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On a conjecture of E. Thomas concerning
parametrized Thue equations

by

CLEMENS HEUBERGER (Graz)

1. Introduction. For an irreducible form F' € Z[X,Y] of degree at
least 3 and a nonzero integer m, the Diophantine equation

F(X,Y)=m

is called a Thue equation in honour of A. Thue, who proved in 1909 [19]
that the number of its solutions in integers is finite. Thue’s result is not
effective, but in 1968, A. Baker [1] gave an upper bound for the solutions
using his lower bounds for linear forms in logarithms of algebraic numbers.
Since then, algorithms for the solution of single Thue equations have been
developed (see Peth6 and Schulenberg [14], Tzanakis and de Weger [20], and
Bilu and Hanrot [4]).

In 1990, E. Thomas [17] considered for the first time a parametrized
family of cubic Thue equations of positive discriminant. In the last decade,
several such families of degrees 3 to 6 have been investigated (see [8] for
further references). In all these families, there were only two types of solu-
tions: Firstly, there are polynomial solutions X (a), Y (a) € Z[a] which satisfy
F(X,Y) = £1 in Z[a], and secondly, there may be some further solutions
for special (small) values of the parameter.

The family of Thue equations

aX™ —-bY" =+1
has been considered by several authors. Bennett [3] recently showed that for

ab # 0 and n > 3 this equation has at most one solution in positive integers

(z,9)-
A further step is the investigation of classes of parametrized families of
arbitrary degree such as
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n

(1) Fa(Xay) = H(X—pi(a)Y)—Y”::tl, CLEN,
i=1
where p1,...,p, € Z]a] are polynomials, which have been called split fami-

lies by E. Thomas [18]. For i = 1,...,n it can be easily seen that (X,Y) €
{*£(pi, 1), (£1,0)} are polynomial solutions. Thomas conjectured that if

p1=0, 0<degps <...<degp,

and the polynomials are monic, there are no further solutions for sufficiently
large values of the parameter a. In [18] he proved this conjecture for n = 3
under some technical hypothesis.

Halter-Koch, Lettl, Pethé and Tichy [6] considered (1) for p; = 0,p2 =
do,...,pp—1 = dn_1 and p,, = a, where ds,...,d,_1 are distinct fixed inte-
gers. They found all solutions for sufficiently large values of a assuming a
conjecture of Lang and Waldschmidt [10]—which is a very sharp bound for
linear forms in logarithms of algebraic numbers—provided that the corre-
sponding number field is primitive (i.e. Q is the only proper subfield), which
is the case for almost all choices (in the sense of thin sets) of the parameters.

The first unconditional result on split families of arbitrary degree has
been given in [7], where (1) has been considered for p; = —a, ps = do, ...

eyPn_1 =dn_1 and p, = a, where do,...,d,_1 are distinct fixed integers.
If >, d; # 0 or [[,d; # 0, then the only solutions are polynomial solutions
with [Y] < 1.

In [9], Heuberger and Tichy considered a multivariate version of (1): Let

pi € Zlay,...,a,] for some r € N. Assume

degpi < ... < degpp—2 < degp,_1 = degpy,
LH(pn) - LH(pnfl)v but DPn 7£ Pn—1,

where LH(p) denotes the homogeneous part of maximal degree of a poly-
nomial p, and suppose that the polynomials p; satisfy suitable growth con-
ditions. Then there is a constant tg such that for all a1, ..., a, satisfying
to < ming ar and maxy ar < (ming ax)” the Diophantine equation (1) has
only polynomial solutions with |Y| < 1, where 7 > 1 is an explicitly given
constant (depending on the degrees of the polynomials only).

These two results depend heavily on the symmetric nature of the poly-
nomials p;. In this paper, we shall prove Thomas’ conjecture for a very large
class of polynomials p;, subject only to certain technical conditions on the
degrees of the p;.

After the presentation of the results in this section we shall, in Section 2,
give some comments on the technical hypothesis occurring in our Theorems 1
and 2 and we will discuss its relation to Thomas’ technical hypothesis in the
case n = 3. In Sections 3 and 4 we collect and adapt standard material for
the solution of parametrized Thue equations. In Section 5 we will present
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the main idea to exclude “small” solutions, which will be carried out in
detail in Sections 6 and 7. In Section 8 we will exclude “large” solutions
using Baker’s method via application of a result of Bugeaud and Gydry [5].
Finally we will prove a weaker formulation of the technical hypothesis in
Section 9.

The main result of the present paper is

THEOREM 1. Let n € N, n >4 and p; € Z[a] be monic polynomials for
1=1,...,n. Write d; := degp;,

(2) eiv=(i—Ddi+ Y _ d

I=i+1
and allow py =0 (set di = —1 in this case). Moreover, define recursively
do)(di1 — ds) | o~ dip1 —d
(3) o= 2T d)din —dy) T gy, 3<i<n—L
ei+1+ dit1 = cir1 +dipa

If ¢; €N forall 3<i<n-—1, for (j,5') € {(1,2),(2,1)} define

n

QF == (ps —py) % H(pk —p3)"
k=4

n
Q]_ = (p2 _ p1)61+2d3—d2 (p3 _ pj/)Q(dg—dQ) H(pk _ pj')wk_1+d3_d2.
k=4

Assume

(4) di <dg <...<dp_1<dp.

If there is a 3 < k <n — 1 such that ¢ € N or if

(5) deg(QF — Q) > degQ; —e1 — dy

for (4,7") = (1,2) and for (j,7') = (2,1), then there is a (computable)
constant ag = ao(p1, - . .,pn) depending on the coefficients of the polynomials

p; such that for all integers a > ag the Diophantine equation
n

(6) Fo(X,Y) = [[(X = pi(a)Y) = Y" = £1
i=1
has only the solutions

(7) (£1,0) and =£(pi(a),1), 1<i<n.

The case n = 3 has been excluded in the formulation of Theorem 1
in order to avoid any ambiguities; it is stated explicitly in the following
theorem:

THEOREM 2. Let p1,p2,ps € Z[a] be monic polynomials. Write d; :=
deg p;, 5
e; = (Z — 1)di + Z d;

l=i+1
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and allow p1 = 0 (set di = —1 in this case). For (j,5') € {(1,2),(2,1)}
define

Qf = (ps — pj yertds, Q; = (p2— p1)S T2 (py — ) Hdad2)
Assume

(8) dy < do < dg and d2 > 1.
If
(9) deg(QF — Q) > degQj —e1 —da

for (3,7") = (1,2) and for (j,j') = (2,1), then there is a (computable)
constant ag = ag(p1,p2, p3) depending on the coefficients of the polynomials
p; such that for all integers a > ag the Diophantine equation

(10) H (X —pi(a)Y) =YY" = +1
=1

has only the solutions
(£1,0) and =£(pi(a),1), 1<i<3.

We remark that if do = 0, i.e. p1 = 0, po = 1 and degps > 1, the
assertion of the theorem is false since Fy(p3 — 3,p3 — 2) = —1. See however
Lee [11], Mignotte and Tzanakis [13], and Mignotte [12], where all solutions
of this family are determined.

We also give a weaker formulation of the technical hypothesis:

COROLLARY 3. Let n € N, n > 3 and p; € Z[a] be monic polynomials
fori=1,...,n. Write

pi(a) = a® + c;a® 1 + terms of lower degree, i=2,...,n,
allow py =0 and assume (4). If n =3, assume (8). Let

51'::{1 if di —di_1 =1,

0 otherwise

and n
e:= Z d;.
If 6, =1 or =2
(11) (6 — d2 =+ 2d3)(02 — 52) + (—6 — 2d2 + d3)63 =+ (dg — dg) Zci
i=4
Q {253, —(6 + d3)(53},
then there is a (computable) constant ay = ao(p1,...,pn) depending on

the coefficients of the polynomials p; such that for all integers a > aqg the
Diophantine equation (6) has only the solutions (7).

If the technical hypothesis in Theorem 1 is checked for small degrees, the
following corollary is obtained.
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COROLLARY 4. Let n € N, n € {4,5} and p; € Z[a] be monic polynomi-
als for i =1,...,n, where we allow py = 0. If

max(degpi,0) < degps < degps < ... < degpy,
max(deg p1,0) + degps + ... + degp,, < 15,

then there is a (computable) constant ay = ao(p1,...,pn) depending on
the coefficients of the polynomials p; such that for all integers a > ag the
Diophantine equation

(12)

n
Fo(X,V) = [[(X = pi(a)Y) =Y = £1
i=1
has only the solutions (7).
Note that for n > 6 condition (12) cannot hold since ) | degp; > 0+1+. ..
o+ (n—1).

2. About the technical hypothesis. Obviously, it is easy to check the
technical hypothesis in Theorems 1 and 2 for a given set of polynomials p;.
Therefore we shall discuss the problem with given degrees dq,...,d, and
unknown coefficients of the polynomials p;. By the definition of 1); in (3) we
see that it is rather unlikely that all ¢; are integers, especially if n is large.

If the 9; are indeed all integers, (5) implies that the max(0,dy)+>_ 1, d;
unknown coefficients satisfy a system of e; + ds — 1 algebraic equations. We
may further assume that the coefficient of a1 in p,, (a) vanishes, since we
can replace the problem involving p;(a) by that involving p;(a — 1).

Hence we have e; + d2 — 1 equations in e; + max(0,d;) — 1 unknowns;
if we exclude (di,d3) = (—o0,0)—which has also been excluded by Thomas
in the statement of his conjecture—we have an overdetermined system of
algebraic equations. Of course, this system is expected not to have even
complex solutions and integer solutions seem to be rather unlikely.

The result of such studies for small degrees is given in Corollary 4, where
we excluded again the case (di,ds) = (—00,0).

Proof of Corollary 4. In order to prove Corollary 4 we only have to check
the assumptions of Theorem 1. For n = 5, there are no degrees deg p; such
that (12), 3 € N and ¥4 € N hold.

For n = 4, there are only 13 sets {dy, ..., ds} which satisfy both (12) and
13 € N. For those degrees we calculate the systems of algebraic equations
corresponding to (5) modulo 5 and 7 (using Pari [2]) and calculate a reduced
Grobner basis over Z,, (m € {5,7}) with respect to the total degree ordering
of the power products (using the program Grébner [21]). In all cases, the
Grobner basis consists for at least one of the moduli 5 and 7 of the poly-
nomial 1 only. Therefore the systems of algebraic equations have no integer
solutions, which proves (5); thus the assertion follows from Theorem 1. m
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In order to compare the technical hypothesis in Theorem 2 with Thomas’
technical hypothesis [18], we note that in the case considered in [18], we have
p1 = 0 and degpy > 0. Obviously, (9) is equivalent to

Q; Q; —QF 1
IOgQ—gF zlog <1+]Q—j]> :Q<W>

We calculate
Q1) s ( pz)
log | = | =3log —=- +2(d3 —ds)log | 1 — —
g <Q1+ g p3? (ds = da)log P3
= 3W(a) — 2(ds — d3)a~ =% (1 4 O(a™ 1)),

and J
Q2> Py’ P2
log <— =3log =% — (da +2d3)log [ 1 — =
Q7 pe P3
= 3W(a) 4 (da + 2ds)a™(4=%) (1 + O(a™Y)),
where

1+ Pi(a) = p;i/a®, i=2,3,

L (=1)FH? > w
W(a)=) %{@P; ~dPY) =) ¢
k=1 k=1

is asin [18, (1.9)—(1.11)]. It is easily seen that Thomas’ definition of a regular
family [18, (1.12)] is equivalent to

Q5 1
() (i)

Since d3 — ds < e; +dy — 1 = 2dy + ds — 1, this implies (9), therefore
Theorem 2 improves Thomas’ Theorem 2.

3. Preliminaries. We first consider solutions (z,y) with |y| < 1.

LEMMA 5. The solutions (x,y) € Z* of (6) with |y| < 1 are precisely
those listed in (7), if a is large enough.

Proof. The pairs (z,y) listed in (7) are clearly solutions of (6).
Conversely, y = 0 implies x = £1. If |y| = 1, we have [[(z —pi(a)y) =0,
which yields the solutions listed in (7), or

(13) [1@—pila)y) =2u, w==+1
i=1
By (4) the factors of this product are pairwise distinct for sufficiently large
a, and consequently for n > 4, (13) is impossible.
Assume n = 3. Then we may have z — p1(a)y = k1,2 — pa(a)y = ko,
x — p3(a)y = ks for {ky,ko,ks} = {—1,1,—2u}. This implies that
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(p3(a) —p2(a))y — (k2 — k3) = 0, which has only a finite number of solutions
a by (4), thus (13) has no solutions for large a. =

Consider the polynomial f,(X) := F,(X,1). We will need asymptotic
estimates for its roots o), ..., a(™). Throughout this paper, we will use O-,
(2- and ©@-notation for a — oo: Let f,g : R — R. If there are constants
C and ag such that |f(a)| < g(a) (resp. |f(a)| > g(a)) for all a > ag, we
write f(a) = O(g(a)) (resp. f(a) = 2(g(a))). If both f(a) = O(g(a)) and
f(a) = 2(g(a)) hold, then we write f(a) = ©(g(a)). For brevity, we will
write p; instead of p;(a) in many situations.

We get a statement which is similar to that of Lemma 5 of [9]:

LEMMA 6. All roots of fo(X) are real and can be estimated as

. —1)n—t 1
am:pﬁLjLo(_), 1<i<n,

aei aei+1
Proof. We fix some 1 < i <n and set

-1 n—i M
oo = EL (1 0,

g a

€

where M is a constant which will be chosen later.
Equality (2) and inequality (4) imply
(14) e;=(i—1)di+ Y dj=> deg(pi—p;)
j=i+1 j#i
and e; > 3 for n > 3.
This yields for j # 1,

oy — gde8(pi—p;) (_1)0is Cij i
15) au - py = ey (14 % o[ 1),
where ¢;; € Z depends on the coefficients of p; and p; and

fo0 ifi>g,
95T 1 ifi < .

We calculate an asymptotic expansion for f(a; ) using (14) and (15):

flasan) = S (14 2) [T - -1

a® oy
J#i

(1+%)g(1+%+0(a—12)>—1

- é(M+Zcij) +0<a—12>.

J#i
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We can choose constants M; and Ms in such a way that M; + Zj#i cij >0
and My + 7., ¢ij < 0, which implies that f(a; ) f(ci ) < 0 for suf-
ficiently large a. As a result we have found a zero of f between o a7, and
o, if a is large enough. m

4. Associated number field. Since f, is an irreducible polynomial for
sufficiently large a by [7, Proposition 3] and (4), the number field K := Q(«)
generated by one of the roots a of f, has degree n over Q.

If (z,y) € Z? is a solution of (6), then

(16) Nk oz —ay) = F(z,y) = £1,

hence z —ay is a unit in O := Z[a]. Therefore, we will describe the structure
of the unit group O*.

We define

i = & — Pj.

Since fq(a) = 0 we have [ [, n; = 1, which implies that n; is a unit in O.

We will show that 7;, i = 1,...,n — 1, are “sufficiently close” to funda-
mental units of O*. In order to estimate the index of the group generated by
these units, we will need a lower bound for the regulator of the unit group.

Since logarithmic terms do not matter for our purposes, we can take any
regulator estimate, for instance that of Remak [16].

LEMMA 7 (Remak). Let K be a totally real number field. Then the reg-
ulator Ry satisfies

Ry > 0.001.
(k

We give an asymptotic description of the 7, ) To simplify notation, we

define the abbreviation lgk) := log |77§k) |.

LEMMA 8. Let 1 < i,k <n, m:=min(i, k) and M := max(i,k). Then
k 1 .
lz( : :log(pM—pm)+O<m>7 i # k.

Moreover, there are rym; € Q for 1 =0,...,e1 +dy — 1 depending only
on the coefficients of ps, s =1,...,n, such that

(k) L 1
1" =rymmologa+ Z c;l ’ +O<a61+dM>.
1=1

In particular,

O dyloga+O(1/a) ifi # k,
¢ | —eiloga+O(1/a) ifi=k.
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Proof. Assume i # k. By Lemma 6 we obtain

1/ =log|a®™ — pi| = log pi. ~ pi + O(a~*)| = log(pas — P + Ofa™*"))

=log[(par — pm) (1 + O(a™*~"))] = log(pas — pm) + O(a™" ).
The power series expansion of log(1 + z) yields the assertions.

Let now i = k. By definition of a( we have lgi) = =D i l](-i), and the
lemma, is proved. =m

LEMMA 9. Let {i1,...,in—1} be a subset of {1,...,n} of cardinality
n—1 and
G = <—1,’I7i1, N ,7’]7;n71> Q DX.

Then the regulator Rg can be estimated by

(17) Re = O(log" ta)
and the index [O* : G| is bounded by
(18) [D*:G] = O(log" ! a).

Proof. Assume first iy = 1,...,i,—1 = n — 1. Then (17) follows from
Lemma 8 and [9, Lemma 7]. For arbitrary i,...,i,_1, the result follows
from lq(f) =— 2;11 l,(;).

Equality (18) is a consequence of Pohst and Zassenhaus [15, p. 361],
Lemma 7, and (17):

= O(logn_l a). m

5. Approximation properties of solutions. Let (z,y) € Z? be a
solution of (6) and (3 := z — ay. We define the type j of a solution (z,y)
such that

89| = min |59,

By [9, Proof of Lemma 12] we obtain

hence for ¢ # j,

’5(” a0 40 s — )

(4) 1
51=o()
afi
Yy Yy

)
_ 1, 1
- |nj ‘(1 + O<aej+d2>>’
and therefore

, ; 1 .,
(19) log |39 = log |y| + l](-z) + O<aej+d2)’ 1 F .
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The crucial part of the proof of Theorems 1 and 2 will be the following
proposition, which shows that only solutions with |y| < 1 or very large
ly| can exist. The latter can be excluded easily by standard methods (see
Section 8).

PROPOSITION 10. Let (z,y) € Z? be a solution of (6) with |y| > 2. Then

(20) oglyl = 2( - )
log" " a

This proposition will be proved as follows: First we give the parts of the
proof which are independent of the type j of the solution, whereas the esti-
mates which depend on the type will be provided in the following sections.

Since 3 is a unit by (16), Lemma 9 yields

Bl =i
where {i1,...,i,—1} is a subset of {1,...,n} of cardinality n — 1, which will
be chosen depending on the type j of the solution, u;,,...,u; _, are integers
and I = O(log" ' a).
Taking logarithms of the conjugates h € {1,...,n} \ {j}, we obtain a
system of linear equations for the w;, /I:

Uiy 4 (R Wi, 1 4(h .
log|B™| = LU 4.+ 2" b
Cramer’s rule yields
(1) (1) 1 (1) (1)
. L)oo log|BW) PP H
R—2% =] . . : : S :

Dol 7 m agmp @ o
i1 s by og || ikr1 0 Yinoa

where the jth row is omitted and R denotes the determinant of the system
matrix, which is (up to sign) the regulator Rg estimated in Lemma 9.

Applying (19) we obtain

(21) R~ = Mj, log ly +Aj,kR+o<%>,
where Aj = +1if j & {i1,...,4—1,%%+1,.-.,in—1} and 0 otherwise, and
R S Y O
Mg, = -«
U N T (O N

where the jth row is omitted.
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By Lemma 8 we see that

1 n—3
Mj;, = Gy log" 2 a+0 <M>
a
for some integers G ;,, .
We will choose a suitable Z-linear combination v; of u;, , k =1,...,n—1,
and I depending on the type j of the solution such that (21) yields

n—2
v log" “a
(22) RT :M] 10g|y| +O(W)
with
log" 3 a
(23) M; = O(T).

In the next sections we will prove that our choice of the linear combina-
tion v; implies

1
(24) M] = Q(W)

If (24) holds, it is clear from (22) that for sufficiently large values of a, v;
does not vanish, since we assume |y| > 2. If Rv;/I > 0, then Rv;/I > |R|/I
because v; is an integer. Then by (22), (17), and (18) we obtain

|R] log" 2 a
Mjlogly| =2 = — O —2=5~ ) = £2(1),
which implies log |[y| = £2(a/log” ®a) by (23). If Rv;/I < 0, an analogous
argument holds. Therefore, in order to prove Proposition 10 it suffices to
show (23) and (24) for a suitable v;.

6. Cases 3 < j < n. We choose (i1,...,ip—1) = (1,3,...,n) and
vj := ;. Our task is to prove (23) and (24) for

(RO (5
My=|: o
1M

where the jth row is omitted. We note that we will not use the technical
hypothesis (5) in this section.
We subtract the second row from the first and obtain

0o 10— -

(2) (2)
14 N
(25) M= ‘ ' ©,

R O 10
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where the jth row is omitted. For 3 < k < n, we have
(1) _ (2) _ oM
o PE\| o «
b <1 ~a® —Pk>‘ = los <1+ pr —a® )
1 1
- (1+0(2))

hence l,(gl) - l,(f) = O(1/a) and (23) is proved.
By Lemma 8, we obtain

26) 11V — 1% = 1log

log" 3 a
(27) M]:Qj(loga,l/a)—FO(W),

where Q;(loga,1/a) is some polynomial in loga and 1/a with rational co-
efficients depending on the coefficients of the polynomials p;.

We consider the coefficient of (log” ®a)/a%~% in Q;. We expand the
determinant in (25) according to the first row and get

St e oo
P k=3

where Njj, are the corresponding minors. By (26) and (4), there is no con-
tribution of the summands with k£ > j. For k < j, we have

_ Nik

log" 3 a
1 d3 ce dk—l dk+1 Ce dj—l dj dj+1 e dn
1 —E€3 e dk,1 dk+1 e d]‘,1 dj dj+1 e dn
1 dk—l e —€k_1 dk+1 e dj—l dj dj+1 e dn
1 dy .. dy dgr .. djy dj o dyjyy ... dy

— 1 dk+1 e dk+1 —€k+1 e dj,1 dj dj+1 . dn
1 d]'_l SN dj—l dj—l s TEj1 dj d]‘+1 e dn
1 dj+1 e dj+1 dj+1 e dj+1 dj+1 —€j+1 dn
1 d, ... dn dn e dn dn dn oo —€p

o< ! )
aloga

Subtracting d; times the first column from the column corresponding to I,
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we obtain, with by = —¢; — d; (3 <1 < n),
0
0

1 0 0 0 0 0 ... 0
1 hs 0 0 0 0 ... 0
1 hi_1 0 0 0 0 0
1 * 0 0 0 0 0
N]k' :].Og’nf?)a 1 * hk+1 0 0 0 0
1 % ... * * * * hjpzr ... 0
1 * ... * * * * * ... h,

n—4
+O<log a)7
a

where * stands for constants which are not important to us. Hence for k£ < 7,
Njx = O((log"*a)/a), and there is no contribution to the term considered.
In the same fashion we get, for k = j,

1 0 ... 0 0 ... 0

1 hs ... 0 0 ... 0

Do " : : L log—4
Nj=log"%a|l % ... hjy 0 ... 0 +o<ﬂi_ﬁ>

1 * * hj+1 0 a

1 = * * hn

n 1 n—4
=log" %a H (—er —di) + O(%).
=

S.w

Thus the coefficient of (log™ ®a)/a%~% in (27) does not vanish, which
implies (24) since d; — da < e1 + dg by (4).

7. Cases j = 1 and j = 2. In both cases, we choose (i1,...,i,—1) =
(1,2,4,...,n). We set

{2 =L,
T =2,

and get
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IR R R
P T IS A 2
M;; = (1) ro :
AR ORI
IR R
I IS O 2
M; ;0 = (=1) 7o
IO O

and A;; = 1 and A;;; = 0. We now choose the linear combination v; :=
(dg — dg)(’LLj — I) + (d3 + el)uj/, which yields

1 (dy — d)l) 4 (ds + etV 190 o)

1 (do—dp)lP + (ds+e)l 1Y 1Y
M; =

1 (do —dg)ll” + (ds +e)ll 1

By subtracting appropriate multiples of column 1 from the other columns
such that the first row becomes (1 0 ... 0) and by expanding the de-
terminant according to the first row, we obtain

vs 19100 ) )
(28) M =1 S SNE
v I =190 =)

where v; 1= (dy — dg)(ly) - ly,)) + (ds + el)(l§i) - lﬁj/)), i=3,...,n.
By Lemma 8 we see that
vy = (do — dz) (1) —197) + (dy + en) (1Y =107
= (dy — d3)(d3 + e1)loga + (d3 +e1)(ds — d2) loga+ O(a™") = O(a™")
and
l,(f’) — l,(j/) =diloga —diloga+O(a™') = O(cfl), 4<k<n,

which proves (23).
In order to prove (24) we note that it is sufficient to show that the

coefficient C; of log" " a in the expansion of M; according to Lemma 8
satisfies C; = 2(a=e1~d2+1),
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LEMMA 11. Assume Cj = O(a= 7). Then for 3 <k <n we have

k
(29a) C; = H(—el —dy)
1=4
9k,k,j Gk+1,k,5 Gk+2,k,5 e In,k,j
Hkt1,k  —€k+1 — dit1 0 e 0
< |Hk+2k  det2—drt1 —epr2—dgpi2 ... 0 :
Hn k dn - dk+1 dn - dk+2 v TEp— dn
where
(29b) gy =10 =190 kt1<h<n,
(29¢) Gk, i a Z-linear combination of lz(m), m € {j’,3}, i #m,
(29d) Irkj = O(1/a),
(29) thkEN, k+1<h<n.

Proof. We observe that (29¢) and Lemma 8 imply that there are non-

negative integers )\l mok,; and Ay such that

~ 1
gk’k’j - Z (A;’—mﬂkd o )\'L M k?])l( ) gk’k“j + O (W)’

(m,)

i,m,k,j

where
+

H(m,i) (pi - pm)Ai,m,k,j _H(m,i) (pi —pm)A;m,k,j
iy (Pi—pm) ik

and where the indices (i,m) range over m € {j’,3},7 # m. (29d) asserts
that the degree of the numerator is less than the degree of the denominator,
hence there is a nonzero integer xj ; and an s ; € N such that

Xk, 1
(30) gk,k]—ask]< +O< ))‘f‘O(m)

We now prove the lemma by induction on k.
Let k = 3. The definition of C'j, Lemma 8 and the fact that the first row
in the determinant in (28) is O(a~!) necessitate a term containing loga in

rows 2 to n— 2 in order to get log” > a. Since l,(f) —lﬁlj/) =O(a= 1) for h > k,
we obtain the representation (29a). (29b) is clear and

(31) g3, = (do— dg)(zﬁ) + > >) +(ds + el —197)
h5"
implies (29¢). (29d) has already been observed and (29e) follows from (4)

Jk.k,j = log ‘1 +
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since for 4 < h < n,

(32) /Lh73 = (dg — dg)(dh + 61) + (d3 + 61)(dh — dz)
= (dg + 61)(dh—d3) € N.

Assume now that the lemma holds for some 3 < k < n — 1. Then by
(29a), (30) and Lemma 8 we have, with s} ; := min{dy41 — ds, s ;} + 1,

k
C]' = H(—eh — dh)
h—4
Xk,j 1
P 0 . 0
HEt1k  —€kt1 — dpg1 0 e 0
X pkt2k  dpt2 —dgt1 —€pt2 —diy2 . 0
M,k dn - dk+1 dn - dk+2 s TEp — dn

1
T o( : )
a’k.g

j 1
= H<—€h —dp) (;(sijj (—ert1 — dit1) + 7,&}@4—1,]@)

abk+1—ds
- 1
X H (—6h—dh)+0( 5 )

/7
k,
h=k—+2 a7

By (29e), (4) and xy,; # 0, we see that if si j # dr4+1 — ds3, then (24) follows
immediately. So we only have to consider the case

(33) Sk = dry1 —d3z =: 5k, Xk, = _HRHLE k€N
ex+1 + dit1
(29a) yields
k
Cj =[] (—en —dn)
h=4
Ik,k,j T XkGk+1,k,j k+1,k,j Jk+2,k,5 cor Onkyj
Pit1,k—Xk(€rt1 + diot1) —€pt1 — diyr 0 e 0
o | k26 + Xe(dry2—dry1)  dip2—dryr —erp2—drgo ... 0
ok + Xk(dn_dk+1) dn_dk+1 dn_dk+2 e, —ep—dy

and by (33) we obtain
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k
Ci = [](—en—dn)
h=4
Gk+1,k+1,5 Jk+1,k,5 Gk+2,k+1,5 ceo Gnk+1,j
0 —€k4+1 — dk+1 0 NN 0
s | Bry2k+1 diy2 —deyr —€gpg2 —dpg2 ... 0 :
Mo k+1 dn - dk+1 dn - dk+2 ce. TEp — dn
where
(34a) Ghk+1,5 = Ghik,j> k+2<h<n,
(34b) Gh41,k4+1, = Gk kg + XkTht1,k.55
(34c) Pkt = ik + Xk(dp —dry1), kE+2<h<n,
hence we have
9k+1,k+1,5 9k+2,k+1,5 e 9n,k+1,5
k+1 - —d 0
Hk42 k+1 €k+2 E+2 ..
C; = H(—eh —dp) ) ) . ) ,
hed : : - :
Mn k+1 dn - dk+2 . TEp — dn

which implies (29a) for k + 1. (34a) yields (29b), (34b) and (29b) result in
(29¢) and (29d), and (34c), (33), and (4) give (29¢) for k + 1. m

By (34c) and (33) we see that the recursive definition of ; in (3) matches
the definition of x;, so that x; = ; for 3 <i<n—1.
(34b) and (31) yield

Inn,j = |:(d3 + 61)l§3) + Z wkll;(f)]
k=4

_ [(61 + 2ds — d2)l](-j/) +(ds — d)1§) + (ds — dQ)ZJ('?)

+ (Wror +ds — dz)z,ﬁﬂ :

k=4

From Lemma 8 follows

1 QF Q- Q7
v ofi) (&) 1+ 9%,

where Qj and Qj_ have been defined in Theorems 1 and 2. Assume that

(24) does not hold. This implies C; = O(a~°~%), and so we can apply
Lemma 11 to deduce that ¢; € N, 3 <7 <n—1, and gpn,; = O(a—17%),
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But in this case, (5) can be used to show g, ,; = 2(a=¢1~%*+1) which
yields a contradiction. Hence (24) and therefore Proposition 10 are proved.

8. Large solutions. To exclude “large” solutions linear forms in loga-
rithms can be employed in the usual procedure. Since we do not care about
constants, we will use the explicit bound for the solutions of Thue equations
due to Bugeaud and Gyéry [5].

THEOREM 12 (Bugeaud-Gyéry [5]). Let F € Z[X,Y] be a homogeneous
irreducible polynomial of degree n >3 and 0 # m € Z. Let B > max{|m/|, e},
a be a zero of F(X,1), K := Q(«), R := Rk the regulator and r the unit
rank of K. Let H > 3 be an upper bound for the absolute values of the
coefficients of F. Then all solutions (x,y) € Z* of

F(z,y)=m
satisfy
max{|z|, |y|} < exp(Ci - R-max{log R,1} - (R + log(HB))),

where
Cl — Cl (n,T) — 37‘+27(T + 1)7T+19n2n+6r+14.

In our situation, we have m =1, B=¢, Rx < Rop < Rg = O(log"f1 a)
by (17), 7 =n — 1, H = a®®, which yields

log|y| = O(log®" " a).
This is a contradiction to Proposition 10, hence there are no solutions with

ly| > 2 for sufficiently large values of a, which proves Theorems 1 and 2.

9. Proof of Corollary 3. If 64 =1, we have 0 < 13 = (ea+d3)/(e4+d4)
< 1 so that ¥3 ¢ N and we are done. Therefore, we can assume d4 — ds > 1.
Calculating Q;r and @}, we obtain

_ deg @] - 1 1
Qj = 989, (1 + ((61 + d3)(c3 — 0;203) + ;41%—1%) p + O(ﬁ))’
Q; =a's <1 + ((el — da 4 2d3)(ca — 02) + 2(d3 — d2)(c3 — 0;103)

+ 2(1/1/«71 +ds — dg)Ck)% + O(%)),
k=4

where deg Q; =degQ; = ds(er +d3) + >}, dkk—1, 6; has been defined
in Corollary 3 and dy; denotes the usual Kronecker delta, oy = 1 if k =1
and 0 otherwise.
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We easily see that (11) implies deg(Q;F — QJ_) =deg@; —1>deg@Q; —

e1 — da, hence Theorem 1 (or Theorem 2) can be applied.
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