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The divisor function on residue classes I
by

PRAPANPONG PONGSRIIAM (Nakhon Pathom) and
ROBERT C. VAUGHAN (University Park, PA)

1. Introduction. In this memoir we are concerned with the distribution
of the divisor function d(n) for n lying in a given residue class. Here d(n) is
the number of positive divisors of n,

=> L

mln

Suppose that ¢ € N and a € Z and define, for each x € R with = > 1,

S(x;q,0)= Y d(n)

n<x
n=amod q

Various estimates are known for S(z;¢,a). Many of the estimates in the
literature fall into two categories. In the first kind the error term is com-
mendably small, but the acceptable range for ¢ is small. In the second kind
the range for ¢ is greater, but the relative error is generally not very small.
Our interest here is in estimates which are uniform in ¢ for as large a range
as possible, yet the error term is as small as possible.

Fouvry and Iwaniec [FI] assume (g, a) = 1 and state that by using Fourier
series techniques and Weil’s estimate for Kloosterman’s sum K(q;a,b) one
can show that

S(wig.a) = S5 Y din) + (@ /4%,
(b n<lx
(n 9)=1
Here

q
K(gia,b) = > e((ar+blg,r])/q)
r=1

(Tvq)_
where [g,r] denotes an integer u such that ur =1 mod gq.
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As far as we are aware, there is no proof in print. Our interest in this is
that we have an application in mind. Indeed, we need more than is stated
above, as we require the corresponding result when (g, a) > 1. In this paper
we remedy this by adumbrating a proof in this general case. We also make
a novel contribution to the subject by providing a main term that is both
useful and uniform in ¢ and a in all cases.

THEOREM 1.1. Suppose that ¢ € N, a € Z, x € R and x > 1. Then
1 rlq I
where 7y is Euler’s constant and c,(a) is Ramanujan’s sum
T
Z e(am/r).
m=1
(m,r)=1

The implicit constant in (1.1)) depends at most on ¢.

2. Lemmata
LEMMA 2.1. Suppose that ¢ € N and a,b € Z. Then
K(q;a,b) < d(q)q"/*(q,a,b)"/?
where (q,a,b) is the greatest common divisor of q,a,b.

This is sometimes called “Weil’s estimate for K(q;a,b)”, although as
far as we are aware the first complete proof for all ¢,a,b is due to Ester-
mann [E].

LEMMA 2.2. Suppose that X <Y, F" exists and is continuous on [X,Y]
and F' is monotonic on [X,Y]. Let Hy and Hs be integers such that Hy <
F'(a) < Hy for every a € [X,Y]. Then

Hoy Y
> e(F(n) =Y |e(F(a)—ha)da+ O(log(2+ H))
X<n<Y h=H; X

where H = max(|Hy|, |Ha|).

This is a standard finite form of the Poisson summation formula, and
proofs can be found in Vaughan [Vl Lemma 4.2] or Titchmarsh [T, Lem-
ma 4.7].

LEMMA 2.3 ([T Lemma 4.2]). Suppose that X <Y, F" exists and is
continuous on [X,Y] and F’' is monotonic on [X,Y]. Let J be a positive
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real number such that |F'(«)| > J for all a € [X,Y]. Then

Y
, 4
’ [ err ‘ 2
e da| < —.
X J

LEMMA 2.4 ([T Lemma 4.4]). Suppose that X <Y, F" exists and is
continuous on [X,Y]. Let K be a positive real number such that |F"(a)| > K
for all o € [X,Y]. Then

Y 3
iF(a) ‘
e do| < —.
’)S( VE

It is useful to establish first of all a weak version of our main theorem.

LEMMA 2.5. Suppose that q e N, a € Z, x € R and x > 1. Then

x c
S(z;q,a) = —Z (a) <log 5 + 27— 1) + O((2"? 4 q) log 29).
Thg T
Proof. Let r € N, b € Z with (r,b) = 1. Dirichlet’s method of the
hyperbola gives

Zd e(bn/r) = Z(Z Q—Z ) (buv/7).
n<z u<y/z v<z/u v<yz

I~

When 7 { u the inner sums are < ||bu/r||~", and so such terms contribute

< (Vx +1)log2r

to the double sums. The remaining terms, with r | u, are easily seen to con-
tribute

$<log$2 + 2y — 1> + O0(Vx).
r r

The lemma then follows by considering

S(z;q,a) = ;Z —ja/q) Y _ d(n)e(jn/q).

J=1 n<z

It is useful to define the periodic polynomials

Bi(a)=a—la] -3, Ba(a)=j(a—[a])® - j(a— [a]) + 15
They are of period 1, Bi(x) is continuous on R \ Z, By(z) is differentiable
on R\ Z and continuous on R, and they are related by

xT

| Bi(y) dy = By(a) - 5.
0
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LEMMA 2.6. Suppose that ¢ € N, a € Z, (q,a) = 1. Then there is a real
number C(q) such that whenever x € R and x > 1 we have

S(z;q,a) = Qség)x(loga: +C(q)) —S1—S2+ 53— 54

where
z — anlg, n]
si= 3 am ()
n<yx
(n,g)=1

S3 = 4:E\OS;613 i B2<ﬁ;T> ag,
SR Gt
e § () () ) (20
(ra)=1

Proof. Multiple use is made of the observation that

s poa()ea()

n<y
n=bmod q

Again we start with Dirichlet’s method of the hyperbola. Thus

(2.1) Siga)= 3 zq: (%ﬁ2A+B>

<
(, q{l br= amodq

where

() n(3). 5-a(5)-a(3)

The expression B contributes

(2.2) zq: > B:@iB—C

r=1 1<\x
(ra)=1 pp= =amod q (rq)=1
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The contribution to (2.1]) of

(lq)=1 fr=amod q
is
G 260) | VB &
<z r=1
(a)=1 (ra)=1

The contribution to (2.1]) of

q
- > > 24
(i<q;/51 Ir T(;,D’}Odq

q
-5 + Z Z 2B, <—7”)
r=1 <z q

(ra)=1 gp= amod q

is

and the sum here is

) 231(‘;”) (- () e (50))

(T)Q):l
Combining this with ( and (2.3) gives
oz 2
(2.4) ‘z f Z ( ) — S — 8.

(7“ q) 1
It remains to consider the contribution to of

q
2:E
(Zq) 1@7‘ amodq ( ) 1= T‘modq

By integration by parts,

= b ponedon ()5 ()

1<z 4 1
/=r mod q

The integral here is

(e 9]

Ci(q,7r) — S 8728, (B—r) dg
Jz q
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where -
Ci(q,r) = S 8728, (T) dg.
1
We have
| 8 2Bl<5 >dﬁ - Ip, (ﬁ_r) + | 2q6‘332<ﬁ _r) dg.
q x q q
vz Ve

Thus the total contribution to our sum from this term is

(2.5) x(ZgQ) (logz + Ca(q)) — 2z Z By (\/Eq_ T) — Sy + 53

q r=1
(rq)=1
where
=2+ 253 (1)~ 23 G
’ ol = T\ q) el = T
(r,q)=1 (r,q)=1
Combining (2.4)) and ([2.5)), we obtain
x
53 0.0) = 292 togr + C() - 51— 52+ 53— S

where C'(q) = C2(q) — 1 is independent of a. One can also see this by
reference to Lemma [2.5] When (¢,a) = 1, we have ¢,(a) = u(r), and then
subtracting main terms, dividing by z and letting x — oo gives another
formula for C(q),

(2.6) —(LZ (—2logr + 2y —1),
rlg

which is independent of a. =
LEMMA 2.7. Suppose that ¢ € N and o € R. Then
q
r q
(2.7) By <a - ) L —.
rzl q o(q)
(rq)=1
Proof. By(f) has the Fourier expansion (Montgomery and Vaughan
[MV| Theorem B.2])
Z e(Bh)
4m2h2’

h£0

which converges to By(3) for every 8. Thus the sum in question is

e(ah
Z 47<T2hgcq(—h).

h#0
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By Ramanujan’s formula cq(—h) = 3=, (, ») mi(q/m), the above becomes
(am 1 q
> ulg/m) Y A0 = 3 malm) Bafag/m) < Lo(g) < <.
q v(q)
mlq J#0 mlq
LEMMA 2.8. Suppose that ¢ € N, a € Z, (q,a) =1, and o, € R. Then

Bi(a—1/q)B1(B — alg,7]/q) < d(q)q"/*(log 2q)*.

1

M=

Il
—

.
(rq

s
I

Proof. The result obviously holds for ¢ = 1,2. So we assume that ¢ > 3
and let H > 3 be a number to be specified later. By Lemma D.1 of Mont-
gomery and Vaughan [MV] we have

2mih
0<|h|<H

where

G(a) =G(a, H) = min<1, HH104H>

and ||a|| = min,ez | — n|. In particular, this implies that

e(ah)
1
Z 2mih <

0<|h|<H

uniformly in H and «. Thus the sum in question is

(2.8) -y ¥y Wh 2m K(g; —h, —ja) + O(E)

0<|h|<H 0<|j|<H

(2.9) E= Y (Gla—r/q)+G(8—algr]/q))

We also record that the function G(«) has the Fourier expansion

0o 1/2
(210)  G(a)= > g(h)e(ah) where g(h)= | G(a)e(—ah)da.
h=—oc0 -1/2
Thus
—1/H 1/H 1/2
do do 2 He
9(0) S H(—a) )~|— S do + S TTa ﬁlogT
—1/2 —1/H 1/H
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Also, when h # 0,
1/2
gh)= | G(a)e(-ah)da
~1/2
1/H -1/H 1/2
= | e(-anyda+ | H(_a)e(—ah)da—i— | Foe(—ah)da
—1/H —1/2 1/H

. 1/2
sin(2wh/H) n S 2 cos 2mah da

7h Hao

1/H
By integration by parts this is

1§2 sin 2wach

mThHo?
1/H

It is easy to check that for i # 0, we have |g(h)| < g(0) < &2 and
lg(h)| < ﬁ, and by integration by parts, g(h) < % Thus

do.

. (log2H 1 H
(2.11) g(h) <<m1n< gH ’|h|’h2> (h #0).
Now let H = q. Then by 7, we obtain
E= Y g(h)(c(ah) + e(Bh))cq(h) < Z lg(h)] > v
h=—0c0 h=—00 r|(gq,h)
<<Z <Z Z h2>+g )qd(q) < d(q)log2q.
rlg r\h h= T]]jl

So it remains to consider the main term in (2.8). By Lemma [2.1] -,
K(g; —h, —ja) < d(q)qm(q, h,ja)'’* = d(q)q"*(g; h, 5)'?,
and therefore the main term in is

< d(g 1/222 q7h]1/z 1/zzd1/zzzi

h=1 j=1 dlq h=1 j=1
(g,h.3)=d
q/d q/d ) q/d 1\ 2
1/2 1/2 1 2
WSS g <on Y (30
d|q u=1v=1
(q/d,u,v)=1

< d(q)q"*(log 2¢)°.
This completes the proof of Lemma n
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3. Proof of Theorem when (g,a) = 1. Since the conclusion is
trivial when ¢ > 22/, we may suppose that ¢ < z2/3.
It follows by Lemma [2.7] that
q

S _*r
2 d(q)’

and likewise for S3. Also, by several applications of Lemma [2.§ we have
Sy < d(g)q""*(log 2q)°.

Our main aim is to prove that
Sy < (213 4 ¢"/?)as,

for then the desired conclusion will follow from Lemma the formula for
C(q) in (2.6)), and the fact that ¢,(a) = p(r) when (¢,a) =1 and r|q.

Consider
T(Y)= Y 2B (5”‘@”[(1”])

n
Y <n<Y’ q
(n,g)=1

where Y <Y’ <2Y and Y < y/z. We are only concerned with Y satisfying
23 <y < g2,

We estimate Bj as in Lemma [2.8] Thus
e ( hz—ahn|g,n] )

(3.1) Bl(x_c;:;[q’”]>—— >, g

0<|h|<H

< < | ) > ’
nq

(3.2) G<"E—an[q’n]> — i g(h)f;(]w_‘m”[q’”])

ng W ng
Therefore
1 hx — ahn[q,n]
3.3 T(Y)= -2 _— _—
I D Y I
0<|h|<H Y<n<Y’
(n,q):l
> hx — ahn|q,n
+O< Z g(h) Z e(n [ ]>>
h=—o00 Y <n<Y’ q
(n7Q):1
The term h = 0 will contribute in total
Y log2H
< Yg(0) < %,

and we shall see that for a suitable choice of H this is adequate.
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When & # 0 we are interested in

£ (=) - 5 () 2 )

Y <n<Y’ Y <n<Y’
(n,q)=1 7"7‘])— n=r mod q

which is equal to
1< (hx kn)
- » K(q;k,—ah el ———
o 2 A
= n<
Fora € [Y,Y'], let F(a) = h”” ko‘ , so that F'(«) = —g, F’ is monotonic
on [Y,Y'], and |F'(«)| < | | s + 1 Thus, by Lemmawe have

i
3 (’w _ k‘”) = Y [ e(F(a) - ja)da + O(log 20 H)

n
Y <n<Y”’ 1 q Jo<j<JtY

where J,;t are integers such that J, < F'(a) < J. Here we take J," =

UJ@“EJ +2and J, LL@@J 2. The total contribution from the error term
here is readily estlmated by reference to Lemma [2.1}] Concentrating on the

main term we have to consider

v
(3.4) 72 > Klgk,—ah) | e(F(a) — jo) do.
= Lo <g<gf Y

Let { = l(k,j) = k+jg for k =1,...,q and J, < j < J. If k1 + jig
= ko + jagq, then |j1 — jo| = |k1 — ka|/q < (¢—1)/q < 1, which implies
j1 = j2 and k1 = ko. Thus ¢(k, j) are all distinct and
[0k, §)| < max{q+ J, q, |1+ Jk_q\} < |h|zY =2 + 3¢.
We divide the multiple summation in into two cases.
If ‘h‘ . < |k+]q| , then k + jg # 0 and

[F'(a) — j] =

ha | k+ge| |k +jal _ |hle _ [k + 9]
a?q N Y2~ 2

Hence by Lemma the integral appearing in (3.4) is < ¢q/|k + jq|, and
the contribution from these terms to (3.4]) is

1 (q,h, 0)'/?
= E |K(q;¢ )|m < d(q)q 1/2 § A
T << ipfoy-2+34 1<e<|hl2Y ~2+3q

1
d(q)q"? ~1/2 /2,6
< E m E k < q
m|(q,h) 1<k<(Jh|xY —2+3q)m—1
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If ‘k;g(” < Lﬂm then |[¢| < 2|h|xY ~2, and by using Lemmawe obtain

the bound

1 . qY3 1/2
Loy |K<q,z,—ah>r(|h|x)

T\ <alhfzy 2

3\ 1/2
<io(yn) X @ho

6| <2|h|zY —2

<<(ﬂq)<;;;>lﬂ< (¢, W)V? + E: mY/ E: 1)

m|(q,h) 1<k<2|h|zY —2m~1
Y3\ /2 2|h|x
d e h)/2 m-1/2217
<t (jg;) (100 + 2
m|(q

< d(q)(q,h)"/? <|;/|1> v +d(q)? (’hf) 1/2.

We now insert this estimate in (3.3]). The main term is

< 3 (e v awen () (W)

0<|h|<H
1/2 2\ 172
< ¢"%2%log 2H + d(q )( - ) log 2H + d(q)>H'/? <Y> .

For the error term in (3.3), we recall the bound on g(h) in (2.11f). The
term h = 0is < (Ylog2H)/H. If 0 < |h| < H, then we use the bound

g(h) < 1/|h|, which leads to the same estimate as in the main term. If
|h| > H, we apply the bound g(h) < H/|h|?, which gives a total estimate

3\ 1/2 1/2
< ¢M?2F +d(q )(i) +d(q)2H1/2(;i>

Hence

Ylog2H

y3\ /2 N
T(Y) < "% log2H + ¢° < > 1og2H+q€H1/2<Y> +—
xT

When 23 <Y < 21/2, a good choice for H is Ya~1/3, and it follows that
T(Y) < 1‘1/3+5+q1/2x8.
1/21'8

By dyadic summing we obtain S; < z/2t¢ 4 ¢ as desired.
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4. Proof of Theorem when (q,a) > 1. Let k = (q,a), r = ¢/k,
b= a/k, so that (r,b) = 1 and

Yo odn)= ) d(km).

n<w m<z/k
n=amod q m=bmodr
Define
ki=11¢" k=]]7r"
Pk p'llk
plr pir
Thus
o odn)=d(ki) > d(kam).
n<zx m<zx/k
n=amod q m=bmodr

Let C={¢eN:p|l = p|ka}. Then the above is

(k)Y d(ket) > d(n).
ek n<z/(kl)
n=b[r.¢] mod r
(n,k2)=1

Let p2(n) denote the multiplicative function such that ps(p) = —2,
p2(p?) =1, pa(p') = 0 when t > 3. Now we have

Z p2(u)d(v) = {d(”) when (n, kg) = 1,

uo=n 0 otherwise.
Thus uek
Y dn) =d(k1) Y d(kal) Y pa(u) > d(v).
n<z ek uekl v<zx/(klu)
n=amodq v=b[r,u][r,¢] mod r

By the case (¢,a) = 1 of Theorem |1.1] this is
(k1) Y d(ket) > pa(u)

ek uckC
u<z/ (kL)

X (JU (fl(?“) logﬁ +91(7‘)> +0(<];L>1/3+5+ rt/? (kjm)E)),

where the functions fi(r) and g1(r) depend only on 7. By use of the Rankin

“trick” in the forms N
x
E 1< E —

m<zx mek
meK
with A sufficiently small and
A—0
—0 m
m <

> om’sY

m>x meK

mek
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with A close to 6, we see that the various sums over K can either be completed
to infinity with an error < 2°~! or bounded by z°. Thus the above is

2(fa(g,a) log z + gs(q, a)) + O(&/* 4 ¢/22%)

for some undetermined choice of fa(q,a) and g2(q, a).

Now, once more an appeal can be made to Lemma to complete the
proof. First of all dividing by x log x and letting £ — oo and comparing with
Lemma gives the leading coefficient. Now subtracting this here and in
Lemma dividing by x and letting x — co gives the second order term.

Acknowledgments. The first author is supported by Faculty of Sci-
ence, Silpakorn University, Thailand (contract number SRF-PRG-2557-07).
The second author is supported in part by NSA (grant number H98230-12-
1-0276).

We would like to thank the referee for pointing out some typographical
errors in the earlier version of the manuscript.

References

[E] T. Estermann, On Kloosterman’s sum, Mathematika 8 (1961), 83-86.

[FI] E. Fouvry and H. Iwaniec, The divisor function over arithmetic progressions (with
an appendix by N. Katz), Acta Arith. 61 (1992), 271-287.

[MV] H. L. Montgomery and R. C. Vaughan, Multiplicative Number Theory I. Classical
Theory, Cambridge Univ. Press, 2007.

[T] E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, 2nd ed., Oxford
Univ. Press, 1986.

V] R. C. Vaughan, The Hardy—Littlewood Method, 2nd ed., Cambridge Univ. Press,

1997.
Prapanpong Pongsriiam Robert C. Vaughan
Department of Mathematics Department of Mathematics
Faculty of Science McAllister Building
Silpakorn University Pennsylvania State University
Nakhon Pathom, 73000, Thailand University Park, PA 16802-6401, U.S.A.
E-mail: prapanpong@gmail.com E-mail: rvaughan@math.psu.edu

pongsriiam_p@silpakorn.edu

Received on 4.11.2014
and in revised form on 2.3.2015 (7979)


http://dx.doi.org/10.1112/S0025579300002187




	1 Introduction
	2 Lemmata
	3 Proof of Theorem 1.1 when (q,a)=1
	4 Proof of Theorem 1.1 when (q,a)>1
	References

