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TESTS DERIVED FROM CHARACTERIZATIONS
IN TERMS OF MOMENTS OF RECORD VALUES

Abstract. We derive tests of fit from characterizations of continuous dis-
tributions via moments of the kth upper record values.

1. Characterization conditions via moments of record values.
Let {Xn : n ≥ 1} be a sequence of i.i.d. random variables with cdf F and
pdf f . For a fixed integer k ≥ 1 we define the sequence Uk(1), Uk(2), . . . of
kth (upper) record times of X1,X2, . . . as follows:

Uk(1) = 1,

Uk(n) = min{j > Uk(n− 1) : Xj:j+k−1 > XUk(n−1):Uk(n−1)+k−1},
for n = 2, 3, . . . Write

Y (k)
n := XUk(n):Uk(n)+k−1, n ≥ 1.

The sequence {Y (k)
n : n ≥ 1} is called the sequence of kth (upper) record

values of the above sequence. For convenience we also take Y (k)
0 = 0 and

note that Y (k)
1 = X1:k = min(X1, . . . ,Xk) (cf. [3]). Thus the finite sequence

X1, . . . ,Xk is enough to determine Y (k)
1 , whereas if n > 1 then in general

an infinite sequence is needed for Y (k)
n .

We see that for k = 1, 2, . . . , the sequences {Y (k)
n : n ≥ 1} of kth

record values can be obtained from {Xn : n ≥ 1} by inspecting successively
the samples X1, (X1,X2), (X1,X2,X3), and so on. For k = 1, Y (1)

1 =
X1, and the following terms are obtained by looking at the maxima of the
successive samples: Y (1)

2 is the first maximum that exceeds Y (1)
1 , Y (1)

3 is the
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first maximum that exceeds Y (1)
2 , and so on. For k = 2, Y (2)

1 = min(X1,X2),
and the following terms are obtained by looking at the next-to-largest values
in the successive samples: Y (2)

2 is the first next-to-largest value that exceeds
Y

(2)
1 , Y (2)

3 is the first next-to-largest value that exceeds Y (2)
2 , and so on.

And generally, Y (k)
1 = min(X1, . . . ,Xk) = X1:k, and the following kth record

values are obtained by looking at the kth largest values in successive samples,
i.e., looking at the order statistics X2:k+1 from (X1, . . . ,Xk+1), X3:k+2 from
(X1, . . . ,Xk+2), and so on.

We have the following characterizations.

Theorem 1.1 (cf. [5]). Let {Xn : n ≥ 1} be a sequence of i.i.d. random
variables with cdf F . Assume that G is a nondecreasing right-continuous
function from R to (−∞, 1], and let n, k, l be given integers such that k ≥ 1
and n ≥ l ≥ 1. Then F (x) = G(x) on I(F ) iff

k2l(n− l)!E[− ln(1−G(Y (k)
n−l+1))]2l

− 2n!klE[− ln(1−G(Y (k)
n+1))]l + (n+ l)! = 0.

Theorem 1.2 (cf. [5], [8]). Under the assumptions of Theorem 1.1, F (x)
= G(x) on I(F ) iff

E[− ln(1−G(Y (k)
n+1))]l =

(n+ l)!
n!kl

,

E[− ln(1−G(Y (k)
n−l+1))]2l =

(n+ l)!
(n− l)!k2l .

Corollary 1.1. X ∼ F and F is continuous iff

E[− ln(1− F (Y (k)
1 ))]2 − 2

k
E[− ln(1− F (Y (k)

2 ))] +
2
k2 = 0

or
E[− ln(1− F (Y (k)

2 ))] =
2
k
, E[− ln(1− F (Y (k)

1 ))]2 =
2
k2 .

2. Goodness-of-fit tests derived from characterizations
in Section 1

(A) Parameters of F are specified. To simplify the notation we write

g(x) = 1− F (x), h(x) =
{− ln(g(x)) if F (x) < 1,

0 otherwise.
Then Theorem 1.1 says that X ∼ F iff

k2l(n− l)!Eh2l(Y (k)
n−l+1)− 2n!klEhl(Y (k)

n+1) + (n+ l)! = 0.

These characterizations cannot be used to construct tests since in practice
only a finite sample is available, whereas in general information about Y (k)

n

can be obtained only from an infinite sample. As noted above, the exception
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is Y (k)
1 = X1:k, and the method used here is to base the tests on conse-

quences of these characterizations that involve order statistics only. These
are no longer characterizations, and so they test only certain aspects of the
distribution. Our procedure is as follows.

We consider the special case l = n. Then X ∼ F iff

(2.1) Eh2n(X1:k)− 2n!
kn

Ehn(Y (k)
n+1) +

(2n)!
k2n = 0.

We now show that if X ∼ F then

(2.2) Eh2n(X1:k) =
n!
kn

Ehn(Y (k)
n+1) =

(2n)!
k2n

and it then follows from (2.1) that X ∼ F implies

(2.3) Eh2n(X1:k)− 2n!
kn

Ehn(X1:k) = 0.

Now (2.2) follows from the fact that if X ∼ F then the pdf of Y (k)
n is

f
Y

(k)
n

(x) =
kn

(n− 1)!
hn−1(x)gk−1(x)f(x) (cf. [3]).

In this paper we use (2.3) with n = 1. Then

(2.4) Eh2(X1:k)− 2
k
Eh(X1:k) = 0.

For given k = 1, 2, . . . we construct tests of H : X ∼ F based on (2.4). Write

Uk := X1:k = min(X1, . . . ,Xk),

Rk = kh(Uk), Wk = R2
k − 2Rk.

Then (2.4) can be written as EWk = 0. The test is constructed by obtaining
an estimate EWk, Ê say, and rejecting H if Ê is distant from 0, and so if
|Ê| or equivalently Ê2 is large.

Suppose now that we have a sample X1, . . . ,Xn of size n = kN . This
provides the sample Rk1, . . . , RkN where

Rki = kh(Uki), Uki := min(Xk(i−1)+1, . . . ,Xki).
Since Rk ∼ Exp(1), k ≥ 1, we have

Var(Wk) = E(R4
k − 4R3

k + 4R2
k) = 4!− 4 · 3! + 4 · 2! = 8

and by the Central Limit Theorem,√
N W kN

D→ N(0, 8),
where

W kN = R2
kN − 2RkN , R2

kN =
1
N

N∑

i=1

R2
ki, RkN =

1
N

N∑

i=1

Rki.

Thus a simple asymptotic test of H : X ∼ F is provided by

(2.5) TkN = N(R2
kN − 2RkN )2/8 D→ χ2(1).
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For completeness we state here the test when k = n.

Proposition 1 (cf. [9]). The significance probability of the test using
Tn := ((nh(Un))2 − 2nh(Un))2, where Un := Un1 = min(X1, . . . ,Xn), is

Pt := P [Tn > t]

=

{
e−1−

√
1+
√
t + e−1+

√
1−
√
t − e−1−

√
1−
√
t if 0 < t ≤ 1,

e−1−
√

1+
√
t if t ≥ 1.

Now suppose that the distribution function has the form F (x;λ) where λ
is an m×1 vector of unknown parameters. In this case we need the following

Theorem 2.1 (cf. [11]). Let T̂n = Tn(X1, . . . ,Xn; λ̂n), where λ̂n =
λ̂n(X1, . . . ,Xn) is an estimator of a parameter λ, and moreover let Tn =
Tn(X1, . . . ,Xn;λ) (here Tn, λ and λ̂n may be vectors). Suppose that :

(i) For each λ,
√
n

(
Tn

λ̂n − λ

)
D→ T ∼ N(0,V ),

where
V =

(
V11 V12

V21 V22

)

and V22 is nonsingular.
(ii) There is a matrix B, possibly depending continuously on λ, such

that √
n T̂n =

√
nTn +B

√
n (λ̂n − λ) + op(1).

(iii) λ̂n is asymptotically efficient (cf. [11]).

Then √
n T̂n

D→ T ∗ ∼ N(0,V11 −BV22B
′).

Note that (ii) is satisfied when Tn is differentiable in λ, and then

B = lim
n→∞

E

[
∂

∂λ
Tn

]
.

Theorem 2.2 (cf. [11], [9]). Let (X1, . . . ,Xn) be a sample of size n =
kN with an absolutely continuous distribution function F (x;λ) differentiable
with respect to the m× 1 vector λ. Set

W kN := W kN (λ) = R2
kN (λ)− 2RkN (λ) =

1
N

N∑

i=1

R2
ki(λ)− 2

N

N∑

i=1

Rki(λ),

where
Rki(λ) = kh(Uki,λ), h(Uki,λ) = − ln(1− F (Uki,λ)).

Write
Ŵ kN := W kN (λ̂n) = R̂2

kN − 2R̂kN
where

R̂2
kN = R2

kN (λ̂n), R̂kN = RkN (λ̂n).



Characterizations in terms of moments of record values 15

Suppose that F is such that MLE λ̂n is “regular”, in the sense that
√
n (λ̂n − λ) D→ N(0, I−1),

where I = I(λ) is the expected information matrix for λ based on a single
observation. Then √

N Ŵ kN
D→ N(0, σ2

k),

and
T̂kN := N(R̂2

kN − 2R̂kN )2/σ2
k
D→ χ2(1),

where

σ2
k = 8− 1

k
d′kI−1dk, dk = E

(
∂Wk

∂λ

)
.

Note. It follows from the invariance property of MLE that T̂kN does
not depend on the parameterization used to specify the distributions.

This theorem is obtained by applying Theorem 2.1 with n = N and

TN = Ŵ kN . Then V11 = 8, V22 = (1/k)I−1 and

B = E

(
∂Ŵ kN

∂λ

)
=: dk.

Furthermore

dki = 2E(Rk − 1)
∂Rk
∂λi

= − 2kE(−k ln(1− F (Uk;λ))− 1)
∂ ln(1− F (Uk;λ))

∂λi

= 2k2
�
[−k ln(1− F (x;λ))− 1]

1
1− F (x;λ)

∂F (x;λ)
∂λi

× (1− F (x;λ))k−1f(x;λ) dx,

since Uk has pdf k(1− F (x;λ))k−1f(x;λ). Hence

dki = −2k2E

[
(1− F (X;λ))k−1(k ln(1− F (X;λ)) + 1)

∂F

∂λi

]
.

Letting Kk = d′kI−1dk we have σ2
k = 8− (1/k)Kk and the results appear as

T̂kN :=
kN

8k −Kk
(R̂2

kN − 2R̂kN )2(2.6)

=
k5

N(8k −Kk)

( N∑

i=1

ln2(1− F (Uki; λ̂n))

+
2
k

N∑

i=1

ln(1− F (Uki; λ̂n))
)2

D→ χ2(1).
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Note. Since dk and I may depend on λ, Kk may also depend on λ.
In this case T̂kN cannot be used to test H : X ∼ F , λ unknown. But if
Kk = Kk(λ) is replaced by K̂k = Kk(λ̂n) then the resulting statistic T̂kN
can be used. And T̂kN converges in distribution to χ2(1) since λ̂n converges
in probability to λ.

Special cases:

1o. Let F ∈ Exp(α), i.e. F (x) = 1− e−αx, x > 0; α > 0, f(x) = αe−αx.
Here

h(x) = −αx, Rk = αkUk, α̂n = 1/Xn, I−1 = α2,

and

dk = E

(
∂Wk

∂α

)
= −2k2Ee−(k−2)αX(−kαX + 1)Xe−αX

= −2k2α

∞�
0

e−(k−2)αx(−kαx+ 1)xe−2αx dx =
2
α
.

Thus Kk = 4 and from (2.6) we have

Proposition 2. A goodness-of-fit test for F ∈ Exp(α) is given by

T̂kN =
k5

4N(2k − 1)

(∑N
i=1 U

2
ki

(XkN )2
− 2
k

∑N
i=1 Uki

XkN

)2
D→ χ2(1).

For the special cases k = 1, 2, 3, 4 we have

T̂1N =
N

4

(
X2
N

(XN )2
− 2
)2

, T̂2N =
8

3N

(∑N
i=1 U

2
2i

(X2N )2
−
∑N
i=1 U2i

X2N

)2

,

T̂3N =
243
20N

(∑N
i=1 U

2
3i

(X3N )2
− 2

3

∑N
i=1 U3i

X3N

)2

,

T̂4N =
256
7N

(∑N
i=1 U

2
4i

(X4N )2
− 1

2

∑N
i=1 U4i

X4N

)2

.

2o. Let F ∈ W(α, β), i.e. F (x) = 1 − exp(−αxβ), x > 0; α > 0, β > 0,
f(x) = αβxβ−1e−αx

β

. Then

∂F

∂α
=

x

αβ
f(x),

∂F

∂β
=
x lnx
β

f(x)

and

dk(α) = −2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂α

= 2k3α

∞�
0

x2βe−α(k−1)xβαβxβ−1e−αx
β

dx
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− 2k2
∞�
0

xβe−α(k−1)xβαβxβ−1e−αx
β

dx

= 2k2α

∞�
0

x2β(αk)βxβ−1e−(αk)xβ dx

− 2k
∞�
0

xβ(αk)βxβ−1e−αkx
β

dx

= 2k2αEX2β − 2kEXβ , where X ∼W (αk, β).

But if X ∈W(α, β) then EXβ = 1/α and EX2β = 2/α2, whence

dk(α) = 2/α.
Now

dk(β) = 2k3α3β

∞�
0

x3β−1e−αkx
β

lnx dx+ 2k2α2β

∞�
0

x2β−1e−αkx
β

lnx dx.

Since

−
∞�
0

e−y ln y dy = γ (cf. [12, 3.711.2])

is the Euler constant, integrating by parts gives

2k2α2β

∞�
0

x2β−1e−αkx
β

lnx dx = 2kα
∞�
0

y

αk
e−y

1
β

ln
y

αk
dy

(substituting y = αkxβ)

=
2
β

(∞�
0

ye−y ln ydy − lnαk
)

=
2
β

(1− γ − lnαk)

(integrating by parts).
Similarly

2k3α3β

∞�
0

x3β−1 lnxe−αkx
β

dx =
2
β

[3− 2γ − 2 lnαk].

Then

dk(β) =
2
β

(2− γ − lnαk)

and

dk = 2
(

1/α
(1/β)(2− γ − lnαk)

)
.

Since

I−1 =
6
π2

[
α2(π2/6 + (1− γ − lnα)2) −αβ(1− γ − lnα)
−αβ(1− γ − lnα) β2

]
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we obtain

Kk = d′kI−1dk =
24
π2

[
π2

6
+ (1− ln k)2

]
.

Thus from (2.6) we have

Proposition 3. A goodness-of-fit test for F ∈W (α, β) is given by

T̂kN =
k5α̂2

n

4N(2k − 1− (6/π2)(ln k − 1)2)

×
(
α̂n

N∑

i=1

U2β̂n
ki −

2
k

N∑

i=1

U β̂nki

)2
D→ χ2(1),

where α̂n and β̂n are obtained by numerical solution of the equation

d

dβ
Ln

(
n
/ n∑

i=1

xβi , β
)

= 0

for

Ln(α, β) = n lnα+ n lnβ + (β − 1)
n∑

i=1

lnxi − α
n∑

i=1

xβi .

Numerical evaluation of Kk

k 1 2 3 4 5
Kk 6.43171 4.22897 4.02365 4.36287 4.90317

3o. Let F ∈ ParS(α, σ), i.e. F (x) = 1 − (σ/x)α, x > σ; α > 0, σ > 0,
f(x) = ασα/xα+1.

We consider first the case when σ is known, which occurs frequently in
practice. Since Y = log(X/σ) ∼ Exp(α), from Proposition 2 we have

Proposition 4. A goodness-of-fit test for F ∈ ParS(α, σ) when σ is
known is given by

T̂kN =
k5

4N(2k − 1)

(∑N
i=1(U ′ki)

2

(Y kN )2
− 2
k

∑N
i=1 U

′
ki

Y kN

)2
D→ χ2(1),

where U ′ki = min(Yk(i−1)+1, . . . , Yki) = ln(Uki/σ).

When both σ and α are unknown we cannot apply Theorem 2.2 since
this is a situation where the MLE are not regular. But then we can use

Proposition 4′. A goodness-of-fit test for F ∈ ParS(α, σ) when α and
σ are unknown is given by

T̂kN =
k5

4N(2k − 1)

(∑N
i=1(Û ′ki)

2

(Ŷ kN )2
− 2
k

∑N
i=1 Û

′
ki

Ŷ kN

)2
D→ χ2(1),
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where Ŷj = ln(Xj/σ̂n), Û ′ki = min(Ŷk(i−1)+1, . . . , Ŷki) = ln(Uki/σ̂n), σ̂n =
min(X1, . . . ,Xn).

This follows from Proposition 4 and the fact that
√
n(σ̂n− σ) converges

in probability to zero.

4o. Let F ∈ ParT (α, θ), i.e. F (x) = 1−(θ/(x+ θ))α, x > 0; α > 0, θ > 0,
f(x) = αθα/(x+ θ)α+1. Then

∂F

∂α
= −

(
θ

x+ θ

)α
ln

θ

x+ θ
,

∂F

∂θ
= −x

θ
f(x) (cf. [7, p. 576]).

Hence

dk(α) = − 2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂α

= 2k2E

(
θ

X + θ

)α(k−2)(
k ln

(
θ

X + θ

)α
+ 1
)

×
(

θ

X + θ

)α
ln

θ

X + θ

= 2k3 α
2

θ

∞�
0

(
θ

x+ θ

)kα+1

ln2
(

θ

x+ θ

)
dx

+ 2k2 α

θ

∞�
0

(
θ

x+ θ

)kα+1

ln
(

θ

x+ θ

)
dx

= 2k3α2
1�
0

ykα−1 ln2 y dy + 2k2α

1�
0

ykα−1 ln y dy

= 2k3α2 · 2
(kα)3 − 2k2α · 1

(kα)2 = 2/α.

Similarly

dk(θ) = − 2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂θ

= 2k3α
3

θ2

[∞�
0

(
θ

x+ θ

)kα+1

ln
θ

x+ θ
dx

−
∞�
0

(
θ

x+ θ

)kα+2

ln
θ

x+ θ
dx

]

+ 2k2 α
2

θ2

[∞�
0

(
θ

x+ θ

)kα+1

dx−
∞�
0

(
θ

x+ θ

)kα+2

dx

]
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= 2k3 α
3

θ

[ 1�
0

ykα−1 ln y dy −
1�
0

ykα ln y dy
]

+ 2k2 α
2

θ

[
1
kα
− 1
kα+ 1

]

= − 2k2α2

θ(kα+ 1)2 .

Thus

dk = 2
(

1/α
−k2α2/(θ(kα+ 1)2)

)
,

and since

I−1 = α(α+ 1)2(α+ 2)
[
α/(α+ 2) θ/(α+ 1)
θ/(α+ 1) θ2/α2

]
,

we obtain

Kk = Kk(α) = 4
[
1 +

α(α+ 2)
(kα+ 1)4 (1 + 2kα− k2α)2

]
.

Here Kk depends on α, and from the Note preceding 1o we then have

Proposition 5. A goodness-of-fit test for F ∈ ParT (α, θ) is given by

T̂kN =
k5α̂2

n

N(8k −Kk(α̂n))

[
α̂n

N∑

i=1

ln2 θ̂n

Uki + θ̂n
+

2
k

N∑

i=1

ln
θ̂n

Uki + θ̂n

]2

D→ χ2(1),

where α̂n and θ̂n are obtained by numerical solution of the equation

d

dθ
Ln

(
n
/ n∑

i=1

ln(xi/θ + 1), θ
)

= 0

for

Ln(α, θ) = n lnα+ nα ln θ − (α+ 1)
n∑

i=1

ln(xi + θ).

5o. Let F ∈ Log(α, β), i.e.

F (x) =
1

1 + exp
(
−x−αβ

) , −∞ < x <∞; α ∈ R, β > 0,

f(x) =
1
β

[
exp

(
−x− α

β

)]/[(
1 + exp

(
−x− α

β

))2]

=
1
β
F (x)(1− F (x)).
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Then

∂F

∂α
= −f(x),

∂F

∂β
= −x− α

β
f(x) = −x− α

β2 F (x)(1− F (x)).

In what follows we use the integral

�
xk ln(a+ bx) dx =

1
k + 1

(
xk+1 − (−a)k+1

bk+1

)
ln(a+ bx)

+
1

k + 1

k+1∑

j=1

(−1)jxk−j+2aj+1

(k − j + 1)bj−1 (cf. [12, 2.629.1]),

from which we have

�
xk ln(1− x) dx =

1
k + 1

[
(xk+1 − 1) ln(1− x)−

k+1∑

j=1

xj

j

]
,

and
1�
0

xk ln(1− x) dx = − 1
k + 1

k+1∑

j=1

1
j
.

Now integrating by parts we see that

�
xk ln(1− x) lnx dx =

1
k + 1

[
(xk+1 − 1) ln(1− x)−

k+1∑

j=1

xj

j

]
lnx

− 1
k + 1

� [
(xk+1 − 1) ln(1− x)−

k+1∑

j=1

xj

j

]
1
x
dx

=
1

k + 1

[
(xk+1 − 1) ln(1− x)−

k+1∑

j=1

xj

j

]
lnx

− 1
k + 1

[ �
xk ln(1− x) dx−

� ln(1− x)
x

dx−
k+1∑

j=1

xj

j

]
,

and after using

1�
0

ln(1− x)
x

dx = −π
2

6
(cf. [12, 3.621.2]),

we have
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1�
0

xk ln(1− x) lnx dx =
1

(k + 1)2

k+1∑

j=1

1
j

+
1

k + 1

1�
0

lnx
1− x dx+

1
k + 1

k+1∑

j=1

1
j2

=
1

(k + 1)2

(
Tk+1 − (k + 1)

(
π2

6
− T ∗k+1

))
,

where

Tk = 1 +
1
2

+ . . .+
1
k
, T ∗k = 1 +

1
22 + . . .+

1
k2 .

Then

dk(α) = − 2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂α

= 2k3 1
β
E(1− F (X))k−1F (X) ln(1− F (X))

+ 2k2 1
β
E(1− F (X))k−1F (X)

= 2k3 1
β

1�
0

yk−1(1− y) ln y dy + 2k2 1
β

1�
0

yk−1(1− y) dy

(putting y = 1− F (x))

= − 2
β

k2

(k + 1)2 .

Similarly

dk(β) = 2k3 1
β

1�
0

yk−1(1− y) ln
1− y
y

ln y dy

+ 2k2 1
β

1�
0

yk−1(1− y) ln
1− y
y

dy

= 2k3 1
β

[1�
0

yk−1 ln y ln(1− y) dy −
1�
0

yk ln y ln(1− y) dy

−
1�
0

yk−1 ln2 ydy +
1�
0

yk ln2 y dy
]

+ 2k2 1
β

[ 1�
0

yk−1 ln(1− y) dy −
1�
0

yk ln(1− y) dy
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−
1�
0

yk−1 ln y dy +
1�
0

yk ln y dy
]

= 2k3 1
β

[
1
k2

(
Tk − k

(
π2

6
− T ∗k

))

− 1
(k + 1)2

(
Tk+1 − (k + 1)

(
π2

6
− T ∗k+1

))

− 2
k3 +

2
(k + 1)3

]
+
[
−Tk + Tk+1 +

1
k2 −

1
(k + 1)2

]

+ 2k2 1
β

[
−
(

1
k
− 1
k + 1

)
Tk +

1
(k + 1)2 +

1
k2 −

1
(k + 1)2

]

=
2
β

k2

(k + 1)2

[
Tk − (k + 1)

(
π2

6
− T ∗k

)
− (k + 1)2

k2

]
.

Thus

dk = − 2
β

k2

(k + 1)2

[
1

(k + 1)2/k2 − Tk − (k + 1)(T ∗k − π2/6)

]
.

Taking into account that

I−1 = 3β2
[

1 0
0 3/(3 + π2)

]

we obtain

Kk =
12k4

(k + 1)4

[
1 +

3
3 + π2

(
(k + 1)2

k2 − Tk − (k + 1)
(
T ∗k −

π2

6

))2]
.

Thus we have

Proposition 6. A goodness-of-fit test for F ∈ Log(α, β) is given by

T̂kN =
k5

N(8k −Kk)

( N∑

i=1

ln2 exp(−(Uki − α̂n)/β̂n)

1 + exp(−(Uki − α̂n)/β̂n)

+
2
k

N∑

i=1

ln
exp(−(Uki − α̂n)/β̂n)

1 + exp(−(Uki − α̂n)/β̂n)

)2

,

where α̂n and β̂n are obtained by numerical solution of the equations
∂Ln
∂α

=
∂Ln
∂β

= 0

for

Ln(α, β) = −n lnβ − 1
β

n∑

i=1

(xi − α)− 2
n∑

i=1

(
1 + exp

(
−xi − α

β

))
.
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Numerical evaluation of Kk

k 1 2 3 4 5
Kk 3.96740 4.43882 4.82873 5.30836 5.86775

6o. Let F ∈ C(α, β), i.e.

F (x) =
1
2

+
1
π

arctan
x− α
β

, −∞ < x <∞; α ∈ R, β > 0,

f(x) =
1
πβ

1
1 + ((x− α)/β)2 ,

and
∂F

∂α
= −f(x),

∂F

∂β
= −x− α

β
f(x).

Then

dk(α) = − 2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂α

=
2k3

π2β2

∞�
−∞

(
1
2
− 1
π

arctan
x− α
β

)k−2

ln
(

1
2
− 1
π

arctan
x− α
β

)

× 1
(1 + ((x− α)/β)2)2 dx

+
2k2

π2β2

∞�
−∞

(
1
2
− 1
π

arctan
x− α
β

)k−2 1
(1 + ((x− α)/β)2)2 dx.

Putting

y =
1
2
− 1
π

arctan
x− α
β

,
x− α
β

= tanπ
(

1
2
− y
)
,

dy = − 1
πβ

1
1 + (x− α)2/β2 dx,

we get

dk(α) =
2k3

πβ

1�
0

yk−2 ln y cos2 π

(
1
2
− y
)
dy +

2k2

πβ

1�
0

yk−2 cos2 π

(
1
2
− y
)
dy

=
2k3

πβ

1�
0

yk−2 ln y
1 + cosπ(1− 2y)

2
dy

+
2k2

πβ

1�
0

yk−2 1 + cosπ(1− 2y)
2

dy
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= − k3

πβ

1�
0

(cos 2πy − 1)yk−2 ln y dy − k2

πβ

1�
0

(cos 2πy − 1)yk−2 dy

= − k3

πβ

∞∑

j=0

(−1)j
(2π)2j

(2j)!

1�
0

yk−2+2j ln y dy

− k2

πβ

∞∑

j=1

(−1)j
(2πy)2j

(2j)!

1�
0

yk−2+2j dy

=
k3

πβ

∞∑

j=1

(−1)j
(2π)2j

(2j)!
1

(k − 1 + 2j)2 −
k2

πβ

∞∑

j=1

(−1)j
(2π)2j

(2j)!
1

k − 1 + 2j

= − k2

πβ

∞∑

j=1

(−1)j
(2π)2j

(2j)!
2j − 1

(k + 2j − 1)2 .

Similarly

dk(β) = − 2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂β

=
2k3

πβ

1�
0

yk−2 ln y tanπ
(

1
2
− y
)

cos2 π

(
1
2
− y
)
dy

+
2k2

πβ

1�
0

yk−2 tanπ
(

1
2
− y
)

cos2 π

(
1
2
− y
)
dy

=
k3

πβ

1�
0

yk−2 ln y sin 2πy dy +
k2

πβ

1�
0

yk−2 sin 2πy dy

=
k3

πβ

∞∑

j=0

(−1)j
(2π)2j+1

(2j + 1)!

1�
0

yk−1+2j ln y dy

+
k2

πβ

∞∑

j=0

(−1)j
(2π)2j+1

(2j + 1)!

1�
0

yk−1+2j dy

= − k3

πβ

∞∑

j=0

(−1)j
(2π)2j+1

(2j + 1)!
1

(k + 2j)2

+
k2

πβ

∞∑

j=0

(−1)j
(2π)2j+1

(2j + 1)!
1

k + 2j

=
k2

πβ

∞∑

j=1

(−1)j
(2π)2j+1

(2j + 1)!
2j

(k + 2j)2 .
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Therefore

dk = − k
2

πβ



−∑∞j=1(−1)j (2π)2j

(2j)!
2j−1

(k+2j−1)2

∑∞
j=1(−1)j (2π)2j+1

(2j+1)!
2j

(k+2j)2


 .

Taking into account that

I−1 = 2β2
[

1 0
0 1

]
,

we have

Kk = 8k4
[( ∞∑

j=1

(−1)j
(2π)2j−1

(2j)!
2j − 1

(k + 2j − 1)2

)2

+
( ∞∑

j=1

(−1)j
(2π)2j

(2j + 1)!
2j

(k + 2j)2

)2]
=: 8k4(S2

1k + S2
2k).

Thus we have

Proposition 7. A goodness-of-fit test for F ∈ C(α, β) is given by

T̂kN =
k4

8N(1− k3(S2
1k + S2

2k))

( N∑

i=1

ln2
(

1
2
− 1
π

arctan
Uki − α̂n

β̂n

)

+
2
k

N∑

i=1

ln
(

1
2
− 1
π

arctan
Uki − α̂n

β̂n

))2

,

where α̂n and β̂n are obtained by solving numerically the equations

∂Ln
∂α

=
∂Ln
∂β

= 0

for

Ln(α, β) = −
n∑

i=1

(lnπ − β + ln(β2 + (xi − α)2)).

Numerical evaluation of Kk

k 1 2 3 4 5
Kk 1.15379 2.92783 4.27882 5.28426 6.03719

7o. Let F ∈ N(µ, σ2), i.e.

F (x) =
1

σ
√

2π

x�
−∞

e−
(t−µ)2

2σ2 dt, −∞ < x <∞; µ ∈ R, σ2 > 0,

f(x) =
1

σ
√

2π
e−

(x−µ)2

2σ2 .
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We see that

∂F (x;µ, σ2)
∂µ

= −f(x;µ, σ2),
∂F (x;µ, σ2)

∂σ2 = −x− µ
2σ2 f(x;µ, σ2).

Now we use the probability function

erf x =
2√
π

x�
0

e−y
2
dy.

Then

F (x) =
1
2

+
1
2

erf
(
x− µ
σ
√

2

)

and

dk(µ) = − 2k2E(1− F (X))k−2(k ln(1− F (X)) + 1)
∂F

∂µ

= 2k3
∞�
−∞

(
1
2
− 1

2
erf
(
x− µ
σ
√

2

))k−2

× ln
[

1
2

(
1− erf

(
x− µ
σ
√

2

))]
1

2πσ2 e
−(x−µ)2/σ2

dx

+ 2k2
∞�
−∞

(
1
2
− 1

2
erf
(
x− µ
σ
√

2

))k−2 1
2πσ2 e

−(x−µ)2/σ2
dx

=
2k3
√

2πσ

1
2k−2

∞�
−∞

(1− erf z)k−2 ln(1− erf z)e−2z2
dz

− 2k2
√

2πσ

1
2k−2 (k ln 2− 1)

∞�
−∞

(1− erf z)k−2e−2z2
dz

= − 4
√

2 k3

πσ

1
2k

k−2∑

j=0

(−1)j
(
k − 2
j

) ∞∑

i=1

1
i

∞�
−∞

(erf z)j+ie−2z2
dz

− 4
√

2 k3

πσ

1
2k

(
ln 2− 1

k

) k−2∑

j=0

(−1)j
(
k − 2
j

) ∞�
−∞

(erf z)je−2z2
dz,

for k > 1. Similarly

dk(σ2) = − 2k2E(1− F (X))k−2(k ln(1− F (X) + 1)
∂F

∂σ2

=
k3

πσ2

1
2k−2

∞�
−∞

(1− erf z)k−2 ln(1− erf z)ze−2z2
dz
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− k2

πσ2

1
2k−2 (k ln 2− 1)

∞�
−∞

(1− erf z)k−2ze−2z2
dz

= − 4k3

πσ2

1
2k

k−2∑

j=0

(−1)j
(
k − 2
j

)( ∞∑

i=1

1
i

∞�
−∞

(erf z)j+ize−2z2
dz

)

− 4k3

πσ2

1
2k

(
ln 2− 1

k

) k−2∑

j=0

(−1)j
(
k − 2
j

) ∞�
−∞

(erf z)jze−2z2
dz,

for k > 1. Hence

dk = − 4k3

σπ2k




√
2
(∑k−2

j=0 (−1)j
(
k−2
j

)(∑∞
i=1

1
i � ∞−∞(erf z)j+ie−2z2

dz

+
(

ln 2− 1
k

)
� ∞−∞(erf z)je−2z2

dz
))

1
σ

(∑k−2
j=0 (−1)j

(
k−2
j

)(∑∞
i=1

1
i � ∞−∞(erf z)j+ize−2z2

dz

+
(

ln 2− 1
k

)
� ∞−∞(erf z)jze−2z2

dz
))



.

Using the fact that

I−1 = σ2
[

1 0
0 2σ2

]
,

we obtain

Kk = 2
(

4k3

π2k

)2(( k−2∑

j=0

(−1)j
(
k − 2
j

)( ∞∑

i=1

1
i

∞�
−∞

(erf z)j+ie−2z2
dz

+
(

ln 2− 1
k

) ∞�
−∞

(erf z)je−2z2
dz

))2

+
( k−2∑

j=0

(−1)j
(
k − 2
j

)

×
( ∞∑

i=1

1
i

∞�
−∞

(erf z)j+ize−2z2
dz

+
(

ln 2− 1
k

) ∞�
−∞

(erf z)jze−2z2
dz

))2)
.

Thus we have

Proposition 8. A goodness-of-fit test for F ∈ N(µ, σ2) is given by

T̂kN =
k5

N(8k −Kk)

( N∑

i=1

ln2(1− F (Uki; µ̂n, σ̂2
n))

+
2
k

N∑

i=1

ln(1− F (Uki; µ̂n, σ̂2
n))
)2

D→ χ2(1)

for k > 1, where µ̂n = Xn and σ̂2
n = 1

n

∑n
j=1(Xj −Xn)2.
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Now consider k = 1. Then as above

d1(µ) =
2
√

2
πσ

∞�
−∞

ln(1− erf z)
1− erf z

e−2z2
dz

− 2
√

2
πσ

(ln 2− 1)
∞�
−∞

1
1− erf z

e−2z2
dz.

Taking into account that

− ln(1− x)
1− x =

∞∑

j=1

Tjx
j (cf. [12, 1.513.6]),

where Tj = 1 + 1
2 + . . .+ 1

j , we have

d1(µ) = − 4
√

2
πσ

∞∑

j=1

T2j

∞�
0

(erf z)2je−2z2
dz

− 4
√

2
πσ

(log 2− 1)
∞∑

j=0

∞�
0

(erf z)2je−2z2
dz

= − 2√
π σ

(ln 2− 1)− 4
√

2
πσ

∞∑

j=1

(T2j + ln 2− 1)
∞�
0

(erf z)2je−2z2
dz

= − 2√
π σ

[
ln 2− 1 + 2

√
2
π

∞∑

j=1

(T ′2j + ln 2)
∞�
0

(erf z)2je−2z2
dz

]
,

where we used the fact that erf z is an odd function, and T ′j = 1
2 + 1

3 +. . .+ 1
j .

Similarly

d1(σ2) =
2
πσ2

∞�
−∞

ln(1− erf z)
1− erf z

ze−2z2
dz

− 2
πσ2 (ln 2− 1)

∞�
−∞

1
1− erf z

ze−2z2
dz

= − 4
πσ2

∞∑

j=1

(T ′2j−1 + ln 2)
1�
0

(erf z)2j−1ze−2z2
dz.

Hence

K1 =
4
π

[(
ln 2− 1 + 2

√
2
π

∞∑

j=1

(T ′2j + ln 2)
1�
0

(erf z)2je−2z2
)2

+
8
π

( ∞∑

j=1

(T ′2j−1 + ln 2)
∞�
0

(erf z)2je−2z2
dz
)2
]
,
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and

T̂1N =
1

N(8−K1)

( N∑

i=1

ln2(1− F (Xi; µ̂n, σ̂2))

+ 2
N∑

i=1

ln(1− F (Xi; µ̂n, σ̂2
n))
)2
.

Similarly for k = 2,

d2(µ) = − 2
√

2√
π σ

(
2 ln 2− 1 +

4√
π

∞∑

j=1

1
j

∞�
0

(erf z)2je−2z2
dz

)
,

d2(σ2) = − 16
πσ2

∞∑

j=1

1
2j − 1

∞�
0

(erf z)2j−1ze−2z2
dz,

and

K2 =
8
π

[(
2 ln 2− 1 +

4√
π

∞∑

j=1

1
j

∞�
0

(erf z)2je−2z2
dz

)2

+
64
π

( ∞∑

j=1

1
2j − 1

∞�
0

(erf z)2jze−2z2
dz
)2
]
.

Thus

T̂2N =
32

N(16−K2)

( N∑

i=1

ln2(1− F (U2i; µ̂n, σ̂2
n))

+
N∑

i=1

ln(1− F (U2i; µ̂n, σ̂2))
)2
.

Numerical evaluation of Kk

k 1 2 3 4 5

Kk 5.084149 4.330119 4.231260 4.443297 4.827289

8o. Let F ∈ EV(α, β) (the extreme-value distribution), i.e.

F (x) = exp
(
− exp

(
−x− α

β

))
, −∞ < x <∞; α ∈ R, β > 0,

f(x) =
1
β

exp(−e−(x−α)/β)e−(x−α)/β = − 1
β
F (x) lnF (x).
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Then
∂F

∂α
= − 1

β
exp

(
− exp

(
−x− α

β

))
e−(x−α)/β =

1
β
F (x) lnF (x),

∂F

∂β
=

1
β

x− β
β

exp(−e−(x−α)/β)e−(x−α)/β

=
1
β
F (x)(− lnF (x)) ln(− lnF (x)).

In what follows we use the following integrals:
1�
0

(
ln

1
x

)p
ln(1− qx)

dx

x
= −Γ (p+ 1)

∞∑

k=1

qk

kq+2 (cf. [12, 3.673.6]),

whence
1�
0

lnx · ln(1− x)
x

dx =
∞∑

k=1

1
k3 = ζ(3),

and
1�
0

xp−1(− lnx)q−1 ln(− lnx) dx =
Γ (q)
pq

(ψ(q)− ln p), p > 0, q > 0 (cf. [1]),

where

ψ(q) =
Γ ′(q)
Γ (q)

, ψ(q + 1) =
1
q

+ ψ(q), ψ(1) = −γ,

hence
1�
0

xj+1(− lnx) ln(− lnx) dx =
1

(j + 2)2 (1− γ − ln(j + 2)).

Here we treat k = 1 and k > 1 separately. For k > 1 we have

dk(α) = − 2k3E(1− F (X))k−2 ln(1− F (X))
∂F

∂α

− 2k2E(1− F (X))k−2 ∂F

∂α

= − 2k3

β

∞�
−∞

(1− F (x))k−2 ln(1− F (x))F (x) lnF (x)f(x) dx

− 2k2

β

∞�
−∞

(1− F (x))k−2F (x) lnF (x)f(x) dx

= − 2k3

β

1�
0

yk−2(1− y) ln(1− y) ln y dy
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− 2k2

β

1�
0

yk−2(1− y) ln(1− y) dy

= − 2k3

β

[
1

(k − 1)2

(
Tk−1 − (k − 1)

(
π2

6
− T ∗k−1

))

− 1
k2

(
Tk − k

(
π2

6
− T ∗k

))]
− 2k2

β

[
− 1
k − 1

Tk−1 +
1
k
Tk

]

=
2k2

(k − 1)β

[
π2

6
− T ∗k −

1
k − 1

(Tk − 1)
]
,

where Tk and T ∗k are defined in 5o.
Similarly

dk(β) = − 2k3

β

1�
0

(1− y)k−2y ln(1− y)(− ln y) ln(− ln y) dy

− 2k2

β

1�
0

(1− y)k−2y(− ln y) ln(− ln y) dy

= − 2k3

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

1�
0

yj+1(− ln y) ln(1− y) ln(− ln y) dy

− 2k2

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

1�
0

yj+1(− ln y) ln(− ln y) dy

= − 2k3

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

1�
0

yj+1(− ln y) ln(1− y) ln(− ln y) dy

− 2k2

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

1
(j + 2)2 (ψ(2)− ln(j + 2))

=
2k3

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

∞∑

i=1

1�
0

yi+j+1(− ln y) ln(− ln y) dy

− 2k2

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

1
(j + 2)2 (1− γ − ln(j + 2))

=
2k3

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

∞∑

i=1

1
i(i+ j + 2)2 (1− γ − ln(i+ j + 2))

− 2k2

β

k−2∑

j=0

(
k − 2
j

)
(−1)j

1
(j + 2)2 (1− γ − ln(j + 2))
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= − 2k2

β

k−2∑

j=0

(−1)j
(
k − 2
j

)
1

(j + 2)2

[
1− γ − ln(j + 2)

− k(j + 2)2
∞∑

i=1

1
i(i+ j + 2)2 (1− γ − ln(i+ j + 2))

]
.

Hence

dk =
2k2

β




1
k−1

(
π2

6 − T ∗k − 1
k−1 (Tk − 1)

)

−∑k−2
j=0 (−1)j

(
k−2
j

)
1

(j+2)2

[
1− γ − ln(j + 2)

−k(j + 2)2∑∞
i=1

1
i(i+j+2)2 (1− γ − ln(i+ j + 2))

]


 .

Using the fact that

I−1 =
6β2

π2

[
(1− γ)2 + π2/6 1− γ

1− γ 1

]
,

we obtain

Kk =
24k4

π2

[(
(1− γ)2 +

π2

6

)
a2
k + 2(1− γ)akbk + b2k

]
,

where

ak =
1

k − 1

(
π2

6
− T ∗k −

1
k − 1

(Tk − 1)
)
,

bk = −
k−2∑

j=0

(−1)j
(
k − 2
j

)
1

(j + 2)2

[
1− γ − ln(j + 2)

− k(j + 2)2
∞∑

i=1

1
i(i+ j + 2)2 (1− γ − ln(i+ j + 2))

]
.

Now we consider k = 1. Then as above

d1(α) = − 2
β

[ 1�
0

ln y
y

(1− y) ln(1− y) dy +
1�
0

(1− y)
y

ln(1− y) dy
]

= − 2
β

[ ∞∑

n=1

1
n3 −

(
2− π2

6

)
− π2

6
+ 1
]

=
2
β

[1− ζ(3)],

and similarly

d1(β) = − 2
β

[1�
0

ln(1− y)
1− y y(− ln y) ln(− ln y) dy

+
1�
0

y

1− y (− ln y) ln(− ln y) dy
]
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= − 2
β

[
−
∞∑

n=1

Tn

1�
0

yn+1(− ln y) ln(− ln y) dy

+
∞∑

n=0

1�
0

yn+1(− ln y) ln(− ln y)
]

= − 2
β

[
−
∞∑

n=1

Tn
1

(n+ 2)2 (1− γ − ln(n+ 2))

+
∞∑

n=0

1
(n+ 2)2 (1− γ − ln(n+ 2))

]

= − 2
β

[
−(1− γ)

∞∑

n=1

Tn
1

(n+ 2)2 +
∞∑

n=1

Tn
ln(n+ 2)
(n+ 2)2

+ (1− γ)
∞∑

n=0

1
(n+ 2)2 −

∞∑

n=1

ln(n+ 2)
(n+ 2)2 −

1
4

ln 2
]

= − 2
β

[
(1− γ)

(
π2

6
− 1−

∞∑

n=1

Tn
1

(n+ 2)2

)

+
∞∑

n=2

(Tn − 1)
ln(n+ 2)
(n+ 2)2 −

1
4

ln 2
]

=
2
β

[
1
4

ln 2−
∞∑

n=2

(Tn − 1)
ln(n+ 2)
(n+ 2)2

− (1− γ)
(
π2

6
− 1−

∞∑

n=1

Tn
1

(n+ 2)2

)]
.

It follows that

K1 =
24
π2

((
(1− γ)2 +

π2

6

)
(1− ζ(3))2 + 2(1− γ)(1− ζ(3))d0 + d2

0

)
,

where

d0 =
1
4

ln 2−
∞∑

n=2

(Tn − 1)
ln(n+ 2)
(n+ 2)2 − (1− γ)

(
π2

6
− 1−

∞∑

n=1

Tn
1

(n+ 2)2

)
.

Thus we have

Proposition 9. A goodness-of-fit test for F ∈ EV(α, β) is given by

T̂kN =
k5

N(8k −Kk)

( N∑

i=1

ln2
(

1− exp
(
− exp

(
−Uki − α̂n

β̂n

)))
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+
2
k

N∑

i=1

ln
(

1− exp
(
− exp

(
−Uki − α̂n

β̂n

))))2
D→ χ2(1),

for k ≥ 2, and for k = 1,

T̂1N =
1

N(8−K1)

( N∑

i=1

ln2
(

(1− exp
(
−Xi − α̂n

β̂n

))

+ 2
N∑

i=1

ln
(

1− exp
(
− exp

(
−Xi − α̂n

β̂n

))))2
D→ χ2(1),

where α̂n and β̂n are obtained by solving numerically the equations

∂Ln
∂α

=
∂Ln
∂β

= 0

for

Ln(α, β) = −n lnβ −
n∑

i=1

exp
(
−xi − α

β

)
− n

β
(xn − α).

Numerical evaluation of Kk

k 1 2 3 4 5
Kk 3.47977 4.09061 4.48721 4.85553 5.24759

9o. Let F ∈ U(α, β), i.e. F (x) = x−α
β−α , α ≤ x ≤ β. Then by (2.5) we can

prove

Proposition 10. A goodness-of-fit test for F ∈ U(α, β) is given by

T̂kN =
k4

8N

( N∑

i=1

ln2 β̂n − Uki
β̂n − α̂n

+
2
k

N∑

i=1

ln
β̂n − Uki
β̂n − α̂n

)2
D→ χ2(1),

where
α̂n = min(X1, . . . ,Xn), β̂n = max(X1, . . . ,Xn).

This follows because
√
n(α̂n − α) and

√
n(β̂n − β) both converge to 0 in

probability.

3. Comparisons with other tests. We intend to publish extensive
simulations of the above tests in a further paper. Here we give some results
for the 5% Normal tests in 7o, but only for k = 1, and k = 2, and only when
the sample size is n = 20. The critical values were obtained using 100,000
samples, and the powers using 25,000 samples. The alternatives used were
chosen from the paper [2]. With the numbering used there, they are:
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Symmetric Skew

1 X, where Y = 1
2 ln( X

1−X ) 37 X ∼ Beta(3,2)
and Y ∼ N(0, 1)

7 X ∼ Beta(2,2) 38 X ∼ Beta(2,1)
14 X ∼ t(10) 44 X ∼Weibull(1,2)
32 X ∼ t(1) 50 X ∼ χ2(4)

56 X ∼Weibull(1, 1
2 )

The following table shows the powers of T̂1 and T̂2, and also the powers of
various other tests; these are quoted from [2], but there they were obtained
using only 200 samples. The tests are:

K2: the Bowman & Shenton test
R: the rectangle test
W : the Shapiro–Wilk test
Y : the D’Agostino tests

Alt T1 T2 K2 R W Y

1 2.6 9.7 38 40 48 8
7 1.1 6.6 14 4 2 7

14 10.6 4.2 13 10 13 10
32 74.7 1.4 79 80 91 92
37 4.3 5.2 4 5 8 6
38 21.4 3.7 12 11 29 6
44 14.2 6.6 14 14 19 7
50 42.4 6.7 40 39 46 24
56 94.9 5.0 96 96 100 96

T̂2 performs very poorly here, with the power often less than the level.
But T̂1 compares favourably with the others for some alternatives, although
W is clearly the best.

Acknowledgements. The authors are grateful to the referee for a num-
ber of useful suggestions and comments.
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