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1. Introduction. In this paper we prove the universality theorem for
L-functions associated with ideal class characters of algebraic number fields.
First of all, we explain what is the universality theorem.

Let s = o 4 it be a complex number and let {(s) be the Riemann zeta-
function. It is known that ((s) has several arithmetic and functional prop-
erties such as the functional equation and the Fuler product formula. In
addition to these properties, S. M. Voronin [16] found the following remark-
able result called the universality theorem for ((s) in 1975.

VORONIN’S THEOREM. Let 0 < r < 1/4 and f(s) be a continuous func-
tion on the disk |s| < r such that f(s) # 0 on |s| < r and f(s) is holomorphic
in |s| < r. Then for every e > 0, we have
o om({7 €[0,T] | maxjs <, [C(s +3/4 + i) — f(s)| <¢€})
lim inf
T—o0 T

where m is the Lebesgue measure on R.

>0

Roughly speaking, this theorem asserts that any analytic function which
satisfies the above conditions can be uniformly approximated on the disk
by vertical translations of ((s), and the set of real numbers which give such
approximation has a positive lower density.

After Voronin’s work, many mathematicians studied the universality
property of other zeta-functions. In 1979, S. M. Gonek [4] proved the uni-
versality theorem for Hurwitz zeta-functions ((s, «) if « is rational or tran-
scendental. In 1980, A. Reich [14] proved it for Dedekind zeta-functions.

These results were proved by the method based on Voronin’s original
proof. But in 1981, B. Bagchi [2] proved the limit theorem for {(s) which
is concerned with probability measures and gave an alternative proof of the
universality theorem for ((s). In [3], he also proved the joint universality

2000 Mathematics Subject Classification: Primary 11M41.

[395]



396 H. Mishou

theorem for Dirichlet L-functions, which asserts that the universality holds
for several L-functions simultaneously.

Recently the study of the universality theorems and the limit theorems
has been advanced by A. Laurin¢ikas and K. Matsumoto. They proved in
[8] the universality theorem for zeta-functions attached to cusp forms. In [9]
Matsumoto considered a certain class of L-functions which contains both
Dedekind zeta and cusp form zeta, and Laurinc¢ikas [7] gave sufficient con-
ditions under which the limit theorems and the universality theorems hold
for those L-functions. We note that L-functions treated in this paper are in-
cluded in this class, but do not satisfy the conditions of Laurin¢ikas’ paper.

To state our result, we recall some notions from algebraic number theory.
Let K be a finite extension of Q, Ok the integer ring of K and f an ideal
of OK.

For a € K, we write

o= 1mod¥
ifa=a/b, a,b€ Ok, a—bef, a>0.
We set
A(f) = {a:ideal of K | (a,f) =1}
and
(1) Bf) ={(a) |« € K, a =1mod f}.

These are commutative groups under the ideal multiplication. In particular,
it is known that the quotient group

CU(K,T) = A(H/B(f)
is a finite commutative group. We call it an ideal class group modulo Afv
Let x be a character of CI(K,f). For fts > 1, the L-function treated in
this paper is defined as

x(a)
L(s,x) =
(5, X) zﬂ: N o)
where a runs through all ideals of Ok except 0 and N(a) denotes the norm
of a.
Our result is as follows.
THEOREM. Let K be a finite extension of Q, n = [K : Q] and x be a
character modulo §. Set

_{1/2 if K=Q,
OK =

1—1/n otherwise.

Let D = D,(so) = {s € C| |s — so| < r} be a disk contained in the strip
ox < Rs < 1 and f(s) be a continuous function on D such that f(s) # 0
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on D and f(s) is holomorphic in the interior of D. Then for every ¢ > 0,
we have
lim inf m({T € [0,T] | maxsep |L(s +it,x) — f(s)| < e})
T—o0 T
The organization of this paper is as follows. In Section 2 we state basic
results on L(s, x). In Section 3 we state sufficient conditions under which the
universality theorem holds (Lemma 1) and show that in order to prove the
theorem it is enough to prove a lemma which is connected with a Hardy space
(Lemma 4). In Section 4 we prove that lemma by using arithmetic properties
of L(s, x). The key idea is to apply a result of class field theory (Lemma 6).
In Section 5 we consider the case when K is a Galois extension. In this case,
we can prove our theorem by a more elementary method, without using class
field theory.

> 0.

REMARK. We prove the Theorem by the method based on Voronin’s
original proof. However we can also give a proof by a method based on
Bagchi’s alternative proof. In fact the conditions which are necessary to
prove are almost the same.

The author would like to express his sincere gratitude to Professor Kohji
Matsumoto and Professor Yoshio Tanigawa for their advice and encourage-
ment. He would also like to express his sincere thanks to the referee for his
helpful comments.

2. Background on L-functions. In this section, we recall fundamental
properties of L(s, x). See Mitsui [10] or [11] for details.

The L-function L(s, x) can be meromorphically continued to the whole
s-plane, and it is analytic except for a possible simple pole at s = 1. In
particular if x is primitive, the function

S+ am

e(eo) = D1 TL (5 )2

satisfies the functional equation

5(1 - SaY) = f(S,X)

where 71 is the number of real places of K, 2ry is the number of complex
places of K, the constant D(f) depends only on f and a,, (1 < m < rp),
depending on y, takes the value 0 or 1.

Hence by applying Potter’s classical result [13], we have the estimate

T
(2) \ [L(o +it)| dt = O(T)
0
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for o > 0. This estimate also holds for non-primitive characters x. In fact,
if x1 (modf;) is a primitive character which induces x, then

— (s ~ xa(p)
L(87X>_L< 7X1)H<1 N(p)s>

The finite product on the right-hand side is bounded, so we have the estimate
(2) for every x.
The L-function L(s, x) also satisfies the estimate

(3) L(s,x)(1 = )P0 = O((L + [t)™*")  (1/2 < Rs < 3/2)

where

E(x) = 1 if x is the identity,
1 0 otherwise,

and the O-constant depends only on x.
For s > 1, L(s, x) satisfies the Euler product formula

=TI

P

where p runs through all prime ideals in K. We denote the decomposition
of a prime number p in K as

p=pit.pn”, N =p" (i=1...,2)

By using this expression, we have

o TI{I(-32) )

P =1

SO we set

Zp

Lisx) = Hf(pi) fo(2) = T = xo0)2) .

i=1

The functions f,(z) are clearly rational functions of z and holomorphic in
|z| < 1 since |x(p;)| = 1. Writing the Taylor expansion of f,(2) as

fp(z) = ]_ + Z a;m)zm’
m=1

we have
O D DR G ) =D DR
Yijit-FYzpjz,=m YijitFYzp Jzp=m
7i>0 ji=0

< (m + 1)71 < pms‘
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3. Lemmas. A. A. Karatsuba and S. M. Voronin [6] stated the con-
ditions under which the universality theorems hold for functions given by
infinite products over primes. First, we define some symbols.

DEFINITION 1. (i) We set
2=]]R,, R,=R
p

That is, {2 is the set of all real sequences indexed by primes.

(ii) Suppose that F(s) is a meromorphic function in the strip o1 < Rs <
g9. If

F(s)=0(lt|")  (t| > To(07,03), 0} < Rs < )

for any o1, o} such that o1 < 0] < 0} < o9, with some positive constant A
independent on t, then F(s) is called a function of finite order.

F(s) = Hf(pi)

where f,,(z) is a rational function of z. For a finite set of primes M and
0 = (0,) € 12, we define

(iii) Suppose that

w(s.0) =[] fp<€(_9”)>

S
peEM p
where e(r) = €272,

LEMMA 1. Suppose that for Rs > 1 the analytic function F(s) can be
represented by the product

F(s) = Hf(pi)

Suppose that F(s) and {fy(z)} satisfy the following conditions.
(i) For every p, the function

fp(z) =1+ Z a](:,m)zm
m=1

is a rational function of z which has no poles in |z| < 1 and has the property
that for any € > 0

jag™| < e(e)p™  (meN)

uniformly in p.



400 H. Mishou

(ii) F(s) can be analytically continued onto the half-plane RNs > 1/2,
with the possible exception of a finite number of poles on the line Rs = 1,
has finite order in that half-plane and satisfies the estimate

T
1 .
T | [F(a+it)2at=o0(1)
-7
for all o € (00, 1), where o9 > 1/2.
(iii) There exist 0 = (0,) € 2 and a sequence My C My C ... of finite

sets of prime numbers such that

(a) UM; contains all prime numbers,
(b) Fas,(s,0) — f(s) (j — oo) uniformly on D = D,(so) contained
in the strip og < RNs < 1.
Then for any € > 0, we have

i 207 € 0.1 [ maxen |F(s + i) = £(5)] < <})

im in T > 0.

To prove the Theorem, we apply Lemma 1 to L(s, x) and { f,(z)} defined
in Section 2. The conditions (i) and (ii) are clearly satisfied from (2)-(4) and
the definition of f,(z). Hence it is enough to show that the condition (iii)
also holds.

Since f(s) is continuous on D, there exists v > 1 such that the disk
D,~(s0) is contained in the strip ox < s < 1 and an inequality

o-1(3)

holds. Let g(s) be an analytic function on D such that
s
f<—> =9 (seD).
Y

Now we suppose that there exist a finite set M of primes and 6 € 2 such

that
— ) log fp( S))‘<£.

peEM

max
seD

max
seD

We note that, putting

m(s,x, 0 pr< e >

peEM

we have
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max |f(s) = Las(s, X, 0)|
F(s) - f(f> ‘ + ma

Y seD

< max
seD

) _ exp { S log £, (e(;fp)) H

peM
< e+ max|e9®)|e < e.
seD

Therefore the third condition in Lemma 1 follows from the following result.

LEMMA 2. Let g(s) be a continuous function on D which is analytic in
the interior of D. Then for every e > 0 and y > 0, there exists a finite set
M of primes which satisfies the following conditions:

(i) M contains all primes less than y,
(ii) we have

max
seD

g(s) = Y 1ogfp(e(;—f“>‘ <e

peM
where § = (0,) € 12, depending on | and D, is defined below.

To prove Lemma 2, we introduce the notion of the Hardy space. First,
we choose v > 1 such that the disk D, (so) is contained in the strip ox <

Rs < 1 and an inequality
s
9(s) —g<—)‘ <e
~

holds. Let R = rv. The Hardy space on Dg(sg) is the set of all functions
f(s) which are analytic in the interior of Dg(so) and

1/2
1= §) 1e)Pdodt) " <o
Dr(so)
We denote it by Ha(Dgr(so)). We define the inner product in Ha(Dg(s0))
by the formula

(£:9)=R( § S)9G)dodt)  (f.9€ HA(Dr(s0))-

Dr(s0)
This makes Ha(DRg(so)) into a real Hilbert space.

Now we define § € (2 as follows. Let L/K be the class field on the

ideal class group CIl(K ,N), and Py, be the set of all rational primes which
split completely in L. We will later show that Py has infinite elements (see
Lemma 7). We number primes in Py, in increasing order. If a prime p appears
as the kth member of Py, in that order, then we define [, = k.

We set
g _ [ /4 ifpelPy,
p 0 otherwise,

© )
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and
logp
6 0, =00 —tog—=
( ) p p 0 I
where % is the imaginary part of sg = o¢ + tg.
We note that Hy(Dpg(sg))-norm convergence induces uniform conver-
gence on compact subsets of Dg(so). Namely, for f(s) € Ha(Dr(so)) we

have

max [f(5)] < ———[f|4> (0<+ <R)

|s—so|<r’ ’ (R — 7",)\/%
(see [6]). Using (5) and the fact that g(s/v) belongs to Ha(Dg(so)), we can
trivially deduce Lemma 2 from the following lemma.

LEMMA 3. The set of all rearrangements of terms of the series
—6
Zlogfp<e< ”)>
ps
P

which converge in Hy(DR(so)) coincides with Hao(DRg(so)) itself.

We prove Lemma 3 in the next section.

4. The proof of Lemma 3. The functions f,(z) themselves are not
easy to deal with, hence we introduce functions which are easier. We set

Zp

aye(—0
ap= S i) hpls) = 2220
i=0 p
yi=1
Then
e(—0
> hp(s)—logfp< ( SP)>
p p R
S () et S el )
¢ kpkyis _ ps
P NDgr(so) ' i=1k=1 i1
yi=1
= 1 > 1
€D i t 2D e <
p k=2 p k=1

since 0p — R > 1/2. Hence it is enough to prove Lemma 3 for the series

>, hp(s) instead of the series ) log fp(e(—0p)/p°).
Now recall a result of Pecherskil.

LEMMA 4 (Pecherskii [12]). Let H be a real Hilbert space. Suppose that
{un} C H satisfies the following conditions.

(1) o0y lunl? < oo
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(ii) For any e € H with |le|]| = 1, the series Y -, (un,€) is not absolutely
convergent but conditionally convergent for some arrangement of the terms.

Then the set of all rearrangements of terms of the series Y u, which
converge in H coincides with H itself.

We note that Ha(DRg(so)) is a real Hilbert space and h,(s) € Ha(Dg(so)).
Hence it is sufficient to show that {h,(s)} satisfies two conditions in Lemma 4.
We have

Zl\h MWe=>_ |}

1
do dt <<Zm < 0
p DR(SO) P p

since o9 — R > 1/2. Hence hy(s) satisfies the first condition.
Next we show that, for any ¢(s) € Hy(Dgr(so)) with ||¢|| = 1, the series

> (7, 9)

p

ape(=b,) |”
pS

is not absolutely convergent but conditionally convergent for some arrange-
ment of terms. To do this, it is enough to show that

® (hp,¢) = 0 (p — o0).
e There exist two subseries of ) (hyp, ¢), one diverging to +oo and the
other to —oo.

The first condition holds since

o | 1
(g &) < Wyl Nl = §§ T2 dodt < gy =0 (0 00).
DR(S())

Next, we set
oo
E am (s —so)™
m=0

We express (hp, ¢) in terms of ay,:

<hp,¢>=m<Dg(g )W@dadt)
_ ape(—=0y) —(s—s0) log p — _ —\m
_§R<TD,§(SSO)6 (s—s0)1 <mz::oam(s_80) )dodt)
_ o ape(=0p) — (=slogp)*\ o~ _ .,
_3%< C H“R(;) o )(mzzom )dadt)
:%(apia(;ep)zz (—logk]!o)kdm SS sksmdadt)
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Passing to polar coordinates, we have

R2r TR2m+2

SS Skgm do dt = S S rk+ﬂ’H’1ei(k7m)9 dr de _ T—H (m =k ,

[s|<R 00 0 (m 7& k)
Hence o)

ape(—
(hp, @) = SCE(%G(Rlogp))
where
_ (_1)m7ramRm+2 B > bm m

(7) b = —T G’(az)_mzzomz

Now we consider G(x). Since ||¢|| = 1, we have

1=l = 1Zam<s—80>m\2dadt:£m\am\2.

Dr(so) m=0

Hence 0 < Y 0°_,|bm|* < 1. In particular |b,,| < 1 for all m < 0. Hence
G(z) is an entire function which is not 0 identically. In particular, we have
the following lemma.

LEMMA 5. Let

o) bm .
F(x) = Z:O ks

with |by,| < 1 for all m > 0. Then there exist a real sequence {R,,} which

tends to +00 and positive constants c1, ca such that if we setl,, =c1/(Rm+2)

and I, = [Rp, Ry + L] then
|RG(z)| > co/e®  for any x € I,.

If the character sums
Zp

Qp = Z x(pi)

=1
yi=1

were 0 for almost all p, then we could not prove the existence of desired
subseries. However, such a situation never happens. We can show that as
follows. _

Recall that L/ K is the class field on the ideal class group CI(K, f). Then
from Takagi [15] or Hasse [5], we have

LEMMA 6. Let p be a prime ideal in K. The following two conditions
are equivalent:

(i) p completely splits in L,

(ii) p € B(f) where B(f) is the ideal group defined by (1).
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Let p € P;. Then p completely splits in K as p = p;1...p, and each p;
completely splits in L. Hence by Lemma 6, we have

x(pi)=1 (i=0,...,n).

Hence for any p € P;, we have o, = n.

By applying the above results, we now prove existence of a subseries
diverging to +00. We apply Lemma 5 to G(x) defined by (7). We define
finite sets K,,, (m € N) of primes as follows.

o If R(G(x)) > ca/e” (z € I,,), then
K, ={p|pePr, Rlogpe€ I, |, =0 (mod4)}.
o If R(G(x)) < —co/e” (x € I,), then
K, ={p|pePr, Rlogp€ I,, I, =2 (mod4)},
where [,, is defined in Section 3.

For every p € K,,, by the definition (6) of §,, Lemma 5 and the fact that
ap, = n for any p € Pr, we have

® o) =R G(r10g) ) = L R(G(RI0E)

S

> exp ( - (% + 1>(Rm +zm)>.

On the other hand, the number of elements of K,, is

1K, = %{w(e(R’"LH"")/R, L) —m(ef /B L)} + o(1)

by the definition of K,,, where we define

m(x, L) = Z 1.

p<w
pEPL,

Let L be the Galois closure of L. We can show by algebraic methods
that, for p unramified in L, p splits completely in L if and only if p splits
completely in L. Also we note that there exist only finitely many primes
which ramify in L. Hence

m(x, L) = 7(x, L) + O(1).
We apply the following result.

LEMMA 7 (Artin [1]). Let F/k be a Galois extension, G = Gal(F/k),
and A be a conjugacy class of G. Set

w(x, A) = t{p : prime ideal in k | N(p) < x, Frobenius class of p is A}.
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Then
_ HAG dt —cVlog®
m(x, A) = ‘ § gt + O(ze ).

Since L/Q is a Galois extension, and a prime p completely splits in L if
and only if the Frobenius class of p is {1}, by Lemma 7 we have
1

m(x, L) = —
v

¢ dt
+ O(xe_c\/m)
log x

where Ny = [L : Q]. By using this formula, we obtain

o(Rm+1m)/R

4K, — L{ S L O(€<Rm+lm>/R€c\/<Rm+lm>/R)}

AN logt
= —1 efim/R Rm(elm/R —1)—ln WL
AN Ry (R + L) Rz,

+ O(eRm/Re_C\/ (R7n+lm)/R) } .

Since I, = ¢1/(Rm + 2), we have
(9) K, > efim/B /RS
Then (8) and (9) imply

S (hpoo) > %exp ((1 _RUO - 1>Rm> exp<— (% +1>lm>.

pEKm,

Since o9 + R < 1, we have (1 —0¢)/R — 1 > 0. Hence the second factor on
the right-hand side diverges to +00 exponentially as m — oco. And the third
factor converges to 1 since l,,, converges to 0 as m — oo. Hence we conclude
that there exists a subseries diverging to +oc.

To prove that there exist subseries diverging to —oo, we define K, as
follows.

o If R(G(z)) > co/e” (x € I,,), then
K, ={p|pePr, Rlogpe I, |, =2 (mod4)}.
o If R(G(x)) < —ca/e” (z € I,,), then
K, ={p|pePr, Rlogp€ I,, I, =0 (mod4)}.
Then

3 (o) < —%exp <<1 ;{UU . 1>Rm> exp(— (% +1>zm>.

PEKm

From this estimate, we infer that there exists a subseries diverging to —oo.
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5. The case when K/Q is Galois. The key to our proof of the uni-
versality theorem is the consideration of the character sums
Zp

Qp = Z x(pi)-

e}
To show that there exist many primes such that «, # 0, we apply class
field theory. However if K/Q is Galois, we can prove our theorem by a more
elementary method. We use the same symbols as in the previous section
unless otherwise indicated.
Let K/Q be a Galois extension of degree n. The decomposition of a
prime number p in K is

b= (pl .. 'pzp)zpv N(pz) = pyp (Z =1,..., Zp)a TpYpZp =Ny Tp,Yp, Zp € N
where we note that all p; are conjugate to each other.
Now we define f = N (f) and an ideal class group

B((f)) ={(e) e € K, a =1 (mod (f))}.

Let a = (a) € B((f)). We recall that « =1 (mod (f)) if and only if
a=bla, a,beOg,a—-be(f), axD0.
Let 0 € G = Gal(K/Q). Then a? = (a”). Since f € N, we have
a =a’ /b7, a® —b% € (f),

and a7 is clearly totally positive. Hence if a € B((f)) then for any o € G,

a” € B((f))-

Therefore for p = (p1...p.,)*, if p1 € B((f)) then all p; (i = 1,...,2p)

are included in B((f)). Since §| (f), B((f)) is a subgroup of B(j). Hence
letting P(sy be the set of primes p which split completely in K such that

p1 € B((f)), for any p € P(4) we have
a, = n.

Next we define § € £2 as follows. We will later show that P(sy has in-
finitely many elements (see Lemma 8). We number the primes in P(y) in
increasing order. If a prime p appears as the kth member of Py in that
order, we define , = k. We set

9(0) _ lp/4 if pe P(f),
p 0 otherwise,

log p

_ 0
(10) Op = 0, —to—
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Now, for a prime p which splits completely in K, we set
—6
hp(S) _ ape( P).
pS
As in Section 4, we see that it is enough to prove that, for any ¢ € Ho(DRr(so))

with ||| g = 1, there exist two subseries of the series > (h, ¢), one diverg-
ing to +00 and the other to —oo
We construct a subseries diverging to +o0o as follows. We take intervals

I, (m € N) as in Lemma 5, and define finite sets K, (m € N) of primes as
follows.

o If R(G(x)) > ca/e” (x € I,,), then

Ky ={p|pePy, Rlogp € I, [, =2 (mod4)}.
o If R(G(x)) < —c2/e” (z € I,), then

K. ={p|pePy, Rlogp € Iy, [, =0 (mod4)}.

For p € K,,, by the definition (10) of §,, Lemma 5 and the fact that
ap = n for any p € P(y), we have

) (o) = R( 2 GR10g1) ) = L R(G(RI0Ep)

> exp<— (% + 1>(Rm +zm)>.

On the other hand, the cardinality of K, is
1K, = %L{Tr(e(R’”H’")/R, Pesy) — W(eR"L/R,P(f))} +0(1)
by the definition of K,,, where we set

l‘ P(f) Z 1.

p<lzx
PEP(f)

We apply the following result of Mitsui [11].

LEMMA 8. Let k/Q be a Galois extension, Cl(k,a) the ideal group of k
modulo @ and C an ideal class in Cl(k,a). Set

m(x,C) = t{p: prime ideal in k | N(p) <z, p € C}.
Then
1 xX
m(z,C) = — S A + O(zecVis®)
2
a).
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We note that B((f)) is a principal class in Cl(k,d). Hence by Lemma 8
we have

1 ©odt
S 1= g O )
Np<z 2 ogt
peB((f))

The left-hand side is

>o1= > 1+ > L
Np<z Np<az _ Np<w
peB((S)) peB((f)), Np=p pEB((f)), Np=p¥ (y>1)

The second term on the right is
<D 1+ D 144 Y 1=0("?) = O(ze VE"),
2<x 3<x pr<w

And a prime number p splitting completely in K corresponds to n prime
ideals which are conjugate to each other. Hence

1 dt
ﬂ(%‘,P(f)) = — S — + O(me*Cvloggc).
wh((7)) 3 lost
By using this formula, we calculate $K,, just as for (9), to obtain
(12) tK,, > eftn/B/R3

By (11) and (12), we have

p;ﬂL(h L) > le exp ((1 ;;0 - l)Rm> exp ( - (% + 1>lm).

As in the previous section, we can prove that there exists a subseries diverg-
ing to +o00.
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