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1. Introduction and statement of the results. In this paper we
discuss the following problem:

PROBLEM 1.1. Determine all pairs (G, H) of polynomials in one variable
over a field K of characteristic zero such that the degrees m of G and n of
H are coprime and the curve given by

has genus one.

We characterize all the solutions to the above problem. These are, apart
from a finite number of cases, two infinite families whose elements correspond
to the isomorphism classes of elliptic curves together with a torsion point.
We exploit this to compute explicit presentations of all the solutions over
the rationals.

The condition (m,n) = 1 alone implies the irreducibility of the curve
(Ehrenfeucht’s criterion, [E, Tv]), so it makes sense to speak of the genus.

Problem 1.1 finds its motivation in the more general problem of deter-
mining all the pairs (G, H) of polynomials with rational coefficients such
that the value sets of G and H over the rationals have infinite intersection
(i.e. that #{G(Q)N H(Q)} = 00). By a theorem of Faltings [Fa] there must
be an absolutely irreducible factor of the polynomial G(X)— H(Y') of genus
at most one. On the other hand, if we ask that the value sets over the inte-
gers have infinite intersection, then by a theorem of Siegel ([Sie], a proof is
also given in [Sil, Ch. IX, §§3, 6]) the polynomial G(X) — H(Y) must have
a genus zero factor (with at most two infinite places).
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In the genus zero case with (m,n) = 1, Ritt’s Second Theorem gives a
complete answer (see [Sch3, pp. 40-41]). Proved in 1922 by J. F. Ritt [Ri],
it is equivalent to the following statement (see [Sch3, §5] and [Z]):

RITT’S SECOND THEOREM. Let K be a field. Let G, H € K|[t] have
coprime degrees m, n resp. such that G'H' # 0 and that the curve G(X) =
H(Y) has genus zero. Then the pair (G, H) is equivalent over the algebraic
closure of K (as in Definition 1.2 below) to

(1) @, " P@)™)
for a suitable polynomial P and r € N, or to
(2) (Tin (1), Tn(t))

where the polynomials T, are the normalized Chebyshev polynomials.

This results admits several proofs, including [Frl], [Sch3, §5] and [Z].
The interesting work [Fr4] contains also a comprehensive set of references
about recent developments. P. Miiller [Mii] derives Ritt’s theorems in a
group-theoretical setting.

In the genus zero case Michael Fried [Frl] went even further: he solved it
when (m,n) < 2 and also for arbitrary d = (m,n) provided the degrees m
and n are larger than some number N(d) and C is irreducible ([Frl, Theorem
4) ().

Recently Yuri Bilu and Robert Tichy [BT] gave a very explicit finite-
ness criterion for all the polynomials of the form G(X) — H(Y) € Q[X,Y]
with infinitely many rational points with bounded denominators, going be-
yond [Frl] in determining in which cases one actually gets infinitely many
rational points with bounded denominators, removing Fried’s cyclic reduced
pairs.

The genus one case has not yet been investigated, as far as the authors
are aware, apart from the very special case arising from the problem of
finding arithmetic progressions with equal product of consecutive terms:
the authors of [BST] find some polynomials which fall in our families as a
special case. Later (Remark 1.12) we briefly go deeper into this problem.

Since the main motivations are diophantine, we have treated this problem
only in characteristic zero.

We summarize a few facts about our solution, which is more complicated
than in the genus zero case:

(i) the degree of one of the two polynomials is always bounded;

(*) In passing we note he faced the older (see [DLS]) problem of the reducibility
of arbitrary polynomials of the form G(X) — H(Y). The case where one of G, H is
indecomposable is essentially solved, assuming the Classification of the Finite Groups,
in [Frl], [Fr2, Theorem 1], [Fr3, Theorem 2.2] and [CC].

The general case when G and H are not indecomposable is still open.
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(ii) we have some curves of the type Y™ = G(X) which are the analogue
of the solutions (1) of Ritt’s Second Theorem (the cyclic case);

(iii) we get an elliptic case corresponding to the solutions of type (2);

(iv) there are, up to equivalence, 11 other curves not included in the cyclic
and elliptic cases, which we call sporadic.

In the elliptic case we find polynomials defined over C, which are essen-
tially all solutions G(X) to the polynomial Pell equation

(3) G(X)? — f(X)R(X)* =4

for a suitable polynomial R(X), where f(X) is a degree 4 square-free monic
polynomial (explicit formulae for the general solutions can be given, but we
do not need them, as it suffices to prove that solutions exist and to com-
pute those with rational coefficients). Some of these polynomials have been
discovered by Akhiezer while studying polynomials which are extremal on
two disjoint intervals (2) [A]. We generalize his terminology by calling them
elliptic polynomials. The polynomials discovered by Akhiezer are sometimes
called Akhiezer polynomials.

The solutions of the above equation (3) are parametrized by torsion
points of elliptic curves as described in Theorem 2 below. This parametriza-
tion can be expressed in the language of modular curves.

We could say that torsion points on circles “parametrize” Chebyshev
polynomials T}, in an analogous way.

The T,,’s also satisfy a relation similar to (3), but with f(X) = X2 —4
of degree 2.

Composing Chebyshev polynomials with elliptic polynomials yields again
elliptic polynomials: Theorem 2 gives a more precise statement.

Our results are collected in Theorems 1-3 and a Corollary.

Throughout this paper, k denotes a fixed algebraically closed field of
characteristic zero.

DEFINITION 1.2. Two polynomials G and C~}’, with coefficients in k, are
said to be equivalent if there exists a linear function L such that G = Go L,
and write G ~ G.

An ordered pair of polynomials (G, H) is said to be equivalent to the
ordered pair (é, H ) if there exist three linear functions M, L; and Lo such
that either B _

G=MoGolLy and H=MoHolL,
or
G=MoHoL; and H=MoGoLy,

and write (G, H) ~ (G, H).

(?) This fact parallels the history of the first discovery of the Chebyshev polynomials,
which are extremal on one interval.
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THEOREM 1 (Main Theorem). Let G(X) and H(Y') be two polynomials
with coefficients in k, and coprime degrees m and n. Then the irreducible
curve C : G(X) = H(Y) has genus one if and only if the pair (G, H) is
equivalent to some pair in one of the following families:

(i) the set F1 of pairs of type (G(X),Y™) such that the equation Y™ =
G(X) defines a genus one curve;

(ii) the sets Fo and Fs of elliptic cases, consisting of the pairs (G, H)
where H is the normalized Chebyshev polynomial of degree 3 and 4 respec-
tively, and G is a solution of the polynomial Pell equation (3) for a suitable
monic square-free degree 4 polynomial f(X): the f(X)’s such that the above
equation is solvable are characterized by Theorem 2 below; moreover in Fs
the sign of G is determined such that G(X) + 2 has exactly one root of odd
multiplicity (3); and

(iii) the family Fs of the 11 sporadic pairs.

A detailed definition of the sets F1, F2, F3 and F; is given in Definitions
1.5-1.10.

Suppose now that K is an arbitrary field of characteristic zero.

Consider the polynomial Pell equation
(4) G(X)? = f(X)R(X)* =~
where f(X) is a square-free degree 4 monic polynomial with coefficients in
K. A solution of equation (4) over K is a triple 7 = (G(X), R(X),~) with
G(X) and R(X) € K[X] and v € K* which satisfy (4). The degree of 7 is
the degree of G(X).

We endow the normalization A of the curve

Y? = f(X)

with an elliptic curve structure by choosing one of the two points at infinity
(which, f being monic, are K-rational) as the identity element. Denote by
7 the other point at infinity.

The following theorem holds:

THEOREM 2. The equation (4) is solvable with G(X), R(X) in K[X]
and v € K* if and only if m is a torsion point of A.

Suppose now that 7 is a torsion point of order exactly N. Then (4) has
a solution of degree dN for any positive integer d, and, for a fixed degree,
the solution with G monic is unique (up to the sign of R).

Let (G1,R1,71) be the solution with G1 monic of minimal degree N.
Then the solution (Gg4, Rq,vq4) with Gg monic of degree dN is given by

Ga(X) = Dg(G1(X);m/4), ~a=4""%
where Dg 1s the dth Dickson polynomial.

(*) See Remark 1.6 below.
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The polynomials f(X) together with the solutions G1(X) of minimal
degree correspond, up to linear change of the variable, to the isomorphism
classes of elliptic curves together with a torsion point of given order.

There is a solution (Go, Ro,4) with Gy of degree N if and only if v
is a square in K, and in this case, for any fized d the polynomials G(X)
and R(X) of degrees dN, resp. dN — 2, which solve (3) are determined up
to sign. Let Gy be a solution to (3) of minimal degree N. Up to sign the
solution G4(X) of degree dN is given by

(5) Ga(X) = T4(Go(X))

where Ty is the normalized Chebyshev polynomial of degree d.
If K is algebraically closed then we can clearly always suppose v = 4
and N can be any natural number greater than 1.

Using Mazur’s theorem ([Mazl, Maz2]) we get the following corollary to
the above theorem:

COROLLARY 1.3. If K = Q in Theorem 2 then N can only take the
values 2 < N <10 and N = 12.

It is possible to give explicit parametrizations of all the f(X) € Q[X] such
that the point m on the curve A has order exactly N. Moreover all solutions
(Gn(X;t), RN (X5t),yn(t)) to (4) can be computed, with Gn(X;t) monic
of (minimal) degree N, where t = {t1,t2,...} is a finite set of parameters
which run through Q (except at most a finite number of values), Gn(X;t)
and R(X;t) € Q(t)[X] and yn(t) € Q(t).

If N = 2 or 3 then we can take #t = 2, and if N > 3 one parameter
suffices.

In Section 5 we will discuss how to give explicit parametrizations for all
the possible f(X) and compute tables for G(X), R(X) and v over Q. The
instructions we give are explicit enough to allow faithful reproduction of our
computations, which required about 15 minutes with MAPLE [CGG™] on
an old IBM RS6000 workstation. More detailed information can be obtained
from the authors.

The deep results of Merel, Oesterlé and Parent [Me, Oe, P] bound the
torsion of elliptic curves over number fields. As a consequence, analogues of
the preceding theorem hold for an arbitrary number field: in particular the
degrees of the minimal solutions for any admissible f(X) are bounded and
explicit bounds can be given.

THEOREM 3. Notation as in Corollary 1.3. Two polynomials G(X) and
H(Y') with coefficients in Q and coprime degrees m and n, are such that
the curve C : G(X) = H(Y) has genus one if and only if the pair (G, H) is

equivalent over Q to some pair in one of the following families:
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(i) F1(Q), that is, the elements of F1 with G(X) € Q[X].
(ii,a) The set Fo(Q) of the polynomial pairs (G, H) defined by

G(X) =Dy (GN(X;'C); ’YNT(t)>7

=< (t) o ()

for N € {2,4,5,7,8,10}, d a positive integer coprime to 3.
(ii,b) The set F3(Q) of the pairs (G, H) defined by

G(X) = Dd<GN(X;t); VNT(t))

= (5) (o (24

for N € {3,5,7,9}, d an odd positive integer, e € {+1}. For these values of
N, vn(t) is always a square in Q(t), and we can then fix a square root in
Q(t). The sign of \/yn(t) can be chosen such that G(X)+2(yn(t)/4)Y? has
exactly one root of odd multiplicity and € = 1, that is, H(Y) +2(yn(t)/4)4/?
is a square (cf. Proposition 2.2).

(iii) The family F5(Q) of the 7 sporadic pairs with rational coefficients,
which is a subset of F;.

REMARK 1.4. For a given number field K, Faltings’s proof of the Mordell
conjecture and the above results imply that the solution set over K is given,
up to equivalence, by the solutions over the rationals plus a finite number
of other pairs.

The rest of the paper contains the proofs of the above theorems and the
necessary definitions. The largest part of the work is devoted to the proof
of Theorem 1.

The main idea behind the proof of Theorem 1 is simple. We consider the
following genus zero curves together with coverings
(6) C': Z=GX) with &:C—C,Y—Z=H(),

(7) C": Z=H({) with &:C—C" X+— Z=G(X),

then we apply Riemann—-Hurwitz’ genus formula to the coverings @1 and ;.
To complete the classification using this idea is in principle straightforward
but in practice tricky, as Section 4 shows.

We now give the definitions used in the statements of the theorems. The
reader should be aware that, unfortunately, a few lengthy definitions need
to be given.

DEFINITION 1.5 (Standard pairs of cyclic type). Let F; be the set of
the following pairs of polynomials:
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(1) (V2,90 [T} (X — 2:)Go(X)?);
(ii) (Y3, g0[(X — 21)(X — 22)]*Go(X)?) with s = 1 or 2;
(iii) (Y4, go(X — 21)%(X — 22)2Go(X)*) with s =1 or 3;
(iv) (Y6, go(X — 21)%(X — 22)3Go(X)8) with s = 2 or 4;
where G € k[X] and z; # z; for all 4, j.

Note that in F1(Q) = F1 N Q[X] the fact that G(X) € Q[X] does not
imply that the roots x;’s are rational, except in (iii) and (iv).

If we put Z = Y/Go(X) in the definition above, then we see that the
above pairs define curves which are birational to the curves Z" = L(X) =
[1(X — z;)%, where the covering X — L(X) has no more than 3 finite
ramification points.

The above pairs are the analogue to the cyclic case of Ritt’s Second The-
orem. The obvious example of elliptic curves in Weierstrass form is covered
by (i).

Before giving the next definitions, we make the following

REMARK 1.6. Note that if two polynomials G(X), f(X) of degrees n
and 4 respectively and f(X) square-free satisfy (4) for some v € K*, then
(f(X),R(X)) has degree d at most 1. If d = 1 then R(X) is square-free
whereas if d = 0 then R(X) has at most one multiple root, of multiplicity
exactly 2, all the other roots being simple (this can be proved using Ma-
son’s abc-Theorem (see [La]) or with the arguments used in the proof of
Lemma 4.5).

The number of roots of odd multiplicity of G(X) — 2 plus the number of
roots of odd multiplicity of G(X) + 2 is 4.

DEFINITION 1.7 (Standard pairs of the first elliptic type). The set Fy is
the set of pairs of polynomials (T5(Y"), G(X)) where T5(Y") is the normalized
Chebyshev polynomial of degree 3, G(X) is a solution to (3) and 3{n =
deg(G).

DEFINITION 1.8 (Standard pairs of the second elliptic type). The set Fj3
is the set of pairs of polynomials (74(Y), G(X)) with m = deg(G) odd and
such that G(X) is a solution to (3), with the sign chosen in such a way that
G(X)—2 (resp. G(X) +2) has exactly three roots of odd multiplicity (resp.
one).

DEFINITION 1.9 (Sporadic pairs). Let /=7 be a fixed square root of
—7. We define the following polynomials:
Bi(X) =3X" —4X3,
By(X) = (X* ~ 1),
By(X) = X4(4X = 5),
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1
By(X) = 6—4(}(2 +3)%(X +3)* -1,
1 .
X)=-——X3(X —5)?
1
X)=-1—- —(X? 2(2X —5).
Ca(X) —(X?+5)%(2X =)
We also define
Cs (X
Cs,(5))

for j =1 or 2, where

C35(X) = (X2 + )’ (X + 1),

1 1
Oél—ﬁ(—B— \/—7), aQ—ﬁ(_g‘F \/—7),
1
ﬁj = —?(3 + \/9 — 70éj);
and
_ 1 3 3
Ci(X) = 7= (X 49X +6)%,

Cs5(X) = —(X? —1)4,
Co(X) = —%X“(X _3)2,

DEFINITION 1.10. The set F; consists of the following 11 pairwise non-
equivalent pairs of polynomials: (By,C1), (B1,C2), (B1,C3;) for j =1, 2,
(31,04), (BQ,Cl), (32,03’]') for ] = 1, 2, (B3,05), (Bg,CG) and (B4,02).

The set F5(Q) consists of the 7 pairs: (B, C1), (B1,C2), (B1,C4),
(BQ, Cl), (Bg, 05), (Bg, CG) and (B47 CQ)

REMARK 1.11. The last statement of Lemma 4.6 can be used to prove
that a pair (G, H) of K-polynomials is equivalent to one of the 4 pairs
(B;,C35) for 1 < 1,5 <2 if and only if —7 is a square in K.

Hence we can define F;(K) to be F; if —7 is a square in K or to be F(Q)
otherwise.

REMARK 1.12. F. Beukers, T. N. Shorey and R. Tijdeman in [BST] are
concerned with equations of the form
XX4+1)...(:X+m-1)=YY + 0¥ +2)\) ... Y + (n—=1)N).

They do not assume (m,n) = 1. The pairs arising from the genus one cases 1
and 3 in their Theorem 2.2 are equivalent to objects in our F7. Their case 7
is equivalent to a pair belonging to F2 and to F3: this is due to the fact that
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degree 3, 4 Chebyshev polynomials are equivalent to elliptic polynomials
(just change the “defining” ramification points).
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2. Preliminary results. Following [Sch3] we define the normalized
Chebyshev polynomials Ty(X) by
To(X)=2, Ti(X)=X, Ty1(X)=XTy(X)—Tg_1(X).
They are precisely the polynomials such that
(8) Ty(z+27Y) =20+ 274
They satisfy the relation
TyoT, =Ty =T, 0Ty
and are related to the classical Chebyshev polynomials
Cyq(X) = cos(darccos X)

by T;(2X) = 2C4(X).

In this paper when we write Chebyshev polynomials we always mean the
normalized ones.

For a € k, the nth Dickson polynomial D,,(X;a) is defined by the relation

Dy(z +a/za) = 2% + (a/2)?,
which, once a square root of a is fixed, gives
(9) a®?Ty(a™ 1?2 X) = Dg(X; a).
Further information about Dickson polynomials can be found in [LMT,
Chapter 2]. If a € Q then D, (X;a) € Q[X].

DEFINITION 2.1. We say that A is an extremum of F(X) if F(X) — A
has a multiple root. The extrema of F/(X) are precisely the values taken by
F(X) at the zeros of F'(X).

For any polynomial F'(X) we define its root type, denoted by M(F'), as
the unordered list of the multiplicities of the distinct roots of F(X). For
example, if F(X) = 5(X? — 1)3(X — 3)%(X + 2) then M(F) = [3,3,2,1].
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n roots of multiplicity m are denoted by m™, so that the above example can
be written as M(F) = [32,2,1].
The type of an extremum A of F'(X) is the root type of F(X) — A.

The following result, which can be deduced by the corresponding prop-
erties of the Chebyshev polynomials and (9), is also proved in [B].

PROPOSITION 2.2. If a# 0 and d > 3 then D,(x;a) has exactly two
extrema, namely +2a%2. If d is odd then both have type [2(~D/2 1]. If d is
even, then 2a™? has type [2(4=2)/2 12] and —2a™? has type [2d/2].

More precisely, for odd d we have

Dy(X;a) £+ 2a%? = (X £2Va)Ag(X, £va)?,
and for even d we have
Dy(X;a) — 2% = (X* — 4a) Ay( X, Va)?,
Da(X:a) +2a%* = Dy(Dyo(X;a);a¥?) + 2a¥? = Dyjo(X; a)?
where the Ay are suitable polynomials.

REMARK 2.3. Let K be a characteristic zero field, F(X) € K[X] and «
be algebraic over K. Then any element of the Galois group over K sends
F(X) — « to a polynomial of the same root type. Therefore if the types of
the extrema of F'(X) are pairwise distinct, then all extrema belong to K. In
particular if @ and § are conjugate over K then they have the same type.

The letters X, Y, Z denote indeterminates, and x, ¥y, z are their images
in the rational function fields.

Let F' = k(z,y) be the function field of the curve C. If z = G(z) = H(y),
then k(z) = k(z, 2) is the function field of the curve C’. Let 7 run over all
places of F/k(x).

We use the Riemann—-Hurwitz formula applied to the function field ex-
tension F'/k(z) (equivalently, to the covering @):

(10) 0=29-2=) (ex—1)—2n,

™

where g is the genus of C, the sum is over the places 7 of F/k(z) and e, is
the ramification index of 7 over k(z).

DEFINITION 2.4. For any z¢ € k define r(zg) to be the order of the root
o as root of G(X) — G(xg), i.e. (X — 20)"@) || (G(X) — G(x0)).
For any yo € k define s(yo) by (Y — 10)*@) || (H(Y) — H(yo)).

It is clear that

(11) n—1=deg(H'(Y)) = (s(yo) — 1.

yo€k
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The following statement is given without proof. Proofs of more general
results can be found in [Z].

PROPOSITION 2.5. If the point (xo,y0) € C/k, i.e. if G(xo) = H(yo) =

20, then there are exactly (r(xo),s(yo)) places ™ of F such that x(m) = xo
and y(m) = yo and for all such m we have

5(yo)
(r(w0), s(yo0))

Moreover the (only) place at infinity of k(x) is totally ramified in F. If
is the place at infinity of F' then e, =n = deg(H).

Er =

For all finite points (x,yo) of the curve C define
(o, y0) = > (ex —1).
mz(m)=x0, y(7)=yo
As an immediate consequence of the above result, we get
(12) c(zo,y0) = s(yo) — (r(z0), s(y0))-
Fix yo and define
(13)  o(w) = Z (o, yo) = Z {s(y0) — (r(z0), s(y0))}-

z0:(z0,y0)€C z0:(z0,y0)€C
s(yo)tr(zo)

All summands in the above formula are non-negative by definition: omitting
some of them gives a lower bound for o(yg) (see for example equations (30)
and (31)).

By Proposition 2.5 we can rewrite (10) as

0= Z c(xo,yo0) + (ere —1) —2n
(w0,y0)€C

so that by (12) and (13),
(14) n+1= Z c(z0,Y0)

(w0,90)€C
= > {s(yo) — (r(x0), s(y0))} = Y _ o(yo)-
(wo,y0)€C Yock

Subtracting (11) from (14) we obtain
(15) 2= fols0) = (swo) =D}y = D> {olso) = (s(y0) = D}
yo<k yo:H'(yo)=0
For all g € k define
olw)= Y {r(xo) = (r(z0),5(y0))}

yo : (xo,y0)€C

r(z0)ts(yo)
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and by symmetry

(16) 2= Z{Q(ffo) —(r(zo) — 1)} = Z {o(zo) = (r(xo) — 1)}

zock xo:Gl(mo)ZO

REMARK 2.6. Formulae (16) and (15) are indeed “genus formulae”. If
we do not assume that the genus of our curve is 1, then the left hand side
of both formulae reads 2¢g (in place of 2).

If we do not assume m and n to be coprime, then the number of places
above w is (m,n) and the left hand sides read 2g + (m,n) — 1.

Similar formulae were used by Fried ([Frl]).

3. The polynomial Pell equation. In this section we prove Theo-
rem 2.

This kind of problem has been already considered by Schinzel ([Schl,
Sch2]), Abel (see references in [Sch2]) and Hellegouarch and Lozach ([HL])
among others. Our solution paves the way for the computations described
in Section 5.

Consider the normalization A of the curve

Y? = f(X).

There are two K-rational points at infinity. Let cog be the point chosen as
zero element and m = ooy be the other one.

The Jacobian variety J(A) of A is the curve itself and for any point
a € A we denote by [a] its image in the Jacobian.

We use the symbols @, © to indicate sum and difference on the curve.

In the function field of the curve Y2 = f(X) the left hand side of (4)
factorizes as follows:

G(x)? — (yR(z))* = (G(z) + yR(2))(G(z) — yR(x)),
which allows us to obtain the following relation between divisors:
div(G(x) + yR(z)) + div(G(xz) — yR(x)) = 0.
In view of this relation, the rational functions G(z) £ yR(z), whose poles
occur only at oo, cannot vanish for finite x. Hence we can write
(17) div(G(z) — yR(z)) = m - (—oog + 001)

for a suitable choice of the sign of y and a suitable integer m.
Applying the map [-] to (17) we get by the Abel-Jacobi Theorem

(18) m - [001] = m - (8[ocp] @ [001]) = [m - (—o0g + 001)] = 0.

Conversely, if (18) is satisfied then there exists a function ¢ on A such
that div(¢) = —moog + mooy: since this ¢ has no finite poles, we can write
¢ = G(z) + yR(z) for suitable polynomials G(X), R(X) € K[X] of degrees
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m and m — 2 respectively. Therefore we have reduced the problem of the
existence of the polynomial G to the existence of curves A as above such
that oop is a torsion point of order N dividing m.

It is clear that over an algebraically closed field of characteristic zero this
is possible for every m.

It is also clear that if the order of 0oy is IV then there are solutions with
G(X) of minimal degree, which is exactly N.

The divisor determines the function ¢, and thus also G(X) and R(X), up
to multiplication by a non-zero constant, hence monic solutions are uniquely
determined by f(X) and their degree.

Let /¥ be a square root of v, possibly in a suitable extension L of K.
Then there exist polynomials G(X) = %G(X) and R(X) = %R(X) in
L[X] such that

G(X)? - f(X)R(X)? = 4.

As solutions of the above equation, G(X) and R(X) are determined up to
sign. Let m = deg(G) and write the above expression as

and note that ( : > f(X)< : > 1

L o
(19) <@i¢m@> :GdéX)j: 7 FalX)

for any d > 1, so that (*)
Ga(X)* = f(X)Ra(X)* = 4

where éd is up to sign the unique solution of degree dm for the given f(X).
We note that

_ ~ d ~ —d
Gatx) = (P52 + VIR M) 4 (S5 v )

2 2 9
€ R 2 > ~1
:Td<¥+ X Rd;X)+<G(;()+ ) Rd;X)> )
= Ty(G(X)).

This proves formula (5).

If d is even then G4(X), Ry(X) € K[X], otherwise it is enough to multi-
ply them by /7. If we multiply them by (v/ 4)%? we get monic solutions—
which by the above arguments are necessarily the unique monic solutions in

(*) The argument is the same used to get all the solutions of a classical Pell equation
from the minimal one.
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K[X]—and (9) shows that the monic solution G4(X) of degree dN is given
by Da(G(X);7/4).
The other assertions now follow. =

4. Proof of the Main Theorem. In this section assumptions are as in
the statement of the Main Theorem, the exception being Lemma 4.6 which
does not require them.

The proof is divided into several smaller cases; first we consider the case
when one of the two polynomials has only one extremum (Proposition 4.3),
then the case when both have at least two extrema. We subdivide the latter
case further according to the degree of H in three subcases: deg(H) = 3,
4 and larger than 4, which are considered in Propositions 4.7, 4.8 and 4.12
respectively.

We recall that k is algebraically closed.

NOTATION 4.1 (for the whole section). Let Aq,..., Ar be the T distinct
extrema of H(Y) in k. Choose y1, ..., yr among the roots of H'(Y') in such
a way that H(y;) = A\; and s; = s(y;) > 1 is maximal in the sense that if
H(y*) = \; then s(y*) < s;.

Clearly, H(Y) — X is a square-free polynomial for all A € {A1,...,Ar}.

By M; we denote the number of distinct roots of G(X) — A; whose mul-
tiplicity is not divisible by s;. For each i, 1 <1¢ < T, we write
(20) G0 = A = go (TT (X =iy ) (X0

j=1
with s;{7(x;;) for all 4,5, and a;; # xyy if ¢ # k or j # L.

By S we denote the number of distinct values taken by G(X) at the
zeros of G'(X).

Hence, T and S are the numbers of finite ramification points of the
coverings @1, respectively @, defined in (6) and (7).

LEMMA 4.2. Let yo € k be such that s(yo) > 1 and let M be the number
of the distinct points xo; € k such that (xoi,y0) € C and s(yo)tr(xzoi) (i.e.
the xo; are the distinct roots of G(X) — H(yg) whose multiplicity is not a
multiple of s(yo)). Suppose that G(X) — H(yg) is not the t-th power of a
polynomial of strictly smaller degree, with t > 1 and t|s(yo). In particular
M > 1. Then

a(yo) > s(yo) — 1
and (up to a permutation of the indices) the following assertions hold:

(i) o(yo) = s(yo) — 1 if and only of M = 1;
(ii) o(yo) = s(yo) if and only if M = 2, s(yo) = 2;
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(iii) o(yo) = s(yo) + 1 if and only if one of the following conditions is
satisfied:

(a) s(yo) =2, M =3;
(b) s(yo) =3, M =2;
(c) s(yo) =4, M =2 and (r(z01),4) = 1, (r(zo2),4) = 2;
(d) s(yo) =6, M =2 and (r(z01),6) =2, (r(zp2),6) = 3;

Proof. Put s = s(yo). First, s cannot divide r(xg) for all xg such that
(z0,y0) € C, otherwise G(X)— H (yo) would be an sth power of a polynomial
of strictly smaller degree.

If M =1 we put d = (s,r(z01)), then d|r(xzg) for all z¢ such that
(x0,y0) € C and G(X) — H(yp) is a dth power, whence d = 1 and, obviously,
o(yo) =s— 1.

We now consider the case M > 1. We have {s—(s,70;)} > s/2 fori = 1,2
and o(yo) > s. Equality holds only if M = 2 and {s — (s,7r0;)} = s/2 (in
which case s must be equal to 2), as o(yo) > s in all other cases. To complete
the proof note that if s =5 or s > 7 then o(yg) > s + 3 and the remaining
cases can be handled one by one. =

PROPOSITION 4.3. Let T' = 1. Then (G, H) is equivalent to some pair
m fl.

Proof. Tt is easy to see that T'=1 if and only if H(Y') ~ hoY ™. Assume
then that H(Y') = hoY™. By (15), we must have 0(0) = s(0) + 1 and the
result follows from Lemma 4.2. u

From now on we can assume that G’ and H’ each have at least two
distinct roots (equivalently, that G and H are not equivalent to monomials)
so that S and T are > 1 and the degrees of G and H are greater than 2.

REMARK 4.4. Differentiate both sides of (20) and, for all ¢, define the
polynomial

(21) VZ(X) = <H(X _ fEij)T(mij)_l)Gi(X)si_l,

j=1
which is clearly a factor of G'(X). Since V;(X) | (G(X) — \;) and the )\; are
pairwise distinct, the polynomials V;(X) are pairwise coprime, which also
means that the sum of their degrees is bounded by m — 1.
We clearly have

(22) deg(G;) <
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and, since deg(G;) + deg(V;) + M; = m, we see immediately that
1
(23) deg(V;) > (m — M;) <1 - s_>
LEMMA 4.5. Suppose T > 1. Put M = My + M. Then
m— (M —1) < deg(G1) + deg(Ga).
In general, if T C{1,...,T} where #7T > 2, then
(#T — )m < {Zdeg +M}
€T

Proof. The first inequality is a particular case of the second one, so we
just prove the latter. By Remark 4.4 we have

m =123 deg(Vi) =) (m— deg(Gi) — M)
€T €T
and the result follows. m

The following is a characterization of the polynomials defined in 1.9,
which appear in the “sporadic” solutions to our problem.

LEMMA 4.6. Let F € k[X] be a polynomial. The following assertions
hold:

(i) if M(F) = [3,1] and M(F +1) = [2,12] then F ~ By;
(ii) if M(F) = [3%] and M(F + 1) = [2,1%] then F ~ Bo;
(iii) if M(F) = [4,1] and M(F +1) = [2,13] then F ~ Bs;
(iv) if M(F) = [3,1%] and M(F + 1) = [2%] then F ~ Buy;
(v) if M(F) = [3, ] and M(F +1) = [2,13] then F ~ Cy;
(vi) if M(F) = [3,1%] and M(F + 1) = [22,1] then F ~ Cy;
(vii) if M(F) = [3%,1] and M(F + 1) = [22,13] then F ~ C5; for j =1
or 2;

(viii) if M(F) = [33] and M(F +1) = [22,1°] then F ~ Cy;
(ix) if M(F) = [42] and M(F + 1) = [2,1°] then F ~ Cs;
(x) if M(F) = [4,2] and M(F +1) = [2,1%] then F ~ Cs.

Over a field K of characteristic zero there are polynomials satisfying the
hypothesis of (vii) if and only if —7 is a square in K. In particular, this does
not happen if K = Q.

Proof. We note that if F' or F' + 1 satisfy any of the hypotheses (i)—(x),
then also I’ is completely determined—that is, the roots of F’ are among
the roots of F' and of F' + 1 (in other words such an F' has precisely two
extrema). Moreover we can always without loss of generality make a linear
change of variables such that two roots of ' or ' + 1 are given.
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e In case (i) we have F(X) = cX3(X —a). Then F'(X) = cX?(4X —3a).
Without loss of generality we can pick @ = 4/3, so that the two roots of
F'(X) are 0 and 1. Then F(1) = —¢/3 and we pick ¢ = 3.

e Cases (ii), (iii), (v), (ix) and (x) are handled along the same lines.

o In case (iv) we start with F(X) = (X2 + 3)2(X + )2 for o not yet
determined and such that 243 # 0. Then F/(X) = 6(X2+3)(X +a)P(X)

with P(X) = X2 + %ozX + 1. In order for F(X) — A to have a root of

multiplicity 3 for some A # 0, P(X) must be a square and A = F(o) where
0 is the double root of P(X). This is achieved if and only if &« = 3 or —3:
since the two values lead to equivalent polynomials (obtained through the
substitution X — —X) we just fix & = 3. Now o = —1 and F(—1) = 64,
hence F(X) = F(X)/64 — 1 is up to equivalence the unique polynomial
satisfying the hypothesis of (iv).

e In case (vi) we write F(X) = (X2 + 20)2(X — ). Then F'(X) =
5(X? +20)P(X) with P(X) = X? — 2aX + 4. As above, P(X) must be a
square, which happens only if o = £5; the two choices lead to equivalent
polynomials so we choose @ = 5. Then P(X) = (X — 2)%, F(2) = —1728,
and we conclude that F ~ Cs.

e We now prove (vii) and also the last statement about Cs ;. Write
F(X) = (X2+a)3X +b) with a # —b? and F(X) € K[X] where K is a
field of characteristic zero. We infer that a,b € K (we can use the Galois
action over K, which sends roots to roots of the same multiplicity). Up to
equivalence, we assume that b = 1.

We have F'(X) = 7(X%+ a)>P(X) where P(X) = X?+ 8X + 1a. Now
F + 1 has two distinct double roots and they are roots of F' (X); thus they
are the roots of P(X). Let them be o1 and go; the condition F(g1) = F(o2)
implies that the remainder of division of F(X) by P(X) must be constant.

The coefficient of X in the remainder of the division of F(X) by P(X)
is

63 9
Qa) = —%(9 — 7a)(49a” + 21a + 4).

The equation Q(a) = 0 has three solutions: one is @ = 9/7, which leads to
P(X) with a double root, and therefore is to be discarded; the other two
are given by

(24) a=(-3++-T7)/14.

Let a1, az be the two values of a in (24). We get the two polynomials Cs ;
for j = 1,2 which are not equivalent (but are algebraic conjugates). In the
above expression for the derivative we have P(X) = X2+ £X + 1a, and ;
is simply one of the two distinct solutions we get when a = «; for j =1, 2.
Now, C~’37]~(ﬁj) is just the remainder of the division of 537j(X) by P(X),
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which is in K as long as a is. Therefore we have proved (vii) and the last
statement.

e Finally, we deal with case (viii). We start with F(X) = F|(X)3, where
Fi(X) = X3+aX?+bX +c. We can assume up to equivalence that a = 0,
whence F(X) = (X3 4 bX 4 ¢)? and F'(X) = (X3 4 bX + ¢)2P(X) where
P(X) = 9X?% + 3b. As above P(X) must be square-free and the coefficient
of X in the remainder of the division of F(X) by P(X) must be 0; we get
the equation

81bc? — 4b* = 0.

We want b # 0 such that P(X) is not a square, and we get the following
parametrization for the K-rational solutions:

b=9t>, c¢=6t> forteK, t#0.

Different choices of ¢ lead to equivalent polynomials so we fix ¢ = 1. Write
P(X) = 9(X —iV3)(X +iv3), we have F(iv/3) = F(—i\/3) = —1728.
Then F(X) = 17128F (X) € Q[X] is up to equivalence the unique poly-
nomial satisfying the hypothesis. =
PROPOSITION 4.7. If S,T > 1 and n =3 < m then (G, H) is equivalent
to a pair in Fa.

Proof. Up to equivalence we can assume that Ay = —2 and Ay = +2,
and since 7' > 1 we must have M(H — 2) = M(H + 2) = [2,1]. Using the
methods of Lemma 4.6 we conclude that H(Y) ~ T3(Y) = Y3 — 3Y.

Now, s(y;) = 2 and o(y;) = M;, thus (15) reads 2 = {M; —1}+{ My —1},
i.e. 4 = My + M. Hence

(G(X) = 2)(G(X) +2) = f(X) - R(X)?

for some R(X), f(X) € k[X], where f(X) is square-free and has degree 4.
This concludes the proof. =

PROPOSITION 4.8. If S,T > 1 and n =4 < m, then (G, H) is equivalent
to a pair in F3 or to one of the pairs (By,C1), (B1,C2), (B1,Cs5) forj =1
or 2, and (B1,Cl4).

Proof. Since T > 1, we look at the possible M(H’) where H'(Y) is not
equivalent to a monomial. Up to equivalence there are three possibilities for
H(Y):

M: M(H-X)=[3,1] and M(H - X)) =[2,17];
(ID):  M(H = X\1) = M(H = Xg) = M(H — \3) = [2,17];
(II):  M(H — X)) =[2?] and M(H — X9) = [2,17].

Let us consider first case (I). We assume that Ay = 0 and Ay = —1. Then
H(Y) ~ B1(Y) by Lemma 4.6(i).
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For j = 1,2, let My; be the number of roots xzy of G(X) whose multi-
plicity r(zp) is such that r(xzg) = 7 (mod3). Then M; = My + M.

We have s(y1) = 3, o(y1) = 2M1, s(y2) = 2 and o(y2) = My, thus by
(15) we get the relation
(25) oM, + M, = 5.

We see immediately that My is odd, which implies that m is odd.
By Remark 4.4 we have

2 — M
Sm—21) + M2 < deg(Vi(X)) + deg(Va(X)) < m — 1,

which implies, using (25), the inequality

(26) 5<m< M,+4<09.

By (25) and (26) there are three possible subcases according to the value
of Mlt

e M; = 0 and My = 5. Then G(X) = goG1(X)? and m = 9. Since
deg(V1) = 6 we must have deg(V2) < 2, which implies that G(X) + 1 has at
most one root of multiplicity at most 3 or at most two double roots. Since it
has 5 roots of odd multiplicity, it is clear that M(G+1) = [22, 15]. Moreover,
G1(X) must be square-free as otherwise G(X) would give a factor of G'(X)
of degree larger than 6. Hence M(G) = [3%] and Lemma 4.6(viii) implies
(G, H) ~ (Bl, 04)

o My =1 with My = 3. If My; = 0 and M2 = 1 then m = 2 (mod3)
so that m = 5. Now M(G) can be [5] or [3,2] (which yield V; of degree 4
and 3 respectively) whereas M(G + 1) can be [2,13] or [3,1?] (giving Va of
degree 1 and 2). Since by Remark 4.4 we have 4 > 37| deg(V;), we are left
with the case satisfying the hypothesis of Lemma 4.6(v) with F' = G. Hence
(G, H) ~ (Bl, Cl)

If My = 1 and My3 = 0 then m = 1 (mod 3), thus m = 7. Now M(G) can
be one of [7], [3,4], [6,1] and [32, 1], whereas M(G + 1) can be one of [5,12],
[4,13], [3,2,12] and [22, 13]. We conclude that the only possible case is that of
the hypothesis of Lemma 4.6(vii) with F' = G, whence (G, H) = (B1,C3 ;)
for j =1 or 2.

e M; = 2. Then My = 1. By (25) and (26) we must have m = 5. Now
M(G) can be [4,1] or [3,12] and M(G + 1) can only be [5], [3,2], [4,1] or
[22,1]. Tt follows that M(G) = [3,1%], M(G + 1) = [22,1] and by Lemma
4.6(vi) we get (G, H) = (B1,C3).

We now show that case (II) cannot happen. In this case T' = 3, and
for 1 < i < 3 we have s(y;) = 2 and o(y;) = M;. Then (15) gives 2 =
S {M; — 1}, ie. 5 = 32| M;. From Remark 4.4 (namely the bounds
(23) and Z?Zl deg(V;) < m — 1) we obtain m < 3, a contradiction.



246 R. M. Avanzi and U. M. Zannier

Consider finally case (III). Here we choose \; = —2 and A2 = +2. Denote
the two double roots of H(Y') + 2 by y11 and y2.
Then H(Y) ~ Ty(Y) = Y* — 4Y? 4 2. We have

s(yi1) = s(yi2) = s(y2) =2,  o(yn) =o(yi2) = M1, o(y2) = Mo,
so we get 2 = 2{M; — 1} + {Ma — 1}, or 2M; + My = 5. As n is even, m
must be odd and we have M; = 1, My = 3. Reasoning as at the end of the
proof of Proposition 4.7 we now conclude that (G, H) belongs to F3. =

Now if, say, G(X) — A is not a perfect power of a polynomial of smaller
degree for all A € k, then in (15) all summands are non-negative. Since their
sum is 2, Lemma 4.2 limits the possibilities for 7', the s; and the M;. The
aim of the next proposition is to show that this is, essentially, always the
case.

PROPOSITION 4.9. If S and T are greater than 1 then for every choice
of w and X in k, the polynomials G(X) — p and H(Y) — X cannot both be
perfect powers of smaller degree polynomials.

The proof of Proposition 4.9 uses the following

LEMMA 4.10. Assumptions as in Proposition 4.9. Suppose further G(X)
= G«(X)" with r > 1. Then the curve X" = H(Y) has genus zero and
H(Y) ~ hoYIH{(Y)" with (q,r) =1, where H1(Y) is a polynomial.

Proof. Put z = Gy(x) and m, = deg(G4). By doing this we embed
the field L = k(z,y) of the curve defined by Z" = H(Y) in F = k(z,y),
the function field of C. Thus L has genus at most one. We want to prove
that it is zero. Suppose L is elliptic; then the extension F/L is Galois and
Abelian, and by the Riemann—Hurwitz formula it is also non-ramified. Now
[F :k(x)] =[L:k(2)] = deg(H), thus it is also [F': L] = [k(z) : k(2)] = m..
Consider the place w at infinity in k(z). It ramifies totally in k(x) with
ramification index m,, and the place at infinity in k(z) ramifies totally in
F with index n. Therefore the ramification index of w in F' is myn which
is maximal, being equal to the degree of the field extension. Therefore the
place at infinity of L over w is also totally ramified in ' with maximal index
mx, and, as the extension is non-ramified, it follows that m, = 1. On the
other hand T" > 1 implies m, > 1. This contradiction proves the first part
of the statement.

The second part follows at once. m

Proof of Proposition 4.9. We prove the result by contradiction. Without
loss of generality we can replace the pair (G, H) with an equivalent one,
therefore we assume that our curve is given by G(X) = H(Y) with G(X) =
G«(X)" and r > 1 an integer, and that for some A € k we have H(Y) — X =
H.(Y)® with s > 1.
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From Lemma 4.10 the curve
C'/k: X"=H(Y)

has genus zero and we can assume that H(Y) = hoY2H(Y)" with (¢,r) =1
and Hi(Y) € k[Y] non-constant (because T' > 1).

We now want to prove that A = 0 and, implicitly, that H(Y) — § for
& # 0 is never a power of a smaller degree polynomial.

If A # 0 then Y91 H (V) " H,(Y)* ! would be a factor of H'(Y), hence
of degree < n — 1, which would imply that 0 < n(l1 —1/r —1/s) < —q/r.
Hence A = 0 and we can write
(27) H(Y)=hoY**Hy(Y)"
with (a,r) =1, Hy(0) # 0 and deg(Hp) > 0. One infers that the polynomial

Q(Y) _ Yas—lHO(Y)TS—l

is a factor of (H, H') of degree {n —1 — (n —as)/(rs)}.
The same arguments applied to G(X) yield
(28) G(X) = go X" Go(X)"™
with (b, s) =1, Gp(0) # 0 and deg(Gp) > 0. Thus
P(X) — Xbr—lGO(X)rs—l
is a factor of (G, G’) of degree {m —1 — (m —br)/(rs)}.
Exchanging G and H if necessary, we can assume without loss of gener-

ality that m > n.

From Lemma 4.2, if H(yo) # 0 and s(yo) > 1 then {o(so) — (s(yo) — 1)}
> 0.

We write (15) in the form
(29) 2=A+EB
where
A={o(0) = (s(0) =D} + > {olso) = (s(yo) = 1)}
yo : Ho(yo)=0
and
B= > {o(s0)— (s(yo) = D}.

yo: H'(y0)=0
H (y0)#0

The summands of B are non-negative; the same is not necessarily true
of those of A, but we can give lower bounds for them. For every root yq of
Hy let p1(yo) be its multiplicity (thus s(yo) = rsu(yo)). By (27) and (28) we
have
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(30) o(0) — (s(0) = 1) > (as — (as,br)) —(as—1) >1—a
(see the comment after (13)) and also, for every yo such that Hy(yo) = 0,

(31)  o(s0) = (s(yo) — 1) = (rsu(yo) — (rsu(yo), br)) — (rsp(yo) — 1)
> 1 —ru(yo)-
Summing (31) over the roots of Ho(Y) we get

(32) Z {o(s0) = (s(yo) = 1)} > 1 —rdeg(Hp) =1—n/s+a.
Yo : Ho(yo0)=0
We combine (30) and (32) with (29) to obtain 2 =A+8B>2—n/s+ B,
whence B < n/s. In particular, for any yo such that s(yo) > 1 and G(yp) # 0
we have

(33) {o(s0) = (s(yo) = 1)} < n/s.

With the notation of 4.1, we can assume that Ay = 0 and that y; is a
root of H(Y'). Since T' > 1, we put s = s(y2) > 1 and see that (Y — )52~ !
is a factor of H'(Y") coprime to Q(Y'). Bounding the sum of their degrees by
n — 1 we get

(34) s 1< 298

rs

Now, P(X) and V(X)) are coprime factors of G'(X). Bounding the sum
of their degrees by m — 1 and using the fact that Z;\g r(z2;) > Ma we get

1 1 1 b
(35) m<1————>§M2<1——>——.
S92 rs S92 S

We now want to prove that so = 2. Suppose so > 3. In this case o(y2) >
2M>, and we use (33) and (34) to write
n—as

D> o(ya) = (sa— 1) > 2My — (s9— 1) > 2My — ,
S rs

in other words, since m > n,
1/n n-—as m
My < - —+ < —.
2 \s rS 3

Using this inequality, (35) and the fact that rs > 6 we obtain the desired
contradiction:

1 1
mgm 1—-——— <Mg<m.
2 S9g TS 3

Thus s2 = 2, and (33) with yg = y2 gives the bound My = o(y) <
n/s + 1, which yields in turn

M2<m/s+1.
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This bound for Ms and (35) with so = 2 imply that

m m-—2b 1

3 < 2s + 2
Since s > 2 and b > 1, this is absurd.

This contradiction shows that at least one of the two polynomials G, H
is mot the power of a smaller degree polynomial plus a constant. =

The result just proved allows us to work without loss of generality under
a following hypothesis:

(%) for every A € k the polynomial G(X) — X is not the perfect power of
a polynomial of smaller degree.

Moreover we can suppose that n and m are greater than or equal to 5
(and that 7" and S are greater than 1).

REMARK 4.11. Hypothesis (x¥) and Lemma 4.2 imply that in (15) all
summands are non-negative integers. Therefore only two cases are possible:
either there exists some y; € k such that

o(yo) = s(yo) —1  for all yo # yg,
o(yy) = s(y) + 1;

or there exist exactly two elements 491 and g2 in k such that

o(yo) = s(yo) =1 for all yo & {yo1, Y02}
o(yoi) = s(yo;) fori=1,2.
In both cases using Lemma 4.2 one infers that, for any set of indices

T C{l,...,T}, onehas ) ;. M; < #T + 2.

ProrosiTION 4.12. If S5, T > 1 and the polynomials G and H both have
degree larger than 4, then (G, H) is equivalent to one of the following pairs:
(BQ,Cl), (BQ,O&]‘) fO?"j =1 or 2, (33,05), (B3,Cﬁ) and (B4,CQ).

Proof. By Proposition 4.9 we can suppose that (%) holds. Choose now
Y1, Y2, ... as in 4.1. Assume also that s; > so. We can also assume without
loss of generality that A\; = 0 and Ay = —1.

Extend the notation of 4.1 putting 7;; = r(z;;) and r; = Z;W:Zl Tij-

e We claim that T' = 2, s; > 3 and M; < 2. Suppose there exists a set
of indices 7 C {1,...,T} with #7 = 3. By Lemma 4.5,

2m§<z 5 —|—Mi>—1:§m—|—z7—1.
€T €T
By Remark 4.11 we have ), M; < 5, therefore m < 3, a contradiction.
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We prove the second claim: suppose s; = 2. Then also s5 = 2. Moreover
M; = My (mod 2). If we had M7 = My = 1 then (since T' = 2) all roots y,
of H'(Y') would satisfy s(y.) = 2 and o(ys) = 1, in contradiction with (15).

Assume then that M; # 1. By Lemma 4.2 and Remark 4.11 either My =
My =2 or M; = 3 and My = 1. It is easy to see that in both cases H(Y) has
only one double root, all other roots being simple. For example, in the case
My, = My = 2, suppose H(Y') has (at least) a multiple root y] other than
y1. By assumption then s1 = s(y]) = s =2 and o(y1) = o(y}) = o(y2) = 2.
With these values one gets already a contradiction from (15), as all other
summands in the genus formula are non-negative as we assume (x). The
other case is similar, but it suffices to consider the double roots of H(Y).

Now H(Y') contributes a degree 1 factor to H'(Y) and H(Y) + 1 con-
tributes a factor of degree at most n/2, and the product of these factors is, up
to a multiplicative constant, equal to H'(Y"). In other words n—1 < n/2+1,
or n < 4. But n > 4, and this contradiction proves the second claim.

The third claim now follows by Remark 4.11 and Lemma 4.2.

e From Remark 4.4 and in particular from (23) we get

1 1
(m — M) <1 — —> + (m — My) (1 — —) < deg(V7) + deg(Ve) <m — 1.
S1 59
Using r; > M; and the fact that s; > 3, we write

My + My — 1)8182 — (M182 + MQSl)
5182 — (81 + 52)

(36) m < (

o If My = 2, since s; > 3 we have o(y1) > s1+ 1. We fall in the first case
of Remark 4.11 with o(y1) = s1 + 1 and o(y2) = s2 — 1. The last equality
implies also My = 1.

We have

(37) 5<m<2+ o1

5182 — (81 + 52)’

which implies that s < %31/ (s1 — 1). The last inequality and s; > 3 imply
that so = 2. The same inequality and the fact that so = 2 gives s; = 3. Now
(37) implies that m = 5.

Bounding the sum of the degrees of coprime factors of G'(X) as usual we
infer that r11 = r12 = ro1 = 1 and that G; and G4 are square-free, so that
M(G) = [3,12] and M(G + 1) = [22,1]. Thus G(X) ~ C2(X) by Lemma
4.6(vi).

Moreover, y; is also the only multiple root of H(Y'), since for any other
such root y; we would also have o(y]) > s(y;) + 1, contradicting Re-
mark 4.11.



Genus one curves 251

At this point we can write M(H) = [3,1" 3] and M(H+1) = [2F, 1772k
Thus n — 1 = 2 + k with n > 2k so that n < 6. As m and n are coprime
n = 6. Finally H(Y') ~ B4(Y) by Lemma 4.6(iv) and (G, H) ~ (B4, C2).

e Consider now the case M7 = 1. We necessarily have My > 1 otherwise
by (36) we would get m < 1, a contradiction. Then, by Remark 4.11 and
Lemma 4.2, either s = 2 and M < 3 or s9 > 3 and My = 2.

If s9 > 3 then 5 < m < 2+ sy9/(s152 — (51 + s2)) whence 3 <
s2/(s182 — (s1 + s2)) and s2(3s7 — 4) < 3sp; this and so > 3 now would
imply that s; < 2, a contradiction.

Hence s = 2 and (36) simplifies to
m S M281 -2 MQ -1

=My +2

38 .
( ) 81—2 81—2

We cannot have My = 2 (in the last inequality, if My = 2 we get m < 4), so
M5 = 3 and (38) is satisfied only in the following cases: s; = 4 with m =5
and s; = 3 with m < 7. Since My = 3 and s9 = 2 the root type of H(Y) +1
is [2,1"72], as we fall in the first case of Remark 4.11.

Consider first the case s; = 4. Then M(G) = [4,1] and M(G + 1) =
2, 13], whence G(X) ~ B3(X) by Lemma 4.6(iii). Since H(Y) cannot have
triple roots by Remark 4.11, we write M(H) = [4!,2F 1"=2k=4] with [ > 1.
Counting the roots of H'(Y') from the root types of H and H + 1 we get
n—1=3l+ k + 1. Clearly 4l + 2k < n. The last two relations imply that
l+k<2andn<8-—2k.

If kK = 0 then n < 8 and we have thus two possibilities: n = 6 and n = 8.
If n =6 then M(H) = [4,1?] and M(H + 1) = [2,1%] with T = 2, which is
absurd. Then n = 8 and [ = 2 (the case [ = 1 is discarded in the same way
we have discarded n = 6), hence by Lemma 4.6(ix) it is H(Y') ~ C5(Y), and
finally (G, H) ~ (B3, Cs).

If k =1thenn =6 and [ = 1. By Lemma 4.6(x) we have H(Y") ~ Cs(Y")
and (G, H) ~ (Bs, Cs).

Now consider the case s; = 3. From Lemma 4.5 follows that

m — 3 < deg(G1) + deg(G2), with
(39)
m—3

deg(Gy) < {mTlJ and  deg(Gh) < {TJ

This allows us to discard the case m = 6 at once.

If m = 5, then (39) implies deg(G1) = deg(G2) = 1, so that we can
write M(G) = [3,2] and M(G + 1) = [2,1%]. By Lemma 4.6(v) we have
G ~ Cy. Write M(H) = [3!,2F 1"~ 2*=3] with [ > 1 (recall that M(H+1) =
[2,1"72]). Then n — 1 = 2l + k + 1 with 3]l + 2k < n. Thus [ + k < 2
and n < 6 — k. Since m = 5 we must have n = 6, and the relations just
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proved imply £ = 0 and [ = 2. Using Lemma 4.6(ii) we conclude that
(G,H) =~ (B2,Ch).

Lastly, if m = 7 by (39) we must have deg(G1) = deg(G2) = 2. Then
M(G) = [3%,1] and M(G + 1) = [22,13]. By Lemma 4.6(vii) we have G ~
Csj for j =1 or 2. To prove that H(Y') has no double roots we observe that
o(y2) = s(y2)+1 and that for any double root | of H(Y) we would also have
o(y)) = s(y})+1, contradicting Remark 4.11. Write then M(H) = [3!,173!]
with ! > 1. Hence n—1 = 2141 and since l < n/3 we get n < 6, but n = 2[+2
is even, son = 6 and | = 2. Then H(Y) is as in the case m = 5 above. Finally
we infer that (G, H) ~ (B,C3;) for j=1or 2. =

We can now give the

Proof of the Main Theorem. It is immediate to see that any pair (G, H),
possibly exchanging G and H, falls under the hypothesis of one of Proposi-
tions 4.3, 4.7, 4.8 or 4.12.

The fact that the defined pairs of polynomials indeed give genus one
curves should be clear from the same arguments that led to them, or by a
direct checking using (16) and (15). =

5. Computations for the arithmetic case. In this section we de-
scribe a method for performing the computations which are used to prove
Corollary 1.3 and Theorem 3.

The interested reader can then reproduce our computations, or ask the
authors to send the data by email. One will also find the complete tables in
[Av].

The first assertion of Corollary 1.3 is clear by Theorem 2 and Mazur’s
celebrated theorem, which we quote here:

MAzUR’S THEOREM (Mazl, Maz2). Let E/Q be an elliptic curve. Then
the torsion subgroup Fios(Q) is one of the following fifteen groups:

Z/NZ, 1< N <10 or N =12;
2)27 x ZJ2NZ, 1< N <A4.
Further, each of these groups occurs as Eiors(Q) for some elliptic curve E/Q.

If G(X), f(X),R(X) € Q[X] satisfy (4) for some 7, we can assume, by
a linear change of variable over Q, that f(X) = X%+ cX? +bX +a.

We first determine the admissible f(X), that is, those such that the
point 7 on A is a torsion point. We get families of polynomials fy(X,t)
for 2 < N < 10 or N = 12 where t is a set of parameters. Then we
solve the equation (4) as a system of equations in the coefficients of the
polynomials G(X) and R(X) and in ~; the solutions will then be given
by a CAS (Computer Algebra System) as rational functions in t. We need
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to do it only for the solutions with G(X) of minimal degree N and with
f(X) = fn(X 1)

In order to do this we bring the curve A into a normal form equivalent
to that given by Tate. If b # 0 the birational morphism defined by

4a — 2

2=2X?>+Y)4+c¢, w=(2X —d)z+2b where d= 5

maps A to the curve
(40) E: w4 2dwz — 2bw = 23 — (2¢ + d?)2?

and the points cog, resp. # = co; on A are mapped to the point at infinity,
resp. (0,0) on E.

In what follows we implicitly use the methods and results of [Hu, §2] for
a generic elliptic curve determined by a cubic equation

w? +a1wz + azw = 23 + CL222.
The rational point (0,0) has order 3 if and only if as = 0 and a3 # 0. If
it has finite order greater than 3 we can take a change of variables defined
over the ground field so that ag = ae, and get the Tate parametrization of
coefficients

(41) w? + (1 — P)wz — Quw = 2% — Q22
Instead of doing this we prefer to use the following form:
(42) w? + L(1 — P)wz — LPQuw = 2% — [?Q2?,

which can be obtained from (41) via the transformation (w, z) +— (w/L3,
z/L?) and is best suited to our computations. Suitable parametrizations of
P and Q give all the elliptic curves over QQ in Tate’s form where the origin
is a torsion point.

The needed parametrizations of P and () are well known. For example
if P=1t2(t—1) and Q = t2(t —1)(t> —t + 1), then (41) and (42) describe all
curves in Tate’s normal form such that (0,0) is a point of order 9 as ¢ runs
through Q \ {0,1}. The method to determine them is sketched in [Hu, pp.
88-90]. They are also given in the online help system of Connell’s MAPLE
package aPecs, available from [Co].

We then equate the coefficients of (42) and (40) and solve the resulting
system for a, b, and c. In this way, when NN is greater than 3, we parametrize
all possible f(X). Different choices of L yield equivalent polynomial f(X),
and thus lead to equivalent values of G(X). Thus one can fix an arbitrary
non-zero value of L.
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If the order is 3 then we have 2¢ + d?> = 0 in (40). We express b as a
function of a¢ and ¢ which are the parameters.

The case when the point has order 2 is easily handled. By Theorem 2 if
we can solve (4) with deg(G) = 2 then m on A has order 2. If b = 0 this
actually happens for any choice of a and ¢ since a general solution is given by
G(X;{a,c}) = X? 4 ¢/2. Moreover, this can happen only if b = 0, because
if b # 0 then the tangent to F at the origin has slope 0, which means that
the order of 7 is not 2.

We thus compute polynomials fx(X;t) € Q(t)[X] where t is the param-
eter set and 2 < N <10 or N = 12. If N = 2 or 3 then #t = 2, otherwise
#t = 1.

Denote by Coeff(P(X), ) the coefficient of X7 in the polynomial P(X).

Now we can use a computer to solve the system

(43) Coeff(G(X)?,j) = Coeff(f(X;t)R(X)?,j) for1<j<2N -1

where the unknowns are the coefficients of the monic polynomials G(X) and
R(X) (of course we do not equate the constant terms of the two sides).

We get, for each N, two polynomials Gy (X;t) and Ry(X;t) € Q(t)[X].
Next we compute

(44) v (t) = Gn(X:t)? — fnv(X;t) Ry (X;t)2

Now v (t) is a square in Q(t) for odd N, which means that in Theorem
3(ii,b) we can fix a square root of yx(t) in Q(t) as required and that G(X)
is actually a polynomial with rational coefficients.

The constants in Theorem 3 are chosen so that G(X) is monic, the
extrema of H(Y) are +2(yxn(t)/4)%? and the pairs are equivalent to the
corresponding pairs given in Theorem 1.

This completes our description of the methods followed in our calcula-
tions. m
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