> (4— p)j22p—(2j+1)}

J=0

4+ 4/E—prd—p)
> (51) s - a2

Il
]~
N\
[\
S 3
N————
—
[\
to
=
[\
o
b~
o
<
=
S~—
_|_
iy
|
=3
—N
3
I
YOl
[\
= [\
+
—
N———
o
s
—
[\
to
i~
w
o
=
H/_/
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7=0 3=0
p-l 2p p-l 2p
4 — pl 22p—1 _ 92p—3 :
VIS (o) - Sy
—(8—p+4y/4—p)

= 22p22p—1 o 22p—2p . 22p—2p

+ /4 — p{2~ o=t _ 92 3p(p — 12272 —84p—4/4—p
=27t Ja— p{otPT _ (—1)2%P 7322y 84 p—4/A—p
= (2% —8 4 p) 4+ /4 — p(2%P72 4 2%P75p — 4) % 0 mod p°.

Thus,
24P=1 _ 93 4 p £ 0 mod p?
or
24P=2 4 94=5) _ 92 £ () mod p?.
On the other hand, we have proved that the assumption \,(Q(y/1 —p)) > 1
implies
22r=1 =9 _ pmod p%.
Substituting this in 271 — 23 4+ p, we get
2=l 93 L =219 19 R4 p=212—-p)2 -8+4p
=2(p> —4p+4)—8+p=2p> —8p+8—-8+p
= 2p? — Tp = —7p mod p°.
When p # 7, we find that
24r=1 _ 93 4 p = 0 mod p°.
Therefore, if p # 7 and A\,(Q(y/1 —p)) > 1, then A\,(Q(v/4 —p)) = 1.
When p = 7, we see that
227=1 _ 94 p =21 4 5=28197 # 0 mod 72
Hence also A\7(Q(v/1—17)) = A\7(Q(v/—6)) =1. =

3. Proof of Theorem The method of proof is based on [5]. We use
some property of the Fourier coefficients of Eisenstein series of half-integral
weight constructed by H. Cohen [7]. The idea of the proof is used widely
in the study of indivisibility of the class number of quadratic fields (cf.
W. Kohnen and K. Ono [21], K. Ono [25], D. Byeon [2, 3, 4], I. Kimura [19],
etc.). First, we outline the proof. To check whether the Iwasawa A-invariants
of the cyclotomic Z,-extensions of imaginary quadratic fields are equal to 1,
we use the following proposition.
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PROPOSITION 3.1 (cf. [5, Proposition 2.3]). Let p be an odd prime num-
ber and D the fundamental discriminant of the imaginary quadratic field
Q(VD) such that xp(p) = 1. Then L(1 — p,xp)/p is p-integral. Further-
more,

M(Q(VD)) =1 if and only if L(l_pp’XD) # 0 mod p,

where L(s,xp) denotes the Dirichlet L-function.

To show this, we need some property of the Kubota—Leopoldt p-adic
L-function [28, Lemma 1] and [I0, Proposition 5.1]. We can check from
Proposition whether )\p(Q(\/ﬁ)) = 1 or not by studying the congruence
modulo p? of L(1—p,xp). We can consider L(1 —p, xp) as a Fourier coeffi-
cient of an Eisenstein series of half-integral weight constructed by Cohen [7].
Let us now define this Eisenstein series.

Let t be an integer greater than 1 and N a non-negative integer. If
(—1)*N # 0,1 mod 4, then let H(t, N) := 0. If N = 0, then let H(t,0) :=
¢(1 —2t) = —By/2t, where ((s) denotes the Riemann zeta-function and B,
denotes the Bernoulli numbers. If N is a positive integer and (—1)*N = Dm?
where D is the fundamental discriminant of Q(v/D) and m is a positive
integer, then define

H(x,N) = L(1 —t,xp) > _ pu(d)xp(d)d" o1 (m/d),
dlm

where p(-) is the Mobius function and o, (+) the divisor function, o, (m) :=
> djm @”- Let My(Io(N1), x) denote the space of modular forms of weight
k on the congruence subgroup I'y(/N1) with Dirichlet character y. Cohen
proved the following proposition.

PROPOSITION 3.2 (Cohen, [7]). If Fr(2) := Y N _o H(x, N)g", then Fy(z)
is in Myy1/2(10(4), X0), where q := e2™* and o denotes the trivial character
modulo 4.

In our proof, we use this Fisenstein series. Let p be an odd prime number.
Set

Gp(z) == le(z).

p
We see from Proposition [3.2] that
o0
H(p, N
Gp(z) = Z (p)qN € Mp11/2(10(4), x0)-
N=0

Assume that N is a positive integer and that (—1)? N = Dm? for some funda-
mental discriminant D of an imaginary quadratic field such that xp(p) =1
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and some positive integer m. If

H(p,N)/p # 0 mod p,
then
A(Q(VD)) =1
by Proposition Considering L(1 — p,xp)/p as a Fourier coefficient of

the Eisenstein series G)(2), we will now use properties of modular forms to
obtain Theorem

3.1. Proof of Theorem [L.8, The proof relies on Sturm’s theorem on
congruences of modular forms [27]. In Section we state this theorem. In
Section [3.1.2] we prepare a lemma. In Section we prove Theorem [I.8]

3.1.1. Sturm’s theorem. Let

(o9}
gi(z) = Y arl(N)g"
N=0
be any formal power series of the indeterminate ¢ with rational integer
coefficients. We define the order ord,, (g1) of ¢g1(2) at a prime number p; by

ordp, (91) := min{N | a1(N) # 0 mod p1 }.
Let

o
92(2) = Y as(N)g™
N=0

be another formal power series with rational integer coefficients and meo
a rational integer. We define ¢1(2) = ¢2(z) mod mq if and only if a;(N) =
az(N) mod msg for all non-negative integers N. J. Sturm proved the following
theorem on congruences of modular forms.

THEOREM 3.3 (Sturm, [27]). Let p1 be a prime number, k € 3Z, Ny a
positive integer (if k & 7, we assume that 4| N1), and x a Dirichlet charac-
ter. If g(z) € My(I'o(N1),x) has rational integer coefficients and

k k B
> E[Fo(l) :To(N)] = Tk H | (I+a ),
q2|N1, q2: prime

ordy, (9)
then g(z) = 0 mod p;.
3.1.2. A preliminary lemma
LEMMA 3.4. Let p be an odd prime number and

5)-)

Then there exists an integer a(p) coprime to p such that
a(p)H(p,N)/peZ forall N € A;.

A1::{N€N
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Proof. Assume N € A;y. If (—=1)? N = Dm? where D is the fundamental
discriminant of Q(v/D) and m is a positive integer, then

BN _ HLZPXD) S ) (@) oy (m/d)
p p dlm

by the definition of H(p, N). Since > ,,, w(d)xp(d)dP~tog,_1(m/d) is an
integer, we check the value of L(1 — p,xp)/p. Note that xp(p) = 1. Hence,
L(1—p,xp)/p is p-integral by Proposition Therefore, we need to check
L(1—p, xp). It can be represented by using the generalized Bernoulli number
B(p, xp) as follows:

L(1 —p,xp) = —B(p,xp)/p-

The numbers B(p, xp)/p are always integers unless D = —4 or D = +po,
in which case they have denominator 2 or ps respectively, where po is an
odd prime number such that 2p/(ps — 1) is an odd integer (cf. [6]). Let ms
be a positive integer. If 2p/(ms — 1) is an odd integer, then ms = 3 or
ms3 = 2p + 1. Therefore, we can take a(p) = 6(2p + 1) when p # 3. When
p = 3, we can take a(p) = 2(2p + 1) = 14 because xp(p) =1. =

3.1.3. Proof of Theorem . Let 64 = {p,r1,...,rs} and &_ =
{rl,...,r}}, where s and ¢ are poste integers. Suppose @ is a prime num-
ber such that Q € 6. UG_ ( 9] ) = —1, and Q = 1 mod 8. The integer

a(p) is the one in Lemmam 3.4l Let p3 be an odd prime number and ¢ := +1.
Define G1(z) € M, 1/2(I0(4p3), x0) by

Gil2) = aGu(2) (=) = alp) Ni:f (X)Het

ps3 0 ps3 p
and Go(z) € Mp+1/2(Fo(4p§)a Xo) by

Ga(2) = ;{Gl(@ ® <p3> I ene )} a(p) (Zg::éﬁ’(?;mqw.

Repeating this process for prime numbers in G4 U &_ U {Q}, we define
G3(z) € Myy1/2(I0(4P1), x0) by

H(p, N
Gy(e) = alp) Y H@N v
NeAy p
where Py =[], cq, us_ufo} rt and

(T =1 for all r € 64 and
M) = ~1forallv’ € 6_U{Q}

(5

AQ::{NEN




316 A. Tto

Define G4(z) € My,1q/2(Io(4- 82P1), xo) by

o0

Gile)=Ga o =alp) > T
N=3,7mod 8, NcAs
and G5(Z) S Mp+1/2(F0(4 : 84P1)7 XO) by
Go(e) = 3 {Gu) s} —at) > TR

N=—A1mod8, Nc A,
where g denotes the Kronecker character modulo 8, A; :=1if § = 1, and
Ay := 5 otherwise. Let ¢ : (Z/4Z)* — C* be the Dirichlet character defined
by 1(1) = 1 and 4(3) = —1. Define Gg(z) € My, 11/2(I0(4*P1), x0) by

= H(p,N
Golz) = Gale) + Ga( v =ap) Y LNy
N=0mod4, Ne A, p
Using the U-operator and V-operator, define G7(z) € Mp+1/2(F0(45P1), X0)
by
G7(2) == (U2 | Va | Gg)(2) — (Ua | Vi | Go)(2)
= H(p,N
= a(p) > Hip ) o,
N=8mod 16, Nc. Ay p

For the convenience of the reader, we recall the definition of the modular
forms (Up, | ¢)(2) and (Vp, | 9)(2) € My(Io(p1N1), (*22)), where p; is
a prime number, k € %Z, N; a positive integer with 4| Ny, and g(z) :=

>SN a(N)gN € My(Ih(N1), xo):

(Upl | g)(z) = Z a(plN)qN, ( ™ |g Z a p1N
N=1 N=1

Then we can construct the modular form

o)

H(p,N
¢ =a) Y PPN e )
N=—Amod B, Nc As
where (A, B) is a pair of fixed integers in {(1,8), (5,8),(8,16)}, P, := 4°P,
if (A, B) = (8,16), and P, := 47P; otherwise (see the definition of Gj5(z)
and G7(2)). If (=1)PN = —N = Dm? for the fundamental discriminant D

of an imaginary quadratic field and some positive integer m, it follows that
D = Amod B from N = —A mod B, and that

B)-0) = (B)-3)



Imaginary quadratic fields whose Twasawa A-invariant is one 317

(2)-()-1 m (3)-(2)--

where 4 runs over 1,...,s and j runs over 1,...,t. We denote

K:=1+2™2p+1) H r3(r+1),
re6 L U6_U{Q}

because

where my := 10 if A = 1,5 and my4 := 6 otherwise. Set
A3 ={N €Ay |1 <N <gkand —N = Amod B},
&, := {Dy: the fundamental discriminant of Q(v—N) | N € As}.
It is essential for the proof of Theorem to show the following theorem.

THEOREM 3.5. Let | be an odd prime number satisfying the following
conditions:

(i) k<1,
(ii) { =1 mod Ps,
(iii) xp(l) = —1 for all D € &, U{Dy},
wh?re Pg = BHTE.G_;,_UG_U{Q.}T' Then there exists a positive integer N
satisfying the following conditions:
(I) 1< N <lIk,
(1) 11 Ny,
(III) IN; = —A mod B,
(IV) IN; € As,
(V) H(p,INy)/p # 0 mod p.

We prove the existence of prime numbers [ satisfying the above conditions

later (see Lemma [3.7)).
Proof of Theorem[3.5. By using the U-operator and V-operator, we con-
struct the modular form

Gi(2) 1= (U] G)(2) = 30V | 6)(2) € My TattPa), (1)):

The coefficient b(N) of ¢V in Gy(z) is represented as follows:

) = 2P a1 (9,18) — 31, N/}

First, we treat the case where || N. We can write N = [N’ for some
integer N'. Then

b(V) = 22 a1y, 128 — 31705, N
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If N' & Ay, then b(N) =0.If N = —Amod B, N' € Ay, and 1 < N’ < &,
we can show b(N) = 0 mod p as follows. We write —N’ = Dy.m'? for the
fundamental discriminant Dy of an imaginary quadratic field and some
positive integer m’. Then

b(N) = O‘;”){H(p, —Dno(Im")?) = 3H (p, —Dpyrm/?)}.

We see from the definition of H(p, N) that

a(p)H (p, — Dy (Im’)?)
p

= RIS (e (@ (i) .

p d|im/

(3.1)

Since [ > k and k > N’, we have ged(l,m’) = 1. Thus,

> wd)xpy, (d)d oop1 (Im' /d)
djlm’

= S {1ld) XDy ()P ooy (I [d)+p(ld)x D, (1) P 21 (m /) }

djm’
= > {1+ uld)xpy, (d)d o9 1 (m' /d)

djm’

— d)XDy, ()X (DI aappy (/) }
= (L7 ) Y 7 ul(d)xpy, (d)dP ™ oz (' /d).
djm’
Substituting this in (3.1)), we obtain
2 2
a(p)H(p, —Dy (Im')?) (14201 4 lpfl)a(p)H(p, —Dym”)
p p

We see from the assumption [ = 1 mod p that

H — D 2 H — D 2
(1 + l2p71 _’_lpfl)a(p) (pa N/ ) = 30[(]?) (p’ N/ ) mod p.
p p

Hence,
b(N) = 0 mod p.

Therefore, if [| N and | < N < [k, we have b(N) = 0 mod p.
Next, we treat the case where [ { N. In this case, H(p, N/I) = 0. Then

b(N) = a(p)H (p,IN)/p.
Assume that H(p,IN)/p =0 mod p for all positive integers N such that
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Then b(N) = 0 mod p for all integers NV such that 1 < N < [k. Note that
Gi(z) € Z][q] by Lemma Therefore, ord,(Gi(z)) > [x. Here, we use
Theorem [3.3] We see that

L) : LuP) =1 [ (Q+¢h

q2|lP2, g2: prime

=4 I 4 I a+rh
reG U6 _u{Q} reGLu6_u{2,,Q}
3-4ms[(l+1) 4 r+1
- 21 H " H r
re6 L U6_U{Q} re6Lu6_Uu{Q}

34 (4 1)
-2 11

r3 (r+1),
re6,U6_U{Q}

where ms := 5 if (A, B) = (8,16) and ms := 7 otherwise. Thus,

1 1 3-4m5(1+1)(2p + 1) 1

= <p+ 2) Io(1) : IH(IP)] = 48

r3(r+1)
re6L U6 _uU{Q}

=420+ )p+1) [ P+
re6US_U{Q}
=(l+1)k-1)=lk—-1l+r—1
Since k < [, we obtain

1% <p + ;) (1) : Ty(IPy)] < Ik

Consequently,

% (p + ;) [To(1) : To(lPs)] < ordy(Gi(2))-

Applying Theorem (3.3 to G;(z), we find that
Gi(z) = 0 mod p.

On the other hand, we will prove that

(3.2) b(—Dyl?) # 0 mod p,

a contradiction. Indeed,
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b(=Dol?) = O‘Lp){H (p, =Dol") = 3H (p, = Dol*)}

= RO (S ) (A 2y ()

d|i2
=3 u(d)xpy () oz (1/d)}
djl
= AP PO) g 02) 4 0 (O 031 )

= 3(2p-1(1) + p(l)x Do (DI o2p-1(1)) }
_ a(p)H (p, — Do) {1 421y 12(2p-1) +lp—1(1 + l2p—1)

p
=3+t

_ (3+2—9a(p)H(p,—Do) _ —4a(p)H(p,—Do)
B p p
because a(p)H (p, —Dy)/p #Z 0 mod p by the assumption \,(Q(v/Dp)) = 1
and Proposition [3.1
Thus, there exists a positive integer NV such that
(I) 1 < N < x,
(I) LN,
(ITT) IN = —A mod B,
(IV) IN € A,
(V) H(p,IN)/p # 0 mod p.

We can take the above N as N;. The proof of Theorem [3.5]is complete. =

= 0 mod p,

REMARK 3.6. We need the assumption Dy # —8 in the above proof.
Since (Q = 1 mod 8, we have

8 2\°
—)=(2) =1#£-1
(2)=(2)
Thus, the coefficient b(8[3) in G)(z) is zero. Therefore, if Dy = —8, we cannot
use the above discussion.

Using Theorem we will prove Theorem Let [ and N; be integers
as in Theorem Then the fundamental discriminant D; of Q(v/—IN;)
satisfies \,(Q(v/D;)) = 1 by Proposition Moreover, D; = A mod B,
Xr(Dy) =1 for all r € &4, and x,»(D;) = —1 for all v’ € G_. Therefore, we
can prove Theorem by estimating the number of imaginary quadratic
fields Q(v/—I1N;). First, we check the existence of the prime number [.

LEMMA 3.7. There exist infinitely many prime numbers | satisfying the
following conditions:
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(i) k<1,
(ii) { =1 mod Ps,
(ili) xp(l) = =1 for all D € &, U{Dy}.

Proof. We use the Chebotarev density theorem. For convenience, we
rewrite &, = {D1,..., Dy, }, where n; is a positive integer. Set

A= Q(Cpy, VVDoD1,. .., \/DoDny ), B :=A(/Dy).
Let Q(Cy,) be a cyclotomic field containing 8.
First, we will show /Do & 2, that is, [B : A] = 2.
(1) We first treat the case where D = 1 mod 8 (resp. D = 5 mod 8) for
all D € 6, U{Dy}, that is, (A, B) = (1,8) (resp. (4,B) = (5,8)). Since
74 DoDy--- Dy, forall r € 6L US_U{2,Q}, it is sufficient to show

VDo & € :=Q(/~1,v/DoDys,...,\/DoDy, ).
Suppose v Dy € €. We can write

Dy = _ DoD)7 - (Do Dy, )
D 9y
where g; € {0,1} for each i € {1,...,n;} and O denotes the square part
of (DgD1)®t - -+ (DoDp, )*™1. Since D =1 mod 4 for all D € &, U {Dp}, and
0 =1 mod 4, we have
(DoD1) -+ - (Do Dy, )™

— = = 3 mod 4.

On the other hand,
Dy =1 mod 4.

This is a contradiction. Thus, /Do ¢ €, that is, /Dy & 2.

(2) We now treat the case where D = 8 mod 16 for all D € &, U{Dy},
that is, (A, B) = (8,16). Since 71 DgD; --- D, for all r € 6, US_U{Q},
it is sufficient to show

VDo €D :=Q(~-1,V2,\/DyDy,...,\/DoDy, ).
Suppose v Dy € ®. We can write
(DoD1)t - - - (DD, )™
D )
where ¢; € {0,1} for each i € {1,...,n1} and O denotes the square part of
c1:= (DoD1)%' -+ - (DoDy, )¥1. Since

(32) -

for alli € {1,...,n1}, and (68) =1, we have

(4)-(3)-(3)

Dy=—8-
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On the other hand, (@) = —1. This is a contradiction. Thus, /Dy € D,

Q
that is, /Do & 2.
It follows from [B : ] = 2 that there exists

7 € Gal(Q(Cyy) /) \ Gal(Q(Cv,)/B)-

We see from the Chebotarev density theorem that there exist infinitely many
prime numbers [ such that there is a prime ideal p of Q({,,) over | with

T = [W], where [W] is the Frobenius of p in Gal(Q((y,)/Q).

Since the number of primes I’ such that I’ < k, the number of prime factors
of Dy, and the number of prime factors of vy are finite, there exist infinitely
many prime numbers [ with x < [ and [ { vgDg such that there is a prime

ideal p of Q((y,) over | with 7 = [W]

Next, we will show that such prime numbers [ satisfy conditions (ii)
and (iii). Note that each such [ is unramified in Q({y,), that is, the prime
ideal p is unramified in Q({,,). Then the decomposition group of p in
Gal(Q(Cy,)/Q) is (7). Since Gal(Q({y,)/2l) contains (1), the subfield of
Q(Cy,) corresponding to this decomposition group contains 2(. Thus, [ splits
completely in 2. Since Q((p,) is contained in 2, the prime number [ splits
completely in Q((p,). This last property is equivalent to [ = 1 mod Ps (see
[29, Theorem 2.13]). Thus, [ satisfies (ii). It follows from Q(v/DyD;) C A
that ! splits completely in Q(v/DoD;) for all i € {1,...,n;}. On the other
hand, we see from 7 ¢ Gal(Q({y,)/®B) that the prime ideals of 2 over [ do
not split completely in 8. Thus, I does not split completely in Q(1/Dy). We
see from [ 1 Dy that [ is inert in Q(v/Dy). Therefore, we find that xp(l) = —1
for all D € &, U{Dy}, which is (iii). =

Next, we estimate the number of imaginary quadratic fields Q(/—IN;).
In Lemma [3.7) we proved that there exist infinitely many prime numbers [
satisfying (i) k < [, (ii) { = 1 mod P, (iii) xp(l) = —1 for all D € &,U{Dy}.
Since the set of prime numbers [ satisfying (ii) and (iii) is not empty, we see
from the Chinese remainder theorem that there is an arithmetic progression
u; modulo v; with ged(uy,v1) = 1 which contains infinitely many such [.
Here, we need the following lemma.

LEMMA 3.8. Let
Ay :=A{l: an odd prime |l = uy mod vy and | > K},

where uy and vy are the integers mentioned above. Suppose Dy is the fun-
damental discriminant of Q(v/—IN;), where N; denotes the integer in
Theorem BBl Then, for any fived | € A4, there exists at most one I' € Ay
such that Dy = Dy.

Proof. For convenience, we rewrite Ay = {l; | i € N}. For [;,1; € Ay,
we assume that [; < [; if 7+ and j are positive integers with ¢ < j. Suppose
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Dy, = Dy, = Dy;, where h, i, and j are positive integers with h < i < j.
Then
Ny, LN _lelj

(| (I O’
where [J is the square part of the numerator. By Theorem

ged(lp, Nyy,) = ged(li, Ny,) = ged(ly, Ni;) = 1.
This implies that [;l; | Ny, , so
Lil; < Ny,
On the other hand, Theorem shows that N;, <lIpx and k <1, so
Ny, < i1y,
a contradiction. m

From 0 < —D; < IN; < Ik and Lemma we obtain

D = Amod B,
() =1forallr € &, and

%) =—1forallr e 65_

QD) = Q(V—IN),
>H¢D; e S_(X) where | € A4 and
N; € N in Theorem [3.5
> {le Ay 0< Pk < X}
= %jj{l: an odd prime | [ = u; mod vy, [ > K, and Pk < X}
= %ﬁ{l: an odd prime | I = u; mod v; and 0 < [ < VX /v/k}
— %jj{l: an odd prime | { = u; mod v; and 0 <[ < k}

teD e S_(X)

for any sufficiently large X € R. Let
E(X) := 1#{l: an odd prime | I = u; mod v and 0 < [ < VX /\/k}.
By the Dirichlet theorem on primes in arithmetic progression, we have

VX
p(v1)v/k(log X — log k)

for any sufficiently large X € R. Then, under the assumption of the existence

B(X) ~
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of Dy, we see that

D = Amod B, vX
D >
(Z)=1forallre&,, and log X
(B)=-1forallt' € &

14D e S_(X)

for any sufficiently large X € R. The proof of Theorem [I.§]is complete.

4. Proofs of Theorems [1.11] and [1.14] First, we outline the proofs.
We will prove the following two theorems.

THEOREM 4.1. Let p be an odd prime number, n an integer greater than 1
such that ged(p,n) = 1, and x1 a positive integer such that ged(x1,p) = 1.

(1) Assume that 23 < p". Then M\p(Q(y/22 —p")) = 1 if and only if
Pt h(Q(VZT =) and (2217 2 1 mod p2.

(2) Assume that 23 < 4p™ and x1 is odd. Then \p(Q(y/z% —4p™)) =1
if and only if p1 h(Q(\/z? — 4p™)) and x?‘f—l # 1 mod p?.

Applying Theorem {4.1)(1) to x1 = 1,2, q1,2¢1, we obtain the imaginary
quadratic fields in Theorem Let us give some additional explanation
for 1 = 2. Note that 2P~! # —1 mod p?, since otherwise 2?1 41 = 0 mod p
and 2°~! —1 = 0 mod p, contradicting gcd(2P~!+1,2P~1 —1) = 1. Therefore,
since 27~1 % 1 mod p?, also 22(°~1) = 1 mod p?. Thus, using Theorem (1)
for 1 = 2, we find that if p { h(Q(v/4 — p")) and 2P~ # 1 mod p?, then
Ap(Q(v/4 —p™)) = 1. We also obtain the imaginary quadratic fields treated
in Theorem by applying Theorem [4.1|2) to 1 = 1.

THEOREM 4.2. Let p be an odd prime number, g1 a prime factor of p—2
such that qf_l # 1 mod p?, and n an integer greater than 1.

(1) Assume p =3 mod 4.

(i) Suppose p = 3. If n is an odd integer such that n # 5, then the
order of the ideal class containing the prime ideal of Q(y/1T — p™)
over p is n. When n = 5, we see that Q(v1 — 3%) = Q(/—2).
The class number of Q(v/—2) is 1, and the order of the ideal
class containing the prime ideal of Q(v/—2) over 3 is 1.

(ii) Suppose p # 3. If n is an odd integer, then the order of the ideal
class containing the prime ideal of Q(v/1T — p™) over p is n.

(iii) Suppose 2P~ = 1 mod p?. If n is an odd composite number,
then the order of the ideal class containing the prime ideal of

Q(v/¢? — p™) over p is n.
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(2) Assume p =1 mod 4.

(i) Suppose Q(\/4—p") # Q(v/—1). Then the order of the ideal
class containing the prime ideal of Q(\/4 — p™) over p isn (see
[15, Theorem 1(2)]).

(ii) Suppose 2P~' = 1mod p?, 4¢7 < p", and Q(\/4¢} —p") #
Q(v/=1). If n is a composite number, then the order of the ideal
class containing the prime ideal of Q(+\/4q} — p™) over p is n.

(3) If n > 8, then the order of the ideal class containing the prime ideal
of Q(v/1—4p™) over p is n (see [14, Theorem| or [10]).

Combining Theorems [£.1(1) and [£.2(1), (2), we get Theorem [L.11] Sim-
ilarly, we obtain Theorem by using Theorems [4.1}2) and [4.2{3). Theo-
rems [£.1] and [£.2] will be shown in the next two subsections.

4.1. Proof of Theorem |4.1l The method of proof is the same as in
Section [2l We mainly use Theorem

First, we analyse Q(\/ar% — p"). We can write

(p)" = (z1+ /2 —p") (x1 — /2] — p)
in Q(\/2? — p). Set a := z1++/x? — p™. Since ged(p, 22 —p") = land p 1 a,
p splits in Q(y/x? — p"). Note that the ideals (o) and (@) are coprime, where
@ is the complex conjugate of a. Thus,
(a) = p",

where @ is the prime ideal of C’)Q( ) over p. Applying Theorem
for m; = n and £ = «, we find that \,(Q(\/z7 —p")) = 1 if and only if
p1h(Q(y/zf —p")) and

(4.1) (z1 4 /22 —p”)p_1 — 1% 0mod §?,

where § is the complex conjugate of p. Condition (4.1]) is equivalent to

(42 (wt ot )~ (@1 e pn) £ 0 mod PP

We see that
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=0
(r—1)/2 »
251 ;
+{ > <2j+1>w§’ ’ (x?—p")]\/x?—p“}—wl— af —pn.
=0

When n > 2, we have p” = 0 mod p?p". Thus,

(z1 + /22 —p)’ — (21 + (/2% — p)
(p—1)/2 » . (p—1)/2 » il o
X Gy )

7=0 7=0
—x — x%_pn
(p-1)/2 » (r-1)/2 »
— P p=1 /.2 n 2 n
A B )R () v
= \¥ = \2+1
= op~lgh 4 op= 1l Ju2 g gy fa2

Consequently, (4.2) is true if and only if
(221)P~1 — 1 # 0 mod p°.
Therefore, \,(Q(\/zf —p")) = 1 if and only if p ¥ h(Q(y/z? —p")) and
(221)P~1 # 1 mod p?, proving (1).
Next, we analyse Q(y/z7 — 4p™). We can write

= (2 VEE) (51 VA

2
in Q(y/2? — 4p™). Set B := (z1 + /22 — 4p™)/2. Since ged(p, z3 — 4p™) = 1
and p t 3, p splits in Q(y/2? — 4p™). Since the ideals (3) and (3) are coprime,

we have

where g is the prime ideal of OQ( A=) over p. Applying Theorem
for my = n and £ = B, we find that A\,(Q(\/z§ —4p™)) = 1 if and only if

p1 h(Q(y/z? — 4p™)) and
—\ p—1
(4.3) <x1+ Vg%_@ )p — 1% 0mod 72,
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where p is the complex conjugate of p. Condition (4.3)) is equivalent to

1+ /27 —4pn\P x4+ S2? — 4pn
(4.4) < ! 21 P > _ 21 P iOmod@2pn.

We see that

(ml—l—\/az%—élp")p_a:l—i—\/x%—élp”
2 2

P
- 25 () b S o)
§=0
1 el D p—25,.2 n\J
S @
7=0
C)CI. ; | .
+ <2j+1>’f % 4p”)]\/l’%—4p"}—2(w1+\/x%—4p")-
=0

When n > 2, we have p" = 0 mod p?p". Thus,

<x1+\/m%—4p”>p_ o1+ /2] —4p"
2 2

N e o
p—2j 2§ p—2j—1_2j /[ o
Qp{ Z <2j>x1 T+ JZ:% (2j+1)x1 Ty 371_417”}

J=0

1
—5(:1;1—%\/:1?%—4])")

1 (p—1)/2 D ) (r-1)/ » 1
— +J).r p— 2_ _ = /2
_2]’{3:1 =0 <2j>+x1 R =0 (2j+1)} g (1ot — 1)
1 _ 1
= 2—[)(2’)_1:1:71’4—2”_%11’ ! x%—4p")—§(m1+ :U%—élp”)
1

_ 1
x{’ﬂ—xf 1\/:13%—4]9") —5(1:1—1—\/33%—4])”)
5 (z1+1/23—4p?) (2¥ " —1) mod p*p".

Do

Consequently, (4.4) is true if and only if
wﬁ)_l — 1% 0mod p?.

Therefore, \,(Q(y/x% — 4p™)) = 1 if and only if p 1 h(Q(y/2? — 4p™)) and

:U‘rffl # 1 mod p?, proving (2). m
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4.2. Proof of Theorem In this section, we show Theorem [4.21)
and (2)(ii). Clauses (2)(i) and (3) are already proved (see [14]-[16]). First,
we outline the proof. The method of proof is based on [20] and [15].

Let p be an odd prime number and n a positive integer satisfying the as-
sumption in Theorem[4.2|1) and (2)(ii). We analyse the imaginary quadratic

field Q(y/x% — p"), where 71 = 1, q1, 2¢1. We can write

()" = (21 +y/af —p") (21 — y/af —p")
in Q(v/z% — p"). Set a = 1 + /2% — p". Since ged(p,x? — p") = 1 and
p 1 «, the prime number p splits in Q(y/z7 — p™). The ideals (a) and (@)
are coprime, so
(@) = p",

where g is the prime ideal of OQ( JE) over p. We will prove that the
order of the ideal class containing g is n. It is essential for this proof to
show that +a is not a psth power in OQ( NmrD for any prime number py

dividing n. We prove this by checking that there is no integer solution (u, v)
of the equation

o= (u+vy/do)",

where dj is the square-free part of 23 — p™.

In Section 4.2.1, we prove Theorem [£.2(1)(i) and (ii). In Section 4.2.2,
we show Theorem [4.2{(1)(iii). In Section 4.2.3, we prove Theorem [4.2)(2)(ii).

4.2.1. Proof of Theorem[4.9(1)(i) and (ii). First, we prepare the follow-

ing lemma:

LEMMA 4.3. Let p be an odd prime number. Then, for any given positive
even integer dyi, the equation
dlfL‘2 +1= py
has at most one positive integer solution (z,y) except for (di,p) = (2,3)
when the solutions are (z,y) = (1,1), (2,2), (11,5).

We prove this by using a result of Y. Bugeaud and T. N. Shorey [I] which
we now state.

Let F,, denote the nth Fibonacci number defined by Fy := 0, F1 := 1,
and Fpio := Fnpa1 + Fpn for all n > 0. Let £,, denote the nth Lucas number
defined by Ly :=2, L1 :=1, and L,42 := Ly11+ L, for all n > 0. We define
§,6 C N xNxN by

F = {(fh_za,Ethg,fh) | h € N such that h > 2 and € € {£1}},
& := {(1,4p! — 1,ps) | ps is a prime number and h; € N}.
Bugeaud and Shorey gave the following result.
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THEOREM 4.4 (Bugeaud and Shorey, [1, Theorem 1]). Let p be a prime
number, and di and dy coprime positive integers such that ged(dids,p) = 1.
Let v € {1,v/2,2} be such that v = 2 if p = 2. Assume that dy is odd if
v € {V/2,2}. Then the equation

diz? + dy = Wpr
has at most one positive integer solution (x,y) except for

(y.dy dyop) € € o= | (21332, (VET113), (1,2,1,3), (2.7,1,2),
s W1, U2, . (\/571,175)7(\/571,1713),(2717377)

or
(d17d2ap> € %U (G Uﬁ’yv

where £, denotes the set

there exist positive integers sg and tg
9y = ¢ (d1,d2,p) such that dis3 + da = v*p and
3d18% - dQ = :i:")/2

This theorem is also used in Sections {.2.2] and [1.2.3]
Proof of Lemma[{.3 We will show

(7a dlv d2ap) = (1v dla 1,])) g €\ {(17 2’ 1’3)}
and
(d17d27p) - (d17 17p) ¢ SUBGUN
in order to use Theorem [4.4 with v = 1.

We easily see that (1,d1,1,p) € €~ {(1,2,1,3)} and (d1,1,p) &€ &.
Suppose (di,1,p) € §. There exists an integer h > 1 such that Fj,_o. = dy,
Ly+e = 1, and Fp, = p, where ¢ = £1. The integer h must be 0 or 2 since
Lp+e = 1. Since h > 1, it must be 2. When h = 2, the 2nd Fibonacci
number F; is 1. This is a contradiction. Thus, (di,1,p) € §. Next suppose
(d1,1,p) € H1. Then dis2 + 1 = p' and 3dys3 — 1 = £1 for some positive
integers sg and tg. Then 4 = 3p’® &1, that is, 3p® = 3 or 5, a contradiction.
Therefore, (di,1,p) & 1.

When (di,p) = (2,3), the statement of this lemma follows from [23],
Theorem 2.3]. »

Next, we prove the following key lemma by using Lemma [4.3

LEMMA 4.5. Let p be a prime number such that p = 3 mod 4, n an odd
integer greater than 1 such that (p,n) # (3,5), and

a:=14+/1—p".

Then +a is not a pyth power in O@(\/W) for any prime py dividing n.
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Proof. Since p4 is odd, it is sufficient to prove that « is not a psth power
in Og(,7=7)- We see from p = 3mod 4 and n = 1 mod 2 that 1 — p" =

fmod 4. Then Oy 1=m) = Z[\/do), where dy is the square-free part of
— pn

Suppose « is a psth power in OQ(W)' Write
(4.5) a = (u+vydo)P

for some integers v and v. Expanding the right side, we have

(pa—1)/2
v = {8 (e} e

J=0

for some integer w. Equating the real parts gives

This implies that u = 1. Hence,

1+ /1—p"=(£1+vy/do)™
Taking the norm of this, we obtain p" = (1 — v?dp)P4. Then

p”/p4 =1—v%dy.

On the other hand, we can write
1—p" =c?d

for some positive integer c¢. These imply that both (z,y) = (¢,n) and
(z,y) = (Jv|,n/ps) are positive integer solutions of —doz? + 1 = p¥. This is
a contradiction when (—do,p) # (2,3) by Lemma [4.3] If (—do, p) = (2,3), it
follows from Lemma [4.3] that (c,n) = (1,1), (2,2), (11,5). Since n is an odd
integer greater than 1, the pair (¢,n) must be (11,5). But the case where
(p,n) = (3,5) is excluded in this lemma. =

Finally, we show Theorem [4.2[1)(i) and (ii) by using Lemma

Proof of Theorem[{.4(1)(i) and (ii). Since ged(p,1—p") =1 and pf a,
the prime number p splits in Q(1/1 — p™). The ideals () and (@) are coprime,
SO

(a) =p",
where g is the prime ideal of OQ( JT=p™) Over p. Let s; be the order of the
ideal class containing p. We can write n = s1t; for some integer t1. Since
o™ is principal, there exists n € Og(/7=pm) such that p** = (). Then

(a) = (p*)" = ()" = (n").
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Since Q(v/1 —p") # Q(v/—1), Q(v/—3), this implies that
+a =",

When (p,n) # (3,5), we obtain ¢; = 1 by Lernma Thus, s = n when
(p;n) #(3,5). =

4.2.2. Proof of Theorem [4.3(1)(iii). The method of proof is basically
similar to the one in Section [£.2.1] First, we prepare two lemmas.

LEMMA 4.6. Let p and g5 be distinct odd prime numbers. Then the equa-
tion

4¢2 — 3p° = +1

has no positive integer solution x.

Proof. Suppose z is such solution. If g5 = 3, we have

4g2 — 3p” = 0 mod 3,
a contradiction. Therefore, ¢5 # 3. First, we treat the equation 4q§ — 3p*
= —1. Since qg = 1 mod 3, we have
42 —3p* =4—0=1mod 3,
a contradiction. Next, we treat the equation 4q§ — 3p* = 1. We can write
3p” = 4¢3 — 1= (25 + 1)(2¢5 — 1).

Since ged(2g5 + 1,295 — 1) = 1, we obtain four cases: (i) 2¢5 + 1 = p”,
25 — 1 =3, (i) 2¢5 + 1 = 3, 2g5 — 1 = p, (iii) 2¢5 + 1 = 3p®, 2g5 — 1 = 1,
(iv) 2g5 + 1 =1, 2g5 — 1 = 3p®. We easily see that the above four cases are
all impossible. =

We use this to show the following lemma.

LEMMA 4.7. Let p and g5 be distinct odd prime numbers. Then, for any
given positive even integer dy, the equation
dva® + g5 = p
has at most one positive integer solution (x,y).
Proof. We will show

(7?d17d27p) = (Ldlvqgap) ¢ ¢
and
(d17d27p) = (dlvq?np) ¢ gU (G Uy)l

in order to use Theorem [£.4] with v = 1.

We easily see that (1,d1,q%,p) €€ and (dy, ¢2,p) € 8. Suppose (d1, ¢2,p) €F.
There is an integer h > 1 such that Fj,_o. = di, Lpie = q2, and Fp, = p,
where e = £1. J. H. E. Cohn [9] proved that £; = 1 and £3 = 4 are the only
squares in the Lucas sequence. Thus, L1 = q% is impossible. Therefore,
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(d1,¢%,p) ¢ §. Next suppose (di,¢%,p) € $H1. Then dis3 + ¢ = p™ and
3d; s% — q?) = +1 for some positive integers sy and ty. Hence, 4q§ =3plo +1,
contrary to Lemma Therefore, (dy1,q2,p) & H1. =

LEMMA 4.8. Let p be a prime number such that p = 3 mod 4 and 2P~ =
1 mod p?, q1 a prime factor of p — 2 such that ql_1 # 1 mod p?, n an odd

composite number, and
a=q+4\/qf —p".

Then £+« is not a pyth power in O@(\/W) for any prime py dividing n.

Proof. Since p4 is odd, it is sufficient to prove that « is not a pyth
power in O@(\/W)' Suppose «a is a psth power in OQ(W)' It follows
from the assumptions p = 3 mod 4, ¢1 = 1 mod 2, and n = 1 mod 2 that

2 n — — 1 -
gi —p" =2 mod 4. Then O QT = Z[\/do], where dy is the square-free

part of @ —
Suppose that

(4.6) a = (u+ v/ dy)P*

for some integers u and v. Expanding the right side, we get

(pa—1)/2
e L

j=0
for some integer w. Equating the real parts gives

(pa—1)/2 A ‘
(4.7) =u Z < ) uPr =27 (02dg).
This implies that u = +1 or iql. Suppose u = £¢;. Then

@+ —pr = (g +vVdo)™.

Taking the norm of this, we obtain p™ = (¢ — v%dp)P*. Hence,
p/P = q% — v%dy.
On the other hand, we can write
gt —p" = Pdo
for some positive integer ¢. These imply that both (z,y) = (¢,n) and (x,y) =
(|v|,n/ps) are positive integer solutions of —doz? + ¢¥ = p¥, contradicting

Lemma Thus, u must be +1. Substituting © = £1 in equation (4.7]), we
obtain

(pa—1)/2 D
(4.8) to = > (2;>( 2do)’.

J=0
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Taking the norm of a = (£1 + v/dg)P4, we have p" = (1 — v%dy)P+. Hence,
p/Pr = 1 — v2dy, that is, v3dy = 1 — p™/Ps. Substituting this in || we

obtain
(pa—1)/2

IS (g;) (1= gy,

§=0
Since n is a composite number, we have n/ps > 2. Then p/P1 = (0 mod p2.
Using this, we see that

(pa—1)/2 D (pa—1)/2 -
= — TL/p4 .7 = — p471 2
tq Z (2j> (1-p ) = Z <2j> =2 mod p~.

j=0 Jj=0
Combining this and the assumption 2°~! = 1 mod p?, we obtain
&= (gt = (2 = (PPl = 1 mod 2,
a contradiction. m
Finally, we show Theorem [4.2|(1)(iii) by using Lemma
Proof of Theorem (1)(z'z'i). Since ged(p,¢f — p") = 1 and p | «, the
prime number p splits in Q(y/¢? — p"). Since the ideals () and (@) are

coprime, we have
(a) = ",
where p is the prime ideal of OQ( JE) over p. Let s; be the order of the

ideal class containing . We can write n = s1t; for some integer ¢;. Since
S ot . s
p°* is principal, there exists n € OQ( JE=) such that ' = (). Then

(@) = (p™)" = ()" = (n").

Since Q(\/¢3 — p") # Q(v—1),Q(v/—3), this implies that +a = n'. We
obtain t; = 1 by Lemma .8} so s; = n. =

4.2.3. Proof of Theorem 4.2(2)(ii). The method of proof is also similar
to the one in Section First, we prepare two lemmas.

LEMMA 4.9. Let p and gg be distinct odd prime numbers. Then the equa-
tion
16g2 — 3p” = +1
has no positive integer solution x.
Proof. Suppose z is such a solution. If gg = 3, we have
16¢2 — 3p” = 0 mod 3,

a contradiction. Therefore, ¢ # 3. First, we treat the equation 16q§ —3p® =
—1. Since qg = 1 mod 3, we have

16g2 —3p®* =1 — 0= 1 mod 3,
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a contradiction. Next, we treat the equation 16q§ — 3p* = 1. We can write
3p” = 165 — 1 = (4gs + 1)(4gs — 1).

Since ged(4gs + 1,4g6 — 1) = 1, we obtain four cases: (i) 4¢6 + 1 = p”,

496 — 1 =3, (ii) 4g6 + 1 = 3, 4g6 — 1 = p®, (iii) 4g6 + 1 = 3p”, 4g6 — 1 =1,

(iv) 496 + 1 = 1, 4g6 — 1 = 3p”. We easily see that each of these cases is

impossible. »

LEMMA 4.10. Let p and qg be distinct odd prime numbers. Then, for any
given positive odd integer dy, the equation
dy2® + 4q8 = p¥
has at most one positive integer solution (z,vy).

Proof. We will show

(77 dla d27p) = (17 dla 4@[(%7]7) ¢ ¢
and
(d1,da,p) = (d1,4q5,p) # FUS U S
in order to use Theorem (4.4 with v = 1.

We easily see that (1,d1,4¢%,p) € € and (di,4¢3,p) € &. Suppose
(d1,4¢2,p) € F. There exists an integer h > 1 such that Fj_o. = dj,
Lhte = 4qg, and Fp = p, where ¢ = +£1. For any integer h > 2, we ob-
tain

AFp — Fr2e = Lhge
(see [I, Lemma 3]). Using this, we obtain
dp —dy = 4q(2;.
Since 4p — d; is odd, this is impossible. Therefore, (d1,4q3,p) & T

Next suppose (d1,4¢2,p) € $H1. Then dys3 + 4¢3 = p© and 3dys% — 443
= +1 for some positive integers sy and tg. Hence, 16q§ = 3p'® £+ 1, contrary
to Lemma Therefore, (d1,4q¢2,p) € $H1. =

LEMMA 4.11. Let p be a prime number such that p = 1 mod 4 and
2Pl = 1 mod p?, q1 a prime factor of p — 2 such that q‘f_l # 1 mod p?,
n a composite number, and

o= 2q1 + \/4q% — p".
Then +a is not a pyth power in O@(\/‘W) for any prime py dividing n.
Proof. Suppose +a« is a psth power in OQ(\/‘WY Since p = 1 mod 4,
2 — _ :
we see that 4¢7 — p"” = 3 mod 4. Then O@(\/‘W) = Z[\/dp], where dy is
the square-free part of 4¢2 — p™. We can write

(4.9) ta = (u+vy/do)™
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for some integers u and v. First, we assume py = 2. Substituting ps = 2 in

, we have
+a = u+v\ﬁ (u® + v?dp) +2uv\F
On the other hand, we can write
Ag} —p" = Pdo
for some positive odd integer c. Using this expression, we have
+a = +2¢; £ c\/do.
Equating the imaginary parts yields
+c = 2uw.

Since c¢ is odd, this is impossible. Thus, £« is not a square in OQ( ViE—)"

Next, we assume pg > 3. It is sufficient to prove that « is not a psth
power in (9@(\/427 Expanding the right side of a = (u + vy/dy)P4, we

have
(pa—1)/2 »
2q1 + 1/4¢3 —p" = { Z <2j>up4 2’ 2d0 }+w\/

=0
(pa—1)/2 e
— pa—25—1/, 2
u{ Jz:% <2j>u (v=dy)? }—i—w\/

for some integer w. Equating the real parts gives

(4.10) 2q1—u Z ( )u”4_23_1(v2d0)].

Hence, u = +1, +2, +q1, or £2¢;. Suppose u = +1, £2. Taking the norm
of @ = (u + vy/do)P*, we have p" = (u? — v2do)P*. Then p"/P* = u? — v2dj,
that is,

v2dy = u® — p/Pe.

Substituting this in (4.10]), we obtain

(pa—1)/2
2q1 = u Z ( ) WP 2L (42 — pn/Payd,

Since n is a composite number, we have n/ps > 2. Then PP+ = 0 mod p2.
Using this, we see that
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(pa—1)/2
u Z ( >p4—2j—1(u2_pn/p4)j_

Il
S
-
=
~~
no
N
=
N
~__
IS
=3
fing
o
<
<
(\&)
<

Since p is odd, we have
q1 = 2P4 24P mod p?.
Combining this and the assumption 2~ = 1 mod p?, we see that
¢ 1 = (2P 2P = (2P )Pl (ypa Pl
(2P~ 1)Pa=2 (P~ 1P = (4P~ 1)P4 mod p?.
If w = 41, then wP~' = 1. If u = 42, then vP~! = 2P~! =1 mod p?. Then
qf_l (uP~1)P4 = 1 mod p?,

a contradiction. Therefore, uw = £q; or +2¢;. Suppose u = £¢q;. Substituting

this in (4.10]), we obtain
(pa—1)/2 D ' ‘
2q1 = +q Z ( ) q{?472jfl(02d0)J'

o N\
Then
2 -
— Pa—2)— 2 j
(4.11) 2= ) <2j) gt (vido)

7=0

(pa—1)/2
RS (be)a ey

Taking the norm of o = (£q1 + vv/do)P*, we get

vido = ¢f — p/P.
Since q% — p"/P4 is even and dj is odd, we see that v is even. Then the right
side of (4.11]) is odd, a contradiction. Therefore, u = +2¢;. Taking the norm
of a = (£2q1 + vv/dp)P+, we obtain

vidy = 4% — p/pe
On the other hand,

47 — p" = Ady.

These imply that both (x,y) = (¢,n) and (z,y) = (|v|,n/ps) are positive
integer solutions of —doz? + 4¢? = p¥, contrary to Lemma m "

Finally, we show Theorem [4.22)(ii) by using Lemma



Imaginary quadratic fields whose Twasawa A-invariant is one 337

Proof of Theorem (2)(22) Since ged(p,4¢? — p*) = 1 and p 1 «, the
prime number p splits in Q(1/4¢? — p™). Again

(a) = ",
where p is the prime ideal of OQ( JIE—) over p. Let s; be the order of the

ideal class containing . We can write n = s1t; for some integer ¢;. Since
sp - . . s
p°! is principal, there exists n € OQ( VIE—p) such that ' = (). Then

(@) = (") = ()" = (™).
Since dyp = —1 mod 4, we have Q(/4q¢7 — p™) # Q(+/—3). From the assump-
tion Q(v/4q} — p") # Q(v/—1), we get

Q(y/4qi —p") # Q(V-1), Q(V-3).
Thus, £a = n't. We obtain t; = 1 by Lemma Therefore, s; =n. =

REMARK 4.12. We make a remark on Theorem |4.2{(2). We will check how
often the equality Q(vA—p7) = Q(v/=1) (resp. @(!’4& — ") = Q(v=1)
occurs as n runs over positive integers for a fixed prime number p (resp. for
fixed prime numbers p and ¢;). The equation

2?44 =pY
has at most one positive integer solution (x,y) except for p = 5 (see [15,
Lemma 3]). Hence, for a fixed p, there is at most one positive integer n such
that Q(v/4 — p"?) = Q(v/—1) except for p = 5. By Lemma the equation
22 +4q =pY
has at most one positive integer solution (z,y). Thus, for fixed odd
prime numbers p and ¢;, there is at most one positive integer n such that

Q(v4q; —p") = Q(V-1).
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