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Shimura lifting on weak Maass forms
by

YounGJu CHOIE (Pohang) and SUBONG LiM (Seoul)

1. Introduction. In his famous paper [12], Shimura constructed a map
between modular forms of a half-integral weight and modular forms of an
even integral weight, which is now called the Shimura lifting. This lifting
has played an important role in many areas of modern number theory (for
example, see [I1], 14]). An important turning point was understanding it as
a theta lifting. Shintani [13] showed how to construct a lifting from the theta
series associated with an indefinite quadratic form; subsequently, Niwa [10]
studied the Shimura lifting using the theta lifting, and Cipra [7] extended
the Shimura lifting to all positive half-integral weights.

Since the theta lifting is given by integration against a two-variable theta
series, only cusp forms have been used because the integral is not well-defined
for forms which permit bad behavior at the cusps (called “weak forms”). To
solve this problem, Borcherds [I] used the regularized integral introduced
by Harvey and Moore [8] to construct modular forms of integral weight on a
higher-dimensional Hermitian homogeneous domain. After the breakthrough
of Borcherds, many researchers began to study the theta lifting on weak
forms and found interesting applications. Two examples are the work of
Bruinier and Funke [5] on traces of CM values of modular functions and
the recent work of Bruinier and Ono [6] on central values and derivatives of
quadratic twists of weight 2 modular L-functions.

In this note, we use the regularized integral to treat the Shimura lifting
for weak Maass forms of arbitrary positive half-integral weight with arbitrary
eigenvalue that satisfy a certain growth condition at the cusps. The resulting
functions are automorphic with possible singularities on the upper half-
plane H. We also study their convergence regions and singularity types.
Finally, we compute the value of the lifted function on the imaginary axis.
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Let I' be a congruence subgroup of level N, let k € Z and let x be a
character modulo N. Assume that 4| N if k is not an even integer. A weak
Maass form of weight k/2 on I' is a real analytic function on H with possible
poles at cusps that transforms like a modular form of weight k/2 and is an
eigenfunction of the weight k/2 Laplace operator

Ay sy = —0? a—2+6—2 LN G
k/2 ou? = Owv? 2 ou Ov)’

where u = Rez and v = Imz for z € H. If the eigenvalue A is zero,
then a weak Maass form is called harmonic. We denote the space of weak
Maass forms of weight k/2 on I" with eigenvalue A\ € C and character x by
WMFE, 5\ (I, x). Furthermore, let WMFZ/2,>\(F7 X) be the subspace consist-
ing of forms satisfying a certain condition on Fourier coefficients (for the
precise definition see Section .

The groups SLa(R) and O(2,1) form a dual reductive pair in the sense
of Howe [9]. Thus we can consider the theta lifting given by the Siegel theta
function 6(z,w). If k is a positive odd integer and g is a weak Maass form
of weight k/2 on IH(4N), then we define

(L) o) =" Y ga(=)falzw)

F  a€l(4N)\SLo(Z)

dud
’Uk/Q ’U,Z’U
v

using the regularized integral, where F denotes the standard fundamental
domain for the action of SLa(Z) on H, and g (z) = (cz+ d)*k/zg(%) and
Oa(z,w) = (cz + d)_k/QH(%j:g,w) for = (2%) € SLy(Z). This gives an
extension of the Shimura lifting to weak Maass forms.

THEOREM 1.1. Let k be a positive odd integer, let A € C and let x be a
character modulo 4N. For a weak Maass form g € WMF , y{0(4N), x),
the lifted function ®(g) in (1.1) is a singular weak Maass form of weight k—1
on I'y(2N) with eigenvalue 4\ and character x?, and has singularities sup-

"EQ+\/£B§—2¢1CE3

ported on { N3 } x1,T2, T3 € Z and x% —x123 < O}. In particular,

D(g) is harmonic if g is harmonic.

Here, a singular weak Maass form is a function that has all the properties
of a weak Maass form except that it may have singularities on H (for the
precise definition see Section . The main part of the proof consists of
analyzing the constant term of the function

Z 9o (2)0a(z, w).
a€lp(4N)\SL2(Z)

Furthermore, we determine the singularity type of @(g). Let U C H be an
open subset, and let f and g be functions on a dense open subset of U.
Then we say that f has singularity type g if f — g can be continued to a real
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analytic function on U. For an open subset U of H define
To + \/x% — X113
eU;.
2N I3
Then we have the following theorem about the singularity type of ®(g).

THEOREM 1.2. Suppose that k, X\, x and g are as in Theorem [L.1]. If
U C H is an open subset with compact closure, then the lifted function ®(g)
has singularity type

Z Z da(x% —aclgvg,s’)\)ha(ac,z;k)(—l)_k/4

a€lp(4N)\SL2(Z) (z1,x2,23)€S(U)

- { (kim (4 (a3 1xlzs>>nn! <ﬁ‘§f(v$ | z”)%_kﬂ
n 2 2
- ()

1 (k-1)/2 1\2 o 1\2

wermeerey 1 |(0-32) -(5-9+3) ]

X log<<;/;]/l(x, z)])z) },

where aq(n, s)) is a Fourier coefficient of go as in (2.1) and sy is given by
the relation \ = sx(1 — s)) + (k* — 2k)/4 (for the definition of ha(z, z; k)
and A(z, z) see Section [3).

On the other hand, using the unfolding method we can compute the
value of the lifted function on the imaginary axis.

THEOREM 1.3. Suppose that k, A\, x and g are as in Theorem [L.1]. Let
a(n, sy) be the Fourier coefficients of g as in (2.1) for vy =1. If k > 1, then

®(g)(iv) = C’ (k§/2<(k B 1>/2) (27r)‘”ogo<a(0, 5)) <§r>srk/4Hy(0)

S{U) = {(331,332,333) € 7% | 23 — x123 < 0 and

™~
Y
o
||

—_

|

S
N——

v=0 v 0

n2¢2 | /4 n?t? n2t? o\

+ E a(n?,sy) | — Wijasn—172| —5— | exp| ——— | Hy(tn) )|

2 2 4 t

n#0
ad ( )/ v 2 dt
k—1)/2—v 2.2

) z o
xm:E_ooxl(m)m exp< Tm (t> > ;

for v >0, where C" = (—1)k=1/22=2k+ANK/A(Om)L/2 W, is the standard
W -Whittaker function and H, is the Hermite polynomial given by H,(x) =
(—1)” exp(z?/2) d‘fu exp(—x2/2) for v € Z>g.
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This result is comparable to [7, Theorem 2.12], which gives the Fourier
expansion of the lifted function when g is a holomorphic modular form.
In our case, since the lifted function is not holomorphic and the Fourier
coefficients of weak Maass forms do not give an L-function, we cannot deduce
the Fourier expansion from this result. But if we assume that A\ = 0, then
one can see that only the holomorphic part of g appears (for the definition
of holomorphic part, see [4]). This suggests that the Fourier expansion of
the lifted function is completely determined by the holomorphic part of g.

The remainder of the paper is organized as follows. In Section [2| we
review the basic notions of a weak Maass form and a theta kernel studied
by Shintani [I3] and Cipra [7], and explain how to regularize integrals. We
also define theta liftings for weak Maass forms in the sense of Borcherds [1].
In Section [3| we prove Theorems [T.1

2. Review of basic material

2.1. Weak Maass forms. Let k£ be an integer. For z and w in H we
will often use without further explanation © = Rez, v = Imz, £ = Rew,
and n = Imw. Let

(7, 2) =e;1(§)(cz+d)1/2 for = <‘c‘ Z) € Iy(4),

where ¢g = 1 oriasd=1or 3 (mod 4), and (g) is the quadratic residue
symbol as defined in [12]. We have a slash operator defined by

[ (ez+d)*2f(y2) ifkisevenandy = (%}) € SLy(Z),
(Fliyz1)(z) = {j(%z)_kf(vz) if £ is odd and v € IpH(4).

Now we introduce the definition of a weak Maass form.

DEFINITION 2.1. Let I' be a congruence subgroup of level N and x a
character modulo N. A singular weak Maass form of weight k/2 on I" with
eigenvalue A € C and character x is a real analytic function f : H — C with
possible singularities satisfying

(1) flrjpy =x(d)f forally = (¢5) € I,

(2) Ak/?f - )‘fa and

(3) (fley2v)(2) = O(v%) as v — oo, uniformly in u for all v € SLy(Z),
for some fixed real § > 0.

We denote by WME}, /2, A, x) the space of such forms. If f does not have
singularities on H, it is called a weak Maass form, and the space of weak
Maass forms is denoted by WMF}, 5 5 (I, x). When I" = I5(IV) for a positive
integer N, the Fourier expansion of a weak Maass form f € WMFy, 5 (I, x)
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at the cusp corresponding to v € SLy(Z) is given by
(21) (f)(2) = @y (0, 82)0" 7 4 a, (0, 530 7+
+ ) ay (n/N, sx)| 4700 /N[ TAW ok a.sy -1 /2(—4m|n|v/N)

—ny<n<ma~
neZ\{0} x exp(2minu/N)
+ Y ay(n/N,sy)dmno /NI Wogn a6, -1/2(47|nfv/N)

nez\{0}
x exp(2minu/N),
where m.,ny > 0 and A = sy (1 — s,) + (k% — 4k) /16 (for example, see [2]).
Here, for ¢ € R we denote by Wy 9, (t) and W_ /5., (—t) the standard
W-Whittaker functions, which can be distinguished by their asymptotic
behavior
(Wit o (£D)] = exp(F/2)|1E5/2(1 + 0@ 1))

as [t| — oo. It is also known that a,(n,s)) = Of(exp(dy/n)) for some
d > 0 (see [3, 4]). In the case v = I, we abbreviate a(n,sy) = a(n,sy)
and a(n,s)) = ay(n,sy). We denote by WMEy , (I, x) the subspace of
WMF}, /95 (I7, x) which consists of f such that @,(n,sx) =0 for n > 0.

2.2. Indefinite theta series. In this subsection, we recall the definition
of the Weil representation following the discussion in [7], and explain how to
construct a theta series using the Weil representation. Let () be a rational
symmetric matrix of signature (p, ¢) with p+q = n. For z,y € R™ we have an
inner product defined by (x, %) := 'xQy. Let S(R™) be the space of Schwartz
functions on R". For a matrix y = (¢ %) € SLy(R) and a Schwartz function
f € S(R™), the Weil representation is defined by

(r(, Q)f)(x)

|a”/26<c;b<x,:v>>f(a:v) if c=0,
- ]det Q‘1/2’c|fn/2 S e(a(z,x> _ 2<52U;y> +d<y’y>>f(y) dy ifc#0,
RTL

where e(z) := exp(2miz). The Weil representation has the following proper-
ties.

PROPOSITION 2.2 ([7]). Let v = (%%) € SLa(R) and

oV/2 = 1/2
T, —

0 _1/2> for z=wu+1v € H.
v

Define ¢ (mod 2m) by exp(—i¢) = ﬁ;izl and let k(¢) = (_Czisfd) zg;ﬁ) Then
(1) vo. = O"yz“(ﬁb);
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(2) T(fyu Q)T(UZa Q) = T(O-’YZ? Q)T(K(¢)7 Q); and
(3) if we let
N = (cta_2 bﬁlg) = (* t=1 )y (¢ ;) forteR”,
then
VtO2, = Ut2('\/z)/{(¢)7
T(’}/t, Q)T(Ut2z7 Q) = 7,(0-152('yz)7 Q)T(H(¢), Q)
Let L be an even lattice in R" such that (z,z) € 2Z for all z € L, and let

L* be its dual lattice defined by L* := {x € R" | (z,y) € Z for all y € L}.
The volume v(L) of a fundamental parallelotope of L in R" is defined by

v(L) = SR”/L dzx.

DEFINITION 2.3 (First permutation and spherical property). We say
that a function w : L*/L — C has the first permutation property for IH(4N)
with character y modulo 4N if

(a) w(l) =01if (I,1) ¢ 27,
(b) w(dl) = x(d)w(l) for v = (24) € IH(4N).

We say that a function f € S(R™) has the first spherical property for
weight k/2, k € Z, if

r(k(9), Q)f = 6(Fé((ﬁ))p Texp(igk/2) f

for all (), where for (24) € SLo(R
b if ¢ >0,
<< d>> 1 sgnd)/2 ife=0,
if ¢ <O.

With this we construct a theta series as follows. For f € S(R™) and

h e L*/L let
h):=>_ flx+h).
reL

Take f and w having the first spherical property for weight /2 and the first
permutation property for I'H(4N) with character x, respectively. Consider

0(z, f,h) :=v " (r(0,,Q)f,h) for h € L*/L,
0(z, fiw) = Y w(h)(z, f,h).
heL*/L
The following was proved by Shintani.
THEOREM 2.4 ([13]). Let v = (¢Y) € SLa(Z). Then
(cz + d)20(vz, £.0) = Vi TS e )00z 1),

jeL*/L
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where
C(h»j)'y =
5h,aj€<a2b<h7j>> ifC = 07
|det Q|~/2u(L) e[ T2 Y e

reL/cL

<a(h+’r,h+r> —2(j,h+ 1) —I—d(j,j>)
2c

if c#£ 0,
where dqp is the Kronecker delta. In particular, if v = (‘Cl Z) € IH(4N), then

j('% z)_kﬁ(vz, f;w) = X/(d)0(27 f;CU),

va= (D) () rmawa)

with the Hilbert symbol
-1 ifz,y <0,

T, Y)oo 1=
() { 1 otherwise.
Here, B := det((\;, \;)), where {\1,..., A} is a Z-basis for L.

where

2.3. Niwa’s theta kernel. In this subsection we recall the theta series
given by Niwa [10]. Let O(Q) be the orthogonal group of @ defined by
0(Q) := {9 | 'gQg = Q}. Let SO(Q) denote the connected component of
the identity in O(Q) consisting of those matrices g with det g = 1. Define a
unitary representation p : SO(Q) — GL(L?*(R™)) by letting

(p(9))(x) = flg~ ).

By definition of SO(Q), p(g) commutes with the Weil representation (see [7,
p. 64]), i.e.

(2.2) p(9)(r(v, @)f) = (7, Q) (p(9)f)-

Take a special

with signature (2,1) and let L = ANZ & NZ & %Z. One can check that
v(L) = N3, L* =Z® 7 & =7 and B = —32N3. As a quadratic form, @ is
given by the determinant of a matrix as follows. For = = (x1, x2, x3) we have

2

Qz) = 'zQx = N(a:% —4xix3) =

-8
N

x]  x9/2

1'2/2 I3
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It is known that there is an isomorphism from SLa(R)/+1 to SO(Q) given
by (for more details, see [7])

b a? ab b2
a
(2.3) ( ) — | 2ac ad+ bc 2bd
c d 9 0
c cd d
DEFINITION 2.5 (Second permutation and spherical property). Let I'g

be a discrete subgroup of SO(Q) which leaves L invariant, and let I ¢ be the
(normal) subgroup of I'y which fixes L*/L.

(1) Let x be a character of I'y which is trivial on I7). We say that
w: L*/L — C has the second permutation property for I'g with character x
if w(yl) = x(v)w(l) for y € I'g and | € L*.

(2) Let m € Z. We say f € S(R?) has the second spherical property for
weight 2m if p(k(¢)) f = exp(—2ime¢) f for all 0 < ¢ < 27, where we identify
r(¢) as an element of a maximal compact subgroup of SO(Q) via (2.3).

Now we consider the Hermite polynomials H, defined by

PYEE I CAE R

for 0 < v € Z. For example, Hy(x) =1 and H;(x) = x.

THEOREM 2.6 ([7]). Let m and X be integers. For every positive integer
o such that |m| < X+ p there is a function Ly, , on R3 such that the
function

(24) fm,A,u($)
= Lm,A,M(iL‘)H,u <\/]\87(ZL‘1 + :E3)> exp<_]3ﬂ-(2x% + x% + 2x§)>

has the first spherical property for weight k/2 = X + 1/2 and the second
spherical property for weight 2m. The function Ly, » () is defined by

1 2T
Linau(@) = - | exp(2mig) Ly . (r(0) ') do,
0

where Ly ,(x) = Hy, (/87 /N (21 — x3))H,,(\/87/N 2) with any choice of
v1 and vo such that vy +va — p = A. In particular, we may take Ly ) o(x) =

(z1 — izo — x3)7.

Let frm = fm,au for some fixed p as in Theoremwith k/2=X+1/2.
For z,w € H and a given character x on I'1(4N) consider a theta kernel of
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weight k/2 given by
(2.5)  0(z,w; frm) = (32N3) 712Xy =k 4 (4)=m
X > X1(4z1){r(oanz, Q)p(02nw) frm} (2),
x=(21,2,23)EL}

where

w= (F) . 50 =3 o oni ()

and Ly = 1Z @ 37 & 17 (the dual lattice of Ly = NZ & NZ & NZ). In
particular, if we take

(2.6)  fi,(k—1)/2(x) = (z1 — Qw2 — z3) =1/ exp(—iz;@x% + 23 + 2x§)>,
then 0(z,w) := 0(z,w; fi (k—1)/2) is the theta function studied by Cipra [7]
and Niwa [10].

THEOREM 2.7. Let Ay)o(I,x) be the space of functions f : H — C
such that flyoy = x(d)f for all v = (‘;g) € I'. Then 0(z,w; frm) €
Ak/Q(FO(4N),X) as a function of z, and 0(z,w; frm) € Azm(F0(2N),X2) as
a function of w.

Proof. The Fricke involution W (N) is defined by

N—F/4(—iz)k/2f(-1/(Nz)) if k is odd,
(fli2W(N))(2) := {Nk/4zk/2f(—1/(Nz)) if k is ever.
Let |;oW(4N) act on the variable z, and |2, W(2N) act on w. Now we

consider the theta series given by

Oz, w; frm) = (4n) "0 MY g (@) {r (02, Qp(4w) fr.m} (),

xel’
where L' =7 @& NZ @ (N/4)Z. Then one can see that

0(z, w; frym) = (Olig2W (AN)]2mW (2N)) (2, w5 frem),
where floW(2N)(z,w) = N-mw=2mf(z,—1/(Nw)). So it is enough to
prove that
60z fum) € Ao T8 x( ) )
as a function of z, and
Oz, w; frm) € Aam(To(2N), X%)

as a function of w.
With the notation of Theorem B.4] we see that

@(2771]; fk,m) = (4n)_m0(27p(04w)fk’,m;w)
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with w: L*/L — C defined by

{0 il I,
w(l) =4 _ .
X1(l1) if | = (ll,lg,lg) el

where L =ANZ & NZ & %Z and its dual is L* =Z & lZ ® 7 Z Note that
L ¢ I’ ¢ L* and w has the first permutation property for F0(4N ) with
character yi. Moreover, we can observe that if v = (‘Cl g) € IH(2N), then
the map

a? dab  16bH2

S S G B S I

leaves L and L’ invariant and that
w(v2l) = X1(a®l + 4ably + 166%13) = x*(d)x1(h) = x*(d)w (1)

for (I1,12,13) € L’ because x has modulus 4N. So w has the second per-
mutation property for Iy = (2 1/2)Fg(2N)(1/2 2) with character x? (for
more details, see [T, Proposition 2.2]). Also note that p(c4w)fr,m has the
first spherical property of weight k/2 since p commutes with the Weil rep-
resentation as in (2.2). By Theorem O(z,w; fim) is a non-holomorphic
modular form of weight k/2 on IH(4N) with character (£)y as a function

of z.
Next, using Proposition [2.2]3) we see that

P(0a(rw)) = P(120 4w () )

for v = (%) € IH(2N) and exp(—i¢) = \2312\‘ Since y2 € Ig, if we use
the second spherical property of f, ,,, and the second permutation property

of w, we find that
O(z,yw; frm) = (4n) ™" |cw + d|2mqfk/4

<3 v fron () ot o

lcw + d|

= (cw + d)*™x*(d)(4n) "0 Y " w(@){r(02, Q)p(oww) frm}(x)

xzel’
= (cw + d)*"x*(d)O (2, w; firm)-
This completes the proof. m

Furthermore, this theta function satisfies the following differential equa-
tion.

PROPOSITION 2.8 ([7]). The theta function 0(z,w; fim) defined in (2.5)
satisfies the partial differential equation
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2 0 k(0 0\ k(k '
4|: (8u2 + 81}2> B 717 <au e av> + <4 - 1>:|9(271Mfk,m)
o o o .0
— [77 <8§2 + ) + 2mi 77((3)f — 2877) +m(m—1)— ﬂ 0(z, w; frem)-

2.4. Regularized theta lifting. In the case of weak Maass forms,
because of singularities at the cusps the integral in a theta lifting may not
converge. In this subsection we describe how to regularize the integral to
get a theta lifting for weak Maass forms. We use a regularized integral
introduced by Borcherds [1] as follows. We integrate over the region Fi,
where F = {z € H | |2| > 1, |Re(z)| < 1/2} is the usual fundamental
domain of SLy(Z) and F; is the subset of F of points z with Im(z) < ¢.
Suppose that

s dudv

(2.7) lim | F(z)v™" —;

t—o00
Fi

v

exists for Re(s) > 0 and can be continued to a meromorphic function

on C. Borcherds [I] defined a regularized integral {2* F(z) dudv t6 he the

constant term of the Laurent expansion of the function (2.7) at s = 0.

This is a regularized integral for SLo(Z). Furthermore, in the case when
9(z) € WMF} 5, (I9(4N), x), we define

reg - dudv
(2'8) ®m(9)(w) = S Uk/Q Z ga(Z)ea(Z, w; fk,m) 7
F a€lp(4N)\SL2(Z)

We use the notation ®(g) instead of @,,(g) if we take fim = fi (k—1)/2 as in

29).

3. Proof of the main theorems. First we prove the following more
general result which implies Theorem as a corollary.

THEOREM 3.1. Assume that k is a positive odd integer and m is an
integer. Let x be a character modulo 4N and g be a weak Maass form in

WMEF} 5 \(T0(4N), x). Then P (g) has the following properties:

(1) Pm(g)lamy = X*(V)Pm(g) for all v € Iy(2N),

(2) Aom@m(g) = (m(m —1) = 3/4 = k(k/4 = 1) +4\)Pin(g), and

(3) the singularities of ®,,(g)(w) are supported on the set of Heegner
points of the form w = (b + Vb*> — ac)/(2N¢) in H for a,b,c € Z.
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Proof. First we show the convergence of the regularized integral &,,(g)
for g € WMF} , \(I5(4N), X)- It suffices to prove the convergence of

t 1/2

(3.1) lim | | Yo 9a(2)0a(z,w; frm)
1-1/2 a€lh(4N)\SL2(Z)

,Uk/2—s dl;};iv )

By the translation invariance of },cp (an)\sLy(z) 9o (2)0a (2, Wi frm) vk,
this function has a Fourier expansion of the form

Z a(n, v, w) exp(2minu).

ne’l
Then
¢ 1/2 t
1T Y el w fo) o2 2 = (a0, 0, w2
1-1/2 a€lb(4N)\SL2(Z) v .

To ensure the convergence of the regularized theta lifting, we need to find
the constant term of g (2)0q (2, w; frm)-

Let Q4 := %(721 _2> and

) T
fa(zy, x9,x3) := (21 — iy — 1‘3))\ exp<—2(2x% + x% + 295%))

Since these are just the original @ and f with N = 4, f; has the first and
second spherical properties for the weights k/2 and 2m, respectively. Now,
let L=4NZ®2Z®Z, L' :=7Z ®27Z D 7Z and

0 ifl ¢ L/,

w(l):=1< _ . ,

X(ll) if |l = (ll,lg,lg) e L.
Then L* = Z®Z & ﬁZ, and w has the first permutation property for
I't(4N) with character x; and the second permutation property for Iy =
(2 1/2)F0(2N)(1/2 2) with character ¥2. One can see that 0(z,w; fm) is

the same as 77 "™0(z, p(oanw) f4;w) up to a constant multiple. By Theorem
0o (2, w; frm) can be written as

v!/? wgz:g ha(z,w; k) exp (;J\]w;}\/l(:c, w)|? 4 2miz(x3 — x1x3)>
for each a € IH(4N) \ SLa(Z), where A(x,w) = %(ajl — 4Nwzg + 4N?w?x3)
and hq(z,w; k) is a polynomial in z1, x9, z3 and w.
If go has the Fourier expansion ga(2) = >, ba(n, v) exp(2minu), then

the constant term of g (2)04 (2, w; fxm) is a sum of terms of the form

ba (22 — z123,0) exp(2m (22 — z123)0)0Y% o (z, w; k) exp (4;7;\/1(3;, w)|2>,



Shimura lifting on weak Maass forms 13

where © = (x1,22,73) € Z3. Since g € WMEF} 5 \(I0(4N), x), the func-
tion by (23 — 2173,v) exp(2m(23 — r123)v) has polynomial growth when v
tends to infinity, and thus every term with A(z,w) # 0 is exponentially
decreasing. Therefore, the integral in converges and P,,(g) is well-
defined if A(z,w) # 0 for all 2 € Z3, and singularities may only occur when

o+ :vglexg 3
——9ne; — € H for some (21,22, 23) € Z°.

The transformation properties of @,,(g) come easily from the fact that
the function 0(z, w; fgm) is in Aoy (I0(2N), x?) as a function of w. Finally,
to prove the property of @,,(g) involving the weight 2m Laplace operator,
consider the Maass differential operators on smooth functions defined on H
(see [3, p. 97]) by

Ri = 22’3 + kvt and Ly = 21'@23_.
0z 0z

For any smooth function f : H — C and v € SLy(Z), it is well known that
(Rif)|k+27 = Re(fly) and (Lif)|k-2v = Li(f|rv). The operator Ay can
be expressed in terms of Ry and L by

0?2 0
2ivk—.
9207 "oz
We write Asgy, for the Laplace operator with respect to w, and Ay, /2 for the

Laplace operator with respect to z.
LEMMA 3.2. If f,g € Ap(Io(4N), x) are smooth, then

| Y A 2 dude

Fi OéEFo(4N)\SL2 (Z)

(3:2) Ap = LigyoRy — k = Ry_oLy = —40°

- S Z fa(2) Arga(z)v* 2 du dv
Ft a€lp(4N)\SL2(Z)

1/2

= S [ Z vk_Qfa(z)Lkga(z)] - du

~1/2 a€ly(AN)\SL(Z)
1/2

- Y L)) de
—1/2 a€F0(4N)\SL2(Z)

Proof. The proof is based on the argument in [3]. Note that by the
definition of the differential d,

d<vk2 > Fa(2)Liga(2) dz)

a€lp(4N)\SL2(Z)

1
-ﬂﬁﬂﬂ S (Tefa(Ligalz) — Falz) Ri-zLiga(2)) | dudo.
a€lp(4N)\SL2(Z)
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Using this and Stokes’ theorem one can see that

33) | o2 > fa(2)Lrga(z) dz

OFt a€F0(4N)\SL2(Z)

= S'Uk72 |:1112 Z (kaa( )Lkga( ) fa( )Rk 2Lkga( )) du dv.

Fi a€lH(4N)\SL2(Z)

Since f|ry = x(d)f and g|xy = x(d)g for v = (fcl Z) € IH(4N), we have

o v k—2
t(32)* 2 g) 62)d07) = (1) X+ D)

x x(d)(cz + d)*2Lpg(2)(cz + d)~2dz

= 0" *(fLyg)(2)dz.

From this, one can check that the integrand on the left hand side in is
SLa(Z)-invariant. Therefore, if C is the subset of 0F; consisting of the arc of
the unit circle from exp(mi/3) to exp(2mi/3), then in the integral over 0F;
on the left side the contributions from the lines v = £1/2 and those from
the two halves of C cancel each other, so we get

[ "2 > fa(®)ligalz) dz
OF¢ a€lp(4N)\SL2(Z)
1/2

= S[ > v’“‘Qﬁ,Tz)Lkga@)} du.

—1/2 a€TlH(4N)\SLa(Z)

If we continue this process and use the fact that Ay = Rj_oLj, we obtain
the desired result. =

We now prove part (2) of Theorem[3.1] By (2.8) and (3.2)), Ao (Pm(9))(w)
is equal to

(34)  —a| T2
F
02 .0 du dv
X Z ga(z) <n2aw6u_) +m7/778u]> Qa(z,w;fk7m) 7
OéEF()(4N)\SL2(Z)

From this and Proposition [2.8] we see that

0? 0
—_— 2 J— y —_— .
( 477 8“}8@ 4an8w>9(x(z7w7fk‘,m>

H? H? . 0 .0
= (-~ (58 * ) ~2mm (5 3y ) et o)




Shimura lifting on weak Maass forms 15

82 32 . o .0 k
3
+m(m—1) — 4>>6a(z,w;fk’m)
— (4ny k(51 1) = 200 (2w
- k/2 — Z_ +m<m_ )_Z a(z7w7fk,m)'

So the integral (3.4]) is equal to

e du dv
48 Uk/Q Z ga(Z)Ak/Qea(z7w;fk,m) 7
F a€lp(4N)\SL2(Z)

3 k
# (mom =)= 2 - k(5= 1))omto)0)
By Lemma we see that

reg du dv
S k2 Z ga(z)Ak/Qﬁa(z, w; fk”)’n) 2 APy () (w)
F a€lp(4N)\SL2(Z)
1/2

= lim S vk/2_2[ Z Lk/?.ga(z)ea(zﬂwfk,m)} du

t—o00 v=t

—1/2 a€lb(4N)\SLy(Z)
1/2
_ L k/2—2 '
tliglo S |:U Z go‘(z)Lk/2€a(sz7fk,m):| - du.
—-1/2 a€lb(4N)\SLa(Z) v=t

One can see that all the integrals except for the first one vanish if we apply
the same argument as in the proof of convergence. So, we conclude that
Do @m(9)) (w) = (4N + mlm — 1) — 3/4 — k(k/4 — 1))@(g)(w), which
completes the proof. m

Proof of Theorem|1 . If we substitute the Fourier expansion of g,(z) as

in into ( ., only the part involving Wp /4 . 1/2(47T(x2 x123)v) with
r3— xlxg < 0 contributes to the singularity. Hence ®(g) has singularity type

Z Z da(ac% — x123, S\ ha(z, w; k)

@€l (AN)\SL2(Z) (21,22,23)€S(U)
[e.9]
X § eXp<4N2 |A(z, w) > + 27v(zs — z123 > ) ) |4m(22 — zyas)v| /4
2
2

X Wia,05—1/2(47(23 — z123)0)0*=3/2 do.

Now we apply the asymptotic expansion of Wy, ,,(t) (see [15])

Wi (1) ~ exp(—é)t’“ i[nnltn ﬁ<m2 B (’“ It DQH

n=0 j=1
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as [t| = oo, where we let H?Zl(m2 —(k—j+1/2)%) =1if n =0. Then we
need to compute the singularity type of the function

T —Tv n
(3.5) | exp<4N2|A( )|2> (k=3)/2=n gy
1

for non-negative integers n. Note that the integral in (3.5)) converges regard-
less of the value of A(x,w) when n > (k—1)/2. By [I, Lemma 6.1], the
function (3.5 has singularity type

(o)™ (55 0)

unless (k — 1)/2 — n is a non-positive integer, in which case it has a singu-
larity of type

n—k+1100( (YT 1A 2
(n—*5%)!
Now we compute the value of the lifted function on the imaginary axis

when k > 1 by using the unfolding method. For this we need to rewrite the
theta kernel as follows.

LeMMA 3.3 ([7]). Let 6(z, w; frm) be the theta function defined in (2.5).
Then

0(2, 115 fr,(k—1)/2)

(k—1)/2
(k—1)/2 . x(d)
=¢ Z ( ><w> " 2 T

~ET\IH(4N)
00 rm2n?
X . nzz_oo 1 (m)m*F V27V [,(2,/27 Im vz n) exp (27Tin2'yz ~ 1Im 72) ,

where C' = (=1)*k=D/29=2k=D Nk=D/A=1/4 gpnqg [\, = {(24) € TH(4N) |
c=0}.

Proof of Theorem[I.3 By Lemma [3.3]and the Rankin-Selberg method,
(k—1)/2

_c Z < —1/2) <7T>V/2771_V(>§)O§g(z)v(u+l)/2 f: xa(m)

m,n=—0o

2,2 du d
xm*= V2 (2270 n) exp<—2m’n22 - 7rn4m > uQU.
v v

If we use the Fourier expansion of g given in (2.1]), we find that ®(g)(in) is
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the same as

C““i”(( - 1)/2) <W> (.

xogov(”l)ﬂ( i a(n2, 53)| 40| F AW 4 o 1 o (dn®) H, (23270 n)
° gy
a(0, S/\)USAkMHV(O))mioo X1 (m)ym*F=/27 exp (— an:ﬂ - 27rn2v> %

(k—=1)/2 00 Sy —

—c VZO <(’<¢ —Vl)/2> (gﬂ)ug (a((),s)\)<§jr> ' MHV(O)

+Z a(n?, sy) 2t2 k/4Wk/4,sA1/2<nQ;2> eXP<—nZt2>Hu(t”)) <Z>1U
n£0

2
X Z Xl(m)m(k1)/2”exp<—27r2m2<z> >it,

where C’ = 2C(87)'/2. This completes the proof.
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