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1. Introduction. The study of absolute convergence of Dirichlet series
(of the form ), a,n™*, where s is a complex variable) led H. Bohr to relate
absolute convergence to boundedness (on the right half-plane) of the holo-
morphic function defined by the Dirichlet series. One of his first results in
this direction is the following inequality [0, Satz XIII]: for every Dirichlet
series of the form app~® we have

p prime
(1.1) Z lap| < sup ’ Z app”®|.
p prime Res>0 p prime

He then established [0, [7] a close relationship between Dirichlet series and
power series in infinitely many variables (this relationship was presented in a
modern, systematic way much later by Hedenmalm, Lindqvist and Seip [14]).
Bohr then looked at holomorphic functions and proved his well known power
series theorem [8]: for every holomorphic function f on the open unit disc
D we have

F(0)

(1.2) > —

n
and the number 1/3 is optimal. As a simple consequence of the maximum mod-
ulus principle, it can be seen that for each Dirichlet series ), a2n27"* we have

sup‘ agnz”‘ = sup ‘ agn 278
z€D ; Re s>0 ;
Hence (|1.2)) can be reformulated as follows:
1
(1.3) CLQn‘ < sup ‘ agn2-"°
zn: 3" Res>0 Z
for every Dirichlet series ), agn27".

1
— <
= < 1]l

n
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The work of Dineen and Timoney [I3] renewed the interest in Bohr’s
power series theorem, and Boas and Khavinson [5] defined the n-dimensional
Bohr radius K, to be the best 0 < r < 1 such that

o0°f(0 0“f(0
> | > Sl

a€eNg a€EN?

plod < sup
zehn

for every bounded, holomorphic function f on D™. That was the starting
point of a long search for the optimal asymptotic behaviour of K,, as n grows,
which was finally closed in [I0] and [4] (see Section [3| for more details).

Because of the link between Dirichlet series and power series, each result
in either framework has an immediate translation into the other. This is of
course the case with the behaviour of K, (a fact which is stated in more
detail in Example . But, as it happens, what is natural on one side may
not be as natural on the other; and while taking n variables (or, equivalently,
n-dimensional spaces) is natural in the domain of holomorphic functions, for
Dirichlet series we would rather take finite sums of (the first) n terms. So,
inspired by the Bohr radius for holomorphic functions, our main aim in this
note is to determine, for each x > 2, the best r = r(z) > 0 such that for
every Dirichlet polynomial Y _ a,n~% of length x,

n<z

Z\a - < sup ‘Zann 5

n<e Res>0

Y

where §2(n) denotes the number of prime divisors of n € N (counted with
multiplicities). We do this in our main result Theorem which gives the
asymptotically correct order of this best radius.

We then take a general point of view, and for a given subset J of N, we
define the Dirichlet-Bohr radius L(J) of J to be the best r = r(J) > 0 such
that for every Dirichlet series ) - ; a,n~* convergent on the open half-plane
[Re s > 0], we have

(1.4) Z\a [r?() < sup ’Zann 5.

ned Res>0

With this, denoting by P the set of prime numbers, we can rephrase (|1.1])
and (1.3 as

(1.5) L(P)=1 and L({2*|keN})=1/3.

Moreover, Theorem gives the correct asymptotic order of L({n € N|
1 < n < z}). We will see that, following an idea of H. Bohr based on

Diophantine approximation, one can extended this study to other sets J of
indices.

Finally, we mention another estimate which seems of relevance when
motivating our results: For every € > 0 there is C' = C(g) > 1 such that for
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every x and every finite Dirichlet polynomial ann=*,

(1/v/2—¢)+/Tognloglogn
€ —s
(1.6) E |an| pYP < C sup ’g ann”?|.

n<e Res>0 n<z

n<lz

This result is optimal from several different aspects, and it is the final out-
come of a long series of results due to [2, 9, 10, 15 17, 18]. Our main result,
Theorem can be considered to be a relative of (|1.6)).

1.1. Notation. As already mentioned, 2(n) denotes, for n € N, the
number of prime divisors of n, counted with their multiplicity. We denote
by (pn)n the sequence of prime numbers. The set of multiindices a that
are eventually 0 is denoted by N(()N). For a = (e, ...,04,0,0,...) we write
p* =pi---petand ol = a1 + -+ o

Along this note 7 denotes the prime counting function, i.e., w(x) is the
number of prime numbers less than or equal to x.

Given two real functions f and g we write f(x) < g(z) if there exists
a constant C' > 0 such that f(x) < Cg(z) for every z. If f(z) < g(x) and
g(z) < f(z), we write f(x) =~ g(z).

For each N we denote by Ho,(D"V) the space of bounded, holomorphic
functions on DV. If f € Hyo (DY) and o € NYY, we write co(f) = 9% f(0)/al,
the ath coefficient of the monomial expansion.

2. Main result. For any x > 2, we write
Lz)=L({neN|1<n<uzx}),
where L is defined in ((1.4)), and call this number the xth Dirichlet—Bohr
radius. The main result of this note then reads as follows.

THEOREM 2.1. We have

v1og

L(z) = Ve

In particular, there is a universal constant C > 0 such that

5 lanl(CUREEY ™ < aup [S aan

1/8
n<e Res>0 n<w

—S

for every x > 2 and every Dirichlet polynomial ann

n<x

The rest of this section is devoted to the proof of this result.

2.1. Reduction I. We start with a device which reduces the estimation
of the Dirichlet-Bohr radii L(z) to the estimation of their homogeneous
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parts Ly, (z) which we are going to define now. For > 2 define the finite-
dimensional Banach space

Hgﬁ) ::{ Zann S‘an#OonlyifnSx},

> Zan ;

n<x

| D]|so := sup
teR

= sup
Res>0

)

together with its closed subspace
oo
m) = {Z apn”?® ‘ an # 0 only if n < x and 2(n) = m}
n=1

Then
L(z )—sup{0<r<1‘VD€’H Z|a \TQ(”)<HDHOO}
n<lx
and therefore for m € N we define the m-homogeneous xth Dirichlet—-Bohr
radius by
(2.1)  Ly(z) == sup {o <r<i1 ) VD e HE™ : Y Jau| < r’m||DHOO}.
n<x
The following result is the announced reduction theorem.

ProposiTION 2.2. With the previous notation,
$inf Ly, (z) < L(z) < inf Ly, (z)  for all x> 2.
m m
We start with a reformulation in terms of holomorphic functions. Note

that if n = p* and 1 < n < z then clearly a has at most the first 7(x)

coordinates different from zero; in other words o € Ng(m). Then by Bohr’s
fundamental lemma (see [I8]) we know that for every Dirichlet polynomial

—S
> n<g Qnlt° We have
= sup E Apa 2 ’

(2.2) sup ‘Z ann~ "
n<z zeD7 (@) w(x)

teR
1<pa<x
With this identity in mind we define the Banach space
HE) = {f € Ho(D"™™) | ca(f) # 0 only if p* < z}

(the norm clearly given by the right side of ) and its closed subspace
HE@™) .= {f € Hoo(D™@) | ca(f) # 0 only if p* < z and |a| = m}.
Identifying  Dirichlet  polynomials anx apn~® with  functions
ZaeNgW L<por<a WO z% we then obtain the isometric equalities

H((;f)) = H(gg) and ”H(()f;m) = Hg’m),
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and this in turn shows that

(23) L) =sw{0<r<1|vfeHE : 3 leal I < [1fll }

ozGNg(x)
I<p®<z
and
(24) Ln(@) =swp{0<r<1[vfe HE™ 3 Jeal N <[ f e }-
1<p*<wz
|a|=m

Proof of Proposition [2.3, The upper estimate is obvious, and to prove

the lower estimate we follow [I1, Section 2]. Fix f € HY with I flleo < 1,
and write its m-homogeneous part as

fm(w) = Z Coc(f)waa w e ]D)Tr(x);
1<p“<z
la)l=m
obviously, f,, € Hég’m), and using the Cauchy inequalities we see that
| fmlloo < 1 for all m. We now fix some zy € D™ and # € T such that

leo(f)] = Oeo(f), and define
g:D—=C, gw):=flwz)= mez(] ,

h:D—C, h:=1-4qg.

Since ||g|loc < 1, we have Reh > 0 on D, and by Carathéodory’s theorem
(for an elementary proof, see [I, Lemma 1.1]) we have, for all m,

L (m) (0)
m!

(2.5) | fm(20)] =

We now take some 7 < inf,, Ly, (z). Then for all z € D™®) and all m we

have, by (24) and (23),
> latn(32)
1<p°<a
and hence for all z € (r/3)D"@),

|a|=m
> fealf)2] < leo(£)] + Z Lou e =1.

1<p*<z

< 2Reh(0) = 2(1 — |eo(f)]).

< llfmlle < 5220~ (),

The conclusion now follows from ([2.3] - n

2.2. The tool. The following proposition is our main tool—an elabo-
ration of a result due to Balasubramanian, Calado and Queffélec [2, Theo-
rem 1.4] (see also [12], Theorem 4.2]).
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PROPOSITION 2.3. Let m > 2 and k > 1. There exists C(k) > 0 such
that for every m-homogeneous Dirichlet polynomial D = apn~ % we
have

n<x

logn (m—1)/2 i m
Z ’an’(n(m_)l)/(gm) < C(r)m™ 1 (26)™ | D] -

n<x

Our proof follows from a careful analysis of the original proof of [2],
which allows us to obtain the constant C(x)m™ 1(2x)™, smaller than the
original one. Since this fact is essential for our purpose, we add the proof
for completeness. Every m-homogeneous polynomial in n variables admits
two possible representations:

_ a . T -2 n
= E ca2” = g Cipfim @it v Zj for z2€ C™.
aeN™ 1<j1<<gm<n
|lal=m

We need the following lemma [10, p. 492] (see also [12, Lemma 4.3] or [3|
Lemma 2.6]).

LEMMA 2.4. Letn > 1, m > 1 and k > 1. Then there exists C(k) > 0
such that for every m-homogeneous polynomial P on C™ we have

n 1/2
3 ( 3 \cjl,_”vjmﬁ) < C(k)(2k) " sup{|P(2)| : = € D"}.
jmzl 1§j1§"'§j7u
Proof of Proposition[2.3. We begin by fixing a Dirichlet polynomial

D= Z apn~® € HE™,

n<x

Now we define the following m-homogeneous polynomial in 7(x) variables:

P(Z) = Z Ciyroim@i1 " B z e Cﬂ(z),

1< < Sm <m(x)
where ¢, ., = an if 1 <n =pj ---pj, <xand 0 otherwise. Then

m—1)/2

Z a |(logn)( b2 Z 5 |(10g(pj1 ~ - pji))
n (m—1)/(2m) J1see5m e m. m—1)/(2m
= )/(2m) L () (pj, pjm)( )/(2m)

(m—1)/2

Z mlogpj Z €1, eeim|
- ]m_l m 1 /(2m) 1Sj1S..-§jm71Sjm (pjl .. ‘pjm—l)(m_l)/(Qm)
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1 (m—1)/2 /2
> R (D DR R |

Jm=1 Jm 1<i1<<gm—1<jm

1 1/2
X < Z i m )(m—l)/m> ’

LDy < Pt P

where the last step follows from the Cauchy—Schwarz inequality. To bound
the last factor, we now use the fact that for 0 < a < 1 (see [16, Satz 4.2,

p. 22]),

1—a

S
= —a logx’

By taking a = (m — 1)/m, we get

< Z 1 >1/2 (Z < 1 )(m—l)/m>(m—1)/2
S _
1<j1 < Zjm—1<jm T T i< NP
( p%lm >(m—1)/2
<L | m—- .
log pj,,
Hence
m— m— l/m
Z| |logn 1)/2 -1 Z (logp; )( 1)/2< ;) )(m 1)/2
n<e (m—1)/(2m) = ]ZL 1)/(2m) logpjm

1/2
X ( > Ile,..A,ijQ) :
1< < Sgm—15jm
Finally, by Lemma 2.4 and (2.2), there exists C(k) > 0 such that
logn m—1)/2 m— m m— m
S Jan S < Clom™ 2m) ™| P = ()™ (25) ™ | Dl

n<x

2.3. Proofs

Proof of the lower estimate in Theorem [2.1 We fix some z > 2. By
Proposition we only have to control each m-homogeneous part, L, (x).
Note first that if 1 < n < z is such that £2(n) = m then 2™ < n < x, which

gives m < igg; Therefore Hzo" = {0}, and hence L,,(z) = 1 for every

log x
m > joeg- Thus

(2.6)

min Ly (z) < L,.
1<m< 082
og2
By (1.5) we have L;(x) = 1 for every z. We then fix m > 2, and observe

that for every D = > _ a,n % € e

Wl

n<a we have a1 = a9 = a3 = 0. By
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Proposition for each x > 1 there exists C(x) > 0 such that

Z|a”|: Z ’an|§ Z |an‘(logn)(m*1)/2

n<g 4<n<z 4<n<z
< C(r)ym™ L (2k)m2m=1/Cm) | D|| .
This, using (2.1)), gives
m g (m=1/@m?) (C(n)mm_l(Qﬁ)mm(m_l)/@m))_l/m < Ly ().

But the sequence (x_(m_l)/(2m2))2§’:2 is increasing to 1 (recall that x > 2).
This implies that for all m > 3,

m e < Ly (),
and hence for all 3 < m < }gg z
Viogr  log2 1
(2.7) 5 g 218 < Lin(z).

We finish our argument by handling the case m = 2. We observe first
that

Viogt 1 1
f(t):tl%:eg(t) with g(t):iloglogt—zlogt, t>2.
Since _
’ — logt
)= _"°
g1 2t 2logt ’

we see that f is strictly decreasing for ¢ > 2. Then the sequence (v/Iogn/ nt/ 4
is strictly decreasing for n > 8. Thus there exists A > 0 such that for every

2 <n < x we have
Vog x < A\/logn

P14 =14

Applying again Proposition we see that for every D € Hg’Q),

v/1
BN Jan| < AC(#)8K2||D|ccs

1/4
xr
n<x

and hence

Vlog x

L1/8
This equation combined with (2.7) and (2.6 proves the lower estimate. m

Proof of the upper estimate in Theorem[2.1 By Proposition [2.2]it suffices
to show that there is a constant C' > 0 such that for all x,

log x

21/8

< Ly(x).

(2.8) Ly(z) < C
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According to (2.1]), fix some = and assume that r > 0 satisfies

(2.9) Z lan| <r~ sup ‘Z ann

n<x n<x

<y Qnn~° € &Y. We choose q to be
the largest natural number < 7(y/z)/2. Consider the ¢ x ¢ matrix (ang)n k
defined by a,r = e2mink/q (sometimes called the Fourier matriz). Then it
is well known (by a straightforward calculation) that for all n,k we have
|ank| =1 and >~ am@k = qonk-

We define the Dirichlet series

Z Q72 € 'H(()g’z).

Syl pnqurk)

for every Dirichlet polynomial

Note that for every 1 < n,k < g we have p,pgyr < p%q < pfr(ﬁ) < z, and
the Dirichlet series indeed belongs to ”H(‘r 2) . Obviously,

Z ‘ank| = q2‘

n,k=1
On the other hand, for every t € R we have

q
‘ > anpiipily ’ <q'/? (Z ’Z kD)) )1/2

n,k=1

it 1/2
= q1/2 (Z Z Akny aknzpmpnzn) = q1/2( Z pnlpnzt Z almlakm)

k ni,n2 ni,n2
B 1/2 L oN1/2
= q1/2< ) pn1pn22tq6n1,n2) = Q(Z Ipif\Q) < g%
ni,ne n

Then by (2.9) we conclude that ¢% < r~2¢%/2. But from the prime number
theorem we deduce that there is a (universal) constant C' > 0 such that
Vv /logz < Cq, and therefore
Viog x

L1/8
Clearly, this gives the desired estimate (2.8)). =

r<C

3. Dirichlet—Bohr radii. The main goal of the previous section was
to find the correct asymptotic order of the Dirichlet—Bohr radius L({n € N |
1 <n<uz}).

Analysing the ideas of our proof, in the coming subsection we show how
to reduce the study of the Dirichlet-Bohr radii L(J) for index sets to the
study of Bohr radii for holomorphic functions in infinitely many variables
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with lacunary monomial coefficients. Finally, we consider a series of old and
new examples.

3.1. Reduction II. Let A be a subset of NE)N). Consider the Banach
space
Hélo(BCO) = {f € Heo(Be,) | ca(f) # 0 only if a € A},

where as usual Ho(By,) denotes the Banach space of all bounded holomor-
phic (= Fréchet differentiable) functions on the open unit ball B, of the
Banach space ¢y of all null sequences.

Now, the Bohr radius K(A) is defined to be the best r = r(A) > 0 such
that for every f € HA (B,,) we have

S leal ) < [l
ac
Note that, with this notation, the classical Bohr radius K, is just K (Nf).
The following result extends to arbitrary index sets. Note that the
proof of was based on Bohr’s fundamental lemma . We need,
then, an extension of this. Inspired by an idea of Bohr and based on the
fundamental theorem of arithmetic we consider the bijection

b: NV SN, (o) =p~.

We now denote by Mo all Dirichlet series ) ann™° defining a bounded
holomorphic function on [Res > 0]; this vector space together with the
sup norm on [Res > 0] forms a Banach space. By [14, Lemma 2.3 and
Theorem 3.1] (a fact also essentially due to Bohr [6]) there is a unique
isometric and linear bijection @ from Hoo(Bg,) onto Hs such that ¢(z%) =
n~% with b(a) = n:
HOO(BCO> = Heo-
Using this general principle and a simple translation argument from Dirichlet

series into holomorphic functions and vice versa, we obtain the following
result.

PROPOSITION 3.1. For each set J C N and A C N((]N) with J = b(A),
K(A)=L(J).

Our next device reduces the estimation of the Dirichlet—Bohr radii of a
given index set J to the estimation of the Dirichlet-Bohr radii of certain
parts of J. Given J C N and n,m € N, the n-dimensional kernel of J is
defined to be

)= {keJ|Vj>n:pth},
and its m-homogeneous kernel is
Jm] ={k e J| 2(k) =m}.



The Dirichlet—Bohr radius 33

Note that when J = N, the n-dimensional kernel consists of all the natural
numbers that factor into the first n primes, and the m-homogeneous ker-
nel consists of those which have precisely m prime divisors (counted with
multiplicities). In other words,

N(n) = {p7" - -pip" | @ € NgJ,
N[m] :{pfln...pzk... | al—f--‘-—l—ak—l—"-:m}.
Then clearly J(n) = J N N(n) and J[m] = J N N[m]. We also have
b~ (J(n)) = {a € Nj | p* € J},
b1 (J[m]) = {a € NV | p* € J with |a| = m}.
In particular, b=1(N(n)) = N and b~1(N[m]) = {a € NgN) | || = m}. Let
us finally observe that
N(n)[m] = {p{"* ---pp" | @ € Ng and aq + -+ + o = m} = N[m](n),
and from this J(n)[m] = J N N(n)m] = J N N[m](n) = J[m](n) for every

J C N and all n,m.
We can now exhibit our announced reduction device.

PROPOSITION 3.2. Let J be a subset of N. Then

(i) L(J) =inf, L(J(n));

(ii) %infy, L(J[m]) < L(J) < infy, L(J[m]).

Proof. The proof of (ii) is a word for word copy of the proof of Propo-

sition The argument for (i) is easy after a translation to holomorphic
functions via Proposition .

Of course, (i) and (ii) can be combined to show that the infimum of each
of the double sequences (L(J[m](n)))mn and (L(J(n)[m]))mn equals L(J)
up to the constant 1/3.

3.2. Examples. We first recover, in this systematic language, the fun-
damental examples (1.5 that were already mentioned in the introduction.

ExXAMPLE 3.3.

(i) L(N[1]) = L({p|p prime}) = 1;

(ii) L(N(1)) = L({2¥|k € N}) = 1/3.

We remark that (i) is nothing else than Bohr’s inequality (1.1]), whereas
(ii) is just a reformulation via Propositionof Bohr’s power series theorem

(1.2) (see also (|1.3)). Basically, these and the one in the following example
are the only precise values of Dirichlet—Bohr radii we know.

EXAMPLE 3.4. L({p}|k,¢ € N})=1/3.

This turns out to be an immediate consequence of the following more
general result. Given a subset A of N, we will denote its cardinality by |A|.
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PropoSITION 3.5. Let Py, k € N, be disjoint sets of primes such that
n = max | P| < o0.
Define Jp, to be the set of all natural numbers which are finite products of
primes in Py, that is,
Ip, ={p" o =0 if pj ¢ P}
Then
L(U ka> = L(N(n)).
k

Clearly, Example[3.4]is an immediate consequence of this result: set Py, =
{pr} (the kth prime) and apply Example together with Proposition

Proof. Define A, = b=1(J p,) C N(()N). Looking at Proposition since
Np = b=1(N(n)), it suffices to prove that

K(U Ak) — K(ND).
k

Let Iy = U,e 4, supp o C N be the support of Ag. Clearly, ny := [I| = [P
for all k. We identify span{e; : i € I} with C"*.

By considering bounded holomorphic functions with support in any Iy
of length n, we get K (|J, Ax) < K(Njj). We have to prove now the reverse
inequality

(3.1) Kmg) < K (|J4).
k

Now, we want to show that

> Jaal KO < sup | D7 aaz

aclUy Ak #€Be nel, A
for every function ZaGUk A, GaZ® € Hoo(Be,). Since the Ay’s are disjoint,
we have

sup Z aa2%| < sup ’ Z aaza‘

2€Bc aGU;QV:l A, 2€Be, ael, Ar

for all N, and so it will be enough to show that

(3.2) 3 Jaal KO < sup ‘ Y s
aclUpl, Ak #€Be acUrl, Ak

We proceed by induction on N. For N = 1, (3.2)) is just a consequence of

K(Nj) < K(Nj') = K(A1). For the inductive step, we write

Z aqz® = ag + fi(ur) + -+ fy(un),
QEU]]CVZIA/C
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where uy, is the projection of z on the Ag-coordinates and

fr(w) = Z akw®
aENSk

la>1

for w € C™. Note that fr(0) = 0 for every k. By inductive hypothesis we
know that

(3.3)
= N-1
‘Cl0| + Z Z |(1a|K(N8)‘O‘| < sup ao + Z fk(uk)‘
k=1 ozeNg’“ ur€D™ .. uny_1€D"N-1 1
|| >1

Fix now u, € D™ for k = 1,...,N — 1 and set ag = ag + Zsz_ll Jre(ug).
Since K (Nj) < K(NyV) = K(An), we have

ol + Y lad KNG < sup f@o + fv(un),

un ED™N
aGNgN N
| >1

which just means that

N-1
(3.4) ‘ao + Z fk(uk)‘ + Z o | K (Nl
k=1

aGNgN
lo|>1
N-1
< sup (ao + ) fk(%)) + fN(UN)’-
un€EDN —

Combining (3.3)) and (3.4) we obtain (3.2)). =

In the following results we present asymptotically correct estimates on
Dirichlet—-Bohr radii.

ExXAaMPLE 3.6.

(1) lim,, —A8@)_ _ 4.
(logn)/n
(2) there is a constant C' > 1 such that

i\ (m=1)/(2m) o\ (m=1)/(2m)
22 < L(nE)la)) < (%) for n> m,
1/C < L((N(n))[m]) <1 for n < m.

Both results follow from Proposition [3.1]and their counterparts for Bohr
radii:
K(N}
lim (N6)

il (A |
n \/logm)/n
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and
1 (m=1)/(2m) (m=1)/(2m)
(%) < K({a e N Jal = m < (™)

for n > m,
1/C<K{aeNj||laj=m}) <1 forn<m.

The first formula is due to Bayart, Pellegrino and Seoane-Sepulveda [4],
who improved an earlier result from [I0]. The lower estimate in the second
result follows from [10], and the upper one is a consequence of the Kahane—
Salem-Zygmund inequality (or [1I, Lemma 2.1 and (4.4)]). It would be of
interest to know the precise values of L(N(n)), L(N[m]) and L((N(n))[m])

for all/some n,m > 1.
Example [3.6] combined with Proposition [3.2] yields the following.

ExaMPLE 3.7.

(1) L(N) = 0;
(2) L(N[m]) =0 for all m > 1.
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