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A density theorem and extreme values
of automorphic L-functions at one

by

YINGNAN WANG (Shenzhen)

1. Introduction. The distribution of the values of Dirichlet L-functions
at s = 1 was first studied by Littlewood [15] in 1928 and has attracted many
mathematicians’ interests. These values are related to the class numbers of
quadratic fields via Dirichlet’s class number formula. For a survey, the read-
ers may refer to [4]. One may generalize this problem to symmetric power
L-functions which are a generalization of Dirichlet L-functions. In the frame-
work of automorphic representation theory, the Dirichlet L-functions con-
stitute the family of L-functions attached to the automorphic cuspidal rep-
resentations of GL1(Q), and L-functions attached to primitive holomorphic
cusp forms or primitive Maass forms are the case of GL2(Q). According to
the Langlands functoriality conjecture, a symmetric mth power L-function
attached to a primitive holomorphic cusp form or a primitive Maass form
is an L-function attached to some automorphic cuspidal representation of
GL;+1(Q) (the cases m < 4 have been proved).

Symmetric power L-functions have important analytic properties car-
rying a lot of information on the initial automorphic representation. For
example, Shimura [20] proved that for any primitive holomorphic cusp form
or primitive Maass form, its symmetric square L-function is entire and sat-
isfies a functional equation; moreover, its Rankin—Selberg L-function can
be factorized into a product of its symmetric square L-function and a fac-
tor involving Riemann zeta-function, and the value of its symmetric square
L-function at s = 1 is a scalar multiple of its L? norm. For symmetric power
L-functions, one main difference from the Dirichlet L-functions is that the
combinatorial analysis is much more complicated due to the fact that the
degrees of their Euler products are higher than 1 and so the Dirichlet coef-
ficients are not completely multiplicative.
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Just as for the Riemann zeta-function, all the nontrivial zeros of symmet-
ric power L-functions attached to primitive Maass forms lie in the critical
strip 0 < Rs < 1 and it is also conjectured that they all lie on the ver-
tical line $*s = 1/2, which is the so-called generalized Riemann hypothesis
(GRH). Unfortunately, GRH is out of reach currently. To get around this
difficulty in many applications, one makes use of the classical tools called
density theorems which are the estimates on the number of “exceptional”
nontrivial zeros in the critical strip, especially in the regions close to the
boundary of the critical strip. For the classical case, one famous example is
that the nonvanishing of Riemann zeta-function in a region close to the line
Rs = 1 implies the prime number theorem.

In 1999, Luo [16] first proved a density theorem on symmetric square
L-functions attached to primitive Maass forms with large eigenvalues and
then applied it to study the distribution of the values of symmetric square
L-functions at s = 1. Later, Kowalski and Michel [10] obtained a general
density theorem for automorphic L-functions with large conductors. In 2004,
Cogdell and Michel [I] proved a density theorem for arbitrary symmetric
power L-functions of primitive holomorphic cusp forms of large level and
applied it to study the distribution of values at s = 1 of arbitrary sym-
metric power L-functions of primitive holomorphic cusp forms of large level
under a certain assumption. In 2005, inspired by these works, Lau and Wu
[14] showed a density theorem for the mth symmetric power L-functions
attached to primitive holomorphic cusp forms and used it to investigate
the extreme values of the mth symmetric power L-functions attached to
primitive holomorphic cusp forms at s =1, for m = 1,2, 3, 4.

In this paper, we prove that Lau and Wu’s density theorem [I4] also
holds for symmetric power L-functions attached to primitive Maass forms
(see Theorem , and apply this result to study the distribution of the
values of the mth symmetric power L-functions attached to primitive Maass
forms at 1, for m = 1,2,3,4. One major obstacle is that the generalized
Ramanujan conjecture is still unknown for primitive Maass forms and we
use the Rankin—Selberg method to get around the difficulty caused by the
possible “exceptional” Hecke eigenvalues.

Let I' = SLy(Z) and H be the open upper plane in C. Denote the space
spanned by the Maass cusp forms for I' by C(I"\H). Let {u; : j > 0} be a
complete orthonormal basis for C(I"\H) with

Auj = (1/4+ )y,  Touj; = Nj(n)y;

where A is the non-Euclidean Laplace operator and T, is the nth Hecke
operator. Then 0 < t; <t < ---, Aj(n) € R and we have the Fourier
expansion
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uj(2) = vy pi(1) Y A\j(n) Kar, (2mlnly)e(ne) (2 = +iy € H)
n#0

where p;(1) # 0 and K, is the K-Bessel function of order v. By a primitive
Maass form we mean p;j(1)~1u;(2).
The generalized Ramanujan conjecture asserts that

IAj(p)] <2 for all primes p.

However, this conjecture is out of reach at present . The best result in this
direction is due to Kim and Sarnak [7], who proved that for all primes p,

(1.1) IN(p) <p’+p7°

where § = 7/64. The “exceptional” eigenvalues (whose absolute values are
greater than 2) raise extra difficulties compared with the case of primitive
holomorphic cusp forms. Moreover, we know that ( Weyl’s law)

(1.2) r(T)=#{j:0<t; <T} = %TQ 4+ O(TlogT).

Define two parameters, oy, (p) and By, (p), by
o, (p) + Bu;(p) = Aj(p) and  ay; (p)Bu;(p) =1

For m € N, the symmetric mth power L-function associated to u; is defined
by

(13) L(S, Symm UJ H H Oéuj m 2k 73 Z )\symmu

P k=0

for Rs > 1. For m = 1, 2, 3, 4, the above Dirichlet series converges absolutely
for Rs > 1 and L(s,sym™ u;) is the L-function attached to a cuspidal au-
tomorphic form of GLj,41(Q). Moreover, L(s,sym™ u;) can be analytically
continued to the entire complex plane and satisfies the functional equation
(see [3] for m =1, [20] for m = 2 and [6], [§], [9] for m = 3,4)
(1.4) A(s,sym™ u;j) = Loo(s,sym™ u;)L(s,sym™ u;)

= Esymm u,; A(1 — s, 5ym™ ),

where ggymm ; = £1 and

m
Loo(s,sym™u;) = [ [ Tk(s —i(m — 2k)t;) with IR(s) =7 */*I'(s/2).
k=0
Our main objective is to prove the following density theorem on sym-
metric power L-functions attached to primitive Maass forms.

THEOREM 1.1. Let m=1,2,3,4 and r>1 be given. Let N (o, H, sym™ u;)
be the number of zeros p= [ +iy of L(s,sym™ u;) with B>co and 0<y< H.
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Then for any € > 0, we have

8((m+1)(m+r+1)+64)(1—a)
T7—16a te

Z N(o, H,sym™ uj) <y e HWYrT
thT
uniformly for 15/16 + € < o < 1 and H > 1. The implied constant depends
on € and r only.

REMARK 1.2. (i) A similar result has been proved for the case of holo-
morphic cusp forms by Lau and Wu [14].

(ii) The key points here are the convexity bounds in Lemma [2.3[and the
large sieve inequality in Lemma which handles the difficulties arising
from the possible “exceptional” eigenvalues (of absolute value more than 2).

Now we deduce some consequences of Theorem Let s = o + i1 and
m = 1,2,3,4. For any n € (0,1/2), we define
H’]—L—,symm(n) ={0<t; <T:L(s,sym™u;) #0, s €S},
where S ={s:0>1—mn, |7| <100T"} U{s: o > 1}. Then we define

By Theorem [I.1] with 7 = 1, it is easy to see

(15)  [HygmmI< Y N(1—n,100T", sym™ u;)
t EH;,symm (m)

< > N(1—n,100T7,sym™ u;) < T EDm2)+66),
0<tj§T

Therefore, by Weyl’s law (L.2)), we have
|1LFr ()| =r(T)+ O(TSn((m+1)(m+2)+66))

T,sym™
for m = 1,2,3,4 and n € (1,1/1000). This implies that for almost u;, the
functions L(s,sym™ u;) with m < 4 satisfy a weak form of GRH.

Next, we apply Theorem to study the distribution of the values of
the mth symmetric power L-functions of primitive Maass forms at s = 1, for
m = 1,2,3,4. As the first application, we generalize Lau and Wu’s result [14]
Theorem 2| on the extreme values of symmetric power L-functions attached
to primitive holomorphic cusp forms to the case of primitive Maass forms.

THEOREM 1.3. Letn € (0,1/1000) be fixred and m = 1,2,3,4. Then there

exist tj,,tj, € H;{Symm (n) such that, for T — oo,

L(1,sym™ u;,) > {1+ o(1)}(B;; logy T)™™,
L(1,sym™uj,) < {1+ o(1)}(B,, log, T) ™,
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where the constants At and BE are given by

Al =m+1, Bl =¢€ (m=1,2,3,4),
A, =m+1, B, =¢¢2)" (m=13),
Ay =1, By =€7((2)72,
Ap =2, B, =€¢'By,,
and
_ 1 2p< 0 6 3 3 6 10 1)
B, = ==l -1+ —+5+35 -3 + =
B 1}{( p>[27 poop? P pt P 0T
+2p<1+2+5 5 2 1>\/1+3+8+3+1r/5}
27 p p? p> pt PP p p? p p ’

Here vy is the Euler constant.

The proof of Theorem is very similar to the proof of [14, Theorem 2]
with obvious modifications, and so we shall omit it.

Next we study the analogues of the first two Montgomery—Vaughan con-
jectures for automorphic L-functions associated to primitive Maass forms.
These conjectures were first proposed by Montgomery and Vaughan [I7] for
Dirichlet L-functions L(s, x4) associated to a primitive real character x4 in
1999. For a survey on these conjectures, the interested readers may refer to
[12, Section 3.

Let 1 <G < T and

H(G,T)={t;: T—G<t; <T+G}.

Define
1
Fif o (t,sym™) = ———— 1,
ne |H(G,T) tVGHZ(:G -
J ) +
L(1,sym™ uj)>(B7J,rLt)Am
1
Fro(tsym™) = ———— L,
e |H(G,T)| tE;@ -
7 s

L(1,sym™ u;)<(Bpmt)4m

where the constants A and B are defined as in Theorem [1.3] The ana-
logues of the first two conjectures of Montgomery and Vaughan for auto-
morphic L-functions associated to primitive Maass forms are as follows. For
each m € Z, there exist positive constants Ty = To(m), Cp, > ¢ > 0, and
0< 60, <6, <1 such that for T' > Ty,

(16) e—Cm(logT)/loggT < F%G(logg T, Symm) < e—cm(logT)/log2 T’

(1.7) T~ < FE(logy T + logs T, sym™) < T~
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Lau and Wu [12] proved the upper-bound part of the analogue of the first
conjecture for automorphic L-functions associated to holomorphic modular
forms and a weaker upper bound for the second one in 2008. Unfortunately,
we cannot prove the same results for primitive Maass forms due to the
absence of the generalized Ramanujan conjecture. Applying Theorem

we prove weaker upper bounds for (|1.6)) and (1.7)).

THEOREM 1.4. Let m = 1,2,3,4. Then for any € > 0, there are positive
constants ¢ = c(€) and Ty = Ty(€) such that

logT
F:I: log T+, symm < exp <—C r+1 >
7.c(log, ) (r+1) (logy T') (logs T)?(log, T)?

forT > Ty andloge <r < (9 —€)logy T'.

2. Preliminaries

2.1. Convexity bounds for symmetric power L-functions. The
following result should be well-known and the interested readers may refer
to [24] Lemma 2.1.1] for a proof.

LEMMA 2.1. Let s =0 +1ir. Then
/2 -s)
I'(s)

uniformly for —1 + ¢ < o < —e, where the implied constant only depends
on €.

L (1+ |22

COROLLARY 2.2. Let s =0 +i1. Then

m

<e [T+ 17+ [m = 2k)t,]) />0
k=0

Loo(1 — s,sym™ u;)

Leo(s,8ym™ uy)
and

Loo(1 — s,sym™ uj;, x sym™ u;, )

Loo(s,sym™ uj, X sym™ u;,)
m
1/2—
<o TT (@ +lrl+1m =20t |+ [(m = 20t5,)) > 7
k=0
uniformly for —1 + ¢ < o < —e, where the implied constants only depend
on €.

Define the Rankin-Selberg L-function of sym™ w;, and sym™ u;, by

m
— - —s\—1
L(S,Symm Ujy X sym™ Ujg) = H H (1 — (p)m Zkaujz (p)m zep s)
P k{=0
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for s > 1. For m = 1,2, 3,4, the above product is absolutely convergent
for s > 1. Furthermore, by (1.4) and Rudnick and Sarnak’s work [I8],
L(s,sym™ uj, x sym™ u;,) has the functional equation

(2.1)  A(s,sym™ uj; x sym™ uj, )
= Loo(s,sym™ uj, x sym™ wj,)L(s,sym™ u;, x sym™ uj,)
= Esym™ u;, xsym™ uj, A1 = s,sym™ uj, x sym™ uy;,),
where egymm wj, Xsym™ uj, = +1 and
m
Loo(s,sym™ uj, x sym™ uj,) = H I (s —i(m — 2k)tj, —i(m — 20)t},).
k=0
If wj, # wj,, then L(s,sym™ uj, x sym™ uj,) can be analytically continued

to the entire complex plane. If uj = uj,, it has an analytic continuation
with a simple pole at 1.

LEMMA 2.3. Let m=1,2,3,4 and s = o + i7. For any ¢ > 0, we have

L(s,sym™ uj) < H(l + |7+ |(m — Qk)tj’)(lfa)/%}e
k=0

in the strip —e < o <1+ ¢€ and

s(s —1)L(s,sym™ uj; x sym" w;, )
1 (
<e [T @4 Irl+1m = 2k)t5,| + | (m — 20)t3,])
k=0

1—0)/2+€

in the strip —e <o <1+e.
Proof. Let €1 = %e. By and a direct computation, we have
L(s,sym™ uj, x sym™ u;,) <¢, 1
on the line o = 15/8 4+ €1. Then by the functional equation and Corol-
lary we have

L(s,sym™ uj, x sym™ uj,)
m
<o [T @+ Ir]+[(m = 2k)t;,] + [(m — 20)t;,])
k,¢=0

on the line 0 = —7/8 — ¢;. By Property (RS 3) in Rudnick and Sarnak [1§],
we know s(s — 1)L(s,sym™uj, x sym™uj,) is entire. By the Phragmén—

11/8+61
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Lindel6f principle [23] §5.65],

(2.2)  s(s—1)L(s,sym™ u;, x sym™ uj,)
m
<a [T (4 Irl+1m = 2k)t;,| + [(m — 20)t;,
k=0
in the strip —7/8 — €1 <o < 15/8 + ¢€;.

Jacquet and Shalika [5] proved that L(s,sym™ uj, x sym™ uj,) does not
vanish on the half-plane o > 1. We can define log L(s, sym™ u;, x sym™ u;,)
in the half-plane o > 1+¢; in the usual way; we then have log L(s, sym™ u;, x
sym™ u;,) <¢, 1 on the half-plane o > 15/8 + €. The Borel-Carathéodory
theorem [23, §5.5] with the convex bounds implies that if o > 1 4 2y,
then

|) (15—80+8e€1)/16

log L(s,sym™ uj, x sym™ uj,) <, log(t;, +tj, + |7]).
If 7 >0, let
k(s) =
o9 — 01

where 01 = 1+ 2¢; and 09 = 15/8 + €1. Then

g9 —

and  o(s) = eF(9)1oBa(istts +tj,)

logy(—is + tj, + tjz)
= 1log (1 log?(0? + (T + tj, +tj,)?) + arctan? U)
2 4 g ” T+t + 1,
2 arctan m
IOg(U2 + (7 + tj, + tj2)2) ’
where log, is the r-fold iterated logarithm. A direct computation leads to

Rk(s)logy(—is +tj, +t5,) = k(o) logy(T +tj, +1t5,) + O(1)

— tarctan

and
lo(s)] = log(r + tj, + £3,)X?)eO).
Therefore,
log L(s,sym™ uj;, x sym™ w;, )
o(s)
on the two parallel upper half-lines 0 = 1+ 2¢;, 7 > 0 and 0 = 15/8 + €1,
7 > 0. Hence by the Phragmén—Lindelof principle again, we have

<<51 1

log L(s,sym™ uj, x sym™ u;, )

o(s)
in the upper half-strip 1 + 2¢; < 0 < 15/8 + €1, 7 > 0. Therefore, on the
upper half-linec =1+3¢; =1+¢, 7 >0,

<o 1

7—16¢;

log L(s,sym™ uj, x sym™ uj,) <, log(|7| +t;, +t;,) 75
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and
(2.3) L(s, sym™ uj, x sym™ uj,) <, ¢8It +te)
<eg (‘7—| +15 + tjz)q'
Similarly, we can prove for the lower half-line ¢ = 14+3¢; = 14¢€, 7 < 0.
Therefore, by the functional equation and Corollary we have

m
L(s,sym™ wuj, xsym"™ u;,) < H (1+|T’+|(m—2k)tj1 |+|(m—20)t,
k=0
on the line 0 = —e. By the Phragmén—Lindel6f principle,

) 1/2+2€

s(s —1)L(s,sym™ uj, x sym™ u;,)
m 1—0+8e
<o [T (417l + 1tm = 2k)t5, ] + |(m — 20)t5,]) 2+
kA4=0

in the strip —e <o <1+e.

On the other hand, Lau and Lii [11] proved that if j; = jo = j, then the
coefficients of L(s,sym™ u; x sym™ u;) are nonnegative and
(24) ‘)\syrnm Uj (n) |2 < )\symm Uj XSsym™ u; (n)
Hence, by Cauchy’s inequality, L(s,sym™ u;) converges absolutely for o > 1
and
(2.5)  L(s,sym™u;) < L(1 + e, sym™ uj, x sym™uj,)2¢(1 4 €)Y? <. t;

for o > 1+ €. Hence by the functional equation (|1.4)) and Corollary we
have

m
L(s,sym™uj) < [ [+ 7] + [(m — 2k)t;|)1 /22
k=0
on the line ¢ = —e. By the Phragmén—Lindel6f principle,
m m 1—0+8e
L(s,sym™ uj) < [0+ 7]+ |(m — 2k)t;]) 2+
k=0

in the strip —e < ¢ < 1+ €. Replacing % by (1 — 0)/2+ ¢, the proof is
complete. m

Note that L(s,sym™u;) < 1 and L(s,sym™ u;, x sym™u;,) < 1 for
Rs > 2. By the above lemma with s = 1 and the Phragmén—Lindel6f
principle, we have the following corollary.

COROLLARY 2.4. Let m = 1,2,3,4 and s = o +iT. For any ¢ > 0, we

have
m

L(s,sym™u;) < [ [+ |7] + |(m — 2k)t;]) )¢
k=0
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i the strip 1 <o < 2, and

s(s —1)L(s,sym™ uj; x sym" w;, )
m
92—
<o TT (Ut rl 4 10m = 28yt 4 (m = 20t,]) "
k=0

i the strip 1 < o < 2.

2.2. A large sieve inequality. The following lemma is an analogue
of [14, Proposition 4.1]. Since the generalized Ramanujan conjecture is un-
known for primitive Maass forms, we apply Duke and Kowalski’s method [2]
and the convexity bounds proved above to get around the difficulty caused
by the possible “exceptional” Hecke eigenvalues.

LEMMA 2.5. Let m =1,2,3,4, L > 1, and let {as}i<1, be a sequence of
complex numbers. Then for any € > 0, we have

2
|3 ahugun (O e T(L 4 T D/ B2L11640) 57 g 2
t;<T (<L <L

Proof. By the duality principle, we only have to prove

2 € m 2 €
(2.6) Z‘ > bidsymm (z)‘ <o T(L A+ TP /3242 15/164¢) 1y 2
(<L t;<T t; <T

for any sequence {b;};,<7 of complex numbers.
The left hand side of ([2.6]) is bounded by

(2.7) Z‘ Z bj Asymrm u, (6)‘26_6/L

>1 t; <T
= Z bj1 by, Z Asym™ (€) Asymm Ujy (g)eiz/L-

tjyotin<T 0>1

J1
On the other hand, it is well-known that for ¢ > 0, we have

1
(2.8) eV = —

5l S I'(s)y® ds.

(c)
Thus

(2.9) Z Asym g, (€) Asymm uj, (0)e= /"

>1
1 S > )\symm Ujy (E))\symm Uj, (E)
Vs

I'(s)L* ds.
(2) =1
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Note that

s )\symm uj, (5) )\symm Uj,, (6) H (i )\symm Ujy (pn))\symm Ujo (pn) >

gs = ns
/=1 p n=0 p

By Duke and Kowalski’s work [2, (24)], for fts = 2, we have

i )\symm Ujq (pn))\symm Ujy (pn)
o an
= Lp(s,sym™ uj, x sym" wj, ) Hp(s; sym™ u;,, sym™ uj,)
where
e 1
Lp(s, sym™ uj, x sym™ug,) = [ (1= aw,, (0)™ Fa,, (p)™ *p?)
k=0

and Hp(s;sym™ uj,,sym™ uj,) is a polynomial in p~* of degree not higher

than (m+1)2—1. Moreover, the coefficient of p=% in H,(s; sym™ u;, , sym™ u;, )
vanishes and the coefficients of p=", 2 < n < (m +1)2 — 1, are

(2.10) D Asymm g, (0" Asymm g, (07" 51 (0),
h=0

where

Set

H(s;sym™ uj,,sym™ uj,) = H Hy,(s;sym™ wj,, sym™ u, ),
p
F(s;m,uj,,uj,) = L(s,sym™ u;, x sym™ uj,)H(s;sym™ uj,, sym™ uj, ).

Then (2.9) can be rewritten as

(2.11) Z Asymm uj, () Asymm uj, (0)e Tt
>1 1

= S F(s;m,uj,ujy)I(s)L® ds.
)
Let s = o +ir. If m =1, then it is easy to see that

Hy(s;sym' uj,, sym' uj,) =1 —p~ 2%
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If m = 2, then by direct calculation, we have

Hp(s; Sym2 Ugy Sym2 uj2) =1- )‘sme Ujy (p))‘sym2 Usjg (p)p—Qs

+ ()‘sym4 ujy (p) + )‘sym“ Usjg (p) + )‘sme ujy (p) + )‘sme Usjg (p))p
- )‘sme ujy (p))‘sym2 Ujy (p)p_48 + p_GS
=14 O(p_20+7/16).

Hence, for m = 1,2, H(s;sym™ u;,,sym™ u;,) converges absolutely for o >
23/32 and is bounded by an absolute constant.

For m = 3,4, we use Wolfram Mathematica 7 to determine the coeffi-
cients of Hp(s;sym™ u;,,sym™ u;,). The details are given in the Appendix.
In what follows, we assume that ¢ > 15/16 and p is sufficiently large. If
m = 3, by the Appendix and , we have

Hy(s;sym® ujy,sym® ug,) = 1+ O(p
If m = 4, by the Appendix and ({1.1]), we have
HP(S; Sym4 Ugy Sym4 ujz) =1- /\symS Ujy (pQ))‘syrn3 Ujy (pQ)p_QS + O(p

Since

—3s

—20+7/8)
—30—}—7/4)‘

Asymd u; (P?) = Agyms u, (0)* = Agymtu, (0) — 1,
by again, we have
| Hp (53 sym™ ujy, sym® u,)] < 14 Ay oy, () Asym g, (9)°D
5 Ohagm s, ()7 + Asyms y, (P)2)p 277119 4 O(p27+7/5 . =7/
< (14 16Agms u, (p)2p~20F21/32) (1 4 5A s " (p)2p 274718
X (1 + 5Asym3 wjy (p)zp*20+7/8) (1 + O(p*20+7/8 + p73a+7/4))_

Therefore, by (2.4) and the analytic properties of L(s,sym™ u; x sym™ u;),
we conclude that for m = 3,4, H(s;sym™ u;,,sym™ u;,) converges abso-
lutely for o > 15/16. In addition, by Corollary for o > 15/16 + €, we
get

(2.12)  H(s;sym™ wjy, sym™ wj, ) e (14 |7] +25,) (1 + 7] +15,) .
Hence, for m = 1,2, 3,4,

—20

(2.13) S F(s;m,uj,ujy)I'(s)L* ds
(2) 1
= Resg—1F(s;m, uj,,uj,)L + 9 S F(s;m,uj,,uj,)(s)L* ds,

1
(15/16+¢€)

2mi

By Lemma and (2.12), we have

Ress—1 F'(s;m,uj,,uj,)L = 11I{1+(S — 1)F(s;m,uj,, uj,) L <L 05, j,T°L,
s5—
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where 05, j, = 1 if j1 = j2 and 6;, j, = 0 otherwise. By Stirling’s formula
[23, §4.42], Lemma and (2.12)), the last integral in (2.13]) is

< T(m+1)2/32+6L15/16+e.
Inserting the above bounds into (2.13) and combining with (2.11]), we have
(2:14) D" Ay ug, sy (O™ F € T8, gy L+ TOD/R2 L1510,
>1
Combining (2.7) and (2.14) with Weyl’s law, we get the statement. =

2.3. Two preliminary lemmas. By Lemma and (12.5)), we obtain
log |L(2 + il + 3e sym™ ;)| <. log £t;

for any 6 € [0,27). Combining the above formula with an argument similar
to [22, §9.2], we have the following lemma.

LEMMA 2.6. For £ > 2 and any € > 0, we have
N(1/2,0+1,sym™ uj) — N(1/2,¢,sym™ u;) <. log lt;.
The following lemma is an analogue of [14, Lemma 5.1] with a similar

proof.

LEMMA 2.7. Letm € N, let z > (m+1)? be any fivred number and define
P(z) =[],<,p. For Rs > 1, we have

L(s,sym™u;) "t = G;(s) Z Asymm u; () p(n)n =,
(n,P(z))=1
where the Dirichlet series G;(s) converges absolutely for Rs > 15/16 and
Gj(s) Km,ze 1 uniformly for Rs > 15/16 + €.

Proof. By l) and l) we have Asymma; (p) < (m + 1)p7/64. Hence
1 — Asymm o; (p)p~° is nonzero for o > 15/16 and p > z. Formally, we can
write G(s) as

HHI o, ()2 p %) [T = Asyrara, ()9 ) 1H1 e, ()™ i),

p<z1i=0 p>z

If p > 2, the p-local factor of G;(s) is of the form 1+ O, (p~2*~7/16)) and
the statements follow provided o > 15/16 + €. m

3 Proof of Theorem [1.1} According to Lemma [2.6 and Weyl’s law
, Theorem 1.1} . 1| holds if H > T?". Moreover, we observe that the partic-
ular case H = (logT)? implies the case 1 < H < (logT)3. Hence we only
have to consider the case

(logT)3 < H <T%.



212 Y. N. Wang

Inspired by Lemma [2.6] we cut the rectangle region a@ < Rs < 1 and
0 < Qs < H vertically into boxes of height 2(log T')?, and each box a <
Rs < land Y < s <Y +2(logT)? contains at most O((logT)*) zeros
of L(s,sym™ u;). Denote by ngymm u; the number of boxes which contain at
least one zero p of L(s,sym™ u;). Then it is easy to see

N(a, H,sym™ uj) < ngymm v, (log )%

Therefore, it is sufficient to prove that

8((m+1)(m+r+1)+64)(1—a)
5 Neymm u; Ler HT 17=16a
thT

+e€

We assume that 15/16 + 2¢ < a < 1 in the remainder of this section.
Let p = + iy with 8 > a and 0 < v < H be a zero of L(s,sym™ u;), and
define

k=1/logT, kK1=1—-p4+K, K2=15/16—0+e.

Then it is obvious that x; > 0 and k2 < 0 by our assumption on «a. Let
z,y € [1,T40m*(141)] and Gj(s) and P(z) be as in Lemma [2.7, Then define

Mx(s,symm uj) = Gj(s) Z 'u(g))\symm u; (E)E_Sa
<z
(¢,P(z))=1

D(s,z;sym™ uj) = L(s,sym™ uj) My(s, sym™ u;),
for Rs > 15/16. By Lemma 2.7, we have
1=(1-&(s,z;sym™ uy)) + D(s, z;sym™ ;)
for Rs > 15/16. Combining the above formula with (2.8), we have

1
e VY = — S (1 —=2(p+w,z;sym™ uy)) I (w)y” dw
2me
(K1)
+ 5 S D(p+ w, x;sym™ u;)I'(w)y” dw.

(k1
Since the zero of L(p+w,sym™ u;) cancels the simple pole of I'(w) at w = 0,
we shift the line of integration of the second integral in the above formula
to Rw = ko without introducing extra terms. Hence we obtain

(3.1) S ——

5] S (1—-P(p+w,z;sym™ uj)) [ (w)y” dw

K1)
+ — S D(p+ w,x;sym™ u;) I'(w)y” dw.
(K2)
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By Lemma 2.3} for fw = k2 we have
(3.2) L(p+w,sym™ ug) << (T + H + [Su]) (/44
and by Lemma Cauchy’s inequality, (2.4) and Lemma again, for

Rw = k9 we have

LN 1/2 1/2

(8:3)  Mulp+w,sym™ uy) e (30 A, (0)277) (D0 5)
0 <z o<z
<. x(1+€)/2L(1 + €, sym™ uj X sym”” Uj)1/2 <. $1/2+e.
Thus the contribution of |Sw| > (logT')? to the second integral of (3.1]) is
(34) <. $1/2+ey1/2—a S (T +H+ |%w|)(m+1)/4+euﬂ(w)’ |dw|
w[>(log T)3
<, x1/2+6y1/2_0‘(T+ I_I)(771—%—1)/4-i—ee—(logT)3 Ler l/T

by our assumption that H < T".
By Lemma 2.7} for Rw = k1 =1 — 8+ and 2 > 1, we have

1—-P(p+w,x;sym™ u;)

=L(p+w,sym™ u;)Gj(p + w) Z

>z, (6P()=1
= ’/\symmu-w” 2
<e <§ e )

p(€) Asymm uj (0)
fptw

(=1
By Cauchy’s inequality, (2.4) and Corollary the above term is
(3.5) Le L(1 + K, sym™ uj x sym™ u;)((1 + k) < T ((m+1)*+1)e

Therefore, as in (3.4)), the contribution of |Sw| > (log T)? to the first integral

of (3.1) is <, 1/T. Inserting this upper bound and (3.4) into (3.1 and
applying the fact that

1<Cla+b) = 1<20%a+b*) fora>0b>0C>1

and Cauchy—Schwarz’s inequality, we have

K
L TG0 | 1= {1+ k4 iy + v), @3 sym™ )| dv
-K
K
+ 1107 {1B(15/16 + ¢ + i(y + v), 23 sym™ uy)| dv,
K

where K = (log T')3. Here we have used the fact that 1 < e~'/¥.
Now we label the boxes from bottom to top by consecutive natural num-
bers and split them into two groups depending on the parity of their indices.
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This ensures that two zeros from different boxes in the same group are a dis-
tance at least 2(log T')® apart. Therefore, the number of boxes in any group
which contain at least one zero is

2H
< Ty S 11— ®(1 + k +iv, x;5ym™ u;) > dv
0
2H
+ yl0/1T—a S |P(15/16 + € + v, x;sym™ u;)| dv
0
=: TE(yQ(l_a)Iéymm Uj + 915/16_a1é;mm uj)‘
This implies that
(3.6) Neymmu; < TP 41O ).
By (3.2)) and (3.3), for H < T" we have
(3.7) Lmm u;, Leyr L/ er(m+1) [Are.

To deal with I;ymm ujr We apply Lemma and Corollary to obtain
1 —P(1+ kK +iv, z;sym™ uj)

L |L(1+ K +iv,sym™ u;)

Z N(é))‘symm uj (0)
gl—f—m—i—iu
>z, (L,P(z))=1

<<6 T(m—‘rl)e

M(e))\symmu-(g) €
Z €1+n+i1/ : + T

5 A ()
el=X = £1+/€+iu )
(¢,P(z))=1 (¢,P(z))=1

where X = 4(08T)’  Agin || the second term is
Lem TEX?K/Q(L(l‘i"i/Z sym” u; xsym™ Uj))l/Q(C(l""{/m)l/Q Lem T

This implies that by Cauchy—Schwarz’s inequality,

2H 2
e ,U«(E)Asymmu-(g)
(3.8) Z I;ymm uy Le T S Z Z gl—HH—iuJ dv +H
t;<T 0 t;<T! z<t<Xx
(¢,P(2))=1

[(log X)/log 2] 2H 2
. N(g))‘symmu'(é)
wr Y N X s OF
n=0 0 thT 2"m<£§2n+1(£
(6,P(2))=1

For ¢ € N, let ay = p(0)0~+H5+2) for ong < ¢ < 2"H g with (¢, P(2)) = 1
and 0 otherwise. Then by Lemma [2.5
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Z M(g))‘symm uj (0) 2
gl—&—n—i—iu

>

thT

M pf<ontly
(6,P(2))=1

< TE(Qn:E + T(m+1)2/32+2(an)15/16+e)(2nl,)—1—25‘

After inserting the above formula into (3.8)), a direct calculation leads to
Z [éymm 0y e TH(1+ T(m+1)2/32+2x71/16).
t; <T

Combining this with (3.6 and (3.7]), we obtain

Z nsymm U j

t; <T

<oy Treer(yZ(lfa)<1 + T(m+l)2/32+2x71/16) 4 y15/167a$1/2Tr(m+1)/4).

4((m+1)(m+r+1)+64)
Taking z = T(m+1)?/2+32 and y="T 17=16c completes the proof of

Theorem [1.1| with €/(r + (m + 1)2/2 + 32) in place of e.

4. Further preparation. This section contains preparatory material
for the proof of Theorem to be carried out in Section 5.

As mentioned at the beginning, the generalized Ramanujan conjecture
for primitive Maass forms is out of reach. Then it is natural to consider
the number of “exceptional” Hecke eigenvalues whose absolute values are
greater than 2. In this direction, the first result was due to Sarnak [19].

LEMMA 4.1 (Sarnak). Let p be a fized prime. Then
#{t; <T: N(p)] > a > 2} < T8/ o8,
where the implied constant is absolute.

In the thesis [24], the author generalized a weaker form of Sarnak’s result
(see [24, Lemma 3.4.2]).

LEMMA 4.2. Let 1 < G < T. For any prime p and any positive real
number a > 2, define

E(a;T,G,p)={T -G <t; <T+G:\(p) >a>2}
Then

1 rglog(a/2)
(4.1) |E(a; T, G,p))| < (GT)"™ 2ler
where ko = 11/155 and the implied constant is absolute.

To prove Theorem we also need a more general result:
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PROPOSITION 4.3. Let m = 1,2,3,4. There is a positive constant ¢y =
co(€) such that uniformly for elogT < z < (log T)'°, we have

L1, sym™ u;) = {1+O<10g2 )}go<1;:£m< %p)m‘%>—

for all but Oc(GT exp{— Cl%logTT log(elOgT)}) of the tj’s in H(G,T). The
implied constant in the O- term is absolute.

Before we prove Proposition we need to establish two preliminary
lemmas.

The first lemma is an analogue of [I3, Lemma 3.1] with a similar proof.
To begin with, we introduce some notation. Define, for m = 1, 2, 3, 4,

Asymm uj (n)

_ { [, (D)™ + ct, (p) ™DV 4+ 4 vy, (p) ™| logp  if n = p?,
0 otherwise.
By the Cauchy inequality and (2.4]), we have

Aevmm s (p) 1
(4.2) Z symm u; () log p
p

pS

< <Z /\symmquSymmuj(p)>1/2<Zaogp)Q>1/27

o o
p p p p

which implies that the infinite sum on the left-hand side converges absolutely
for o > 1. Hence we can define

> Ay mmu'(n) As m™ u; ( )Ing
Ls)=) —— = => = +0(1)
n=1 p

for o > 1. Suppose t; € H;Symm (7). Then we know that L(s) is holomor-
phic and zero-free in the region §. Therefore, we can define the logarithm
log L(s,sym™ u;) in S by the integral of L(s) from 2 to s € S with the initial
value taken as the usual natural logarithm of L(2,sym™ u;). In particular,
we have the absolutely convergent series

o0

Asymmu,(n)

Similarly to (4.2), by Lemma we obtain a rather crude estimate for
o>1,
[log L(s,sym™ u;)| Kem |L(o, sym™ u; x sym™ uj)\1/2C(0)1/2
Lem T (0 = 1).
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set 0p = 1 — 1. Combining the Borel-Carathéodory theorem [23], §5.5] with
Lemma [2.3] we find that for o > o and |t| < 1001,
logT

4.3 log [ "o ,
(4.3) og L(s,sym u])<<0r_a0

where the implied constant is absolute.

LEMMA 4.4. Let m = 1,2,3,4, n € (1,1/1000) and z = T*V/&+0) | Let

H;fsymm( ) be defined as in Section 6.1. Then for any t; € H'JJE,symm (n),
m—2k\ —1
m _ L o (4t
log L(1,sym™ u;) Z Z log( 1 +0(T )

p<z 0<k<m

The implied constant depends on €, and m only.

Proof. Let t; € Hr_,‘fsymm

(see [2I, Theorem I1.2.2]),

(n), H> 1 and = > 1. By the Perron formula

1/log x+iH
A m o\ T 1 ’
s> Ao LT o 1 1, sy ) ds
nlogn 2me . 5
2<n<z 1/log x—iH
oS e,
S ntH/loss (1 + Hllog(x/n)])

If n > 3x/2 or n < /2, then by the Cauchy—Schwarz inequality, (2.4) and
Corollary 2.4] the sum in the error term is

‘)‘Sym [Asym™ u; \P)| (p)] ‘)‘Symm uj (p)]
< Z Hp T Hpl+l/logz + Z Hp1+1/logx
p<z/2 p>31/2

[e.9]

1 1 1/2 1 & |>\symm w; XSym™ u; (n)| 1/2 x€Te
< E Zl nlt+l/logz Zl nlt+l/logz < H
n=

n—

If /2 < n < 3x/2 and n # z, the sum in the error term is

Z )\_S,_yr;;,uj_(p”, <z Z +H1| —
w/2§pS3fv/2p P w/2§p§3w/2p b=

pFT pFT
1 1
T/16( -~
<Lz <x + H>

By (4.3), log L(s,sym™ u;) <, logT for o > 1 —n/4 and |t| < 100T". We
move the line of integration to o = —n/4 and we have

<
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Z Asymm uj (n)
nlogn

2<n<zx

7/16+€Te log T loo T (loe H
—10gL(1,symmuj)—|—O<$ 4 08 +(og )(log )>

H H xn/4

If we take H = T" and x = T*/4+0) the error term is < 77"/ (4+n)+e
On the other hand, note that

v ()™ 1 ~1/16
> 2 -7 DS oriere <@
p<y/zv>(logz)/logp p<+y/zv>(logz)/logp

Yooy s e D e

1%
Va<p<z v>(logz)/logp P Vicp<av>2 P

We have
Asymm u] auj (p) (m—2k)v
2<n<z p<z 0<k<m v<(logz) /logp
(p)m—2k ) (m—2k)v
s —
> p vp¥
p<z 0<k<m v>(logx)/logp
( )m 2k~N —1 116
= Z Z log(1— —4———— +O(z ).
p<z 0<k<m

This completes the proof of Lemma .

To prove the second preliminary lemma, we need the following large sieve
inequality (see [24, Theorem 7.1.1]).

PROPOSITION 4.5. Let 1 <G < T and
H(G,T) = {t]’ T -G Stj < T+G}

Let v > 1 be a fized integer and {by}, be a sequence of real numbers in-
dexed by prime numbers such that |b,| < B for some constant B and for all
primes p. Then

2k
(4.4) DY bpAs (")

venon'pag<g P
96 B2(v + 1)2k\ " 40k log P\ */3
<<GT<_P10gP 1+ T +F(G,T,B,P7V,k)

uniformly for B> 0, k>1 and 2 < P <@ < 2P. Here
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v/dte\ 2k
G}s)lgTﬁ*'f(m?C?P) if 1< G < Tl_e,
_ 0g
F(G7 Tv Ba P7 v, k) - 200 10BQ43V/620+6 2k
Tiste| —/—— if TV <G <T,
log P

and the implied constant depends on v and € only.
Applying Proposition [£.5] we obtain the following lemma.
LEMMA 4.6. Let v =1,2,3,4 and n € (0,1/10'°] be fized.
(i) Define

(4.5) EYNPQ)= {tj c H(G,T):

N 10w+ 1)
2 =, ‘><1ogT><logP>}'

P<p<@
We have
|EL(P,Q)| <, GT' /(5%
for
(4.6) (logT)? < P<Q<2P<T".
The implied constant depends on v at most.
(ii) Let

(4.7) EE(P»Q)Z{L‘J-EH(G,T): > M)

P<p<@Q

_ (96 +1)% 1/2
(logy T)?P '
There is a positive constant cy(e,v) such that if

(4.8) elogT <2< P<Q<2P < (logT)™,
then

logT 2z
E%(P ve GT —Col6, ! ’
’ 1/( 7Q>‘ <, eXp{ CO(G V)long Og<elogT>}

where the implied constant depends on € and v at most.

Proof. We can assume that T > Ty (Tp = e(20%)* for assertion (i) and
To = e(200v/9)” for assertion (ii)), as the remaining cases are trivial. We shall

apply (4.4) with b, =1, B =1 and

log T
%2 1 if (4.5) holds,
o 100v log P
- elogT .
_€982 1 if (4.8) hold
{1001/10g2T] ! " O

to count |El(P, Q)| and |E%(P,Q)|. The right-hand side of (4.4)) leads to

2 k
(4.9) GT{ <W> I Tl{,}ﬁeru/He}
og
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By , and , we have

96(v + 1)2k\* log? T(log P)2\ "
El P T T 5+E k'l//2+€
B, (PQ) <G {< Plog P > +Te T 100(v 1 1)2

3\ k
< GT{ ((logPT)) + T—11515+6Q/€V+6} < T1/(1500)

If (4.8) holds, we have log P > $log, T and z > (log, T')%. Then

2 96(v + 1)%k\ " e kv /2+e (logy T)2P \*
B (P, Q) <<GT{< PlogP ) 1 HQ 96(v + 1)22

k
< GT{<k10g2T> +T—11515+6Qku+6}

z

<<GT{<€13gT> + T 15G+6Qk21/+€}
z

elogT 2z
GT - 1 .
< exp{ 101vlog, T Og(elogT)}

The proof is complete. m

Now we prove Proposition
Let s = 0 + i1 and m = 1,2, 3,4. For any n € (0,1/101°], we define

HE gy () = {t: € H(G,T) : L(s, sym™u;) # 0, s € S},
where S ={s:0>1—mn, |7 < 10077} U{s: o > 1}. Then we define
Hé,T;sym’m (77) = H(G’ T) \ HE’T;symm (77)
By Theorem u we have [Hg p.oonm ()| <y 710007 Define
yo =Ty = (logT)'0,  ys=elogT.
By Lemma for any t; € Hg T.symm (n), we have
( )m 2k N —1 )
log L(s,sym™ u;) Z Z log<1 - ) +O(T™ /(4+77)+€).
p<yo 0<k<m

Then, for each t; € H/, T.symm (1), We truncate the sum in the above formula

to
m—2k\ —1
Z Z 10g<1—()> + Ry (sym™ uy),

p<y1 O<k<m
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where

Risym™up)= S 3 log<1—()m%>_

Y1 <p<yo 0<k<m

= ZZQ“J

y1<p<yo 0<k<m (=1

(m—2k)¢

au] auj m—2k)l
= > > LYYy
y1<p<yo 0<k<m y1<p<yo ¢=2 0<k<m
)\'(pm) —1/8
= +0<yl/>.
y1<p<yo

Here we have used (|1.1)). To deal with the last sum, we divide it dyadically.
Define
Po(y1) =2 1, Qulyr, wo) = min{2%1, o},
Erln = Hé,T;symm (77) U U Erln (Pf(yl)a Qf(yh yO))a
J4

where E! (P, Q) is defined as in (4.5). There are at most (logyg)/log2 + 1
values of ¢ which occur in the union. By Lemma (i), we have

(4.10) B < T+ "B (Pe(y1), Qe(y1,%0)))|
y4

< T100077 + GTl*l/(lE)Om) IOgT < GTl*l/(lE)lm).
For all t; € H(G,T) \ E},, we have

Ri(sym™ uj) < Z
Y4

Ai(p™
Z J(p )‘+ 11/8

Pp(y1)<p<Q¢(y1,50)

10 m+ 1) -1/8 log2T
< Z iog +y < :

Therefore, for all t; € H(G,T) \ E}

m—2k\ —1
log L(s,sym™ u;) Z Z log(l—”) + O( 1T)’

1
p<y1 0<k<m 082

where the implied constant is absolute.
Finally, we consider yo < z < y1. Similarly, it remains to evaluate

T DD SR T (R Ly

z2<p<y1 0<k<m
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Set

B2 (2) = B, U En(Pu(y1), Qe(y1,v0); 2),
¢

where E2 (P, Q; z) is defined as in (4.7)). Here the number of sets in the union
over ( is at most (logyi)/log2 + 1 < log, T. By (4.10) and Lemma [4.6{ii),

we have

logT 2z
E? GT'~1/(5Im) L g —9 1 log, T
|EZ (2)] <e + exp co og, T og oz T 0g,

logT 2z
« GT — 1 )
< exp{ “0 log, T Og(elogT)}

where ¢y = cy(€) is a positive constant depending on e.
For all t; € H(G,T) \ EZ(z), we have

3 Ai(p™) ‘ e

Po(2)<p<Qe(zan)

1/2
. -1/8 R 1
< ZZ: <PE(Z)(10§§2 T)2> e < Z 2¢/2 log2 T < log, T

Hence
au_(p)m—% —1 1
log L(s,sym™ u;) = Z Z log (1 - ]T +0 log, T
p<z 0<k<m

for all t; € H(G,T) \ EZ%/(z), where the implied constant is absolute. The
proof of Proposition is complete.

Ry(sym™ uj) < Z
l

5. Proof of Theorem Assume that |ay, (p)| < o, where o/ > 1
is a parameter to be determined later. Then |\;(p)| < o/ + (¢/)~! =: a. By

(4.1), we have
rq log(a/2) 1_ 50 log(a/2)

(5.1) ‘U E(a;T, G,p)‘ < (GT)'" 7er 2 < (GT) ™ TomaT |

p<z
For t; € H(G,T)\ (EZ%(2) U Up<. 1E(a; T, G, p)]), we have

ootz {rrol)hn(-5)

p<z

1 '
< vy o’ (m+1)
{1 +O<10g2T)}(e log 2)

< {e’Y((e’Y(l—l/a') log Z)oc’ + Co(log, T)o/—l) }m+17
where Cj is an absolute constant. We take o’ = 1+ {(log3 T)log, T} ! and
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o — & 107V logy T+r—Co(logy T)*' 1)1/

— o(1+0((log, T)~1))(logy T-+r—Co(logy T)*'~1).

Noting (5.1) and taking € = ce~ %0 proves the assertion of Theorem
for F;G.
Similarly, for t; € H(G,T) \ (E2,(2) U Up<. |E(a; T, G, p)l), we obtain

Am

L(1,sym™ uj) 2 { By, ((B,,)' ™/ log 2)* + Cy(logy T)* 1)} ",
where Cf) is an absolute positive constant. We take
o/ =1+ {(logs T)log, T}

and

o — o(Bm) =712 (logy T+r—Cj (log, T)' ~1) 1/’

— o(1+0((log, T)~1))(logy T-+r—Co(logy T)*' 1)

Noting 1) and taking € = ee~C proves the assertion of Theorem
for Ff ..

Appendix. Let Rs = 2 and H,(s;sym™ u;,,sym™ u;,) be the poly-
nomial in p~* defined as in Section 2.2 whose degree is not higjer than
(m + 1)2 — 1, the coefficient of p~* vanishes and the coefficients of p~",
2<n<(m+1)2-1, given by . Now, we use Wolfram Mathematica 7
to determine these coefficients.

Let z = ay, (p),y= Qs (p) and z = p~*. We first consider the polyno-
mial Hp(s;sym?®u;,,sym?uj,). The procedure is as follows.

m = 3; h = 25;

P1[x_, z]:=Product[Sum[z(™~2)*" « z* {n 0,h}], {i,0,m}];

P2[y_, z]:=Product[Sum[y(™~2*)*" x 2" {n 0, h}], {j,0,m}];

P3[x_, y-, z]:=Product[1 — g(Mm=241) 4 o (m=243) 4 > {i,0,m}, {4,0, m}];
a[n_, x_]:=Coefficient[P1|z, 2], z, n];

b[n_, y_]:=Coefficient[P2[y, 2], 2, n];

¢[n., x_, y]:=Coefficient[P3|[z, y, 2], 2, n;

d[n_,x_,y]:=Sum[a[n — t, z] * b[n — t,y]c[t, z, y], {t, 0, n}];

For[i = 0,¢ < 16, ¢ + +, Print[Simplify[d[:, z, y]]]]

Here a[n, ] = Agmaw, ("), b0, 2] = Agymasw, (P"), c[n,z,y] = fén)(o) and

S

dn,z,y] is the coefficient of p=™* in Hp(s;sym? u;,,sym3uj,). The results

are as follows:
d[()? x? y} - 1’ d[15x7 y] = 07
di2,z,y) = —a Yy (12 + 22" +2° + 2% 1+ 9" + 2" +4° + ¢,
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3, z,yl =2y (L a” +a’ +2%) (149" +y' +y°)
< (' 2%yt 2%t 2%y e Uy + 2t 0 4 y),

dl4,z,y] =~y (ylo +22°y"0 + 22"%y"0 4+ 2*0y"°

_|_ 3:4y4(1 + 2y2 + 3y4 _|_ 7y6 + 3y8 + 2y10 + y12)
4 $16y4(1 + 2y2 + 3y4 + 7y6 4 3y8 + 2y10 + y12)
+{E6y4(2 +4y2 +6y4 + 11y6 +6y8 +4y10 + 2y12)
+I14y4(2+4y2 + 6y4 + 11y() —|—6y8 +4y10 + 2y12)
+ m8y4(3 + 6y2 + 9y4 + 16y6 + 9y8 + 6y10 + 3y12)
+ 22y (34 6% + 9y* + 16y° + 9% + 60 + 3y'%)
+ 201+ 207 + 7yt + 119° + 16y° + 2350 + 16y"2
4 11y14 + 7y16 n 2y18 + yzo))7

dis,z,y] =2 %y (A + 2 + 2" + 251+ > + 4" +4°)
x (15 + 22y® + 20%y5 + 2059° + 21%5 + 2120
2514y + 200 + 208 + 205 + 40 +¢'2)),
dl6,xz,y] =0, d[7,z,y] =—d[5,z,y], d[8 z,y]=—d4,xz,y],
dl9,z,y] = —d[3,z,y], d[10,z,y] = —d[2,z,y], d[11,z,y] = —d[l,z,y],
dl12,z,y] = —d[0,z,y], d[13,z,y] = d[14,z,y] = d[15,z,y] = 0.
Next, we consider H)(s; sym? ujl,sym4 uj,). The procedure is as follows.

m = 4; h = 25;
P1[x_, z]:=Product[Sum[z(™~2*I*" 4 z» {n 0, h}], {i,0,m}];
P2[y_, z]:=Product[Sum[y(™~2*)*" x 2™ {n,0,h}], {j,0,m}];
P3[x_,y_, z]:=Product[l — z(™~2*) 4 y(m=2%3) 4 » {3 0,m}, {j,0,m}];
a[n_, x]:=Coefficient[P1[z, 2], z, n];
b[n-, y_]:=Coefficient[P2[y, 2], z, n];
c[n-, x_, y]:=Coefficient[P3[z, y, 2], 2, n|;
dn_, x_,y]:=Sum|a[n — t, z] * b[n — t,y]c[t, z, y], {t,0,n}];
For[i = 0, < 25, + +, Print[Simplify[d[z, x, y]]]]
Here a[n, x] = Agypms ) ("), bln,x] = Agyma iy ("), cln,z,y] = fin) (0) and

S

dln,z,y] is the coefficient of p~™¢ in H,(s;sym?® u;,,sym* uj,). The results

are as follows.

dl0,z,y] =1, d[l,z,y] =0,
di2,z,y] = —2 %y (1 4+ 2° + 22" + 22° + 22° + 20 4+ 2'?)
X (T+y*+2y" +20° +20° + 9" +y'),
di3,z,y] == "y 0 + 2”4+ 22" + 22° + 22° + 2" + 2'?)
x (142 + 20" +20° + 2% + y° + ¢'2)
x (v +ayt + 2%t + a2yt 2 (L + 0+ ),
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di4,z,y) = oy 1+ a2t + 2 ) (gt 0 )
% (le +x2y10 —|—.’E18y10 +.’E20y10 + (.’E4y4 —|—$6’y4 +$14y4 +:Z?16y4)
x (L+oy*+25" +30° +20° + ¢ +4'%)
+ ($8y4 +I12y4)(2+ 2y2 +4y4 + 5y6 +4y8 +2y10 +2y12)
+ .2710(1 4 y2 4 3y4 + 3y6 4 5y8 4 7y10 + 5y12 + 3y14 + 3y16 + y18 4 y20)),
d[5, z, y] _ x718y718 (ylS + 2$2y18 + 2$34y18 + $36y18
+5x8y10(1 +2y2 + 3y4 +4y6 +6y8 +4y10 + 3y12 + 2y14 +yle)
+527%y (1 4+ 20° + 3y* + 49° + 6y° + 45" + 3y + 2y +¢*°)
+ 2ty (14 20" +3y" +4y° +8y° +4y'° + 3y + 24" +4'°)
+x32y10(1 +2y2 + 3y4 +4y6 +8y8 +4y10 + 3y12 + 2y14 +y16)
+x6y10(2 Jr4y2 + 6y4 JrSya + 15y8 + 8y10 + 6y12 +4y14 + 2y16)
+2°%10(2+ 4y” + 6y + 8y° + 15y° + 8y'% + 6y + 4y + 2¢™°)
+ m10y4 (1 + 2y2 + 5y4 + 14y6 + 25y8 + 34y10 + 44y12 + 58y14
+ 44y16 + 34y18 + 253/20 + 14y22 + 5y24 + 2y26 + y28)
+ 2%y (1 + 20 + 5y + 14y° + 259° + 3490 + 44y + 58y™
+ 44y16 + 34y18 + 25y20 + 14y22 + 5y24 + 2y26 + y28)
+ 22y (2 4 4y 4 10y* + 259° + 44y® + 5950 4 76y + 94y
+ 76y"° + 59y"® + 44y + 25¢% 4+ 10y°* + 4y°° + 2°%)
+ 2%y (24 4y° 4 10y* + 259° + 449® + 5950 4 76y + 94y
+ 76y16 + 59y18 +44y20 +25y22 + 10y24 +4y26 +2y28)
+ 2"y (3 + 6y° + 15y + 34y° + 59y° + 78y"° + 100y"? + 121y
+100y"® + 78y'® + 59y° + 34y°? + 155" + 6y°° + 3y°®)
+ 2”2y (3 4 6y° + 159" + 34y° + 59¢° 4+ 78y'° + 100y"% + 121y"*
+ 100y"° + 78y™® + 5950 + 34y** + 15y + 6y°° + 3y%°)
+ 2'%* (4 4 8y + 20y* + 445° + 764° 4 100y'° + 128¢"* + 151y
+ 128y16 + 100y18 + 76y20 + 44y22 + 20y24 + 8y26 + 4y28)
+ 2% (4 4 8y + 20y* + 449° + 76y°® 4+ 100y'° + 128¢"* + 151y
+ 128" +100y"® + 76y%° + 44y + 20y>* + 8y*® + 4y7°)
+ (1 + ") 21+ 7yt +y° + 21y° + 15y"0 + 43y"? + 20y + 68y "°
+ 20y18 + 43y20 + 15y22 + 21y24 +y26 + 7y28 + y32))’
6, ,y) = —o~ Py (142" + a2t +2° +2%) (1L + 7 +y' + 0 + o)

% <y14+:c2y14+3:c4y14+3ac24y14+m26y14+:E28y14

4 x6y8(1 + y4 4 3y6 =+ yS + y12) 4 1’22?/8(1 =+ y4 + 3y6 4 y8 + y12)
+ $10y8(2 + 2y4 + 5y6 + 2y8 + 2y12) + $18y8(2 + 2y4 + 5y6 + 2y8 + 2y12)

+$8y6(1+y2+2y4+2y6+7y8+2y10+2y12+y14+y16)
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+ $20y6(1 + y2 + 2y4 + 2y6 + 7y8 + 2y10 + 2y12 + y14 + ylG)

+ 2y (1 4+ 20" + 20" +3y° + 99" + 35" + 2y + 20" +¢*)

+ 2% (1420 + 20" +3y° + 9y° +3y" + 29" + 2y +4'°)

+ m14(1 + y2 _"_ 3y4 + 3y6 + 7y8 _"_ 5y10 + 9y12 + 12y14 + 9y16 + 5y18
+ 7y20 + 3y22 + 3y24 + y26 + yzs))7

d[7,2,y] = 20y 191 + 2%+ 2° + 25 + ) (1 + ¢ +° +¢* +y'2)

x (yG(I +y2+yt ) 207 L+t )
+22%0 A+ + oyt ) + 2+ oyt )

+ 2y (4 + 5y + 5y +5y° + 4y°) + 2"%y° (4 + 5y° + 5y + 5y° + 44°)
+I8(1 +y2)2(1 +4y4 +4y6 +4y8 +4y10 +4y12 +y16)

+ a4y (L dyt + 4y 49"+ 4" 4y )

+l‘12(1 +y2)2(1 +4y4 +4y6 +4y8 +4y10 +4y12 +y16)

+ (2% 4+ ") (14 297 + 49" +10y° +129° + 129" + 1292

+ 10y14 + 4y16 + 2y18 + yQo))7

d,z,yl =2 Py (1 +2" + 2" + 2% +2%) 1+ + ' +1° +4°)
x (yM +y 2%y (1 + " +yt + 00 o)

+ $30y12(1 + y2 + y4 + yG + yS) + $32(y14 + y18)

oty (U 4y '+ 4y %) + 2™y (L "+ 4 )

+ .’,E6y6(1 + y2)2(1 + 2y4 + Syﬁ + yS 4 3y10 + 2y12 + ylﬁ)

+ £E26y6(1 + y2)2(1 + 2y4 + 3y6 + y8 + 3y10 + 2y12 + y16)

+2%°(2 + 3y* + 6y +10y° + 17y° + 129" + 1792 + 10"
+ 69" + 3y + 24°°)

+ 22y%(2 + 3y + 6y + 10y° + 17y° + 129" + 179" + 104"
+ Gy16 + 3y18 + 2y20)

+ 2'%5(3 + 637 + 9y* + 18y° + 23y° + 21y'% + 23y'2 + 18y™*
+ 9y16 + 6y18 + 3y20)

+ 22295 (3 4 6y + 9y* + 18y° + 23y° + 2190 + 23y"% + 18y™
+9y'% + 6y + 3y™)

+ 22 (2 4+ y* + 7Y% + 10y° + 18y"° + 27y + 39y + 32¢'¢ 4 394'®
+ 27y20 + 18y22 + 10y24 + 7y26 + y28 + ySO)

+ 2%y +yt + 7y’ +10y° + 18y"0 + 27y + 39y™* + 32y + 399"
+27y%° 4+ 18y + 10y** + 7y + 4™ + )

+ 2% + y* + 8y° + 125° + 219'° + 32y + 46y + 38y'® + 46y'®

+ 32y20 + 21y22 + 12y24 + 8y26 + y28 + y30)
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+ 2" (1 + % + 4yt +9y° +179° + 23y"° + 39y"% + 46y"" + 46y'°

+ 469" + 3957 + 23y%% + 179 + 9y*° + 49*° + o + %)
+$18(1 +y2 +4y4 + 9y6 + 17y8 + 23y10 +39y12 +46y14 +46y16

+ 46y18 + 39y20 + 23y22 + 17y24 + 9y26 + 4y28 + y30 + y32))7

22y722(

df9,z,y] = —x~ 1+a+a' +2° +2%) 1+ * + 4" +4°+0°)

% (ylS +2282:'418 +2m34y18+m36y18

+ x4y12(1 + y2 + 2y4 + 5y6 + 2y8 + le + y12)
+ $32y12(1 + y2 T 2y4 + 5y6 4 2y8 4 le + y12)
+ 2%y (14 3y + 4y + 6y° + 9y° + 65" + 4y + 3y +4'°)
+2x28y10(1 +3y2 +4y4 =+ 6y6 +9y8 +6y10 +4y12 +3y14 +y16)
+$6y10(1 +3y2 +4y4 +6y6 4 11y8 +6y10 +4y12 + 3y14 +y16)
+ 20101+ 3y” + 4y" + 6y° + 11y° + 65" + 4y + 3y +¢*)

+2'%° (1 + 2 + 6y" + 149° 4 18y° + 25¢'% 4 349'* + 259™*

+ 18y16 + 14y18 + 6y20 + 2y22 + y24)
+27%95(1 + 2y + 6y + 149° + 18y + 25y™° + 34y'% 4 25y

+ 18y + 14" + 65”0 + 2% + )
+ 22y (1 + 3y° + 6y + 14y° + 265° + 34y"° + 44 + 56y

+ 44y16 4 34y18 + 26y20 4 14y22 4 6y24 + 3y26 + y28)
+ 2Pyt (14 3y + 6y* + 149° + 26° + 3490 + 44y'% + 56y

+ 44y16 + 34y18 + 26y20 4 14y22 4 6y24 + 3y26 + y28)
+ a2y (1 + dy® 4 8yt + 18y° + 34y + 44y 4 57y"% 4 T1yM

+ 57" + 44y"® + 34570 + 18y°% + 8" + 4y°° + y*®)
+ 272y (1 + 4y” + 8y* + 18y° + 34y° + 44y'% 4 579" + T1y"*

+ 57y16 +44y18 + 34y20 + 18y22 + 8y24 + 4y26 +y28)
+ 2% (2 4 6y + 129" + 25y° + 449° + 57y"° 4 72y"% 4 88y™*

+ 72y 4+ 57y"® + 4497 + 2507 + 1207 + 6y°° 4 2°%)
+ 22%*(2 + 6y + 12y + 2595 + 44y® + 57" + 724" + 88y™*

+ 729" + 57y"® + 449 + 25¢°% 4+ 1207 + 6y°° + 2°%)
+ 2'8(1 + 2y% + 5y* + 11y° + 18y° + 34" + 56y' + 719"

+ 88y"% + 104y"® + 88y*® + 71y*? + 56y>* + 34y%°

+ 18y28 + 11y30 + 5ys2 + 2y34 + yse))’

d[lO, z, y] _ x724y724 (y24 + 2$2y24 + 2$46y24 + $48y24

+ ($4y16 +£L‘44y16)(1 + 2y2 +3y4 +4y6 + 10y8 +4y10 +3y12 + 2y14 +y16)

+2(x6y16+$42y16)(2+4y2+6'y4+8y6+13y8+8y10+6y12+4'y14+2y16)
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+ ($8y12 +x40y12)(1 + 2y2 + 13y4 +24y6 + 36y8 +46y10 + 66y12 +46y14
4 36y16 4 24y18 + 13y20 + 2y22 + y24)

+ 22" %" + 2%y ) (1 + 3y% + Ty* + 209° + 35¢° + 499" + 62" + Ty
+62y16 +49y18 + 35y20 + 20y22 +7y24 + 3y26 +y28)

+ (x12y8 + m36y8)(1 + 6y2 + 18y4 + 38y6 + 92y8 + 152y10

+ 211y"* + 260y"* + 310y + 260y"® + 21190 + 152y

+ 92y24 + 38y26 + 18y28 4 6y30 + y32) + 2(I14y8 + 1'341/8)(1 + 7y2

+ 199" + 419° + 87¢® + 141y"° + 191y"2 + 234y

+268y"% + 234y™® +1919%° + 141y*% + 87y** + 41y + 19y>° + 75 +4*?)
+ 2(x18y4 + m30y4)(1 + 4y2 + 12y4 + 35y6 + 76y8 + 141y10 + 253y12

+ 381y™ + 497y"® + 592y + 653y°° + 592y°% 4 497y** + 381y°° + 253y°°
+141y°° + 7657 + 355°* + 12¢°° + 4y + 4*°)

+ (2% + ¥y (1 + 4 + 13y" + 40y° + 92¢° + 174y"° + 330y "2

+ 506y + 671y"® + 804y™® 4 903y°° + 804y** + 671y>** + 506y°° + 330y°®
+ 174y30 + 92y32 +40y34 + 13y36 + 4y38 + y40)

+2(2%y* 4+ 2%%9™)(2 + 8y* + 23y* + 62y° + 130y° + 23450 4 402>

+ 592" + 763y"® + 900y'® 4 982y°° + 900y** + 763y>* + 592y°° + 402y°°
+ 234y°° + 130y + 620> + 23y°° + 8¢ + 24'0)

+ (%" + 2®y") (3 + 1207 + 363" + 98y° + 2114° 4 382" + 671y"?
+994y™ + 12929 + 1526y + 1678y°° + 152652 + 1292¢>* + 9944%°

+ 671y°% + 382y%° + 21152 4 98y + 361°° + 12°° + 3y"%) + 2> (1 + 2¢°
+ 10y* + 26y° + 66y° + 154y"° 4 310y" + 536y'* + 903y'® + 1306y'®

+ 1678y + 196432 + 21445>* + 1964y>® + 1678y + 1306y*° + 903y>?

+5365°* 4 310y°% + 154y°® + 66y*° + 26y** + 10y™* + 2y*° + y48)).

For 11 <n < 20, d[n,z,y] = d[20 — n,z,y]. For 21 <n < 24, d[n,z,y] = 0.
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