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A note on ternary purely exponential diophantine equations
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Yongzhong Hu (Foshan) and Maohua Le (Zhanjiang)

1. Introduction. Let a, b, c be fixed coprime positive integers with
min{a, b, c} > 1, and let m = max{a, b, c}. Further let

(1.1) P (a, b, c) = {(a, b, c), (b, a, c), (c, a, b), (c, b, a)}.
In 1933, K. Mahler [13] used his p-adic analogue of the method of Thue–

Siegel to prove that the ternary purely exponential diophantine equation

(1.2) ax + by = cz, x, y, z ∈ N,
has only finitely many solutions (x, y, z). His method is ineffective. An ef-
fective result for solutions of (1.2) was given by A. O. Gel’fond [4]. In
1999, M.-H. Le [10] proved that if 2 - c, then the solutions (x, y, z) sat-
isfy z < 2

πab log(2eab). Afterwards, N. Hirata-Kohno [6] showed that if 2 - c,
then max{x, y, z} < 2288

√
abc(log(abc))3.

Throughout this paper, log is used for natural logarithm. Combining a
lower bound for linear forms in two logarithms and an upper bound for the
p-adic logarithms due to M. Laurent [9] and Y. Bugeaud [2], we give a better
upper bound for solutions of (1.2):

Theorem 1.1. All solutions (x, y, z) of (1.2) satisfy

(1.3) max{x, y, z} < 155000(logm)3.

It is worth noticing that under the assumption that the Masser–Oesterle
abc-conjecture holds (see [5, Problem B19]), we have max{x, y, z} �
(1 + ε) log rad(abc) for any ε > 0, where rad(abc) is the product of distinct
prime divisors of abc.

As a straightforward consequence of an upper bound for the number of
solutions of binary S-unit equations due to F. Beukers and H. P. Schlick-
ewei [1], (1.2) has at most 236 solutions (x, y, z). Because (1.2) has at most
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two solutions for the most known cases, there have been a series of conjec-
tures concerning exact upper bounds for the number of solutions of (1.2).
For instance, we have:

Conjecture 1.1 (L. Jeśmanowicz [8]). If (a, b, c) is a primitive Pytha-
gorean triple with a2 + b2 = c2, then (1.2) has only one solution (x, y, z) =
(2, 2, 2).

Conjecture 1.2 (N. Terai [14]). If (1.2) has a solution (x, y, z) with
min{x, y, z} > 1, then it has only one solution.

In 1999, Z.-F.Cao [3] showed that Conjecture 1.2 is clearly false. He sug-
gested that the condition max{a, b, c} > 7 should be added to the hypothe-
ses of Conjecture 1.2, and used the term “Terai–Jeśmanowicz conjecture”
for the resulting statement. However, M.-H. Le [11] found infinitely many
counterexamples to the Terai–Jeśmanowicz conjecture. He stated

Conjecture 1.3 (M.-H. Le [11]). (1.2) has at most one solution (x, y, z)
with min{x, y, z} > 1.

The above conjecture was proved for some special cases. But, in general,
the problem has not been solved yet.

In this paper, using Theorem 1.1, we shall show that Conjecture 1.3 is
true if a, b, c satisfy certain divisibility conditions and m is large enough.

We now introduce some notation. Let f, g be coprime positive integers
with min{f, g} > 1. By Euler’s theorem, we have fφ(g) ≡ 1 (mod g), where
φ is the Euler function. This implies that there exist positive integers r such
that

(1.4) f r ≡ ±1 (mod g).

Further, let

(1.5) r(f, g) = min{r ∈ N | r satisfies (1.4)}
and

(1.6) f r(f,g) ≡ δ(f, g) (mod g), δ(f, g) ∈ {±1}.

Let g = pl11 . . . p
lk
k be the factorization of g, and let

(1.7) S(g) = {ps11 · · · p
sk
k | si ∈ Z, si ≥ 0, i = 1, . . . , k}.

For any fixed positive integer n, let d(n, S(g)) denote the maximal divisor
of n belonging to S(g).

In 2009, M.-H. Le [12] proved that if (a, b, c) is a primitive Pythagorean
triple such that a2 +b2 = c2, c > 4 ·109 and d((ar(a,c)−δ(a, c))/c, S(c)) = 1,
then Conjecture 1.1 is true. By using Theorem 1.1, we will prove a more
general result:
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Theorem 1.2. If there exists a triple (A,B,C) ∈ P (a, b, c) such that

(1.8) C > max{2,mε1}, 1 ≥ ε1 > 0,

(1.9) d

(
1

C
(Ar(A,C) − δ(A,C)), S(C)

)
≤ C1−ε2 , 1 ≥ ε2 > 0,

and

(1.10) m > (ρ(2 log ρ)6)1/ε,

where ρ = (155000/ε3)2 and ε = ε1ε2, then (1.2) has at most one solution
(x, y, z) with min{x, y, z} > 1.

2. Proof of Theorem 1.1

Lemma 2.1. Let α1, α2, β1, β2 be positive integers with min{α1, α2} ≥ 3.
Further let Λ = β1 logα1 − β2 logα2. If Λ 6= 0, then

(2.1) log |Λ| > −46.81(logα1)(logα2)B
2,

where

(2.2) B = log 3 + max

{
log 3, 0.43 + log

(
β1

logα2
+

β2
logα1

)}
.

Proof. Since [Q(α1, α2) : Q]/[R(α1, α2) : R] = 1, by [9, Theorem 2] we
have

(2.3)

log |Λ| ≥ −CA1A2

(
h+

λ

δ

)2

−
√
ωθ

(
h+

λ

δ

)
− log

(
C ′A1A2

(
h+

λ

δ

)2)
,

where A1, A2, C, C
′, h, ρ, λ, δ and θ are real numbers such that

δ = 1
2(1 + 2µ− µ2), 1 ≥ µ ≥ 1/3, λ = δ log ρ, ρ > 1,(2.4)

Ai ≥ max{1, (ρ+ 1) logαi}, i = 1, 2, A1A2 ≥ λ2,(2.5)

h ≥ max

{
log 2

2
, λ, 1.81 + log

(
β1
A2

+
β2
A1

)}
,(2.6)

H =
h

λ
+

1

δ
,(2.7)

ω = 2

(
1 +

√
1 +

1

4H2

)
, θ =

1

2H
+

√
1 +

1

4H2
,(2.8)

C =
µ

λ3δ

(
ω

6
+

1

2

√
ω2

9
+

8λω5/4θ1/4

3
√
A1A2H1/2

+
4

3

(
1

A1
+

1

A2

)
λω

H

)2

,(2.9)

C ′ =

√
Cδωθ

λ3µ
.
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We choose µ = 1 and λ = log 3. By (2.4), we have δ = 1 and ρ = 3. Since
min{α1, α2} ≥ 3, by (2.5) we may take

(2.10) Ai = 4 logαi, i = 1, 2.

Further, by (2.6)–(2.10), we may choose

h = max

{
log 3, 0.43 + log

(
β1

logα2
+

β2
logα1

)}
, H ≥ 2,(2.11)

ω ≤ 4.07, θ ≤ 1.29, C ≤ 2.77, C ′ ≤ 3.32.(2.12)

Let B = log 3 + h. Since B ≥ 2 log 3, by (2.10)–(2.12) we have

(2.13)

√
ωθB

(logα1)(logα2)B2
< 0.87,

log(C ′A1A2B
2)

(logα1)(logα2)B2
< 0.99.

Thus, by (2.3), (2.11) and (2.13), we obtain (2.1) and (2.2) immediately.
The lemma is proved.

Lemma 2.2. Let α1, α2 be odd integers with min{|α1|, |α2|} ≥ 3, and let

β1, β2 be positive integers. Further let Λ′ = αβ11 − α
β2
2 . If Λ′ 6= 0 and α1 ≡ 1

(mod 4), then

ord2 Λ
′ ≤ 208(log |α1|)(log |α2|)B′2,

where ord2 Λ
′ is the order of 2 in |Λ′|, and

B′ = max

{
10, 0.04 + log

(
β1

log |α2|
+

β2
log |α1|

)}
.

Proof. This is the special case of [2, Theorem 2] for p = 2 and y1 =
y2 = 1.

Lemma 2.3. If (x, y, z) is a solution of (1.2) such that 2 | min{a2x, b2y}
and min{a2x, b2y} < cz, then

(2.14) max{x, y, z} < 15000(logm)2.

Proof. By the symmetry of ax and by in (1.2), it suffices to prove the
lemma for 2 | a and a2x < cz. Then we have 2 - bc, min{b, c} ≥ 3, by > ax

and 2by > cz. Therefore, by (1.2),

z log c = log(by + ax) = y log b+
2ax

2by + ax

∞∑
j=0

1

2j + 1

(
ax

2by + ax

)2j

(2.15)

< y log b+
4ax

2by + ax
< y log b+

4ax

cz
< y log b+

4

cz/2
.

Let (α1, α2, β1, β2) = (c, b, z, y) and Λ = β1 logα1 − β2 logα2. By (2.15),
we have 0 < Λ < 4/cz/2 and

(2.16) log 4− logΛ >
z

2
log c.
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Since min{b, c} ≥ 3, by Lemma 2.1 we get

(2.17) logΛ > −46.81(log c)(log b)B2,

where

(2.18) B = log 3 + max

{
log 3, 0.43 + log

(
z

log b
+

y

log c

)}
.

If log 3 ≥ 0.43 + log(z/log b+ y/log c), then 3 > 1.53(z/log b+ y/log c) >
1.53z/log b and

(2.19) z < 2 log b.

Since x log a < y log b < z log c, by (2.19) we get max{x, y, z} < 2(logm)2

and (2.14) holds.

If log 3 < 0.43 + log(z/log b+ y/log c), then from (2.16)–(2.18),

(2.20) log 4 + 46.81(log c)(log b)

(
log 3 + 0.43 + log

(
z

log b
+

y

log c

))2

>
z

2
log c.

Further, since z/log b > y/log c, we can easily verify that log 3 + 0.43 +
log 2z

log b > log 3 + 0.43 + log(z/log b + y/log c) > 2 and log 4/(log b log c) ≤
log 4/(log 2 log 3) < 2. Then, by (2.20),

(2.21) 189.24

(
log 3 + 0.43 + log

2z

log b

)2

>
4 log 4

(log b)(log c)

+ 187.24

(
log 3 + 0.43 + log

(
z

log b
+

y

log c

))2

>
2z

log b
.

Let f(t) = t − 189.24(log 3 + 0.43 + log t)2. Notice that f(30000) > 0,
f ′(t) = 1 − 378.48(log 3 + 0.43 + log t)/t and f ′(t) > 0 for t ≥ 30000. We
deduce from (2.21) that 2z/log b < 30000 and

(2.22) z < 15000 log b.

Since x log a < y log b < z log c, by (2.22) we obtain (2.14). Thus, the lemma
is proved.

Proof of Theorem 1.1. Let (x, y, z) be a solution of (1.2). We first con-
sider the case of 2 | a. By Lemma 2.3, if a2x < cz, then (1.3) holds. Therefore,
we may assume that a2x > cz. Then

x <
z log c

log a
, y <

z log c

log b
,(2.23)

z <
2x log a

log c
.(2.24)
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By (2.23) and (2.24), if x = 1, then (1.3) clearly holds. We may assume that
x > 1. This implies that cz − by ≡ 0 (mod 4). Let

(α1, α2) =


((−1)(c−1)/2c, b) if 2 | z,
(c, b) if 2 - z and 2 | y,

((−1)(c−1)/2c, (−1)(c−1)/2b) if 2 - yz,
(2.25)

(β1, β2) = (z, y),

Λ′ = αβ11 − α
β2
2 .(2.26)

By (1.2), (2.25) and (2.26), we have α1 ≡ 1 (mod 4), |Λ′| = ax and
ord2 Λ

′ ≥ x. Therefore, by Lemma 2.2,

(2.27) x ≤ 208(log c)(log b)

(
max

{
10, 0.04 + log

(
z

log b
+

y

log c

)})2

.

If 10 ≥ 0.04 + log(z/log b+ y/log c), then 9.96 > log(z/log b) and

(2.28) z < 21200 log b.

From (2.23) and (2.28), we conclude that (1.3) holds.
If 10 < 0.04 + log(z/log b+ y/log c), then from (2.23), (2.24) and (2.27)

we get

z log c

2 log a
< x ≤ 208(log c)(log b)

(
0.04 + log

(
z

log b
+

y

log c

))2

(2.29)

< 208(log c)(log b)

(
0.04 + log

2z

log b

)2

.

Let t = 2z/log b. We see from (2.29) that

(2.30) t < 832(log a)(0.04 + log t)2.

Let f(t) = t− 832(log a)(0.04 + log t)2 and t0 = 310000(log a)2. Notice that
a ≥ 2, f(t0) > 0 and f ′(t) > 0 for t ≥ t0. Then we deduce from (2.30) that
t < 310000(log a)2 and

(2.31) z < 155000(log a)2(log b).

Thus, by (2.23) and (2.31), the conclusion holds if 2 | a.
If 2 | b, by the symmetry of a and b in (1.2), we can use the same method

as in the proof of the case 2 | a.
Finally, assume that 2 | c. By (2.23), (1.3) holds if z = 1. Therefore, we

assume that z > 1. Then ax + by ≡ 0 (mod 4) and at least one of x and y is
odd. Let

(2.32)
(α1, α2) =


(−a, b) if 2 - x and 2 | y,

((−1)(a−1)/2a,−b) if 2 |x and 2 - y,

((−1)(a−1)/2a, (−1)(a−1)/2b) if 2 - xy,

(β1, β2) = (x, y)
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and let Λ′ be defined as in (2.26). By (1.2), (2.26) and (2.32), we have α1 ≡ 1
(mod 4), |Λ′| = cz and ord2 Λ

′ ≥ z. By Lemma 2.2, we get

(2.33) z ≤ 208(log a)(log b)

(
max

{
10, 0.04 + log

(
x

log b
+

y

log a

)})2

.

If 10 ≥ 0.04 + log(x/log b + y/log a), then e9.96 > max{x/log b, y/log a}
and

(2.34) max{x, y} < 21200 logm.

Further, since max{2ax, 2by} > cz by (1.2), we see from (2.34) that (1.3)
holds.

If 10 < 0.04 + log(x/log b+ y/log a), then from (2.23) and (2.33) we get

z ≤ 208(log a)(log b)

(
0.04 + log

(
x

log b
+

y

log a

))2

(2.35)

< 208(log a)(log b)

(
0.04 + log

2z log c

(log a)(log b)

)2

.

Let t = 2z(log c)/((log a)(log b)). Using the same method as above, we
can also deduce from (2.35) that t < 310000(log c)2 and

(2.36) z < 155000(log a)(log b)(log c).

Therefore, by (2.23) and (2.36), we obtain (1.3) immediately. Thus, the
theorem is proved.

3. Proof of Theorem 1.2. Let u, v be coprime positive integers with
u > v. For any positive integer n, let Ln(u, v) = un + λvn, where λ ∈ {±1}.
For n > 1, a prime p is called a primitive divisor of Ln(u, v) if p |Ln(u, v)
and p - L1(u, v) · · ·Ln−1(u, v).

Lemma 3.1 ([15]). If n > 1 and v > 1, then Ln(u, v) has a primitive
divisor, except for (n, u, v, λ) = (2, 2r + 1, 2r − 1,−1), where r is a positive
integer with r > 1.

Lemma 3.2 ([7, Theorem 3.7.4]). If r is a positive integer satisfying
(1.4), then r(f, g) | r.

For any fixed triple (A,B,C) ∈ P (a, b, c), (1.2) can be rewritten as

(3.1) AX + λBY = CZ , X, Y, Z ∈ N, λ ∈ {±1},
where (X,Y, Z) is the corresponding permutation of (x, y, z).

Lemma 3.3. Let (X,Y, Z) = (X1, Y1, Z1) and (X2, Y2, Z2) be two solu-
tions of (3.1) with Z1 ≤ Z2. If C > 2, then X1Y2 6= X2Y1 and

(3.2) A|X1Y2−X2Y1| ≡ (−λ)Y1+Y2 (mod CZ1).
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Proof. Let d = gcd(X1, Y1). Then

(3.3) X1 = dr, Y1 = ds, r, s ∈ N, gcd(r, s) = 1,

and

(3.4) (Ar)d + λ(Bs)d = CZ1 .

If X1Y2 = X2Y1, then from (3.3) we get

(3.5) X2 = rk, Y2 = sk, k ∈ N,
and

(3.6) (Ar)k + λ(Bs)k = CZ2 .

Since (X1, Y1, Z1) 6= (X2, Y2, Z2) and Z1 ≤ Z2, we see from (3.4) and (3.6)
that k > d ≥ 1.

On the other hand, let u = Ar, v = Bs and Ln(u, v) = un+λvn . For any
positive integer n, we find from (3.4) and (3.6) that Lk(u, v) has no primitive
divisors. But, since C > 2, by Lemma 3.1, it is impossible. So X1Y2 6= X2Y1
and |X1Y2 −X2Y1| is a positive integer. Further, by (3.1),

(3.7)
AX1Y2 ≡ (−λ)Y2BY1Y2 (mod CZ1),

AX2Y1 ≡ (−λ)Y1BY1Y2 (mod CZ2).

Since Z1 ≤ Z2, from (3.7), we obtain (3.2) immediately. The lemma is
proved.

Proof of Theorem 1.2. We now assume that (1.2) has two solutions
(x, y, z) = (x1, y1, z1) and (x2, y2, z2) with min{x, y, z} > 1. Let (A,B,C) in
P (a, b, c) satisfy (1.8) and (1.9). Since (1.2) is equivalent to (3.1), the latter
has two solutions (X,Y, Z)=(X1, Y1, Z1) and (X2, Y2, Z2) with min{X,Y, Z}
> 1. Since C > 2 and min{Z1, Z2} ≥ 2, by Lemma 3.3 we have X1Y2 6= X2Y1
and

(3.8) A|X1Y2−X2Y1| ≡ (−λ)Y1+Y2 (mod C2).

Further, since (−λ)Y1+Y2 ∈ {±1}, applying Lemma 3.2 to (3.8) we get
r(A,C) | |X1Y2 −X2Y1| and

(3.9) |X1Y2 −X2Y1| = r(A,C)n, n ∈ N.
Let δ = δ(A,C). By (1.5) and (1.6), we have

(3.10) Ar(A,C) − δ = Ck, k ∈ N, δ ∈ {±1}.
Further let

(3.11) d0 = d(k, S(C)), d1 = gcd(k,C), d2 = C/d1.

By (1.7) and (3.11), we have d1 | d0 and d1 ≤ d0. Since d0 ≤ C1−ε2 by (1.9),
we get d1 ≤ C1−ε2 and

(3.12) d2 ≥ Cε2

by (3.11).
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From (3.8)–(3.10), we have

(3.13) ((Ar(A,C) − δ) + δ)n − (−λ)Y1+Y2 ≡ (Ck + δ)n − (−λ)Y1+Y2

≡ (δn − (−λ)Y1+Y2) + Ck
n∑
i=1

(
n

i

)
(Ck)i−1δn−i ≡ 0 (mod C2).

Since C > 2, we see from (3.13) that δn = (−λ)Y1+Y2 and

(3.14) k
n∑
i=1

(
n

i

)
(Ck)i−1δn−i ≡ knδn−1 ≡ 0 (mod C).

Further, since gcd(k,C) = d1 and d2 = C/d1 by (3.11), we infer from (3.14)
that d2 |n and

(3.15) n ≥ d2.
Therefore, by (3.9), (3.12) and (3.15),

(3.16) max{X1Y2, X2Y1} > |X1Y2 −X2Y1| ≥ n ≥ Cε2 .
On the other hand, since (X,Y, Z) is a permutation of (x, y, z), by The-

orem 1.1 we have

(3.17) max{X1Y2, X2Y1} < 1550002(logm)6.

The combination of (1.8), (3.16) and (3.17) yields

(3.18) 1550002(logm)6 ≥ Cε2 ≥ mε1ε2 = mε,

where ε = ε1ε2. Let

(3.19) f(t) = t− 1550002

ε6
(log t)6

and t0 = ρ(2 log ρ)6, where ρ = (155000/ε3)2. Since f(t0) > 0 and f ′(t) ≥ 0
for t ≥ t0, f(t) is an increasing function for t ≥ t0. From (3.18) and (3.19)
we have mε < t0, which contradicts (1.10). Thus, under our assumption,
(1.2) has at most one solution (x, y, z) with min{x, y, z} > 1. The theorem
is proved.
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