
ACTA ARITHMETICA

170.3 (2015)

A density theorem and extreme values
of automorphic L-functions at one

by

Yingnan Wang (Shenzhen)

1. Introduction. The distribution of the values of Dirichlet L-functions
at s = 1 was first studied by Littlewood [15] in 1928 and has attracted many
mathematicians’ interests. These values are related to the class numbers of
quadratic fields via Dirichlet’s class number formula. For a survey, the read-
ers may refer to [4]. One may generalize this problem to symmetric power
L-functions which are a generalization of Dirichlet L-functions. In the frame-
work of automorphic representation theory, the Dirichlet L-functions con-
stitute the family of L-functions attached to the automorphic cuspidal rep-
resentations of GL1(Q), and L-functions attached to primitive holomorphic
cusp forms or primitive Maass forms are the case of GL2(Q). According to
the Langlands functoriality conjecture, a symmetric mth power L-function
attached to a primitive holomorphic cusp form or a primitive Maass form
is an L-function attached to some automorphic cuspidal representation of
GLm+1(Q) (the cases m ≤ 4 have been proved).

Symmetric power L-functions have important analytic properties car-
rying a lot of information on the initial automorphic representation. For
example, Shimura [20] proved that for any primitive holomorphic cusp form
or primitive Maass form, its symmetric square L-function is entire and sat-
isfies a functional equation; moreover, its Rankin–Selberg L-function can
be factorized into a product of its symmetric square L-function and a fac-
tor involving Riemann zeta-function, and the value of its symmetric square
L-function at s = 1 is a scalar multiple of its L2 norm. For symmetric power
L-functions, one main difference from the Dirichlet L-functions is that the
combinatorial analysis is much more complicated due to the fact that the
degrees of their Euler products are higher than 1 and so the Dirichlet coef-
ficients are not completely multiplicative.
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Just as for the Riemann zeta-function, all the nontrivial zeros of symmet-
ric power L-functions attached to primitive Maass forms lie in the critical
strip 0 ≤ <s ≤ 1 and it is also conjectured that they all lie on the ver-
tical line <s = 1/2, which is the so-called generalized Riemann hypothesis
(GRH). Unfortunately, GRH is out of reach currently. To get around this
difficulty in many applications, one makes use of the classical tools called
density theorems which are the estimates on the number of “exceptional”
nontrivial zeros in the critical strip, especially in the regions close to the
boundary of the critical strip. For the classical case, one famous example is
that the nonvanishing of Riemann zeta-function in a region close to the line
<s = 1 implies the prime number theorem.

In 1999, Luo [16] first proved a density theorem on symmetric square
L-functions attached to primitive Maass forms with large eigenvalues and
then applied it to study the distribution of the values of symmetric square
L-functions at s = 1. Later, Kowalski and Michel [10] obtained a general
density theorem for automorphic L-functions with large conductors. In 2004,
Cogdell and Michel [1] proved a density theorem for arbitrary symmetric
power L-functions of primitive holomorphic cusp forms of large level and
applied it to study the distribution of values at s = 1 of arbitrary sym-
metric power L-functions of primitive holomorphic cusp forms of large level
under a certain assumption. In 2005, inspired by these works, Lau and Wu
[14] showed a density theorem for the mth symmetric power L-functions
attached to primitive holomorphic cusp forms and used it to investigate
the extreme values of the mth symmetric power L-functions attached to
primitive holomorphic cusp forms at s = 1, for m = 1, 2, 3, 4.

In this paper, we prove that Lau and Wu’s density theorem [14] also
holds for symmetric power L-functions attached to primitive Maass forms
(see Theorem 1.1), and apply this result to study the distribution of the
values of the mth symmetric power L-functions attached to primitive Maass
forms at 1, for m = 1, 2, 3, 4. One major obstacle is that the generalized
Ramanujan conjecture is still unknown for primitive Maass forms and we
use the Rankin–Selberg method to get around the difficulty caused by the
possible “exceptional” Hecke eigenvalues.

Let Γ = SL2(Z) and H be the open upper plane in C. Denote the space
spanned by the Maass cusp forms for Γ by C(Γ\H). Let {uj : j ≥ 0} be a
complete orthonormal basis for C(Γ\H) with

∆uj = (1/4 + t2j )uj , Tnuj = λj(n)uj

where ∆ is the non-Euclidean Laplace operator and Tn is the nth Hecke
operator. Then 0 < t1 ≤ t2 ≤ · · · , λj(n) ∈ R and we have the Fourier
expansion
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uj(z) =
√
y ρj(1)

∑
n6=0

λj(n)Kitj (2π|n|y)e(nx) (z = x+ iy ∈ H)

where ρj(1) 6= 0 and Kν is the K-Bessel function of order ν. By a primitive
Maass form we mean ρj(1)−1uj(z).

The generalized Ramanujan conjecture asserts that

|λj(p)| ≤ 2 for all primes p.

However, this conjecture is out of reach at present . The best result in this
direction is due to Kim and Sarnak [7], who proved that for all primes p,

(1.1) |λj(p)| ≤ pθ + p−θ

where θ = 7/64. The “exceptional” eigenvalues (whose absolute values are
greater than 2) raise extra difficulties compared with the case of primitive
holomorphic cusp forms. Moreover, we know that (Weyl’s law)

(1.2) r(T ) = #{j : 0 < tj ≤ T} =
1

12
T 2 +O(T log T ).

Define two parameters, αuj (p) and βuj (p), by

αuj (p) + βuj (p) = λj(p) and αuj (p)βuj (p) = 1.

For m ∈ N, the symmetric mth power L-function associated to uj is defined
by

(1.3) L(s, symm uj) =
∏
p

m∏
k=0

(1−αuj (p)m−2kp−s)−1 =
∞∑
n=1

λsymm uj (n)n−s

for <s� 1. For m = 1, 2, 3, 4, the above Dirichlet series converges absolutely
for <s > 1 and L(s, symm uj) is the L-function attached to a cuspidal au-
tomorphic form of GLm+1(Q). Moreover, L(s, symm uj) can be analytically
continued to the entire complex plane and satisfies the functional equation
(see [3] for m = 1, [20] for m = 2 and [6], [8], [9] for m = 3, 4)

Λ(s, symm uj) = L∞(s, symm uj)L(s, symm uj)(1.4)

= εsymm ujΛ(1− s, symm uj),

where εsymm uj = ±1 and

L∞(s, symm uj) =
m∏
k=0

ΓR(s− i(m− 2k)tj) with ΓR(s) = π−s/2Γ (s/2).

Our main objective is to prove the following density theorem on sym-
metric power L-functions attached to primitive Maass forms.

Theorem 1.1. Let m=1, 2, 3, 4 and r≥1 be given. Let N(α,H, symm uj)
be the number of zeros ρ=β+ iγ of L(s, symm uj) with β≥α and 0≤γ≤H.
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Then for any ε > 0, we have∑
tj≤T

N(α,H, symm uj)�r,ε H
1+1/rT

8((m+1)(m+r+1)+64)(1−α)
17−16α

+ε

uniformly for 15/16 + ε ≤ α ≤ 1 and H ≥ 1. The implied constant depends
on ε and r only.

Remark 1.2. (i) A similar result has been proved for the case of holo-
morphic cusp forms by Lau and Wu [14].

(ii) The key points here are the convexity bounds in Lemma 2.3 and the
large sieve inequality in Lemma 2.5, which handles the difficulties arising
from the possible “exceptional” eigenvalues (of absolute value more than 2).

Now we deduce some consequences of Theorem 1.1. Let s = σ + iτ and
m = 1, 2, 3, 4. For any η ∈ (0, 1/2), we define

H+
T,symm(η) = {0 < tj ≤ T : L(s, symm uj) 6= 0, s ∈ S},

where S = {s : σ ≥ 1− η, |τ | ≤ 100T η} ∪ {s : σ ≥ 1}. Then we define

H−T,symm(η) = {0 < tj ≤ T : tj /∈ H+
T,symm(η)}.

By Theorem 1.1 with r = 1, it is easy to see

(1.5) |H−T,symm(η)| ≤
∑

tj∈H−T,symm (η)

N(1− η, 100T η, symm uj)

≤
∑

0<tj≤T
N(1− η, 100T η, symm uj)� T 8η((m+1)(m+2)+66).

Therefore, by Weyl’s law (1.2), we have

|H+
T,symm(η)| = r(T ) +O(T 8η((m+1)(m+2)+66))

for m = 1, 2, 3, 4 and η ∈ (1, 1/1000). This implies that for almost uj , the
functions L(s, symm uj) with m ≤ 4 satisfy a weak form of GRH.

Next, we apply Theorem 1.1 to study the distribution of the values of
the mth symmetric power L-functions of primitive Maass forms at s = 1, for
m = 1, 2, 3, 4. As the first application, we generalize Lau and Wu’s result [14,
Theorem 2] on the extreme values of symmetric power L-functions attached
to primitive holomorphic cusp forms to the case of primitive Maass forms.

Theorem 1.3. Let η ∈ (0, 1/1000) be fixed and m = 1, 2, 3, 4. Then there
exist tj1 , tj2 ∈ H+

T,symm(η) such that, for T →∞,

L(1, symm uj1) ≥ {1 + o(1)}(B+
m log2 T )A

+
m ,

L(1, symm uj2) ≤ {1 + o(1)}(B−m log2 T )−A
−
m ,
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where the constants A±m and B±m are given by
A+
m = m+ 1, B+

m = eγ (m = 1, 2, 3, 4),

A−m = m+ 1, B−m = eγζ(2)−1 (m = 1, 3),

A−2 = 1, B−2 = eγζ(2)−2,

A−4 = 5
4 , B−4 = eγB−4,∗,

and

B−4,∗ =
∏
p

{(
1− 1

p

)[
2p

27

(
− 1 +

10

p
+

6

p2
+

3

p3
− 3

p4
− 6

p5
− 10

p6
+

1

p7

)

+
2p

27

(
1 +

2

p
+

5

p2
− 5

p3
− 2

p4
− 1

p5

)√
1 +

3

p
+

8

p2
+

3

p3
+

1

p4

]4/5}
.

Here γ is the Euler constant.

The proof of Theorem 1.3 is very similar to the proof of [14, Theorem 2]
with obvious modifications, and so we shall omit it.

Next we study the analogues of the first two Montgomery–Vaughan con-
jectures for automorphic L-functions associated to primitive Maass forms.
These conjectures were first proposed by Montgomery and Vaughan [17] for
Dirichlet L-functions L(s, χd) associated to a primitive real character χd in
1999. For a survey on these conjectures, the interested readers may refer to
[12, Section 3].

Let 1 ≤ G ≤ T and

H(G,T ) = {tj : T −G ≤ tj ≤ T +G}.

Define

F+
T,G(t, symm) =

1

|H(G,T )|
∑

tj∈H(G,T )

L(1,symm uj)>(B+
mt)

A+
m

1,

F−T,G(t, symm) =
1

|H(G,T )|
∑

tj∈H(G,T )

L(1,symm uj)<(B−mt)A
−
m

1,

where the constants A±m and B±m are defined as in Theorem 1.3. The ana-
logues of the first two conjectures of Montgomery and Vaughan for auto-
morphic L-functions associated to primitive Maass forms are as follows. For
each m ∈ Z, there exist positive constants T0 = T0(m), Cm > cm > 0, and
0 < θm < Θm < 1 such that for T > T0,

e−Cm(log T )/log2 T ≤ F±T,G(log2 T, symm) ≤ e−cm(log T )/log2 T ,(1.6)

T−Θm ≤ F±T,G(log2 T + log3 T, symm) ≤ T−θm .(1.7)
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Lau and Wu [12] proved the upper-bound part of the analogue of the first
conjecture for automorphic L-functions associated to holomorphic modular
forms and a weaker upper bound for the second one in 2008. Unfortunately,
we cannot prove the same results for primitive Maass forms due to the
absence of the generalized Ramanujan conjecture. Applying Theorem 1.1,
we prove weaker upper bounds for (1.6) and (1.7).

Theorem 1.4. Let m = 1, 2, 3, 4. Then for any ε > 0, there are positive
constants c = c(ε) and T0 = T0(ε) such that

F±T,G(log2 T + r, symm) ≤ exp

(
−c(r + 1)

log T

(log2 T )(log3 T )2(log4 T )2

)
for T ≥ T0 and log ε ≤ r ≤ (9− ε) log2 T .

2. Preliminaries

2.1. Convexity bounds for symmetric power L-functions. The
following result should be well-known and the interested readers may refer
to [24, Lemma 2.1.1] for a proof.

Lemma 2.1. Let s = σ + iτ . Then

Γ (1/2− s)
Γ (s)

�ε (1 + |τ |)1/2−2σ

uniformly for −1 + ε ≤ σ ≤ −ε, where the implied constant only depends
on ε.

Corollary 2.2. Let s = σ + iτ . Then

L∞(1− s, symm uj)

L∞(s, symm uj)
�ε

m∏
k=0

(1 + |τ |+ |(m− 2k)tj1 |)1/2−σ

and

L∞(1− s, symm uj1 × symm uj2)

L∞(s, symm uj1 × symm uj2)

�ε

m∏
k,`=0

(
1 + |τ |+ |(m− 2k)tj1 |+ |(m− 2`)tj2 |

)1/2−σ
uniformly for −1 + ε ≤ σ ≤ −ε, where the implied constants only depend
on ε.

Define the Rankin–Selberg L-function of symm uj1 and symm uj2 by

L(s, symm uj1 × symm uj2) =
∏
p

m∏
k,`=0

(
1− αuj1 (p)m−2kαuj2 (p)m−2`p−s

)−1
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for <s � 1. For m = 1, 2, 3, 4, the above product is absolutely convergent
for <s > 1. Furthermore, by (1.4) and Rudnick and Sarnak’s work [18],
L(s, symm uj1 × symm uj2) has the functional equation

(2.1) Λ(s, symm uj1 × symm uj2)

= L∞(s, symm uj1 × symm uj2)L(s, symm uj1 × symm uj2)

= εsymm uj1×symm uj2
Λ(1− s, symm uj1 × symm uj2),

where εsymm uj1×symm uj2
= ±1 and

L∞(s, symm uj1 × symm uj2) =

m∏
k,`=0

ΓR
(
s− i(m− 2k)tj1 − i(m− 2`)tj2

)
.

If uj1 6= uj2 , then L(s, symm uj1 × symm uj2) can be analytically continued
to the entire complex plane. If uj1 = uj2 , it has an analytic continuation
with a simple pole at 1.

Lemma 2.3. Let m = 1, 2, 3, 4 and s = σ + iτ . For any ε > 0, we have

L(s, symm uj)�ε

m∏
k=0

(1 + |τ |+ |(m− 2k)tj |)(1−σ)/2+ε

in the strip −ε ≤ σ ≤ 1 + ε and

s(s− 1)L(s, symm uj1 × symm uj2)

�ε

m∏
k,`=0

(
1 + |τ |+ |(m− 2k)tj1 |+ |(m− 2`)tj2 |

)(1−σ)/2+ε
in the strip −ε ≤ σ ≤ 1 + ε.

Proof. Let ε1 = 1
3ε. By (1.1) and a direct computation, we have

L(s, symm uj1 × symm uj2)�ε1 1

on the line σ = 15/8 + ε1. Then by the functional equation (2.1) and Corol-
lary 2.2, we have

L(s, symm uj1 × symm uj2)

�ε1

m∏
k,`=0

(
1 + |τ |+ |(m− 2k)tj1 |+ |(m− 2`)tj2 |

)11/8+ε1
on the line σ = −7/8− ε1. By Property (RS 3) in Rudnick and Sarnak [18],
we know s(s − 1)L(s, symm uj1 × symm uj2) is entire. By the Phragmén–
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Lindelöf principle [23, §5.65],

(2.2) s(s− 1)L(s, symm uj1 × symm uj2)

�ε1

m∏
k,`=0

(
1 + |τ |+ |(m− 2k)tj1 |+ |(m− 2`)tj2 |

)(15−8σ+8ε1)/16

in the strip −7/8− ε1 ≤ σ ≤ 15/8 + ε1.
Jacquet and Shalika [5] proved that L(s, symm uj1 × symm uj2) does not

vanish on the half-plane σ > 1. We can define logL(s, symm uj1× symm uj2)
in the half-plane σ ≥ 1+ε1 in the usual way; we then have logL(s, symm uj1×
symm uj2)�ε1 1 on the half-plane σ ≥ 15/8 + ε1. The Borel–Carathéodory
theorem [23, §5.5] with the convex bounds (2.2) implies that if σ ≥ 1 + 2ε1,
then

logL(s, symm uj1 × symm uj2)�ε1 log(tj1 + tj2 + |τ |).
If τ ≥ 0, let

k(s) =
σ2 − s
σ2 − σ1

and %(s) = ek(s) log2(−is+tj1+tj2 ),

where σ1 = 1 + 2ε1 and σ2 = 15/8 + ε1. Then

log2(−is+ tj1 + tj2)

=
1

2
log

(
1

4
log2(σ2 + (τ + tj1 + tj2)2) + arctan2 σ

τ + tj1 + tj2

)
− i arctan

2 arctan σ
τ+tj1+tj2

log(σ2 + (τ + tj1 + tj2)2)
,

where logr is the r-fold iterated logarithm. A direct computation leads to

<k(s) log2(−is+ tj1 + tj2) = k(σ) log2(τ + tj1 + tj2) +O(1)

and

|%(s)| = log(τ + tj1 + tj2)k(σ)eO(1).

Therefore,
logL(s, symm uj1 × symm uj2)

%(s)
�ε1 1

on the two parallel upper half-lines σ = 1 + 2ε1, τ ≥ 0 and σ = 15/8 + ε1,
τ ≥ 0. Hence by the Phragmén–Lindelöf principle again, we have

logL(s, symm uj1 × symm uj2)

%(s)
�ε1 1

in the upper half-strip 1 + 2ε1 ≤ σ ≤ 15/8 + ε1, τ ≥ 0. Therefore, on the
upper half-line σ = 1 + 3ε1 = 1 + ε, τ ≥ 0,

logL(s, symm uj1 × symm uj2)�ε1 log(|τ |+ tj1 + tj2)
7−16ε1
7−8ε1
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and

L(s, symm uj1 × symm uj2)�ε1 e
log(|τ |+tj1+tj2 )

1−ε1
(2.3)

�ε1 (|τ |+ tj1 + tj2)ε1 .

Similarly, we can prove (2.3) for the lower half-line σ = 1+3ε1 = 1+ε, τ ≤ 0.
Therefore, by the functional equation (2.1) and Corollary 2.2, we have

L(s, symm uj1×symm uj2)�ε

m∏
k,`=0

(
1+|τ |+|(m−2k)tj1 |+|(m−2`)tj2 |

)1/2+2ε

on the line σ = −ε. By the Phragmén–Lindelöf principle,

s(s− 1)L(s, symm uj1 × symm uj2)

�ε

m∏
k,`=0

(
1 + |τ |+ |(m− 2k)tj1 |+ |(m− 2`)tj2 |

) 1−σ+8ε
2+4ε

in the strip −ε ≤ σ ≤ 1 + ε.
On the other hand, Lau and Lü [11] proved that if j1 = j2 = j, then the

coefficients of L(s, symm uj × symm uj) are nonnegative and

(2.4) |λsymm uj (n)|2 ≤ λsymm uj×symm uj (n).

Hence, by Cauchy’s inequality, L(s, symm uj) converges absolutely for σ > 1
and

(2.5) L(s, symm uj)� L(1 + ε, symm uj1 × symm uj2)1/2ζ(1 + ε)1/2 �ε t
ε
j

for σ ≥ 1 + ε. Hence by the functional equation (1.4) and Corollary 2.2, we
have

L(s, symm uj)�ε

m∏
k=0

(1 + |τ |+ |(m− 2k)tj |)1/2+2ε

on the line σ = −ε. By the Phragmén–Lindelöf principle,

L(s, symm uj)�ε

m∏
k=0

(1 + |τ |+ |(m− 2k)tj |)
1−σ+8ε
2+4ε

in the strip −ε ≤ σ ≤ 1 + ε. Replacing 1−σ+8ε
2+4ε by (1− σ)/2 + ε, the proof is

complete.

Note that L(s, symm uj) � 1 and L(s, symm uj1 × symm uj2) � 1 for
<s ≥ 2. By the above lemma with <s = 1 and the Phragmén–Lindelöf
principle, we have the following corollary.

Corollary 2.4. Let m = 1, 2, 3, 4 and s = σ + iτ . For any ε > 0, we
have

L(s, symm uj)�ε

m∏
k=0

(1 + |τ |+ |(m− 2k)tj |)(2−σ)ε
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in the strip 1 ≤ σ ≤ 2, and

s(s− 1)L(s, symm uj1 × symm uj2)

�ε

m∏
k,`=0

(
1 + |τ |+ |(m− 2k)tj1 |+ |(m− 2`)tj2 |

)(2−σ)ε
in the strip 1 ≤ σ ≤ 2.

2.2. A large sieve inequality. The following lemma is an analogue
of [14, Proposition 4.1]. Since the generalized Ramanujan conjecture is un-
known for primitive Maass forms, we apply Duke and Kowalski’s method [2]
and the convexity bounds proved above to get around the difficulty caused
by the possible “exceptional” Hecke eigenvalues.

Lemma 2.5. Let m = 1, 2, 3, 4, L ≥ 1, and let {a`}`≤L be a sequence of
complex numbers. Then for any ε > 0, we have∑

tj≤T

∣∣∣∑
`≤L

a`λsymm uj (`)
∣∣∣2 �ε T

ε(L+ T (m+1)2/32+2L15/16+ε)
∑
`≤L
|a`|2.

Proof. By the duality principle, we only have to prove∑
`≤L

∣∣∣∑
tj≤T

bjλsymm uj (`)
∣∣∣2 �ε T

ε(L+ T (m+1)2/32+2L15/16+ε)
∑
tj≤T
|bj |2(2.6)

for any sequence {bj}tj≤T of complex numbers.

The left hand side of (2.6) is bounded by

(2.7)
∑
`≥1

∣∣∣∑
tj≤T

bjλsymm uj (`)
∣∣∣2e−`/L

=
∑

tj1 ,tj2≤T
bj1bj2

∑
`≥1

λsymm uj1
(`)λsymm uj2

(`)e−`/L.

On the other hand, it is well-known that for c > 0, we have

(2.8) e−1/y =
1

2πi

�

(c)

Γ (s)ys ds.

Thus

(2.9)
∑
`≥1

λsymm uj1
(`)λsymm uj2

(`)e−`/L

=
1

2πi

�

(2)

∞∑
`=1

λsymm uj1
(`)λsymm uj2

(`)

`s
Γ (s)Ls ds.



A density theorem and extreme values of L-functions 209

Note that

∞∑
`=1

λsymm uj1
(`)λsymm uj2

(`)

`s
=
∏
p

( ∞∑
n=0

λsymm uj1
(pn)λsymm uj2

(pn)

pns

)
.

By Duke and Kowalski’s work [2, (24)], for <s = 2, we have

∞∑
n=0

λsymm uj1
(pn)λsymm uj2

(pn)

pns

= Lp(s, symm uj1 × symm uj2)Hp(s; symm uj1 , symm uj2)

where

Lp(s, symm uj1 × symm uj2) =

m∏
k,`=0

(
1− αuj1 (p)m−2kαuj2 (p)m−2`p−s

)−1
and Hp(s; symm uj1 , symm uj2) is a polynomial in p−s of degree not higher
than (m+1)2−1. Moreover, the coefficient of p−s inHp(s; symm uj1 , symm uj2)
vanishes and the coefficients of p−ns, 2 ≤ n ≤ (m+ 1)2 − 1, are

(2.10)

n∑
h=0

λsymm uj1
(pn−h)λsymm uj2

(pn−h)f (h)m (0),

where

fm(x) =
m∏

k,`=0

(
1− αuj1 (p)m−2kαuj2 (p)m−2`x

)
.

Set

H(s; symm uj1 , symm uj2) =
∏
p

Hp(s; symm uj1 , symm uj2),

F (s;m,uj1 , uj2) = L(s, symm uj1 × symm uj2)H(s; symm uj1 , symm uj2).

Then (2.9) can be rewritten as

(2.11)
∑
`≥1

λsymm uj1
(`)λsymm uj2

(`)e−`/L

=
1

2πi

�

(2)

F (s;m,uj1 , uj2)Γ (s)Ls ds.

Let s = σ + iτ . If m = 1, then it is easy to see that

Hp(s; sym1 uj1 , sym1 uj2) = 1− p−2s.
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If m = 2, then by direct calculation, we have

Hp(s; sym2 uj1 , sym2 uj2) = 1− λsym2 uj1
(p)λsym2 uj2

(p)p−2s

+
(
λsym4 uj1

(p) + λsym4 uj2
(p) + λsym2 uj1

(p) + λsym2 uj2
(p)
)
p−3s

− λsym2 uj1
(p)λsym2 uj2

(p)p−4s + p−6s

= 1 +O(p−2σ+7/16).

Hence, for m = 1, 2, H(s; symm uj1 , symm uj2) converges absolutely for σ >
23/32 and is bounded by an absolute constant.

For m = 3, 4, we use Wolfram Mathematica 7 to determine the coeffi-
cients of Hp(s; symm uj1 , symm uj2). The details are given in the Appendix.
In what follows, we assume that σ > 15/16 and p is sufficiently large. If
m = 3, by the Appendix and (1.1), we have

Hp(s; sym3 uj1 , sym3 uj2) = 1 +O(p−2σ+7/8).

If m = 4, by the Appendix and (1.1), we have

Hp(s; sym4 uj1 , sym4 uj2) = 1−λsym3 uj1
(p2)λsym3 uj2

(p2)p−2s+O(p−3σ+7/4).

Since
λsym3 uj (p

2) = λsym3 uj (p)
2 − λsym4 uj (p)− 1,

by (1.1) again, we have

|Hp(s; sym4 uj1 , sym4 uj2)| ≤ 1 + λsym3 uj1
(p)2λsym3 uj2

(p)2p−2σ

+ 5
(
λsym3 uj1

(p)2 + λsym3 uj2
(p)2

)
p−2σ+7/16 +O(p−2σ+7/8 + p−3σ+7/4)

≤
(
1 + 16λsym3 uj1

(p)2p−2σ+21/32
)(

1 + 5λsym3 uj1
(p)2p−2σ+7/8

)
×
(
1 + 5λsym3 uj2

(p)2p−2σ+7/8
)(

1 +O(p−2σ+7/8 + p−3σ+7/4)
)
.

Therefore, by (2.4) and the analytic properties of L(s, symm uj × symm uj),
we conclude that for m = 3, 4, H(s; symm uj1 , symm uj2) converges abso-
lutely for σ > 15/16. In addition, by Corollary 2.4, for σ ≥ 15/16 + ε, we
get

(2.12) H(s; symm uj1 , symm uj2)�ε (1 + |τ |+ tj1)ε(1 + |τ |+ tj2)ε.

Hence, for m = 1, 2, 3, 4,

(2.13)
1

2πi

�

(2)

F (s;m,uj1 , uj2)Γ (s)Ls ds

= Ress=1F (s;m,uj1 , uj2)L+
1

2πi

�

(15/16+ε)

F (s;m,uj1 , uj2)Γ (s)Ls ds,

By Lemma 2.3 and (2.12), we have

Ress=1 F (s;m,uj1 , uj2)L = lim
s→1+

(s− 1)F (s;m,uj1 , uj2)L�ε δj1,j2T
εL,
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where δj1,j2 = 1 if j1 = j2 and δj1,j2 = 0 otherwise. By Stirling’s formula
[23, §4.42], Lemma 2.3 and (2.12), the last integral in (2.13) is

� T (m+1)2/32+εL15/16+ε.

Inserting the above bounds into (2.13) and combining with (2.11), we have

(2.14)
∑
`≥1

λsymm uj1×symm uj2
(`)e−`/L � T ε(δj1,j2L+ T (m+1)2/32L15/16+ε).

Combining (2.7) and (2.14) with Weyl’s law, we get the statement.

2.3. Two preliminary lemmas. By Lemma 2.3 and (2.5), we obtain

log |L(2 + i`+ 3eiθ, symm uj)| �ε log `tj

for any θ ∈ [0, 2π). Combining the above formula with an argument similar
to [22, §9.2], we have the following lemma.

Lemma 2.6. For ` > 2 and any ε > 0, we have

N(1/2, `+ 1, symm uj)−N(1/2, `, symm uj)�ε log `tj .

The following lemma is an analogue of [14, Lemma 5.1] with a similar
proof.

Lemma 2.7. Let m ∈ N, let z > (m+1)2 be any fixed number and define
P (z) =

∏
p≤z p. For <s > 1, we have

L(s, symm uj)
−1 = Gj(s)

∑
(n,P (z))=1

λsymm uj (n)µ(n)n−s,

where the Dirichlet series Gj(s) converges absolutely for <s > 15/16 and
Gj(s)�m,z,ε 1 uniformly for <s > 15/16 + ε.

Proof. By (1.3) and (1.1) we have λsymm uj (p) ≤ (m + 1)p7/64. Hence
1 − λsymm uj (p)p

−s is nonzero for σ > 15/16 and p > z. Formally, we can
write Gj(s) as∏
p≤z

m∏
i=0

(1−αuj (p)m−2ip−s)
∏
p>z

(1−λsymm uj (p)p
−s)−1

m∏
i=0

(1−αuj (p)m−2ip−s).

If p > z, the p-local factor of Gj(s) is of the form 1 + Om(p−2(σ−7/16)) and
the statements follow provided σ > 15/16 + ε.

3. Proof of Theorem 1.1. According to Lemma 2.6 and Weyl’s law
(1.2), Theorem 1.1 holds if H ≥ T 2r. Moreover, we observe that the partic-
ular case H = (log T )3 implies the case 1 ≤ H ≤ (log T )3. Hence we only
have to consider the case

(log T )3 ≤ H ≤ T 2r.
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Inspired by Lemma 2.6, we cut the rectangle region α ≤ <s ≤ 1 and
0 ≤ =s ≤ H vertically into boxes of height 2(log T )3, and each box α ≤
<s ≤ 1 and Y ≤ =s ≤ Y + 2(log T )3 contains at most O((log T )4) zeros
of L(s, symm uj). Denote by nsymm uj the number of boxes which contain at
least one zero ρ of L(s, symm uj). Then it is easy to see

N(α,H, symm uj)� nsymm uj (log T )4.

Therefore, it is sufficient to prove that∑
tj≤T

nsymm uj �ε,r HT
8((m+1)(m+r+1)+64)(1−α)

17−16α
+ε.

We assume that 15/16 + 2ε ≤ α ≤ 1 in the remainder of this section.
Let ρ = β + iγ with β ≥ α and 0 ≤ γ ≤ H be a zero of L(s, symm uj), and
define

κ = 1/log T, κ1 = 1− β + κ, κ2 = 15/16− β + ε.

Then it is obvious that κ1 > 0 and κ2 < 0 by our assumption on α. Let
x, y ∈ [1, T 40m2(1+r)] and Gj(s) and P (z) be as in Lemma 2.7. Then define

Mx(s, symm uj) = Gj(s)
∑
`≤x

(`,P (z))=1

µ(`)λsymm uj (`)`
−s,

Φ(s, x; symm uj) = L(s, symm uj)Mx(s, symm uj),

for <s > 15/16. By Lemma 2.7, we have

1 = (1− Φ(s, x; symm uj)) + Φ(s, x; symm uj)

for <s > 15/16. Combining the above formula with (2.8), we have

e−1/y =
1

2πi

�

(κ1)

(1− Φ(ρ+ ω, x; symm uj))Γ (ω)yω dω

+
1

2πi

�

(κ1)

Φ(ρ+ ω, x; symm uj)Γ (ω)yω dω.

Since the zero of L(ρ+ω, symm uj) cancels the simple pole of Γ (ω) at ω = 0,
we shift the line of integration of the second integral in the above formula
to <ω = κ2 without introducing extra terms. Hence we obtain

e−1/y =
1

2πi

�

(κ1)

(1− Φ(ρ+ ω, x; symm uj))Γ (ω)yω dω(3.1)

+
1

2πi

�

(κ2)

Φ(ρ+ ω, x; symm uj)Γ (ω)yω dω.
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By Lemma 2.3, for <ω = κ2 we have

(3.2) L(ρ+ ω, symm uj)� (T +H + |=ω|)(m+1)/4+ε

and by Lemma 2.7, Cauchy’s inequality, (2.4) and Lemma 2.3 again, for
<ω = κ2 we have

(3.3) Mx(ρ+ ω, symm uj)�ε

( ∑
`1≤x

λsymm uj (`1)
2`−1−ε1

)1/2( ∑
`2≤x

`ε2

)1/2
�ε x

(1+ε)/2L(1 + ε, symm uj × symm uj)
1/2 �ε x

1/2+ε.

Thus the contribution of |=ω| ≥ (log T )3 to the second integral of (3.1) is

�ε x
1/2+εy1/2−α

�

ω|≥(log T )3
(T +H + |=ω|)(m+1)/4+ε|Γ (ω)| |dω|(3.4)

�ε x
1/2+εy1/2−α(T +H)(m+1)/4+εe−(log T )

3 �ε,r 1/T

by our assumption that H ≤ T r.
By Lemma 2.7, for <ω = κ1 = 1− β + κ and x ≥ 1, we have

1− Φ(ρ+ ω, x; symm uj)

= L(ρ+ ω, symm uj)Gj(ρ+ ω)
∑

`>x, (`,P (z))=1

µ(`)λsymm uj (`)

`ρ+ω

�ε

( ∞∑
`=1

|λsymm uj (`)|
`1+κ

)2

.

By Cauchy’s inequality, (2.4) and Corollary 2.4, the above term is

(3.5) �ε L(1 + κ, symm uj × symm uj)ζ(1 + κ)�ε T
((m+1)2+1)ε.

Therefore, as in (3.4), the contribution of |=ω| ≥ (log T )3 to the first integral
of (3.1) is �ε,r 1/T . Inserting this upper bound and (3.4) into (3.1) and
applying the fact that

1 ≤ C(a+ b) ⇒ 1 ≤ 2C2(a+ b2) for a > 0, b > 0, C ≥ 1

and Cauchy–Schwarz’s inequality, we have

1� T εy2(1−α)
K�

−K
|1− Φ(1 + κ+ i(γ + ν), x; symm uj)|2 dν

+ y15/16−α
K�

−K
|Φ(15/16 + ε+ i(γ + ν), x; symm uj)| dν,

where K = (log T )3. Here we have used the fact that 1� e−1/y.
Now we label the boxes from bottom to top by consecutive natural num-

bers and split them into two groups depending on the parity of their indices.
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This ensures that two zeros from different boxes in the same group are a dis-
tance at least 2(log T )3 apart. Therefore, the number of boxes in any group
which contain at least one zero is

� T εy2(1−α)
2H�

0

|1− Φ(1 + κ+ iν, x; symm uj)|2 dν

+ y16/17−α
2H�

0

|Φ(15/16 + ε+ iν, x; symm uj)| dν

=: T ε(y2(1−α)I ′symm uj + y15/16−αI ′′symm uj ).

This implies that

(3.6) nsymm uj � T ε(y2(1−α)I ′symm uj + y15/16−αI ′′symm uj ).

By (3.2) and (3.3), for H ≤ T r we have

(3.7) I ′′symm uj �ε,r Hx
1/2+εT r(m+1)/4+rε.

To deal with I ′symm uj , we apply Lemma 2.7 and Corollary 2.4 to obtain

1− Φ(1 + κ+ iν, x; symm uj)

�ε

∣∣∣∣L(1 + κ+ iν, symm uj)
∑

`>x, (`,P (z))=1

µ(`)λsymm uj (`)

`1+κ+iν

∣∣∣∣
�ε T

(m+1)ε

∣∣∣∣ ∑
x<`≤X

(`,P (z))=1

µ(`)λsymm uj (`)

`1+κ+iν

∣∣∣∣+ T ε
∣∣∣∣ ∑

`>X
(`,P (z))=1

µ(`)λsymm uj (`)

`1+κ+iν

∣∣∣∣,
where X = e4(log T )

3
. As in (3.5), the second term is

�ε,m T εX−κ/2(L(1+κ/2, symm uj×symm uj))
1/2(ζ(1+κ/2))1/2 �ε,m T−10.

This implies that by Cauchy–Schwarz’s inequality,

(3.8)
∑
tj≤T

I ′symm uj �ε T
ε
2H�

0

∑
tj≤T

∣∣∣∣ ∑
x<`≤X

(`,P (z))=1

µ(`)λsymm uj (`)

`1+κ+iν

∣∣∣∣2dν +H

�ε T
ε

[(logX)/log 2]∑
n=0

2H�

0

∑
tj≤T

∣∣∣∣ ∑
2nx<`≤2n+1x
(`,P (z))=1

µ(`)λsymm uj (`)

`1+κ+iν

∣∣∣∣2 dν +H.

For ` ∈ N, let a` = µ(`)`−(1+κ+iν) for 2nx < ` ≤ 2n+1x with (`, P (z)) = 1
and 0 otherwise. Then by Lemma 2.5,
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∑
tj≤T

∣∣∣∣ ∑
2nx<`≤2n+1x
(`,P (z))=1

µ(`)λsymm uj (`)

`1+κ+iν

∣∣∣∣2
� T ε(2nx+ T (m+1)2/32+2(2nx)15/16+ε)(2nx)−1−2κ.

After inserting the above formula into (3.8), a direct calculation leads to∑
tj≤T

I ′symm uj �ε,r T
εH(1 + T (m+1)2/32+2x−1/16).

Combining this with (3.6) and (3.7), we obtain∑
tj≤T

nsymm uj

�ε,r T
rεxεH

(
y2(1−α)(1 + T (m+1)2/32+2x−1/16) + y15/16−αx1/2T r(m+1)/4

)
.

Taking x = T (m+1)2/2+32 and y = T
4((m+1)(m+r+1)+64)

17−16α completes the proof of
Theorem 1.1 with ε/(r + (m+ 1)2/2 + 32) in place of ε.

4. Further preparation. This section contains preparatory material
for the proof of Theorem 1.4 to be carried out in Section 5.

As mentioned at the beginning, the generalized Ramanujan conjecture
for primitive Maass forms is out of reach. Then it is natural to consider
the number of “exceptional” Hecke eigenvalues whose absolute values are
greater than 2. In this direction, the first result was due to Sarnak [19].

Lemma 4.1 (Sarnak). Let p be a fixed prime. Then

#{tj ≤ T : |λj(p)| ≥ a ≥ 2} � T 2−log(a/2)/log p,

where the implied constant is absolute.

In the thesis [24], the author generalized a weaker form of Sarnak’s result
(see [24, Lemma 3.4.2]).

Lemma 4.2. Let 1 ≤ G ≤ T . For any prime p and any positive real
number a ≥ 2, define

E(a;T,G, p) = {T −G ≤ tj ≤ T +G : λj(p) ≥ a ≥ 2}.

Then

(4.1) |E(a;T,G, p))| � (GT )
1−κ0 log(a/2)

2 log p ,

where κ0 = 11/155 and the implied constant is absolute.

To prove Theorem 1.4, we also need a more general result:
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Proposition 4.3. Let m = 1, 2, 3, 4. There is a positive constant c0 =
c0(ε) such that uniformly for ε log T ≤ z ≤ (log T )10, we have

L(1, symm uj) =

{
1 +O

(
1

log2 T

)}∏
p≤z

∏
0≤k≤m

(
1−

αuj (p)
m−2k

p

)−1
for all but Oε

(
GT exp

{
− c0 log T

log2 T
log
(

2z
ε log T

)})
of the tj’s in H(G,T ). The

implied constant in the O-term is absolute.

Before we prove Proposition 4.3, we need to establish two preliminary
lemmas.

The first lemma is an analogue of [13, Lemma 3.1] with a similar proof.
To begin with, we introduce some notation. Define, for m = 1, 2, 3, 4,

Λsymm uj (n)

=

{
[αuj (p)

mν + αuj (p)
(m−2)ν + · · ·+ αuj (p)

−mν ] log p if n = pν ,

0 otherwise.

By the Cauchy inequality and (2.4), we have

(4.2)
∑
p

λsymm uj (p) log p

ps

≤
(∑

p

λsymm uj×symm uj (p)

pσ

)1/2(∑
p

(log p)2

pσ

)1/2

,

which implies that the infinite sum on the left-hand side converges absolutely
for σ > 1. Hence we can define

L(s) =
∞∑
n=1

Λsymm uj (n)

ns
=
∑
p

λsymm uj (p) log p

ps
+O(1)

for σ > 1. Suppose tj ∈ H+
T,symm(η). Then we know that L(s) is holomor-

phic and zero-free in the region S. Therefore, we can define the logarithm
logL(s, symm uj) in S by the integral of L(s) from 2 to s ∈ S with the initial
value taken as the usual natural logarithm of L(2, symm uj). In particular,
we have the absolutely convergent series

logL(s, symm uj) =
∞∑
n=2

Λsymm uj (n)

ns log n
(σ > 1).

Similarly to (4.2), by Lemma 2.3, we obtain a rather crude estimate for
σ > 1,

|logL(s, symm uj)| �ε,m |L(σ, symm uj × symm uj)|1/2ζ(σ)1/2

�ε,m T ε(σ − 1).
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set σ0 = 1− η. Combining the Borel–Carathéodory theorem [23, §5.5] with
Lemma 2.3, we find that for σ > σ0 and |t| ≤ 100T η,

(4.3) logL(s, symm uj)�
log T

σ − σ0
,

where the implied constant is absolute.

Lemma 4.4. Let m = 1, 2, 3, 4, η ∈ (1, 1/1000) and x = T 4η/(4+η). Let
H+
T,symm(η) be defined as in Section 6.1. Then for any tj ∈ H+

T,symm(η),

logL(1, symm uj) =
∑
p≤x

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
+O(T−η

2/(4+η)+ε).

The implied constant depends on ε, η and m only.

Proof. Let tj ∈ H+
T,symm(η), H ≥ 1 and x ≥ 1. By the Perron formula

(see [21, Theorem II.2.2]),

∑
2≤n≤x

Λsymm uj (n)

n log n
=

1

2πi

1/log x+iH�

1/log x−iH

logL(s+ 1, symm uj)
xs

s
ds

+O

(∑
n≥1

|Λsymm uj (n)/log n|
n1+1/log x(1 +H|log(x/n)|)

)
.

If n ≥ 3x/2 or n ≤ x/2, then by the Cauchy–Schwarz inequality, (2.4) and
Corollary 2.4, the sum in the error term is

�
∑
p≤x/2

|λsymm uj (p)|
Hp1+1/log x

+
∑

p≥3x/2

|λsymm uj (p)|
Hp1+1/log x

� 1

H

( ∞∑
n=1

1

n1+1/log x

)1/2( ∞∑
n=1

|λsymm uj×symm uj (n)|
n1+1/log x

)1/2

� xεT ε

H
.

If x/2 < n < 3x/2 and n 6= x, the sum in the error term is

�
∑

x/2≤p≤3x/2
p6=x

|λsymm uj (p)|
p+H|p− x|

� x7/16
∑

x/2≤p≤3x/2
p 6=x

1

p+H|p− x|

� x7/16
(

1

x
+

1

H

)
.

By (4.3), logL(s, symm uj) �η log T for σ ≥ 1 − η/4 and |t| ≤ 100T η. We
move the line of integration to σ = −η/4 and we have
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∑
2≤n≤x

Λsymm uj (n)

n log n

= logL(1, symm uj) +O

(
x7/16+εT ε

H
+

log T

H
+

(log T )(logH)

xη/4

)
.

If we take H = T η and x = T 4η/(4+η), the error term is � T−η
2/(4+η)+ε.

On the other hand, note that∑
p≤
√
x

∑
ν>(log x)/log p

|αuj (p)|mν

νpν
�

∑
p≤
√
x

∑
ν>(log x)/log p

1

νp9ν/16+ε
� x−1/16,

∑
√
x<p≤x

∑
ν>(log x)/log p

|αuj (p)|mν

νpν
�

∑
√
x<p≤x

∑
ν≥2

1

νp9ν/16+ε
� x−1/16.

We have∑
2≤n≤x

Λsymm uj (n)

n log n
=
∑
p≤x

∑
0≤k≤m

∑
ν≤(log x)/log p

αuj (p)
(m−2k)ν

νpν

=
∑
p≤x

∑
0≤k≤m

(
log

(
1−

αuj (p)
m−2k

p

)−1
−

∑
ν>(log x)/log p

αuj (p)
(m−2k)ν

νpν

)

=
∑
p≤x

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
+O(x−1/16).

This completes the proof of Lemma 4.4.

To prove the second preliminary lemma, we need the following large sieve
inequality (see [24, Theorem 7.1.1]).

Proposition 4.5. Let 1 ≤ G ≤ T and

H(G,T ) = {tj : T −G ≤ tj ≤ T +G}.

Let ν ≥ 1 be a fixed integer and {bp}p be a sequence of real numbers in-
dexed by prime numbers such that |bp| ≤ B for some constant B and for all
primes p. Then

(4.4)
∑

tj∈H(G,T )

∣∣∣∣ ∑
P<p≤Q

bpλj(p
ν)

p

∣∣∣∣2k

� GT

(
96B2(ν + 1)2k

P logP

)k{
1 +

(
40k logP

P

)k/3}
+ F (G,T,B, P, ν, k)

uniformly for B > 0, k ≥ 1 and 2 ≤ P < Q ≤ 2P. Here
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F (G,T,B, P, ν, k) =


G

112
155T

144
155

+ε

(
10BQν/4+ε

logP

)2k

if 1 ≤ G ≤ T 1−ε,

T
299
155

+ε

(
10BQ43ν/620+ε

logP

)2k

if T 1−ε ≤ G ≤ T ,

and the implied constant depends on ν and ε only.

Applying Proposition 4.5, we obtain the following lemma.

Lemma 4.6. Let ν = 1, 2, 3, 4 and η ∈ (0, 1/1010] be fixed.

(i) Define

(4.5) E1
ν(P,Q) =

{
tj ∈ H(G,T ) :

∣∣∣∣ ∑
P<p≤Q

λj(p
ν)

p

∣∣∣∣ > 10(ν + 1)

(log T )(logP )

}
.

We have

|E1
ν(P,Q)| �ν GT

1−1/(150ν)

for

(4.6) (log T )10 ≤ P ≤ Q ≤ 2P ≤ T η.
The implied constant depends on ν at most.

(ii) Let

(4.7) E2
ν(P,Q) =

{
tj ∈ H(G,T ) :

∣∣∣∣ ∑
P<p≤Q

λj(p
ν)

p

∣∣∣∣ > (96(ν + 1)2z

(log2 T )2P

)1/2}
.

There is a positive constant c0(ε, ν) such that if

(4.8) ε log T ≤ z ≤ P ≤ Q ≤ 2P ≤ (log T )10,

then

|E2
ν(P,Q)| �ν,ε GT exp

{
−c0(ε, ν)

log T

log2 T
log

(
2z

ε log T

)}
,

where the implied constant depends on ε and ν at most.

Proof. We can assume that T ≥ T0 (T0 = e(200ν)
2

for assertion (i) and

T0 = e(200ν/ε)
2

for assertion (ii)), as the remaining cases are trivial. We shall
apply (4.4) with bp = 1, B = 1 and

k =


[

log T

100ν logP

]
if (4.5) holds,[

ε log T

100ν log2 T

]
if (4.8) holds,

to count |E1
ν(P,Q)| and |E2

ν(P,Q)|. The right-hand side of (4.4) leads to

(4.9) GT

{(
96(ν + 1)2k

P logP

)k
+ T−

11
155

+εQkν/2+ε
}
.
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By (4.5), (4.6) and (4.9), we have

|E1
ν(P,Q)| � GT

{(
96(ν + 1)2k

P logP

)k
+ T−

11
155

+εQkν/2+ε
}(

log2 T (logP )2

100(ν + 1)2

)k
� GT

{(
(log T )3

P

)k
+ T−

11
155

+εQkν+ε
}
� T 1−1/(150ν)G.

If (4.8) holds, we have logP ≥ 1
2 log2 T and z ≥ (log2 T )2. Then

|E2
ν(P,Q)| � GT

{(
96(ν + 1)2k

P logP

)k
+ T−

11
155

+εQkν/2+ε
}(

(log2 T )2P

96(ν + 1)2z

)k
� GT

{(
k log2 T

z

)k
+ T−

11
155

+εQkν+ε
}

� GT

{(
ε log T

2z

)k
+ T−

11
155

+εQkν+ε
}

� GT exp

{
− ε log T

101ν log2 T
log

(
2z

ε log T

)}
.

The proof is complete.

Now we prove Proposition 4.3.

Let s = σ + iτ and m = 1, 2, 3, 4. For any η ∈ (0, 1/1010], we define

H+
G,T ;symm(η) = {ti ∈ H(G,T ) : L(s, symm uj) 6= 0, s ∈ S},

where S = {s : σ ≥ 1− η, |τ | ≤ 100T η} ∪ {s : σ ≥ 1}. Then we define

H−G,T ;symm(η) = H(G,T ) \H+
G,T ;symm(η).

By Theorem 1.1, we have |H−G,T ;symm(η)| �η T
1000η. Define

y0 = T 4η/(4+η), y1 = (log T )10, y2 = ε log T.

By Lemma 4.4, for any tj ∈ H+
G,T ;symm(η), we have

logL(s, symm uj) =
∑
p≤y0

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
+O(T−η

2/(4+η)+ε).

Then, for each tj ∈ H+
G,T ;symm(η), we truncate the sum in the above formula

to ∑
p≤y1

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
+R1(symm uj),
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where

R1(symm uj) =
∑

y1<p≤y0

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
=

∑
y1<p≤y0

∑
0≤k≤m

∞∑
`=1

αuj (p)
(m−2k)`

`p`

=
∑

y1<p≤y0

∑
0≤k≤m

αuj (p)
m−2k

p
+

∑
y1<p≤y0

∞∑
`=2

∑
0≤k≤m

αuj (p)
(m−2k)`

`p`

=
∑

y1<p≤y0

λj(p
m)

p
+O(y

−1/8
1 ).

Here we have used (1.1). To deal with the last sum, we divide it dyadically.
Define

P`(y1) = 2`−1y1, Q`(y1, y0) = min{2`y1, y0},

E1
m = H−G,T ;symm(η) ∪

⋃
`

E1
m(P`(y1), Q`(y1, y0)),

where E1
m(P,Q) is defined as in (4.5). There are at most (log y0)/log 2 + 1

values of ` which occur in the union. By Lemma 4.6(i), we have

|E1
m| � T 1000η +

∑
`

|E1
m(P`(y1), Q`(y1, y0))|(4.10)

� T 1000η +GT 1−1/(150m) log T � GT 1−1/(151m).

For all tj ∈ H(G,T ) \ E1
m, we have

R1(symm uj)�
∑
`

∣∣∣∣ ∑
P`(y1)<p≤Q`(y1,y0)

λj(p
m)

p

∣∣∣∣+ y
−1/8
1

�
∑
`

10(m+ 1)

(log T )(logP`(y1))
+ y
−1/8
1 � log2 T

log T
.

Therefore, for all tj ∈ H(G,T ) \ E1
m,

logL(s, symm uj) =
∑
p≤y1

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
+O(

1

log2 T
),

where the implied constant is absolute.

Finally, we consider y2 ≤ z ≤ y1. Similarly, it remains to evaluate

R2(symm uj) =
∑

z<p≤y1

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
.
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Set

E2
m(z) = E1

m ∪
⋃
`

E2
m(P`(y1), Q`(y1, y0); z),

where E2
m(P,Q; z) is defined as in (4.7). Here the number of sets in the union

over ` is at most (log y1)/log 2 + 1 � log2 T . By (4.10) and Lemma 4.6(ii),
we have

|E2
m(z)| �ε GT

1−1/(151m) +GT exp

{
−2c0

log T

log2 T
log

(
2z

ε log T

)}
log2 T

�ε GT exp

{
−c0

log T

log2 T
log

(
2z

ε log T

)}
,

where c0 = c0(ε) is a positive constant depending on ε.

For all tj ∈ H(G,T ) \ E2
m(z), we have

R2(symm uj)�
∑
`

∣∣∣∣ ∑
P`(z)<p≤Q`(z,y1)

λj(p
m)

p

∣∣∣∣+ z−1/8

�
∑
`

(
z

P`(z)(log2 T )2

)1/2

+ z−1/8 �
∑
`

1

2`/2 log2 T
+ z−1/8 � 1

log2 T
.

Hence

logL(s, symm uj) =
∑
p≤z

∑
0≤k≤m

log

(
1−

αuj (p)
m−2k

p

)−1
+O

(
1

log2 T

)
for all tj ∈ H(G,T ) \ E2

m(z), where the implied constant is absolute. The
proof of Proposition 4.3 is complete.

5. Proof of Theorem 1.4. Assume that |αuj (p)| ≤ α′, where α′ > 1
is a parameter to be determined later. Then |λj(p)| ≤ α′ + (α′)−1 =: a. By
(4.1), we have

(5.1)
∣∣∣⋃
p≤z

E(a;T,G, p)
∣∣∣� (GT )

1−κ0 log(a/2)
2 log z z � (GT )

1−κ0 log(a/2)
3 log2 T .

For tj ∈ H(G,T ) \ (E2
m(z) ∪

⋃
p≤z |E(a;T,G, p)|), we have

L(1, symm uj) ≤
{

1 +O

(
1

log2 T

)}∏
p≤z

(
1− α′

p

)−m−1
≤
{

1 +O

(
1

log2 T

)}
(eγ log z)α

′(m+1)

≤
{
eγ
(
(eγ(1−1/α

′) log z)α
′
+ C0(log2 T )α

′−1)}m+1
,

where C0 is an absolute constant. We take α′ = 1 + {(log3 T ) log4 T}−1 and
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z = ee
−γ(1−1/α′)(log2 T+r−C0(log2 T )

α′−1)1/α
′

= e(1+O((log4 T )
−1))(log2 T+r−C0(log2 T )

α′−1).

Noting (5.1) and taking ε = εe−C0 proves the assertion of Theorem 1.4
for F+

T,G.

Similarly, for tj ∈ H(G,T ) \ (E2
m(z) ∪

⋃
p≤z |E(a;T,G, p)|), we obtain

L(1, symm uj) ≥
{
B−m
(
(B−m)1−1/α

′
log z)α

′
+ C ′0(log2 T )α

′−1)}−A−m ,
where C ′0 is an absolute positive constant. We take

α′ = 1 + {(log3 T ) log4 T}−1

and

z = e(B
−
m)−(1−1/α′)(log2 T+r−C′0(log2 T )α

′−1)1/α
′

= e(1+O((log4 T )
−1))(log2 T+r−C0(log2 T )

α′−1).

Noting (5.1) and taking ε = εe−C
′
0 proves the assertion of Theorem 1.4

for F−T,G.

Appendix. Let <s = 2 and Hp(s; symm uj1 , symm uj2) be the poly-
nomial in p−s defined as in Section 2.2 whose degree is not higjer than
(m + 1)2 − 1, the coefficient of p−s vanishes and the coefficients of p−ns,
2 ≤ n ≤ (m+ 1)2−1, given by (2.10). Now, we use Wolfram Mathematica 7
to determine these coefficients.

Let x = αuj1 (p), y = αuj2 (p) and z = p−s. We first consider the polyno-

mial Hp(s; sym3 uj1 , sym3 uj2). The procedure is as follows.

m = 3;m = 3;m = 3; h = 25;h = 25;h = 25;

P1[x , z ]:=Product[Sum[x(m−2∗i)∗n ∗ zn, {n, 0, h}], {i, 0,m}];P1[x , z ]:=Product[Sum[x(m−2∗i)∗n ∗ zn, {n, 0, h}], {i, 0,m}];P1[x , z ]:=Product[Sum[x(m−2∗i)∗n ∗ zn, {n, 0, h}], {i, 0,m}];
P2[y , z ]:=Product[Sum[y(m−2∗j)∗n ∗ zn, {n, 0, h}], {j, 0,m}];P2[y , z ]:=Product[Sum[y(m−2∗j)∗n ∗ zn, {n, 0, h}], {j, 0,m}];P2[y , z ]:=Product[Sum[y(m−2∗j)∗n ∗ zn, {n, 0, h}], {j, 0,m}];
P3[x , y , z ]:=Product[1− x(m−2∗i) ∗ y(m−2∗j) ∗ z, {i, 0,m}, {j, 0,m}];P3[x , y , z ]:=Product[1− x(m−2∗i) ∗ y(m−2∗j) ∗ z, {i, 0,m}, {j, 0,m}];P3[x , y , z ]:=Product[1− x(m−2∗i) ∗ y(m−2∗j) ∗ z, {i, 0,m}, {j, 0,m}];
a[n , x ]:=Coefficient[P1[x, z], z, n];a[n , x ]:=Coefficient[P1[x, z], z, n];a[n , x ]:=Coefficient[P1[x, z], z, n];

b[n , y ]:=Coefficient[P2[y, z], z, n];b[n , y ]:=Coefficient[P2[y, z], z, n];b[n , y ]:=Coefficient[P2[y, z], z, n];

c[n , x , y ]:=Coefficient[P3[x, y, z], z, n];c[n , x , y ]:=Coefficient[P3[x, y, z], z, n];c[n , x , y ]:=Coefficient[P3[x, y, z], z, n];

d[n , x , y ]:=Sum[a[n− t, x] ∗ b[n− t, y]c[t, x, y], {t, 0, n}];d[n , x , y ]:=Sum[a[n− t, x] ∗ b[n− t, y]c[t, x, y], {t, 0, n}];d[n , x , y ]:=Sum[a[n− t, x] ∗ b[n− t, y]c[t, x, y], {t, 0, n}];
For[i = 0, i < 16, i+ +,Print[Simplify[d[i, x, y]]]]For[i = 0, i < 16, i+ +,Print[Simplify[d[i, x, y]]]]For[i = 0, i < 16, i+ +,Print[Simplify[d[i, x, y]]]]

Here a[n, x] = λsym3 uj1
(pn), b[n, x] = λsym3 uj2

(pn), c[n, x, y] = f
(n)
3 (0) and

d[n, x, y] is the coefficient of p−ns in Hp(s; sym3 uj1 , sym3 uj2). The results
are as follows:

d[0, x, y] = 1, d[1, x, y] = 0,

d[2, x, y] = −x−4y−4(1 + x2 + 2x4 + x6 + x8)(1 + y2 + 2y4 + y6 + y8),
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d[3, x, y] = x−7y−7(1 + x2 + x4 + x6)(1 + y2 + y4 + y6)

× (y4 + x2y4 + x6y4 + x8y4 + x4(1 + y2 + 2y4 + y6 + y8)),

d[4, x, y] = −x−10y−10
(
y10 + 2x2y10 + 2x18y10 + x20y10

+ x4y4(1 + 2y2 + 3y4 + 7y6 + 3y8 + 2y10 + y12)

+ x16y4(1 + 2y2 + 3y4 + 7y6 + 3y8 + 2y10 + y12)

+ x6y4(2 + 4y2 + 6y4 + 11y6 + 6y8 + 4y10 + 2y12)

+ x14y4(2 + 4y2 + 6y4 + 11y6 + 6y8 + 4y10 + 2y12)

+ x8y4(3 + 6y2 + 9y4 + 16y6 + 9y8 + 6y10 + 3y12)

+ x12y4(3 + 6y2 + 9y4 + 16y6 + 9y8 + 6y10 + 3y12)

+ x10(1 + 2y2 + 7y4 + 11y6 + 16y8 + 23y10 + 16y12

+ 11y14 + 7y16 + 2y18 + y20)
)
,

d[5, x, y] = x−9y−9(1 + x2 + x4 + x6)(1 + y2 + y4 + y6)

× (y6 + x2y6 + 2x4y6 + 2x8y6 + x10y6 + x12y6

+ x6(1 + y2 + 2y4 + 2y6 + 2y8 + y10 + y12)),

d[6, x, y] = 0, d[7, x, y] = −d[5, x, y], d[8, x, y] = −d[4, x, y],

d[9, x, y] = −d[3, x, y], d[10, x, y] = −d[2, x, y], d[11, x, y] = −d[1, x, y],

d[12, x, y] = −d[0, x, y], d[13, x, y] = d[14, x, y] = d[15, x, y] = 0.

Next, we consider Hp(s; sym4 uj1 , sym4 uj2). The procedure is as follows.

m = 4;m = 4;m = 4; h = 25;h = 25;h = 25;

P1[x , z ]:=Product[Sum[x(m−2∗i)∗n ∗ zn, {n, 0, h}], {i, 0,m}];P1[x , z ]:=Product[Sum[x(m−2∗i)∗n ∗ zn, {n, 0, h}], {i, 0,m}];P1[x , z ]:=Product[Sum[x(m−2∗i)∗n ∗ zn, {n, 0, h}], {i, 0,m}];
P2[y , z ]:=Product[Sum[y(m−2∗j)∗n ∗ zn, {n, 0, h}], {j, 0,m}];P2[y , z ]:=Product[Sum[y(m−2∗j)∗n ∗ zn, {n, 0, h}], {j, 0,m}];P2[y , z ]:=Product[Sum[y(m−2∗j)∗n ∗ zn, {n, 0, h}], {j, 0,m}];
P3[x , y , z ]:=Product[1− x(m−2∗i) ∗ y(m−2∗j) ∗ z, {i, 0,m}, {j, 0,m}];P3[x , y , z ]:=Product[1− x(m−2∗i) ∗ y(m−2∗j) ∗ z, {i, 0,m}, {j, 0,m}];P3[x , y , z ]:=Product[1− x(m−2∗i) ∗ y(m−2∗j) ∗ z, {i, 0,m}, {j, 0,m}];
a[n , x ]:=Coefficient[P1[x, z], z, n];a[n , x ]:=Coefficient[P1[x, z], z, n];a[n , x ]:=Coefficient[P1[x, z], z, n];

b[n , y ]:=Coefficient[P2[y, z], z, n];b[n , y ]:=Coefficient[P2[y, z], z, n];b[n , y ]:=Coefficient[P2[y, z], z, n];

c[n , x , y ]:=Coefficient[P3[x, y, z], z, n];c[n , x , y ]:=Coefficient[P3[x, y, z], z, n];c[n , x , y ]:=Coefficient[P3[x, y, z], z, n];

d[n , x , y ]:=Sum[a[n− t, x] ∗ b[n− t, y]c[t, x, y], {t, 0, n}];d[n , x , y ]:=Sum[a[n− t, x] ∗ b[n− t, y]c[t, x, y], {t, 0, n}];d[n , x , y ]:=Sum[a[n− t, x] ∗ b[n− t, y]c[t, x, y], {t, 0, n}];
For[i = 0, i < 25, i+ +,Print[Simplify[d[i, x, y]]]]For[i = 0, i < 25, i+ +,Print[Simplify[d[i, x, y]]]]For[i = 0, i < 25, i+ +,Print[Simplify[d[i, x, y]]]]

Here a[n, x] = λsym4 uj1
(pn), b[n, x] = λsym4 uj2

(pn), c[n, x, y] = f
(n)
4 (0) and

d[n, x, y] is the coefficient of p−ns in Hp(s; sym4 uj1 , sym4 uj2). The results
are as follows.

d[0, x, y] = 1, d[1, x, y] = 0,

d[2, x, y] = −x−6y−6(1 + x2 + 2x4 + 2x6 + 2x8 + x10 + x12)

× (1 + y2 + 2y4 + 2y6 + 2y8 + y10 + y12),

d[3, x, y] = x−10y−10(1 + x2 + 2x4 + 2x6 + 2x8 + x10 + x12)

× (1 + y2 + 2y4 + 2y6 + 2y8 + y10 + y12)

× (y4 + x2y4 + x6y4 + x8y4 + x4(1 + y2 + y6 + y8)),
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d[4, x, y] = −x−14y−14(1 + x2 + x4 + x6 + x8)(1 + y2 + y4 + y6 + y8)

× (y10 + x2y10 + x18y10 + x20y10 + (x4y4 + x6y4 + x14y4 + x16y4)

×
(
1 + y2 + 2y4 + 3y6 + 2y8 + y10 + y12)

+ (x8y4 + x12y4)(2 + 2y2 + 4y4 + 5y6 + 4y8 + 2y10 + 2y12)

+ x10(1 + y2 + 3y4 + 3y6 + 5y8 + 7y10 + 5y12 + 3y14 + 3y16 + y18 + y20)),

d[5, x, y] = x−18y−18
(
y18 + 2x2y18 + 2x34y18 + x36y18

+ 5x8y10(1 + 2y2 + 3y4 + 4y6 + 6y8 + 4y10 + 3y12 + 2y14 + y16)

+ 5x28y10(1 + 2y2 + 3y4 + 4y6 + 6y8 + 4y10 + 3y12 + 2y14 + y16)

+ x4y10(1 + 2y2 + 3y4 + 4y6 + 8y8 + 4y10 + 3y12 + 2y14 + y16)

+ x32y10(1 + 2y2 + 3y4 + 4y6 + 8y8 + 4y10 + 3y12 + 2y14 + y16)

+ x6y10(2 + 4y2 + 6y4 + 8y6 + 15y8 + 8y10 + 6y12 + 4y14 + 2y16)

+ x30y10(2 + 4y2 + 6y4 + 8y6 + 15y8 + 8y10 + 6y12 + 4y14 + 2y16)

+ x10y4
(
1 + 2y2 + 5y4 + 14y6 + 25y8 + 34y10 + 44y12 + 58y14

+ 44y16 + 34y18 + 25y20 + 14y22 + 5y24 + 2y26 + y28)

+ x26y4(1 + 2y2 + 5y4 + 14y6 + 25y8 + 34y10 + 44y12 + 58y14

+ 44y16 + 34y18 + 25y20 + 14y22 + 5y24 + 2y26 + y28)

+ x12y4(2 + 4y2 + 10y4 + 25y6 + 44y8 + 59y10 + 76y12 + 94y14

+ 76y16 + 59y18 + 44y20 + 25y22 + 10y24 + 4y26 + 2y28)

+ x24y4(2 + 4y2 + 10y4 + 25y6 + 44y8 + 59y10 + 76y12 + 94y14

+ 76y16 + 59y18 + 44y20 + 25y22 + 10y24 + 4y26 + 2y28)

+ x14y4(3 + 6y2 + 15y4 + 34y6 + 59y8 + 78y10 + 100y12 + 121y14

+ 100y16 + 78y18 + 59y20 + 34y22 + 15y24 + 6y26 + 3y28)

+ x22y4(3 + 6y2 + 15y4 + 34y6 + 59y8 + 78y10 + 100y12 + 121y14

+ 100y16 + 78y18 + 59y20 + 34y22 + 15y24 + 6y26 + 3y28)

+ x16y4(4 + 8y2 + 20y4 + 44y6 + 76y8 + 100y10 + 128y12 + 151y14

+ 128y16 + 100y18 + 76y20 + 44y22 + 20y24 + 8y26 + 4y28)

+ x20y4(4 + 8y2 + 20y4 + 44y6 + 76y8 + 100y10 + 128y12 + 151y14

+ 128y16 + 100y18 + 76y20 + 44y22 + 20y24 + 8y26 + 4y28)

+ x18(1 + y2)2(1 + 7y4 + y6 + 21y8 + 15y10 + 43y12 + 20y14 + 68y16

+ 20y18 + 43y20 + 15y22 + 21y24 + y26 + 7y28 + y32)
)
,

d[6, x, y] = −x−18y−18(1 + x2 + x4 + x6 + x8)(1 + y2 + y4 + y6 + y8)

×
(
y14 + x2y14 + 3x4y14 + 3x24y14 + x26y14 + x28y14

+ x6y8(1 + y4 + 3y6 + y8 + y12) + x22y8(1 + y4 + 3y6 + y8 + y12)

+ x10y8(2 + 2y4 + 5y6 + 2y8 + 2y12) + x18y8(2 + 2y4 + 5y6 + 2y8 + 2y12)

+ x8y6(1 + y2 + 2y4 + 2y6 + 7y8 + 2y10 + 2y12 + y14 + y16)
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+ x20y6(1 + y2 + 2y4 + 2y6 + 7y8 + 2y10 + 2y12 + y14 + y16)

+ x12y6(1 + 2y2 + 2y4 + 3y6 + 9y8 + 3y10 + 2y12 + 2y14 + y16)

+ x16y6(1 + 2y2 + 2y4 + 3y6 + 9y8 + 3y10 + 2y12 + 2y14 + y16)

+ x14(1 + y2 + 3y4 + 3y6 + 7y8 + 5y10 + 9y12 + 12y14 + 9y16 + 5y18

+ 7y20 + 3y22 + 3y24 + y26 + y28)
)
,

d[7, x, y] = −x−16y−16(1 + x4 + x6 + x8 + x12)(1 + y4 + y6 + y8 + y12)

×
(
y6(1 + y2 + y4 + y6 + y8) + 2x2y6(1 + y2 + y4 + y6 + y8)

+ 2x18y6(1 + y2 + y4 + y6 + y8) + x20y6(1 + y2 + y4 + y6 + y8)

+ x4y6(4 + 5y2 + 5y4 + 5y6 + 4y8) + x16y6(4 + 5y2 + 5y4 + 5y6 + 4y8)

+ x8(1 + y2)2(1 + 4y4 + 4y6 + 4y8 + 4y10 + 4y12 + y16)

+ x10(1 + y2)2(1 + 4y4 + 4y6 + 4y8 + 4y10 + 4y12 + y16)

+ x12(1 + y2)2(1 + 4y4 + 4y6 + 4y8 + 4y10 + 4y12 + y16)

+ (x6 + x14)(1 + 2y2 + 4y4 + 10y6 + 12y8 + 12y10 + 12y12

+ 10y14 + 4y16 + 2y18 + y20)
)
,

d[8, x, y] = x−20y−20(1 + x2 + x4 + x6 + x8)(1 + y2 + y4 + y6 + y8)

×
(
y14 + y18 + x2y12(1 + y2 + y4 + y6 + y8)

+ x30y12(1 + y2 + y4 + y6 + y8) + x32(y14 + y18)

+ x4y12(1 + 4y2 + y4 + 4y6 + y8) + x28y12(1 + 4y2 + y4 + 4y6 + y8)

+ x6y6(1 + y2)2(1 + 2y4 + 3y6 + y8 + 3y10 + 2y12 + y16)

+ x26y6(1 + y2)2(1 + 2y4 + 3y6 + y8 + 3y10 + 2y12 + y16)

+ x8y6(2 + 3y2 + 6y4 + 10y6 + 17y8 + 12y10 + 17y12 + 10y14

+ 6y16 + 3y18 + 2y20)

+ x24y6(2 + 3y2 + 6y4 + 10y6 + 17y8 + 12y10 + 17y12 + 10y14

+ 6y16 + 3y18 + 2y20)

+ x10y6(3 + 6y2 + 9y4 + 18y6 + 23y8 + 21y10 + 23y12 + 18y14

+ 9y16 + 6y18 + 3y20)

+ x22y6(3 + 6y2 + 9y4 + 18y6 + 23y8 + 21y10 + 23y12 + 18y14

+ 9y16 + 6y18 + 3y20)

+ x12(y2 + y4 + 7y6 + 10y8 + 18y10 + 27y12 + 39y14 + 32y16 + 39y18

+ 27y20 + 18y22 + 10y24 + 7y26 + y28 + y30)

+ x20(y2 + y4 + 7y6 + 10y8 + 18y10 + 27y12 + 39y14 + 32y16 + 39y18

+ 27y20 + 18y22 + 10y24 + 7y26 + y28 + y30)

+ x16(y2 + y4 + 8y6 + 12y8 + 21y10 + 32y12 + 46y14 + 38y16 + 46y18

+ 32y20 + 21y22 + 12y24 + 8y26 + y28 + y30)
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+ x14(1 + y2 + 4y4 + 9y6 + 17y8 + 23y10 + 39y12 + 46y14 + 46y16

+ 46y18 + 39y20 + 23y22 + 17y24 + 9y26 + 4y28 + y30 + y32)

+ x18(1 + y2 + 4y4 + 9y6 + 17y8 + 23y10 + 39y12 + 46y14 + 46y16

+ 46y18 + 39y20 + 23y22 + 17y24 + 9y26 + 4y28 + y30 + y32)
)
,

d[9, x, y] = − x−22y−22(1 + x2 + x4 + x6 + x8)(1 + y2 + y4 + y6 + y8)

×
(
y18 + 2x2y18 + 2x34y18 + x36y18

+ x4y12(1 + y2 + 2y4 + 5y6 + 2y8 + y10 + y12)

+ x32y12(1 + y2 + 2y4 + 5y6 + 2y8 + y10 + y12)

+ 2x8y10(1 + 3y2 + 4y4 + 6y6 + 9y8 + 6y10 + 4y12 + 3y14 + y16)

+ 2x28y10(1 + 3y2 + 4y4 + 6y6 + 9y8 + 6y10 + 4y12 + 3y14 + y16)

+ x6y10(1 + 3y2 + 4y4 + 6y6 + 11y8 + 6y10 + 4y12 + 3y14 + y16)

+ x30y10(1 + 3y2 + 4y4 + 6y6 + 11y8 + 6y10 + 4y12 + 3y14 + y16)

+ x10y6(1 + 2y2 + 6y4 + 14y6 + 18y8 + 25y10 + 34y12 + 25y14

+ 18y16 + 14y18 + 6y20 + 2y22 + y24)

+ x26y6(1 + 2y2 + 6y4 + 14y6 + 18y8 + 25y10 + 34y12 + 25y14

+ 18y16 + 14y18 + 6y20 + 2y22 + y24)

+ x12y4(1 + 3y2 + 6y4 + 14y6 + 26y8 + 34y10 + 44y12 + 56y14

+ 44y16 + 34y18 + 26y20 + 14y22 + 6y24 + 3y26 + y28)

+ x24y4(1 + 3y2 + 6y4 + 14y6 + 26y8 + 34y10 + 44y12 + 56y14

+ 44y16 + 34y18 + 26y20 + 14y22 + 6y24 + 3y26 + y28)

+ x14y4(1 + 4y2 + 8y4 + 18y6 + 34y8 + 44y10 + 57y12 + 71y14

+ 57y16 + 44y18 + 34y20 + 18y22 + 8y24 + 4y26 + y28)

+ x22y4(1 + 4y2 + 8y4 + 18y6 + 34y8 + 44y10 + 57y12 + 71y14

+ 57y16 + 44y18 + 34y20 + 18y22 + 8y24 + 4y26 + y28)

+ x16y4(2 + 6y2 + 12y4 + 25y6 + 44y8 + 57y10 + 72y12 + 88y14

+ 72y16 + 57y18 + 44y20 + 25y22 + 12y24 + 6y26 + 2y28)

+ x20y4(2 + 6y2 + 12y4 + 25y6 + 44y8 + 57y10 + 72y12 + 88y14

+ 72y16 + 57y18 + 44y20 + 25y22 + 12y24 + 6y26 + 2y28)

+ x18(1 + 2y2 + 5y4 + 11y6 + 18y8 + 34y10 + 56y12 + 71y14

+ 88y16 + 104y18 + 88y20 + 71y22 + 56y24 + 34y26

+ 18y28 + 11y30 + 5y32 + 2y34 + y36)
)
,

d[10, x, y] = x−24y−24
(
y24 + 2x2y24 + 2x46y24 + x48y24

+ (x4y16 + x44y16)(1 + 2y2 + 3y4 + 4y6 + 10y8 + 4y10 + 3y12 + 2y14 + y16)

+ 2(x6y16 + x42y16)(2 + 4y2 + 6y4 + 8y6 + 13y8 + 8y10 + 6y12 + 4y14 + 2y16)
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+ (x8y12 + x40y12)(1 + 2y2 + 13y4 + 24y6 + 36y8 + 46y10 + 66y12 + 46y14

+ 36y16 + 24y18 + 13y20 + 2y22 + y24)

+ 2(x10y10 + x38y10)(1 + 3y2 + 7y4 + 20y6 + 35y8 + 49y10 + 62y12 + 77y14

+ 62y16 + 49y18 + 35y20 + 20y22 + 7y24 + 3y26 + y28)

+ (x12y8 + x36y8)(1 + 6y2 + 18y4 + 38y6 + 92y8 + 152y10

+ 211y12 + 260y14 + 310y16 + 260y18 + 211y20 + 152y22

+ 92y24 + 38y26 + 18y28 + 6y30 + y32) + 2(x14y8 + x34y8)(1 + 7y2

+ 19y4 + 41y6 + 87y8 + 141y10 + 191y12 + 234y14

+ 268y16 + 234y18 + 191y20 + 141y22 + 87y24 + 41y26 + 19y28 + 7y30 + y32)

+ 2(x18y4 + x30y4)(1 + 4y2 + 12y4 + 35y6 + 76y8 + 141y10 + 253y12

+ 381y14 + 497y16 + 592y18 + 653y20 + 592y22 + 497y24 + 381y26 + 253y28

+ 141y30 + 76y32 + 35y34 + 12y36 + 4y38 + y40)

+ (x16y4 + x32y4)(1 + 4y2 + 13y4 + 40y6 + 92y8 + 174y10 + 330y12

+ 506y14 + 671y16 + 804y18 + 903y20 + 804y22 + 671y24 + 506y26 + 330y28

+ 174y30 + 92y32 + 40y34 + 13y36 + 4y38 + y40)

+ 2(x22y4 + x26y4)(2 + 8y2 + 23y4 + 62y6 + 130y8 + 234y10 + 402y12

+ 592y14 + 763y16 + 900y18 + 982y20 + 900y22 + 763y24 + 592y26 + 402y28

+ 234y30 + 130y32 + 62y34 + 23y36 + 8y38 + 2y40)

+ (x20y4 + x28y4)(3 + 12y2 + 36y4 + 98y6 + 211y8 + 382y10 + 671y12

+ 994y14 + 1292y16 + 1526y18 + 1678y20 + 1526y22 + 1292y24 + 994y26

+ 671y28 + 382y30 + 211y32 + 98y34 + 36y36 + 12y38 + 3y40) + x24(1 + 2y2

+ 10y4 + 26y6 + 66y8 + 154y10 + 310y12 + 536y14 + 903y16 + 1306y18

+ 1678y20 + 1964y22 + 2144y24 + 1964y26 + 1678y28 + 1306y30 + 903y32

+ 536y34 + 310y36 + 154y38 + 66y40 + 26y42 + 10y44 + 2y46 + y48)
)
.

For 11 ≤ n ≤ 20, d[n, x, y] = d[20− n, x, y]. For 21 ≤ n ≤ 24, d[n, x, y] = 0.
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