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1. Introduction. Primality testing is an important problem in com-
putational number theory. Although it was proved to be a P problem by
Agrawal, Kayal and Saxena [AKS] in 2004, finding more efficient algorithms
for specific families of numbers does make sense. In this paper we are con-
cerned with the numbers of the form a?" + 1, with n > 1, a > 2, called gen-
eralized Fermat numbers by Ribenboim [RBJ. Our main result is an efficient
deterministic polynomial time algorithm for generalized Fermat numbers of
the form M = (2p)?" + 1, with p an odd prime.

Let a > 2 be an integer. Prime numbers of the form a™ 4+ 1, when a is
fixed and n > 1 varies, have been studied for a long time. For a™ — 1, it
is easy to see that it suffices to consider the case when a = 2 and n = p
is a prime. Numbers of the form 2P — 1 are called Mersenne numbers. For
Mersenne numbers, Lucas [LU] and Lehmer [LE] gave the famous Lucas—
Lehmer primality test, using the properties of Lucas sequences. Their test
is as follows.

LucAs-LEHMER TEST. Let M, = 2P — 1 be a Mersenne number, where
p is an odd prime. Define ug = 4 and up = uj_, —2 for k > 1. Then M, is
a prime if and only if up,—2 =0 (mod M,).

For a™ + 1, it is clear that it suffices to consider the case when «a is even
and n is a power of 2, which are exactly the generalized Fermat numbers.
When a = 2, the numbers of the form 22" + 1 are called Fermat numbers.
For these, there is also a primality test due to Pépin (see [W2]):

PEPIN TEST. Let F,, = 22" + 1 be the nth Fermat number, with n > 0.
Then F, is a prime if and only if 3F»=1/2 = _1 (mod F,).

One can see that Pépin’s test for F), = 22" 4+ 1 is deterministic and effi-
cient with complexity O((logsy F;,)?). There are no deterministic and efficient
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polynomial time algorithms for generalized Fermat numbers M = (2p)?" +1,
where p is an odd prime. But there are some results on this subject. Tables
of generalized Fermat prime numbers are available at [WW].

Now we recall some previous results about numbers M = (2p)?" + 1,
where p is an odd prime, studied by Williams, Berrizbeitia, Berry and others.
Williams [W1] obtained efficient primality tests for p = 3,5 by using Lucas
sequences. Additionally, these numbers are special types of numbers A -
p" £ 1 with A and p relatively prime. By using the cubic reciprocity law,
Berrizbeitia and Berry [BB] gave an efficient deterministic primality test
for numbers A - 3" £ 1 such that A < 3™ and A is coprime to 3, and a
prime ¢ = 1 (mod 3) is given such that A -3™ £ 1 is not a cube modulo q.
Afterwards, by using the quintic reciprocity law, Berrizbeitia, Odreman and
Tena [BOT] presented an efficient deterministic primality test for numbers
A-5"+w,, where 0 < A < 57,0 < w, < 5"/2, wt =1 (mod 5"), and a prime
g =1 (mod 5) is given such that A - 5" £+ w,, is not a 5th power modulo q.
Before long, by using properties of the power residue symbol, Berrizbeitia,
Berry and Tena [BBT] extended the results in [BB|] and [BOT] to numbers
G=A-m"+tw, where myn >2,0< A< m" 0<w, <m"/2, Wil =
(mod m™) with f = ord,,(G) and 7 € Z[(y] is given such that the mth
power residue symbol (%)m is a primitive mth root of 1.

Recently, Deng and Lv [DL] implemented the primality test related to
[BBT] for numbers H = A - p" + wy, where 0 < A,w, < p" and wb ' =1
(mod p™). They give the form of the corresponding sequences and, by using
the Eisenstein reciprocity law, give a primality test for numbers H = A -
p" + wy, such that © € Z[(p] is given so that the pth power residue symbol
(%)p is a primitive pth root of 1.

By directly applying the results of [DIL] (or [BBl,[BBT,BOT]) to general-
ized Fermat numbers M = (2p)?" + 1, we find that the initial terms of their
recurrence sequences depend on A (i.e., 22" here), that is, depend on n. In
this paper, we will give similar recurrence sequences to decide the primality
of generalized Fermat numbers M = (2p)2" + 1, but the initial terms of our
sequences are common for all n > 1 (i.e., independent of n). We mainly use
a certain special 2pth degree reciprocity law, and the original idea is inspired
by [BBT, Proposition 4.1]. What is more, we will give a common 7 € Z[(]
for numbers M = (2p)?" 4 1 such that (ﬁ)Qp # +1 for all n > 1, at least in
the cases p < 19. Note that the = € Z[(,] found by using the algorithm of
[DL] (or [BBl BBT, BOT]) depends on n.

This paper is organized as follows. In Section [2] we give the definition of
the power residue symbol, and prove a special 2pth power reciprocity law
that will be used in the proof of our main theorem. In Section [3| we state
and prove our main result together with the analysis of the corresponding
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complexity. In Section 4, we give explicit primality tests for M = (2p)?" +1
with odd prime numbers p < 19. In Section [5| we show the implementation
and computational results for p = 3, 5.

2. Preliminaries. The material of this section may be found in [IR]
Chapter 14].

For a positive integer m, let (,, = 2™V =1/m 16 the complex primitive
mth root of unity, and D = Z[(,,] the ring of integers of the mth cyclotomic
field Q((p). Let p be a prime ideal of D lying over a rational prime p with
ged(p,m) = 1. For every a € D, the mth power residue symbol (%)m is
defined by:

(1) If « € p, then (%) | |

(2) If a ¢ p, then (%) fﬂ with ¢ € Z, where (}, is the unique mth
root of unity in D such that

AN/ = ¢ (mod p),

where N(p) is the absolute norm of the ideal p.
(3) If a C D is an arbitrary ideal prime to m, and a = [[p;" is its
factorization as a product of prime ideals, then

(5),-1(),
We set (%), = 1.

(4) If B € D and § is prime to m, define (%)m = (B%)m

We will need the following proposition:

PROPOSITION 2.1 (see also [IR, Corollary 2, p. 218]). Suppose A, B C
Z[¢m] are ideals prime to m, and A = («) is principal with gcd(N(A), N(B))

=1. Then
(), = (7). i),

where e(a) = £}, for some i € Z.

Applying Proposition we now obtain a special 2pth power reciprocity
law, which is also a special case of Proposition 4.1 in [BOT].

PROPOSITION 2.2. Let M > 1 be a prime with M =1 (mod 4p?), where
p is an odd prime. Let m € Z[(p] be coprime to 2pM. Then

(%)=,
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Proof. Let B be a prime ideal of Z[(,] lying over M. Since M = 1
(mod 2p), we have N (3) = M. By Proposition

(), (5, (5w,
(5),- (5),G0),,

). = emO = () 1 (amod )
2p

which implies

And

e

(m

because 2p | 2;1. Then (Eg))% = 1, and the proof is complete. »

S

3. The main result. Let D = Z[(,] be the ring of integers of L = Q((,),
where p is an odd prime. Let K = Q((p + ¢, 1) be the maximal real subfield
of L. Clearly [L: Q] =p—1and [K:Q] = (p—1)/2.

First we give a recurrence expression for the minimal polynomial of
¢p + ¢, over Q, denoted by F(z). Clearly the degree of F(x) is (p —1)/2.
We define the polynomials G,,(z) (n > 0) by Go(x) =1, G1(z) = z, and for
n > 2 recursively by
(3.1) G (1) = { G(n_l)/2($)G(n+1)/2(l‘) —x if nis odd,

' " Gpya(x)? —2 if n is even.

We have F(z) = Z,(fz_ol)/Q Gr(z). Indeed, Gp(z + 271) = 2™ + 27" for all
n>1, and

(p—1)/2 (p—1)/2
FGp+Gh =1+ > GG+ =1+ > (G+¢" =0
k=1 k=1
Suppose
(p—1)/2
F(z) = Z (_1)jajx(10*1)/2*j;
j=0

clearly ag = land aj € Zfor 1 < j < (p—1)/2. Now F(x) is easy to compute
for fixed p. Also F'(x) is the minimal polynomial of C]ﬁ, +¢, L over Q, where
[ # 0 (mod p).

Next we introduce the elementary symmetric polynomials of (p — 1)/2
indeterminates {x1,...,7-1)/2}:

S(j)(SUl,...,l'(p_l)/Q): Z Ty cexyy, 1<j<(p—1)/2.
1§i1<-~~<ijs(p—1)/2
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Actually, ) =112 (v 1)/2[ — (¢ + ¢?)], and thus

F(z

aj =S+ G E+GE . BT+ for1<j< (p-1)/2.

Let G = Gal(Q({p)/Q) = (Z/pZ)*. For every integer ¢ such that
ged(e, 2p) = 1 denote by o, the element of GG that sends ¢, to (5. We know
that Gal(Q(G,)/Q) = {0y | 1 < i < (p—1)/2) and Gal(K/Q) =
{o2iilx [1<i<(p—1)/2}.

For 7 in the group ring Z[G] and « in L with o # 0, we often denote by
a” the action of 7 on «, that is,

=[[o@* i 7=> kyoandk, € Z.
oceG oceG

If 7 € G, we will write either o or 7(a)). We also write o1 = 1 in Z[G].

Now we give some notation which will be used in the main theorem. Let

m € D with m ¢ R. We denote
(p—1)/2
a=(m/7)", where ~= Z (20 = 1)o(g;—1)-1 € Z[G],
i=1

the bar indicates complex conjugation, and (2i — 1)~! is the number such
that (26 — 1) - (2i —1)~! =1 (mod 2p) and 1 < (2i —1)~! < 2p. Obviously,
aa = 1. We define (p — 1)/2 sequences {Tj lk>0}, 1<j<(p—1)/2, by

k
1) = 90, ).

where a(k) = 022 1( @)t 4 a(Zp)k), i=1,...,(p—1)/2.

Note that T ) ¢ Q. Indeed, 8 := « 2p) +a®" ¢ K. Let C(z) be the
characteristic polynomlal of B over Q. Then

(p—1)/2 (p—1)/2 '
C(z) = (x — agk)) =z PD/2 4 Z c;aP~/277 ¢ Qa]
i=1 j=1

and T,gj ) = (—1)’¢; € Q. What is more, there are explicit recurrence relations
from Tk(; ) to T,gi)l, 1 <j<(p—1)/2. We will give the details for the cases
p = 3,5 in Sections [ and [f] respectively.

Our main theorem is a primality test for special generalized Fermat
numbers M = (2p)?" + 1 with p an odd prime:

THEOREM 3.1. Let T,gj) and a;j be as above. Let M = (2p)*" + 1 with
n > 1, p be an odd prime and r = 2". Let m € Z[(p] be coprime to 2pM
such that m ¢ R and (%)21, # +1. Suppose that if 2P~ = 1 (mod p") and
1< x<p", then x does not divide M. Then M is prime if and only if one
of the following holds:
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) = le) for some | € Z with I # 0 (mod p), and T( )1 = a;

od M) forall1<j<(p—1)/2;

) —CII, for somel € Z withl % 0 (mod p), and TT(]_)1 = (—1)a;
(mod M) foralll1 <j<(p—1)/2.

Proof. We first show necessity. Suppose M is a prime. Since 7 is prime
to 2pM, applying Proposition we get (%)21) = (ﬁ)%. Now M =1
(mod 2p) implies that the ideal M D can be factorized into a product of
p — 1 distinct prime ideals in D. We write

D = (pp) = onn,

1)/2
T ().,

(o ety (e
2p 2

b

\:5 a\s

i) (
(
i) (5

thus

(%),

-(31),.-
p=1)/2
[1

_ <> = oD/ = o (110d p).

Since p is an arbitrary prime ideal lying over M, we have

<M> = o) (mod M).
2p

™

Taking the complex conjugate of every term of the last congruence, we get

-1
L L <M> n <M> (mod M).
2p ™

T 2%
Also acting by the Galois group elements 09,1, 1 <17 < (p —1)/2, on both
sides of the last congruence, we obtain

21—1 1—24
D = o (@@ 4 G = <M> n (M> (mod M)

T /o T /o
forall 1 <i < (p—1)/2. Hence

j i r—1 r—1
19, =D, al] )

(), (3), - (3), + (3),) oo

for1<j<(p-1)/2.
(i) Suppose (%)21) = (Ilj for some [ with [ ;7é 0 (mod p). Using the
polynomial F(z), as shown before we get a; = S(J)(Cp + Cp_l, CS + Cp_?’, e



Primality test for (2p)2n +1 307

24 2Py for 1 <j < (p—1)/2. Hence
T = 896+ GG+ G0 2+ (7P) = aj (mod M)
forallj=1,...,(p—1)/2.
(ii) Suppose (%)21) = —C]l; for some [ with [ Z 0 (mod p). By the prop-
erties of elementary symmetric polynomials, we have

) ) —1 p—2 2—p
T0) = S(a)((M) N (M> (M) N <M> )
@ 2p 2p m 2p 2p

SO —G =G —G =G = =)
(~7SVG+ 6 G+ G2 2+<p )
(=1)a; (mod M)
forall j=1,...,(p— 1)/2. This completes the proof of necessity.
Next we turn to the proof of sufficiency. Suppose ¢ is an arbitrary

prime divisor of M. Let q be a prime ideal in the ring of integers of K
lying over ¢, and Q be a prime ideal of D lying over q. We denote 3 =
a4 6@ e K oand TV, = SU)(B,03(B), ..., 0p-2(B)) for 1 < j <
(p—1)/2.

(i) Suppose T( )1 = a; (mod M), that is,

SU(B,03(8),...,0p2(8)) = a; (mod q).

Then
0=(8—B)(B—03(8) (8 —0p2(B))
(p—1)/2 |
B+ Z D(B,03(B), - .., 0p—2(8)) 8P 123
(p— 1)/2
=p P 1/2—|— Z p 1)/2—j _ F(ﬂ) (mod CI)

Since F(z +271) = ](f:_ol)/z Grlr +271) = Zg:ol)/z(mk +27F), we get
0= F(a(QP)T_l + a(2P)T_1)

=14 0 [+ @ (mod ).

We multiply both sides of the above congruence by ) -D/2 =
@_(2[))74_1'(17_1)/2 to get

p—1

Z(a(2p)T_l)k =0 (mod Q).

k=0
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Thus the image of a(2?"~" has order p in the multiplicative group (D/Q)*,
and the image of o2 has order p" in (D/Q)*. Since the order of the group
(D/Q)* is N(Q) — 1 which divides ¢?~! — 1, we have ¢?~! = 1 (mod p").
By the assumption M is divisible by no solutions of the equation zP~! = 1
(mod p") between 1 and p", that is, ¢ > p" > \/(2p)” + 1 = VM, so clearly
M is prime.

(i) If TV, = (—=1)7a; (mod M), we have
SU(B,03(8), -, 0p-2(8)) = (=1)?a; (mod q)

and
(p—1)/2

D ke

(p 1)/2
= g-1/2 Z a;BP~V/277 = (—1)®=D/2F(—B) (mod q).
7=1
As in (i), we obtain

0= F(—al)™" — g

and

i.e.,

That is, the image of )" has order 2p in the multiplicative group
(D/Q)*, and the image of « has order (2p)" in (D/Q)*. As in case (i),
we get ¢?~! = 1 (mod (2p)"). Also using the assumption we obtain q >
p" > /(2p)" +1 = /M, hence M is prime. This completes the proof of
sufficiency. m

The assumptions of Theorem are not difficult to check. First the
congruence equation xP~! = 1 (mod p") is easy to solve. Secondly, the
existence of 7 is computable theoretically. One can see more details in [DL]
Section . Actually, in the next section for M = (2p)?" + 1 with fixed odd
prime p < 19, we will find a common 7 € Z[(p] for all n > 1 such that
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(%)% # +1. Having 7 independent of n is advantageous in the primality
test.
The initial terms of the testing sequences in Theorem are
j N, (0 0 .
1) =890, el ), 1<i<-1)/2,

2(.0) =o9i—1(a+a) fori=1,...,(p—1)/2. Since « is independent

of n, the initial terms Téj), 1 <j < (p—1)/2, are the same for all M =

(2p)?" + 1, n € Z*, with fixed odd prime p, at least for p < 19. The
recurrence sequences of [DL] have initial terms

where «

Ty = s9@”, ... a0 0, 1<i<(p-1)/2

with dgo) = o9 1(a@+a) fori=1,...,(p—1)/2, where & = oz22n, which

does depend on n.

Computational complexity. Since T,gj ) ¢ Q, all the computations of
the sufficient and necessary conditions in Theorem can be done in the
residue class ring Z/MZ once a specific 7 is given. There are (p — 1)/2 re-
currence relations for the testing sequences {T,gj)|k20}, 1<j<(p—-1)/2,
from T,gj) to Tk(j_)l with 1 < j < (p — 1)/2, which are polynomial re-
lations in (p — 1)/2 variables with all of their degrees at most 2p. We
will give the relevant details later for p = 3,5. The elementary symmet-
ric polynomials involved in the computation of initial terms can be ob-
tained by pre-computation. Thus the running complexity of our primality
test is O(%(p— 1)2Plogy M + (r — 1) logy(2p) logy M) = O((p —1)2P logy M +
(logy M)?) bit operations. This estimate of computational complexity is very
crude. But still we can see that our primality test is efficient for fixed p.

4. Primality tests for p < 19. We know from [WAL Chapter 11] that
Z[Cp) is a PID for p < 19. In this section we will apply Theorem to the
cases 3 < p < 19 with p prime. Firstly, we present Gp(z), 0 < k < 9, in
Table Il

Table 1. Gi(z), 0< k<9

k Gr(x) k Gr(z)

0 1 5 z° — 52° + bz

1 T 6 % — 62t + 922 — 2

2 z2 —2 7 T — 725 4+ 1423 — Tz

3 z® — 3z 8 2% —8z%+ 202" — 162° +2
4 zt—4224+2 9 2% —9z" +272° — 3023 + 9z
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We denote by Fj(z), 3 < p <19 with p prime, the minimal polynomial
of (p + ¢, L over Q. We list these Fj,(x) in Table

Table 2. Fp(z), 3 <p <19 and p prime

p Fp(x)

3 r+1

5 224z —1

7 224t —22-1

11 24t —42® — 322+ 3z +1

13 28+ 2% — 5zt — 423 + 622 + 32— 1

17 28+ 27 — 728 — 625 4+ 152* + 102 — 102% — 4z + 1

19 2%+ 2% — 827 — 725 + 212° + 152* — 202® — 1022 + 52 + 1

Next we give all m occurring in Theorem for odd primes p < 19 in
Table [3] We will find that these 7 are suitable for the primality tests in the
proof of the following propositions. Indeed, the fact that Z[(,] is a PID for
p < 19 is crucial during the process of specific computations with the help
of Magma [BCP]J.

Table 3. Values of 7 in Z[(,]

p ™ P ™
3 24 3¢ 13 1+¢kH+¢s
5 1-G-¢¢ 1T 1+ +¢s
71—+ G

19 —1—¢fy+ ¢

11 1+¢h+ ¢k

The primality tests for M = (2p)2" + 1 with odd prime numbers p < 19
are contained in the following propositions.

PROPOSITION 4.1. Let M = 62" +1,n > 1 andr = 2". Let m = 24+3(3 €
Z[¢s) and o = /7. Define Ty = a+ & and Ty = TP — 6T + 9T — 2 for
k> 0. Then M is prime if and only if T,—1 = —1 (mod M).

Proof. Let L = Q((3). Then Normyp, jq(7) = 77 = (2+3(3)(—1-3(3) = 7.
Since M = 2 (mod 7), we get (%)6 = MT-D/6 = M =2 =¢2 (mod n),
and so (%)6 = (3. Let T}, = ab” —|—076k, k > 0. We can verify that T}, satisfies
the recurrence relation in the assumption (or refer to Section [5| for the case
p =5). We have F3(z) = x+1, that is, a; = —1. Applying the necessity part
of Theorem we deduce that if M is prime then 7,1 = —1 (mod M).
This completes the proof of necessity.

By the proof of the sufficiency part of Theorem if T, = -1
(mod M), then 3" divides ¢?> — 1 for every prime divisor ¢ of M, i.e.,
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3" divides only one of ¢ + 1 and ¢ — 1 because of ged(q + 1,¢ — 1) = 2.
Henceq>3"—1> 6"+ 1=+vM, and so M is prime. This completes the
proof of sufficiency. m

PROPOSITION 4.2. Let M = 10>" +1, n > 1 and r = 2". Let 7 =
1— ¢ — (3 € Z[¢) and a = (7/7)1139-3. Define T,gl) = agk) + ozgk), ,52) =
agk) -agk), k > 0, where agk) = ol 4 6410k, agk) = 03(a§k)). Suppose that
if z* =1 (mod 5") and 1 < z < 5" then x does not divide M. Then M is
prime if and only if T7~(91 =1= —T(z)1 (mod M).

o

Proof. Let L = Q(5). Then Normyp jg(m) = ()!98 = 11. Since M = 2
(mod 11), we get (%)10 = MO=D/10 — Mf =2 = —(5 (mod ), and so
(%)10 = —(5. We notice that here F5(z) = 2242 —1, which implies a; = —1
and as = —1. Thus all the assumptions of Theorem are satisfied, giving
the desired necessity and sufficiency. =

REMARK. (i) The explicit recurrence formula obtained for M = 62" 41
in Proposition is similar to the ones of Williams [W1] and of Berrizbeitia
and Berry [BBJ]. The degree of the recurrence formula in [BB] is lower than

ours. However, the seed of their test is Q¢ = o + 6422n, which depends
on n while ours does not (due to Tp = o + & in Proposition . Anyway,
these three primality tests for M = 62" 4 1 have the same computational
complexity of O((logy M)?).

(ii) In Proposition we did not give the explicit recurrence relations
for M = 10%" + 1 since they are a bit long. But we will state them in
Section [5| by using the same method as in [BOT]. One can see that our
recurrence sequences are similar to the ones in [BOT] and [W1]. All the three
primality tests for M = 102" + 1 have the same computational complexity
of O((log, M)?). For the same reason as in the previous remark the seeds of
our test improve those of [BOT].

(iii) As to the recurrence sequences in the cases 7 < p < 19 with p prime,
we will not give their explicit forms in this paper. We still have improved
seeds compared to [DI] in all these cases.

Finally, we introduce the remaining five primality tests of the special
generalized Fermat numbers (2p)2" + 1 for p < 19.

PROPOSITION 4.3. Let M =14%2" +1,n>1 andr =2". Let 1 =1 — (5
+(3 € Z[¢7) and o = (/7)1 +3957593 Define T,gl) = agk)—l—agk)—l—ozgk), T,gQ) =
5(2)(agk),ozgk),a§k)), Tk(;g) = agk)agk)agk), k > 0, where agk) =l 4 6514k,
agk) = Jg(agk)), agk) = 05(a§k)). Suppose that if 2° = 1 (mod 7") and
1 <ax <7 then x does not divide M. Then M is prime if and only if one
of the following holds:
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1) M = +8 (mod 29) and T() =1= —T(i) mod M), T(g) = -2
r—1 r—1
(mod M);
i) M= -5 (mod 29) and T, = —1 = -7 (mod M), T? = —2
r—1 r—1 r—1
(mod M).

Proof. Let L = Q(C7). Then Normy,g(w) = (w7)tto3195 = 29. Since
M = 8 or —5 (mod 29), n > 1, we have (%) = M@-D/14 = M2 =6
or —4 = —C7 or {7 (mod 7), and (%)14 = §7 or (; # £1. Notice that
Fr(z) = 2% + 2% — 22 — 1, which implies a; = —1, az = —2, a3 = 1. Thus all
the assumptions of Theorem are satisfied, giving the conclusion. m

PROPOSITION 4.4. Let M = 222" + 1, n > 1 and r = 2". Let 7 =
1+¢ +¢8 € Z[¢) and a = (7/7)7, where T = 1+30_7+509+T0_3+905.
Define Tlgj) = S0) (agk), e ,aék)), k>0,1<j <5, where agk) = 22" 4522
and az(k) = Jgi_l(agk)), 2 < i < 5. Suppose that if z'% = 1 (mod 117) and
1 < x < 11" then x does not divide M. Then M is prime if and only if
7V = -1 =7% (mod M), T?, = —4 (mod M) and T®, =3 = TY,
(mod M).

Proof. Let L = Q(¢11). Then Normy q(7) = (ﬂﬁ)Z?zl"%—l = 23. Since
M = 2 (mod 23), n > 1, we get (%)22 = M®B-D/2 = M =2 = ¢
(mod ), and so (%)22 = (%. Also notice that Fii(z) = 2° + 2% — 423 —
32243z +1, which implies a1 = —1, as = —4, a3 = 3, a4y = 3, a5 = —1. Thus
all the assumptions of Theorem are satisfied, giving the conclusion. =

PROPOSITION 4.5. Let M = 262" +1,n > 1 andr = 2". Letm = 1+(%+
(3 € Z[C13] and o = (7/7)7, where T = 14+309+50_5+T0_11+903+110_7.
Define T,EJ) = S0) (agk), . (k)) k>0,1<j <6, where a(k) — 26" 126"
and agk) = Jgi,l(agk)), 2 § i < 6. Suppose that if £'> = 1 (mod 13") and
1 <z < 13" then x does not divide M. Then M is prime if and only if one
of the following holds:

(i) M =25,£16,—6,11,—24,—5,—10 or 17 (mod 53) and, modulo M,

1 6 2 3 4 5
T 7«(—)1 =-1= T,Qp Tr()1 = -5, TTQ1 =4, Tr(f)1 =6 and Tr(jl = -3;
(i) M = 14,—-8 or —3 (mod 53) and, modulo M, Tﬁ)l =1= —5’56_)1,
7@ =5 1% = -4, 7Y =6 and T, = 3.
Proof. Let L = Q((13). Then Normy q(7) = (71'71')21 192i-1 = 53, Since

M = 25,+16,—6,11,—24, —5,—10,17,14, —8 or —3 (mod 53),n > 1, we
have( ) MG3-1)/26 _ pp2 = —11 -9,-17,15,—7,25, —6, 24, —16,11,9

= C13A§137 C13,€13>C13,C13> C13a 13» C13a C%sal—()fils (glOd W% reSPfCtiVely’
and (8,5 = Ciss (s CH30 (P30 (T30 5, CRs, C19, —CHsy —Cis, —Cils # %1
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respectively. Notice that Fi3(z) = 2%+ 2% — 52* — 42 + 622 + 3z — 1, which
implies a1 = —1, as = =5, a3 =4, a4y = 6, a5 = —3, ag = —1. Thus all the
assumptions of Theorem are satisfied, giving the conclusion. m

PROPOSITION 4.6. Let M = 34> +1, n > 1 and r = 2". Let 71 =
1+ ¢ + (¢ € Z[Gr], « = (7/7)7, where T = 1 + 30_11 + bor + Tos +
90_15 + 1lo_3 + 130_13 + 150_9. Define T,EJ) = S(j)(agk), . ,aék)), k>0,
1 <5 <8, where agk) = o3 £ a3 and ozl(k) = Ugi,l(agk)), 2 <¢<8.
Suppose that if v'6 = 1 (mod 17") and 1 < x < 17" then = does not divide M
Then M s prime if and only if one of the following holds:

(1) = —21 or 15 (mod 103) and, modulo M, T(l)1 =-1=-7%

r—1-
7@ =7, 17% =6, 7% =15, 7% = -10 =7, and 77, =
(ii) M = 35,24,-2,-9,10 or —30 (mod 103) and, modulo M, T(l) =
8 2 3 4 6
1=7%, 7% =-7.7% =6, 17Y =15, 7% =10= - (

r— r— r—1

and Tr(z)l = —4.

Proof. Let L = Q(C17). Then Normy, jq(7) = (ww)zz 192i-1 = 103. Since
= —21,15,35,24,—2,-9,10 or —30 (mod 103), n > 1, we get (&£ )ay =
M<103—1>/34 = M3 = 9,-24, 27, 22,-8,-30,-14 = (&, ¢, — ¢, — (s
—¢%-, =19 —(¢{3 (mod 7) respectively. Notice that (—2)3 = (—9)? = —8
(mod 103), which leads to the combination of —2 and —9 in the second
congruence. Thus (%)34 = C1277 C’177a _<§77 _C%’?a _g167’ C177 C11? # +1
respectively. Now Fir7(x) = 28+ 27 — 725 — 62° + 152% + 1023 — 1022 — 42+ 1
implies that a1 = —1, ao = =7, a3 = 6, ag = 15, a5 = —10, ag = —10,
a7 = 4, ag = 1. Hence all the assumptions of Theorem are satisfied,
giving the conclusion. =

PROPOSITION 4.7. Let M = 382" +1, n > 1 and r = 2". Let m1 =
-1 - C129 + Cllg € Z[Clg], o = (W/ﬁ)T, where T =1+ 3013 + bo_15 + 7011 +
9017+ 1107+ 1303+ 150_5+ 1759 Define T = S (™ ... of), k>0,
1 <45 <9, where agk) = o 1+ a3 and agk) = agi_l(agk)), 2 <4 <09.
Suppose that if £'8 = 1 (mod 197) and 1 < x < 197 then = does not divide M
Then M s prime if and only if one of the following holds:

(i) M = —48,—44,15,—4,56, —55, —45,—61,26 or 49 (mod 229) and,

—~

modulo M, Tri)l =-1= (9)1, TT(E) = -8, T(3)1 =17, Tr(f)l = 21,
7% =15, 79 = —20, 77, =10 and T'®, = 5;
(ii) = —98,38,92,—-69, 112, 35 —77 or —32 (mod 229) and, mod-

ulo M, T, = 1 = T,@l, T(2) = -8 1% = -7, 7% = 21,

r—

7™ =15 179 = —20, 77, = 10 and 7%, = 5.
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Proof. Let L = Q((19). Then Normy, q(7) = (7r7r)zz 1792i-1 = 229. Since
M = —48, 44,15, —4,56, —55, —45, —61, 26, 49, —98, 38,92, —69, 112, —35,
—77 or —32 (mod 229), n > 1, we get (&), = ME9-D/3 = N6 =

—4,16,—64, —26, 42 —15,60, —68,43,4, —42, 15, 60,—44,—53,—175{19,

11 16 17 11 13 14 15
C197<19741974197 197 190 619> S19> —C19, C197 19’ 19> 756195 —619> —619

(mod 7) respectively. Notice that 26 = 495 = 43 (mod 229) and 38° =
926 = —42 (mod 229), which leads to the combination of 26 and 49, 38 and
92 respectlvely in the second congruence So( ) = (19, (129, Cf’g, Cfg, Cfg,

19:Clgs €IS, Cig, —Cio, —CFo, —Cig, —Cig, 519’ C197 —(lg # =1 respec-
tively. Here Fig(x) = 2%+ 2% — 827 — 725 +212° + 1521 — 2023 — 1022 + 5z + 1,
that is, a1 = —1, a3 = =8, a3 =7, ag = 21, a5 = —15, ag = —20, a7 = 10,
ag = b, ag = —1. Hence all the assumptions of Theorem are satisfied,
giving the conclusion. =

5. Implementation and computational results. In this section we
will verify the correctness of the algorithms related to Propositions [.1] and
. We denote G, = 62" + 1 and H, = 10*" + 1. First we make some
preparations for the case p = 5. When k > 0, the recurrence sequences

70)

w1 J = 1,2, involved in Proposition can be obtained as follows.

By the definition of ozg ) and a( ), we have

ol = (@10~ 10(a{M)® + 35(al?))S — 50(al)* + 25(aiP)? 2,

Oégk—H) _ 03(a§k+1))

= (ag™)10 — 10(ay”)® + 35(ay”)0 — 50(ay”)! + 25(ay”)? — 2.
From the expressions for T]E, ) and T]E, ) in Proposition after some com-
putations we get
k= <T“’>1° 10(7, “>>8T< a5 = S0 T
+ 25T = 10T + 80T )T — 200(T )Ty
+160(T )2 (T3 — 20(T(2) +35(7 8 — 210(T YA
+315(T 212 — 70(T?)? — 50T ) + 20007 V)21
—100(T?)? — 21y 4 25(T)? — 507> — 4

and

T(2) (2)\8

2= (1) 1201y — 10T (1)® +170(T

)
— 140(7] lg )) (Tk(; ))7+800( (2 )) _|_35( ) <Tk(;2))6
_ SOO(Tél))Q(T( )) + 2275( ( )) 4 300( )4(Tk£2 )
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— 2400(T)2(T)) + 4004(T?)? — 50(T{ )8 (TP
+1000(T ) HT)t - 4050(T (1) + 4200(T )
—200(T{")S(TP)? + 1600(T M) (T P)? — 38207 )2 (1P)?
+2640(T V) + 25( TN 1) = 320(T)S(T(?))?

+ 1275(TE)HTE)? — 1880(TE )2 (T2 + 825(TL )
+20(T] 70 ))ST(Q) 160(T( ))6T}§2) i 420(T,§1))4T,§2)
—400(T{)? T — 2(T)10 4+ 20(1Y)® = T0(T )"
+100(7{M)* = 50(7Y)? + 1007 + 4.

(
(

With the above two recurrence formulas, we can easily obtain an explicit
primality test for H,.

We implemented two algorithms related to the special generalized Fermat
numbers G,, and H, in Magma [BCP] respectively. Our program was run
on a personal computer with Intel Core i5-3470 3.20GHz CPU and 4GB

memory.

We verified the correctness of our program by comparing with the re-
sults in [RE| and with some known facts for generalized Fermat numbers
[WW]. Since G,, and H,, grow very fast with n, when n > 15 our personal
computer ran out of memory. If we deal with a better and more efficient
representation of larger integers, we may test the primality of larger G,
or H,. However, this is not the focus of this paper. Finally we verified the
numbers G, and H,, related to the cases p = 3 and p = 5 respectively in the
range 1 < n < 15 and found no mistakes (see Tables [4| and . Note that
the assumption on the congruence equation * = 1 (mod 5") in Proposition
holds for H,, 1 < n < 15, by applying the corresponding algorithm
of [DLJ].

Table 4. Primality of G, = 62" +1 (p=3)

n G,  Primality Time (sec.)
1 37 yes 0.011
2 1297 yes 0.015
3to 10 - no 0.921
11 - no 3.931
12 - no 23.228
13 - no 139.293

14 - no 738.805
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Table 5. Primality of H, = 102" +1 (p=05)

n H, Primality Time (sec.)
1 101 yes 0.015

2 to 10 - no 7.909
11 - no 37.004
12 - no 204.579
13 - no 1180.226
14 - no 6576.924
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