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TESTS DERIVED FROM CHARACTERIZATIONS
IN TERMS OF MOMENTS OF RECORD VALUES

Abstract. We derive tests of fit from characterizations of continuous dis-
tributions via moments of the kth upper record values.

1. Characterization conditions via moments of record values.
Let {X,, : n > 1} be a sequence of i.i.d. random variables with cdf F' and
pdf f. For a fixed integer k > 1 we define the sequence Uy(1), Ux(2),... of
kth (upper) record times of X1, Xs, ... as follows:

Ur(1) =1,
Ur(n) =min{j > Up(n — 1) : Xjj16—1 > Xvp(n—1):U0s (n—1)+k—11>
forn=2,3,... Write

Yngk) = XUk(n):Uk(n)—i-k—lv n > 1.

The sequence {Yék) : n > 1} is called the sequence of kth (upper) record
values of the above sequence. For convenience we also take Yo(k) = 0 and
note that Yl(k) = X1, = min(Xy,..., X%) (cf. [3]). Thus the finite sequence
X1,..., X} is enough to determine Yl(k), whereas if n > 1 then in general
an infinite sequence is needed for Yék).

We see that for kK = 1,2,..., the sequences {Yn(k) :n > 1} of kth
record values can be obtained from {X,, : n > 1} by inspecting successively
the samples X7, (X7, X3), (X1, X2, X3), and so on. For k = 1, Yl(l) =
X1, and the following terms are obtained by looking at the maxima of the
successive samples: Y2(1) is the first maximum that exceeds Yl(l), Y3(1) is the
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first maximum that exceeds YQ(U, and so on. For k = 2, Y1(2) = min(X1, Xs),
and the following terms are obtained by looking at the next-to-largest values
in the successive samples: Y2(2) is the first next-to-largest value that exceeds
Yl(z), Y3(2) is the first next-to-largest value that exceeds Y2(2), and so on.
And generally, Yl(k) = min(Xy,..., Xx) = X1.x, and the following kth record
values are obtained by looking at the kth largest values in successive samples,
i.e., looking at the order statistics Xo.541 from (X1,..., Xgt1), X3.k42 from
(X1,..., Xkyt2), and so on.
We have the following characterizations.

THEOREM 1.1 (cf. [5]). Let {X,, : n > 1} be a sequence of i.i.d. random
variables with cdf F. Assume that G is a nondecreasing right-continuous
function from R to (—o0o, 1], and let n, k, l be given integers such that k > 1
andn >1>1. Then F(x) = G(z) on I(F) iff

k' (n — )E[—In(1 — G(Yﬁ)lﬂ))]zl

— 20K B[~ In(1 = G, + (n+ D! = 0.

THEOREM 1.2 (cf. [5], [8]). Under the assumptions of Theorem 1.1, F(x)
= G(x) on I(F) iff

n—+1)!
Bt - Gy = U
k (n+1)!
El-In(1 - G(ngf)zH))]m = o
COROLLARY 1.1. X ~ F and F' is continuous iff
9 2
E[-In(1 — F(Y\P))2 - - B[~ In(1 - FY)N) + 3 =0
or 2 2
E[-In(1 — F(Y\"))] = o El-In(1- FY )2 = L

2. Goodness-of-fit tests derived from characterizations
in Section 1

(A) Parameters of F are specified. To simplify the notation we write

g(@) =1 - F(x), h(a:)z{aln(g(fﬂ)) Ofﬂigl;l

Then Theorem 1.1 says that X ~ F'iff

K2 (n — DIER (Y, ) — 20K ER (Y, + (n+ )1 = 0.

These characterizations cannot be used to construct tests since in practice

only a finite sample is available, whereas in general information about Yék)
can be obtained only from an infinite sample. As noted above, the exception
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is Yl(k) = Xi.x, and the method used here is to base the tests on conse-
quences of these characterizations that involve order statistics only. These
are no longer characterizations, and so they test only certain aspects of the
distribution. Our procedure is as follows.

We consider the special case [ = n. Then X ~ F iff

n ny (k) (20)!
(2.1) ER?(X1.) — k ™ h (v, M) + = 0.
We now show that if X ~ F' then
(2.2) Eh?™(X1.4) = k_ Eh (Y75+)1) (k23
and it then follows from (2.1) that X ~ F implies
2n!
(2.3) ERh*(X1.p) — Y Eh"™(X1.4) = 0.
Now (2.2) follows from the fact that if X ~ F then the pdf of Yn(’“) is
k™ n—1 k—1
fyw (@) = =1 R (x)g™ (@) f(z)  (cL [3]).
In this paper we use (2.3) with n = 1. Then
2
(2.4) Eh?(X1.) — - Eh(X1.) = 0.

For given k = 1,2, ... we construct tests of H : X ~ F based on (2.4). Write
Uk = Xl:k = min(Xl, ‘e ,Xk),
Ry = kh(Uy), Wy = R: —2R,.

Then (2.4) can be written as EW}, = 0. The test is constructed by obtaining
an estimate EWy, F say, and rejecting H if F is distant from 0, and so if
|E| or equivalently E? is large.

Suppose now that we have a sample X1,...,X,, of size n = kN. This
provides the sample Rg1, ..., Rxny where

Rki = ]’Ch(U}ﬂ), Uki = min(Xk(i_1)+1, . 7Xk:z)
Since Ry, ~ Exp(1), k > 1, we have
Var(Wy,) = E(RE — 4R} +4R}) =41 —4-31+4-21 =8
and by the Central Limit Theorem,

VNWiy 2 N(0,8),
where

N
_ — — — 1
— P2, _ - .
Win = R?n — 2Rpy,  R*kn = ZR;W Ripn = v ;Rm.
Thus a simple asymptotic test of H : X ~ F is provided by
(2.5) Tin = N(R2ry — 2Rin)?/8 2 v2(1).
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For completeness we state here the test when k£ = n.

PRrOPOSITION 1 (cf. [9]). The significance probability of the test using
Ty, := ((nh(Up))? — 2nh(U,))?, where U, := U, = min(X, ..., X,), is

P, = P[T, > 1]
et VIEVE L om i VIVE L 1LV if 0<t <1,
et ViV ift>1,

Now suppose that the distribution function has the form F'(z; X) where A
is an m x 1 vector of unknown parameters. In this case we need the following

THEOREM 2.1 (cf. [11)). Let T, = Tn(Xl,...,Xn;Xn), where A, =
A (X1,..., X,) is an estimator of a parameter X, and moreover let T, =
T, (X1,...,Xn;A) (here T,y X and A, may be vectors). Suppose that:

(i) For each A,

Tn D

Vii Vio
V=
<V21 Va2
and Vas is nonsingular.
(ii) There is a matriz B, possibly depending continuously on A, such

VnT, = nT, + Byn (A, — A) + 0,(1).
(i) X, is asymptotically efficient (cf. [11]).
Then

where

that

vnT, 2 T* ~N(0,Vi; — BV B').
Note that (ii) is satisfied when T;, is differentiable in A, and then

n—oo

B = lim E[%Tn}

THEOREM 2.2 (cf. [11], [9]). Let (X1,...,X,) be a sample of size n =
kN with an absolutely continuous distribution function F(x; X) differentiable
with respect to the m x 1 vector X. Set

N N

_ _ — — 1 2

Win = Win(A) = R2,n(A) — 2Rin(A) = ~ D> Ry (A - ~ D Rii(N),
=1 =1

where
sz()\) :k’h(Uki,A), h(Ukz,A) = —ln(l—F(Uki,)\)).
Write —

where —~ -~
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Suppose that F' is such that MLE Xn 18 “reqular”, in the sense that
V(= A) B N(@,77Y),

where T = Z(X) is the expected information matriz for X based on a single
observation. Then

\/NWI@N 2’ N(an-la)’
and _ ~
Tin = N(R2kN - QRkN)Z/UIZg 2’ X2<1)7

where

k

1
0} =8— —dj T 'dy, dj= E(%).

NoTE. It follows from the invariance property of MLE that ka does
not depend on the parameterization used to specify the distributions.

This theorem is obtained by applying Theorem 2.1 with n = N and
Tn = Win. Then Vi; =8, Vag = (1/k)Z~1 and

B = E<8W’W> — d.

o\
Furthermore

OR
dii = 2E(Ry, — 1) =

O\

Oln(1 — F(Ug; A))
O\
1 OF (x; \)
% (1= P(a; A)" (3 ) de,

since Uy, has pdf k(1 — F(z;X))* =1 f(2; ). Hence

= —2kE(—kIn(1 — F(Ug; X)) — 1)

=2k | [~k In(1 — F(z; X)) — 1]

F
dy; = —2k*E [(1 — F(X; ) 1 (kIn(1 — F(X;A) +1) gx .
Letting Kx = d},Z~'d), we have 07 = 8 — (1/k)K), and the results appear as
~ EN = =
2. Tin i= ————(R?pn — 2 2
(2.6) BN S g /Ck (R?kNn — 2RgN)

Sk o (Zln 1 — F(Uri; An))

Zlnl— (Usis An ))) Z 2.
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NoOTE. Since dj and Z may depend on A, Ky may also depend on A.
In this case Tk N cannot be used to test H : X ~ F, X unknown. But if
Kr = Kr(A) is replaced by le = ICk(A ) then the resulting statistic TkN
can be used. And 7 kN converges in distribution to x2(1) since A, converges
in probability to A.

Special cases:

1°. Let F € Exp(a), ie. F(z)=1—e ", 2 >0; a >0, f(zr) = ae”*".
Here

h(z) = —ax, Rp=cokUy, a,=1/X,, I '=d?

and

di, = E(%) = —2k?Fe”F=20X(_ka X + 1) Xe X

T 2
= 2k« S e~ *=2er( Loy 4+ 1)ze 2 dx = =
o'
0
Thus K = 4 and from (2.6) we have

PROPOSITION 2. A goodness-of-fit test for F' € Exp(«) is given by
k® Zz]\; Ulgi 2 Zz]\; Uk “p 2(1
4N(2k—1)( (Xin)? b Xpn > —x (.
For the special cases k =1, 2, 3,4 we have
Fn= N (Do ) B (T Tty
4\ (Xn)? 3N\ (Xan)? Xon
o 243 (251 Uz 2 221 U3i>27
20N \ (Xan)? 3 Xan
T — 256(2 i U 1 va_:l U4i>2'
TN\ (Xun)? 2 Xyn
2°. Let F € W(a, 3), i.e. F(z) =1 —exp(—az?), z > 0; a >0, >0,
flx) = aﬁxﬁfle*awﬁ. Then

Tyn =

oF x OF xlnx
%:aﬁf( z), 95~ 8 f(z)
and
dp(o) = —2K*E(1 — F(X))*2(kIn(1 — F(X)) + 1) g—i

oo
= 2k3« S :U%e*o‘(kfl)mﬁaﬁxﬁfle*wﬁ dx
0
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o
— 2k? S xﬁe_a(k_l)xﬁaﬂm’g_le_wﬁ dx
0

= 2k%a S x ak: ﬁxﬁ Le—(ak)z® g
0

— 2k S (ozk:)ﬁxﬁflefo‘kxﬁ dx
0

= 2k2aEX? — 2kEXP, where X ~ W(ak,p).
But if X € W(a, 3) then EX? = 1/a and EX?® = 2/a?, whence

di(a) =2/a.
Now
dk(ﬁ) — 2k3a3,3 S m3ﬁflefakaxﬁ In 2 dz + 2k2a2ﬁ S x?ﬁflefakg;ﬁ Inzde.
0 0
Since

—\eVInydy =7 (cf [12,3.711.2))
0
is the Euler constant, integrating by parts gives
2k%a?3 S g2P—1e—oke® 1) 0 do = 9ka S Y v
5 5 ak

1.y
—In—=d
I} nak 4

(substituting y = akz?)

2/7 2
— e VInydy —Inak)=—=(1—v—Inak
ﬁ( §) ye ¥ Inydy ) 517 )
(integrating by parts).
Similarly
T 2
2k3a’ 3 S 23 In we— k" gy = 3 [3—2v —2lnak].
0
Then 9
di(8) = 3 (2—v—Inak)
and
1/«
di =2 :
§ ((1/5)(2—7—1nak)>
Since

1 6 [a?(m?/6+(1—y—1na)?) —af(l—v—Ina)
’ ‘_2[ ~af(l—7—Ina) g }
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we obtain

24 [ 72
Ky = d;Ifldk = ; [ﬂ-— + (1 — 111/{)2] .

Thus from (2.6) we have
PROPOSITION 3. A goodness-of-fit test for F € W(a, 3) is given by
~ ka2
Tkn = ) 5
AN(2k —1—(6/72)(Ink — 1)2)

Noo g N N2
= 205 n
(v - oui) B,
i=1 i=1
where &, and Bn are obtained by numerical solution of the equation

%Ln(n/gx?, ﬁ) =0

for
L,(a,8)=nlna+nlnB+ (6 — 1)21115% —ainﬂ.
i=1 i=1

Numerical evaluation of K,

k 1 2 3 4 5
K 6.43171  4.22897  4.02365  4.36287  4.90317

3°. Let F € Parg(a,0), ie. F(z) =1—(o/z)* x>0, a >0, 0 >0,
f(x) = ac® /x>t

We consider first the case when o is known, which occurs frequently in
practice. Since Y = log(X /o) ~ Exp(«), from Proposition 2 we have

PROPOSITION 4. A goodness-of-fit test for F' € Parg(a,o) when o is
known s given by

N N 2
(R (Zm(%)g 2T} 2 e

AN (2k — 1) (YVin)2 k' Yin ’
where Uy; = min(Yy(i—1)41,- - -, Yri) = In(Ugi/0).

When both ¢ and « are unknown we cannot apply Theorem 2.2 since
this is a situation where the MLE are not regular. But then we can use

PROPOSITION 4’. A goodness-of-fit test for F' € Parg(a, o) when o and
o are unknown is given by

B (ZLOW? 2L U6\ b sy,
N(2k — 1 = k = — X ( )7
( ) (Yin)? Yin

ka:4
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where Yy = n(X;/5,), Uty = min(Yii—1)11s- - Yei) = n(Uki/n), Gn =
min(Xq,..., X,).

This follows from Proposition 4 and the fact that \/n(, — o) converges
in probability to zero.

4°. Let F € Parp(a,6),ie. F(z) =1—-(0/(x+0))*, 2> 0;a > 0,0 >0,
f(z) = ab®/(x + 0)*T1. Then
8F__< 6 )al 0 OF x

da +70) Mare a9 - /@ (cf[7,p 576)).
Hence

oF

di(a) = —2k*E(1 — F(X))* 2(kIn(1 — F(X)) + 1) T

) 0 a(k—2) 0 e
=2k°FE| —— In{ —— 1
g <X+9> (kn<X+0> * )
X L alnL
X+0 X+0

9 00 ka+1
o3 0 9 0
=2k 0 S(x—i—@) In <x+0)dw

0

aoo 0 ka+1 0

2k% — — In{—— |d

TG (S] (x—i—@) n(x—f—@) ¢
1 1

= 2k3a? S yPetn? y dy + 2k2a8yko‘71 Inydy
0 0

2 2
G~ M Grape

= 2k3a? -

=2/a.
Similarly

di(0) = —2k*E(1 — F(X))*2(kIn(1 — F(X)) + 1) or

00
3 oo ka+1
_ 9139 9 i
=2k 02“)(904-9) lnx+9d:r
e’} ka+2
— S < 0 > In i dm}
) xz+0 T+ 0

9 oo ka+1 00 ka2
2 07 0 B 4
Lok 92[(5)(“9) i §<x+9> dx}
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3

1 1

« - @

= 2k3 ) Hyka YInydy — Syk lnydy]
0 0

271 1
22| —
* 0 [k‘a ka—l—l}
B 2k2a?
O(ka+1)2

Thus
_ 1/a
=2 (—k2a2/(0(lm +1)2) > :

and since

a/(a+2) 9/(a+1)} 7

T '=a(a+1)3*(a+2) [9/(a+ 1 02 /a2

we obtain
ala+2)
(ko +1)4

Here K depends on «, and from the Note preceding 1° we then have

Ki = Ki(a) =4 [1 + (14 2ka — k‘204)2:| .

PROPOSITION 5. A goodness—of—ﬁt test f07" F e ParT(a 0) is given by

. k5’\2 2
Twn = Qn, In? A + —
ST N8k — Kr(@n)) [ z; U;m On Z Uk,+e ]

=1

D
= x3(1),

where &, and §n are obtained by numerical solution of the equation

0Ln<n/zn:ln(mi/9+ 1), 0) ~0

for

Ly(a,0) =nlna+nalnf — (a+1) Zln(;pi +0).
=1

5°. Let F' € Log(a, 3

~—
—
@D

F(x) = 1+exp1( a), —x<r<oo; x€eR,B>0,
=3 ([ (52)]
~ 5 F@)(1 - Fla)
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Then

OF

23 GF_ T — o T«
da N

- B

In what follows we use the integral

—f (),

S:L‘k In(a + bx) dx = L gkt ﬂ In(a + bx)
k+1 pk+1

1 TR (—1)igk—it2qitl

. £ [12, 2.629.1
+k+1; G- opt (2 D

from which we have

k+1

1 J
S:L‘k In(l —z)de = il [(:1:’ngl —1)In(1l —=z) — le %} ,
and
1 k+1
1 1
Sﬁkln(l—x)da::—ﬁ -.
0 t =17
Now integrating by parts we see that
1 R
Sﬁk In(l —z)Inxdr = Pl [(xk‘H —1)In(l —2) — Jz:; 7] Inz
k1
1 kil x| 1
j=1
k+1
1 J
=1 [(mk+1 —1)In(1 —z) — ‘ %] Inx
j=1
E+1
1 k In(1 —x) x’
_k—H[S:U ln(l—x)dx—x . dm—;T},
and after using
In(1— 2
| nl=) 4 - —% (cf. [12, 3.621.2]),
x

we have
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1

1

k
In(l —z)Inxde = -
(S)a; n(l—z)lnzxdx (k?-f—l)Qj:lj

k+1
1 +

1 Inz 1 1
- de + —— N~ =
k+131— 5’7+k+1j2-2
1

e
0
~ (k+1)2 <T’““ - (k+1)(%2 - ’:“)>’

1 1 1 1
To=1+=+...4= Tf=1+—+4...+—.
k=1t +ts, Ti=l+g+.+5

_l’_

where

Then

di(a) = —2k*E(1 — F(X))*2(kIn(1 — F(X)) + 1) g—z

e % E(1 - F(X))*'F(X)In(1 — F(X))

+ 2k? % E(1 - F(X)*"1F(X)

1

_ 1 _
y* —y)lnydy+2k258y’“ "1—y)dy
0

(putting y = 1 — F(x))

1
= 2k% =
g

O ey =

2K
B (k+1)2

Similarly

d(3) = 2k3

R

1

1—
ot -y —Tmydy
) y

+ 2k?

1
%Sy’“‘l(l—y)ln -
0

1

y" 'Inyln(l —y)dy — {y* InyIn(l - y) dy
0

1
[\]
NA
w
I
L
O ey =

1 1

— Sykfl In? ydy + Syk In? ydy]
0 0

[

1

1
+ 2k2 3 Hykilln(l —y)dy —Syk In(1—y)dy
0 0
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2
k+1)3
_<1_L>Tk+#+i_#:|

ko k+1 k+1)2 " k2 (k4+1)2

L [Tk . 1)(%2 —T,j) _ ;UT.

1 2 .
+

1 1
—T. +T N
%{ EE et <k+1>2}

Thus
2 k?
B (k+1)? [(/Hl) 2k? =T —

Taking into account that

I =3p° [o 3/(30+7r )]

1
e = (k+1)(T —7r2/6>}'

we obtain

Ki = (klikf)4 [1 bt <(k ;1)2 ~Ti— (k+ 1)<T,: = %)ﬂ

Thus we have

PROPOSITION 6. A goodness-of-fit test for F' € Log(a, 3) is given by

Ty = — " (ZW exp(—(Uki = 8n)/n)
N(Sk - ICk) i—1 1+ eXp<_(Uki - an)/ﬁn)
Z exp(—(Urs — @n)/Bn) )2
o1 1+exp(—=(Uki —an)/Bn)
where o, and B\n are obtained by numerical solution of the equations

0L, _ 0L, _
da 0

+

0

for

Lo(a,8) = —nlnp — %i(l‘ —a) —2Zn: <1+exp (—xﬁ_o‘»

=1 =1
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Numerical evaluation of K,

k 1 2 3 4 5
Ky 396740 4.43882  4.82873  5.30836  5.86775

6°. Let F € C(a, ), i.e.

1 1 Tr—«
F(x):§+;arctan 7 —co<z<oo; a€R, >0,
1 1
xr)=— )
I8 = 5 T (@ —ayap
and
oF oOF Tr—a«
8_a__f($)’ %—— 3 f(x).
Then
2 k—2 8F
dp(a) = —2k*E(1 — F(X))"“(kIn(1 — F(X)) +1) e
a
_2k3°§’ LI SR s WSS T BN
__7r2ﬂ2_ 5 — - arctan 5 n {5~ —arctan 3
X 1 dx
(14 ((z—a)/B)?)?
2% T <1 Lo :U—a>k_2 1 p
— — —arctan x.
m™p2 ) \2 o« B (14 ((z —a)/B)?)?
Putting
—l—lacta r—a x_a—ta 1—
y—QWrnﬁ, ﬂ—nw2y,
1 1
R R
we get
2k ¢ k—2 2 1 2k ¢ N 1
di(a) = W_ﬁéy Iny cos 7T<§—y) dy—I-ﬁéy cos 7T<§—y> dy

%3 ¢ 1+ cosm(l — 2y
:—Syk 2Iny ( )dy
Wﬁo 2

+_
7T,60 2

1
2k2 Sykd 1+ cosm(1—2y) dy
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= — — S (cos2my 1)y’“ *Inydy — — S (cos 2my — l)yki2 dy
ER U
sy 0P ¢
= — N (=1 (2 Iy dy
5].20( (25)! §)
E? & (2my)% ¢ k—2+2;
_ & —1)J . 2 q
e ;( ) (27)! (S)y g
_ k_gi(—l)J @m* 1 k—zi(— p Gm¥ 1
o (2)! (k=1+2j)? 7f (2)! k—=1+2j
k2 & . (27)20 27 —1
ﬂﬁ 2)! (k+2j-1)
Similarly
) o oF
de(B) = = 2k"E(1 — F(X))" “(kIn(1 - F(X)) +1) 5
2]{33 : k—2 1 2 1
_ﬁéy lnytanw(§—y> cos 7T<§—y> dy
2k2 : k—2 1 2 1
Y ta“(é‘l’)“” (3-1)
KB 0
- S k= 21nysm27rydy+ S % sin 2y dy
™3
0 O
B3 & <2ﬂ_)2j+1 -
= — —1 . A\ +2]1 d
3 jzo( ? (25 + 1) Sy e
k2 ( )2]+ 1 .
L 1) k—142j
+wﬁz( D (25 +1)! Sy w
— k—32( ; (2m)2tt 1
Wﬂ (27 + 1) (k+ 25)2
]{j2 o (2 )2]+1 1
K 1)J
+7rﬁjz( RACTES Y
k‘2 0 (27 25+1 2j
=5 Z(_ i ~) ! )2
T3 (25 + 1) (k+29)

Characterizations in terms of moments of record values
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Therefore

oo j(2m)2 251

B2 | = 2= (=1 (2ﬁl(k+%g 1)2
dk; = _ﬁ o (27T) 2j+1 9
> =1 (S G e

j=1 25+ (k+25)7
Taking into account that

1 _op2|1 0
=254 J].

we have
> (2m)2-1 25 -1 2
Ky = 8k*
’ [(; (2))! <k+2j—1>2>
S . (2m) 29 25 g 402 2
=: 8k .
(; e g | =Sk

Thus we have

PROPOSITION 7. A goodness-of-fit test for F € C(a, 3) is given by

—~ k;4 Uk —an
T, | - — — tan ———
o= v sy (S (e )

2 11 i—an\\’
+E;ln<§—gar6tan%37a>> ,

n

where o, and Bn are obtained by solving numerically the equations
oL, 0L,

o o5

for

n

Ln(a, 8) = =) (Inm— B+ (8 + (z; — a)?)).

i=1

Numerical evaluation of K,

k 1 2 3 4 5
K 115379 292783  4.27882  5.28426  6.03719

7°. Let F € N(u,0?), i.e.

_ ¢=w)?
Se 222 dt, —oo<xz<oo; pER, o2 >0,




Characterizations in terms of moments of record values 27

We see that
OF (z;p,0°%) _ Loy OF(xp0®) oz
T = o), e = T (o),
Now we use the probability function
2 ¢ .2
erfe = —\e™ ¥ dy.
v
Then
1 1
Flx)= = + —erf
W=+t (5F)
and
2 k—2 8F
di(p) = —2k*E(1 — F(X)) (k:ln(l—F(X))—i—l)@

) k—2
=2t | (l—lerf(‘r—“»

- 2 2 ov?2

1 r—p 1 —(z—p)? /o3
Xln[§<1—erf<0\/§)>}2ﬂ_026( W7 g

+2k20§O 1—lef AR e~/ gy
- 2 V2 2wo?

= ﬁ 1 OSO (1 —erf2)*2In(1 — 61"f,2')e_2z2 dz
270 262 .
2k 1 T 2
= Jong O 5 (kIn2 —1) S (1 —erf 2)k=2e7%" 4z
WK1 k=2 &1 T i o
_ L _1)i - f »)Jt+e —2z d
(TS T
J1= 1= o0
42K 1 1\ G (k=2\ T 2
_ = —1)7 J,—2z
— In 2 k) ]ZO( 1) < j )_Soo(erfz) e dz,
for k > 1. Similarly
_ OF
dp(0?) = —2k’E(1 — F(X)*2(kln1 - F(X) + 1) =— o
o1 T
= —5 53 S (1 —erf 2)*"2In(1 — erf z)ze*2z2 dz
o

— 00
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o0

——(kln2-1) S (1 —erf Z)k_ZZB_QZQ dz

_ %‘Z 2ik S (1) <k - 2) (i% Ogo (orf 2) 227" dz>

=1 —00
A3 1 1\ k=2 =2\ T , 2
I 1 —— —1y f ~)7 —2z d
— 2k< n k> E (-1) ( i >_Soo(er z)! ze z,
for k > 1. Hence

VAT 17 (552 (55 1% (enf e

J

de — 4k3 (1112 — )V (erf Z)je*QZ2 dz))
T omok %(Zf 2(— ( (52, 157 (erfz)iTize” 2% 4z
+(In2— ) §=_(erfz)7ze™ 22* dz))

Using the fact that

0 20
we obtain
s ) (e () e
- <ln2 — %) jg:o(erfz) —22° dz>>2 + (jZ:(—nj(k ; 2)
y <§; % js:o(erf 2)itize 2 g
+ <ln2 - %) OS:o(erfz)jze_2Z2 dz))2).

Thus we have

PROPOSITION 8. A goodness-of-fit test for F' € N(u,0?) is given by

TkN 8]{3 ]Ck (Zln 1_ Uk”uNTH n))

L2 Zlm— Wisifin52)) 230

for k> 1, where fi, = X,, and 57, = £ Y70 (X; — X,,)%.
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Now consider k£ = 1. Then as above

dy (1) = 2v/2 S In(1 — erf 2)

5.2
2z dZ
To 1—erfz

— 00

BEVEIN 2—1)°§o !

ixea

—222
—e dz.
1—erfz

Taking into account that

ln 1—2x)
— ZT 7 (cf. [12, 1.513.6)),

where T} —1+ +. —i—;,we have

442 2
di(p) = — FZTQJ S (erf 2)*e™2% dz
j=1 0

4 oo o0

\/7 g2—1) ZSerszJe 22° dz
j=0 0

2 4[ T

. 2
- (In2-1) — (To; +In2—1) | (exf 2)¥e72* dz
Vo = ]

2 2 & T 0i 9,2
S ﬁ0[1n2—1+2\/;;(T5j+1n2) é(erfz) Je dz},

where we used the fact that erf z is an odd function, and TJ( = %—k % 4.+ %
Similarly

2 T In(l—erfz) 02
2\ 2z
di(07) = To2 S 1—erfz =€ dz
2 T 1 2
~ 2 21 | e
mo? (n ) S 1—erfzze dz

(%) 1
4
= ——Z Ty, 1—|—1n2)§(erfz)2] e %" 4z
o = 5
Hence

oo 1 2
4 2 / 25 —222
K1=;[<1n2—1+2\/; .E_ (T2j+1n2)(§)(erfz)16 >

(i (Ty;—1 +1n2) S (erf Z)2j6_2z2 dz)z],
j=1

0
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and

~ o,
T1N— N IC1 (Zln (1 - F(X4; lin,07))

2
F23 I - PO
i=1

Similarly for k = 2,

2v/2 4 K17
do(p) = — 2In2 — 14+ — Y -~ f2)¥e 2% d
2(1t) \/7_70( +\/7_r;j é(er 2)e z),
16 v 1 T 2
da(0?) = T2 1 S(erfz)QJ 1272 dz,
= 0
and
4 o0 100 2
ICQ:—[<21n2—1+— - erfz)2je 22° dz)
[CERES w11
N
6?(22]—_1 S(erfz)2]ze 2z dz) }
Jj=1 0
Thus
T2N— 16 ICQ (Zln (1 — F(Usi; Jin, 02))

+ Zln 1-F UQZnUfny )))2

Numerical evaluation of K,

k 1 2 3 4 5
Kr  5.084149  4.330119  4.231260 4.443297  4.827289

8°. Let F' € EV(q, 3) (the extreme-value distribution), i.e.
T —a
B
1 ~(@—0)/By,—(w—a)/8 _ _ L
flx) = B exp(—e )e = _B F(x)In F(x).

F(l’)zexp<—exp<— >>, —o<zr<oo; a€R, >0,
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Then

B g

oF 1 T — o 1
=z = _ _ (z—a)/B _ —
exp ( exp < ))e F(z)ln F(x),

OF 1z —0B —(a-0)/B),—(—0)/8
26" 3 7 exp(—e )e
_ %F(m)(— In F(z)) In(= In F(x)).

In what follows we use the following integrals:

1 P oo k
1 dx q
J (ln 5) In(l —gz) == = —T(p+1) kz_l T2

0

whence

Sln:ﬂ In(1 — x) Zk?’:

0

(cf. [12, 3.673.6]),

and
1 I'(q)
{27! (~In2)r  n(~ Inz) do = pj (W(g) —Inp), p>0, ¢>0 (cf. [1])
0
where
F/
V= T vt =, v =

hence

1

(S]xjﬂ(—lnx) In(—Inz)dr = G _:2)2 (1—~—In(j +2)).
Here we treat k = 1 and k > 1 separately. For k > 1 we have

dp(a) = —2k°E(1 — F(X))*2In(1 — F(X)) ‘Z—Z

—2k*E(1 — F(X)) 5

kT

= 2 (- P@)* (1 - F(2)F(z

= -5 V" (1 —y)In(1 - y) Inydy
0

)In F(z)f(x) dzx
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1 2 2k? 1 1
T, — k| — -1} —— |- —T_ =T
(e k(5 om))) -5 [ e e
2k?  [x? 1
= — -1 - —— (T, -1
where T}, and T}’ are defined in 5°.
Similarly

[\
x>
w

di(B) = )k 2yIn(1 — y)(—Iny) In(—Iny) dy

[\

> @
—~
—_

[\v)
T O o O ey

(1—y)" ?y(—Iny) In(—Iny) dy

oy [
w
|
N

|
[\~
SRR
N
e
.|
[\

Vgt (= Iny) In(1 — y) In(—Iny) dy

)
> o
Il
N O

I

|
2 m‘“
g

(=Iny)In(—1Iny)dy

Il
N O

w
ol N
~—~
=
S~—
S,
Ot,n—l O ey = Ot,a»—l
<
<.
+
=

- _%Z i (=17 V(= Iny) In(1 — y) In(—Iny) dy
=0\ J
22 =2 [k —2 ;1 ,
(5 G e 2
3 k—2 . ‘ oo 1
= &Z F .2)(—1)1ZSyZ+J+1(—lny)ln(—lny)dy
ﬁ j=0 J i=10
222 (k-2 ;1
_7;< j >(_1) Grzp 7l +2)
2k3 =X (k-2 e 1 o
:72 j )(—1) ;m(l—v—ln(zﬂﬁ))

x~ ©

|
m|5§ o
g

<
I
=)

(S|

= (k-2 ;o1 .
(F72) 1 g = -G +2)
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U2 2, (k-2 1 .
:‘7?254)(j Vo[t no+)

—k@+2V;;R7:%155u—y—mu+j+mﬂ.
Hence
y P (% - T - (T - )
dy, = 5| S (=1 (") Groz [l =7 —In(j +2)

—k(j+2)* 3%, i(i+]'1+2)2 (1 =7 —n(i +j +2))]
Using the fact that

4621 —=y)2 4726 1—
11:_7{( 7?47/ 7}

T 1—7 1
we obtain
24 k4 w2
Kr = 2 |:<(1 — ’7)2 + F)ai + 2(1 — y)arbg + bi:| ,
where

1 w2 1
- (T = (11
h k—1<6 b =T >)

A e M S

Jj=0 J
—k(j+2)2;m(1—’}'—ln(i+j+2))]
Now we consider k¥ = 1. Then as above
2 [ Iny (-
dﬂ®==—5[gz—ﬂ—yﬂml—wdy+§ " 1(1—wd4
2 1 w2 2
-5 (-F) T fu-co
and similarly
1
) = = 5[V ) dy
1
+ é% (—=lny)In(—1Iny) dy]
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1
T, \y" (= Iny) In(~Iny) dy
0

IS

M

3
Il
_

y" (= Iny) In(— lny)]

+
1M
O ey

:_%[_ZTn(n—i—Q) (1—~—1In(n+2))
= 1
+n§(”+2) (1- ln(n+2))}
2 n+2)
-2 ST g Yo
> 1 ZIn(n+2) 1
+(1_'7)nzo(n+2)2_nzl(n+2)2_ZlHZ]

_ _%[(1—7)<%2—1—§1T"ﬁ>

+ i(Tn _pyln£2) 11112]

(n+2)?2 4

_2 ln B ~ o In(n+2)
_ﬁ[412 Z(T” 2 (n+2)?

It follows that

a=Z((0- %2)“ ~ 211 B+ B),

oo

do = ian—Z(Tn—l) 12512)22) —(1—7)<% —1—;% ﬁ)

n=2

Thus we have

PROPOSITION 9. A goodness-of-fit test for F € EV(a, 3) is given by

~ Uz’_/\n
e MG ES))
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o N Uki — Oy, > b 2
—|—E21n <1—exp<—exp (—T>>>> = x(1),
i=1 "

for k> 2, and for k=1,

= Xi_/\n
v =§E- /c1 (Zln (1_exp <_Ta>>

+2;1n <1—exp<—exp (-%))))2 22,

where a,, and Bn are obtained by solving numerically the equations
oL, 0L,

D0 0

for

Lo(e,f) = —nlnf — Zexp( g“) —%(fn—a).

Numerical evaluation of K,

k 1 2 3 4 5
K 347977  4.09061  4.48721  4.85553  5.24759

9°. Let F' € U(w, 3), i.e. F(x) =

prove

5> @ <z < (. Then by (2.5) we can

PROPOSITION 10. A goodness-of-fit test for F € U(a, 3) is given by

ka_ <Zl 25n_ ki kzl 5n__az> _>X2(1)7

— an
where
ap =min(Xq,...,X,), [n=max(Xq,...,X,).
This follows because /i@, — @) and /1 (B, — 3) both converge to 0 in
probability.

3. Comparisons with other tests. We intend to publish extensive
simulations of the above tests in a further paper. Here we give some results
for the 5% Normal tests in 7°, but only for £ = 1, and k = 2, and only when
the sample size is n = 20. The critical values were obtained using 100,000
samples, and the powers using 25,000 samples. The alternatives used were
chosen from the paper [2]. With the numbering used there, they are:
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Symmetric Skew
1 X, where Y = %ln(%) 37 X ~ Beta(3,2)
and Y ~ N(0,1)
7 X ~ Beta(2,2) 38 X ~ Beta(2,1)
14 X ~ t(10) 44 X ~ Weibull(1,2)
32 X ~t(1) 50 X ~x%(4)
56 X ~ Weibull(1, 3)

The following table shows the powers of fl and fg, and also the powers of

various other tests; these are quoted from [2], but there they were obtained
using only 200 samples. The tests are:

K?2: the Bowman & Shenton test
R: the rectangle test

W: the Shapiro-Wilk test

Y: the D’Agostino tests

At T4 T» K) R W Y

1 26 97 38 40 48 8

7 1.1 66 14 4 2 7
14 106 42 13 10 13 10
32 747 14 79 8 91 92
37 43 52 4 5 8 6
38 214 37 12 11 29 6
44 142 6.6 14 14 19 7
50 424 6.7 40 39 46 24
56 949 5.0 96 96 100 96

@A performs very poorly here, with the power often less than the level.

But 77 compares favourably with the others for some alternatives, although
W is clearly the best.

Acknowledgements. The authors are grateful to the referee for a num-
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