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REGULARITY OF SOLUTIONS IN PLASTICITY.
I: CONTINUUM

Abstract. The aim of this paper is to study the problem of regularity
of solutions in Hencky plasticity. We consider a non-homogeneous material
whose elastic-plastic properties change discontinuously. We prove that the
displacement solutions belong to the space LD(Ω) ≡ {u ∈ L1(Ω,Rn) |
∇u+(∇u)T ∈ L1(Ω,Rn×n)} if the stress solution is continuous and belongs
to the interior of the set of admissible stresses, at each point. The part of
the functional which describes the work of boundary forces is relaxed.

1. Introduction. The principal aim of this contribution is to prove
a theorem on regularity of displacement solutions in Hencky plasticity (see
Theorem 21). We consider a non-homogeneous material whose elastic-plastic
properties change discontinuously. We prove that the displacement solutions
belong to the space LD(Ω) if the stress solution is continuous and belongs
to the interior of the set of admissible stresses, at each point. The part of
the functional which describes the work of boundary forces is relaxed.

In [1] (resp. [5]) the existence of solutions for the relevant integral func-
tional is proved in the space SBV (Ω) of special vector fields with bounded
variation (resp. SBD(Ω) of special vector fields with bounded deformation).
Those authors assume that the potential has nonlinear growth at infinity.

In [17] the problem of regularity of displacement solutions, in a homo-
geneous Hencky material with the von Mises yield criterion, is investigated.
The proof of the main theorem of [17] (Theorem 5.1) is based on the relation
between the displacement field and the associated stress tensor (cf. formula
(1.8) of [17]). But the formula (1.8) describes the relation between the dis-
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placement solution and the stress solution only in the case when the space
of admissible stress fields is given by the inequality (

∑n
i,j=1 |σDij |2)1/2 ≤ k

(see the Prandtl–Reuss law of plasticity [19, formula (2.10b)]). Moreover,
the authors do not consider bodies clamped on the boundary (or on part of
the boundary).

Seregin [22] investigates the local continuity of the stress and displace-
ment solution in a homogeneous Hencky material under the assumption of
regularity of the volume forces. He considers the problem only for displace-
ments which satisfy the boundary condition exactly. Therefore, there is no
study of the relaxation of the displacement boundary condition.

Anzellotti and Giaquinta [3] study the local regularity of the minimizers
of the functionals defined on the space BV (Ω). They obtain the regularity
property of the minimizers under the assumption that the normal integrand

(1.1) Ω × Rn×n 3 (x,p) 7→ j(x,p) ∈ R ∪ {+∞}
is of class C2 with respect to p, and is continuous with respect to the first
variable. They do not consider boundary conditions.

In [10] the problem of regularity of solutions for a static plate is studied.
Kohn and Temam [18] solve the existence problem for an elastic-perfectly

plastic solid made of a homogeneous and isotropic Hencky material. To prove
that the functional of the total potential energy is weak∗ lower semicontin-
uous (l.s.c.) in the space BD(Ω), they use the method of relaxation of the
kinematic boundary condition (see also [23]).

The existence problem for an anisotropic elastic-perfectly plastic solid
made of a non-homogeneous Hencky material, with the Signorini constraints
on the boundary, is solved in [6]. The Signorini problem for an isotropic
homogeneous body made of a Hencky material is solved in [26].

2. Some basic definitions and theorems. LetΩ be a bounded, open,
connected set of class C1 in Rn. The space of continuous functions with
compact support is denoted by Cc. Let C∞(Ω,Rm) be the space of Rm-
valued, infinitely differentiable functions. Moreover, the space of infinitely
differentiable functions equal to 0 at the boundary FrΩ of Ω is denoted
by C∞0 (Ω). Finally, Mb(Ω,Rm) is the space of Rm-valued, Radon, bounded,
regular measures on Ω, with the norm ‖ · ‖Mb(Ω,Rm).

We will use the duality pairs (Mr, Cc) or (Mb, C0), where Mr is the space
of regular measures. Duality pairings will be denoted by 〈·, ·〉, and the scalar
product of z, z∗ ∈ Rn by z · z∗ or zz∗. The scalar product of w, w∗ ∈ Rn×n
is denoted by w : w∗ = wijw∗ij . Let g = (g1, . . . , gm) ∈ C(Ω,Rm) and
µ = (µ1, . . . , µm) ∈Mb(Ω,Rm). Then

�
Ω g·µ =

�
Ω gµ ≡∑m

i=1

�
Ω giµi. If F :

Y → R ∪ {+∞}, then F ∗ denotes its polar function F ∗(y∗) ≡ sup{〈y∗, y〉 −
F (y) | y ∈ Y } and domF ≡ {y ∈ Y | F (y) < ∞} is the effective domain
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of F (see [12]). If Q is a subset of Y , then IQ(·) stands for its indicator
function (taking the value 0 in Q and +∞ elsewhere), and I∗Q(·) stands for
its support function.

Finally, we need the following notations. Let V be a metric space. Then
BV (Ξ, r) is the closed ball in V with center Ξ and radius r. Furthermore,
clV (Z) stands for the closure of Z ⊂ V in the topology of the space V ;
analogously, cl‖·‖(Z) is the closure of the set Z in the norm ‖ · ‖. Similarly
intZ denotes the interior of Z. We will also consider the spaces En of real
n×n matrices and En

s of symmetric real n×n matrices. We set ‖[eij]‖En ≡∑n
i,j=1 |eij| and ‖ · ‖En

s
≡ ‖ · ‖En . We denote by ⊗ (resp. ⊗s) the tensor

product (resp. symmetric tensor product). Let L0(Ω,Rm)µ be the set of
µ-measurable functions from Ω into Rm. If τ ⊂ 2X is a linear topology in a
vector space X, then [X, τ ] denotes the topological space and [X, τ ]∗ is the
space dual to [X, τ ]. We define the following Banach spaces (see [18], [23],
[24]):

(2.1) LD(Ω) ≡
{

u ∈ L1(Ω,Rn)

∣∣∣∣

εij(u) =
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
∈ L1(Ω), i, j = 1, . . . , n

}
,

(2.2) BD(Ω) ≡ {u ∈ L1(Ω,Rn) | εij(u) ∈Mb(Ω), i, j = 1, . . . , n},
with the natural norms

(2.3) ‖u‖LD = ‖u‖L1 +
n∑

i,j

‖εij(u)‖L1 , ‖u‖BD = ‖u‖L1 +
n∑

i,j

‖εij(u)‖Mb .

Moreover,R0 ≡ {u ∈ BD(Ω) | ε(u) = 0} denotes the space of rigid motions
in Rn.

Proposition 1 (see [23]). Let BD(Ω) and L1(FrΩ,Rn) be endowed
with the norm topologies. There exists a continuous surjective linear trace
γB from BD(Ω) into L1(FrΩ,Rn) such that γB(u) = u|FrΩ for all u ∈
BD ∩ C(Ω,Rn).

We define spaces

(2.4) X ≡ Cc(Ω,Rn)× Cc(Ω,En
s ), X0 ≡ {(g,h) ∈ X | g = div h},

endowed with the natural norm

(2.5) ‖g‖C(Ω,Rn) + ‖h‖C(Ω,En
s )

≡ sup{‖g(x)‖Rn | x ∈ Ω}+ sup{‖h(x)‖En
s
| x ∈ Ω}

for g ∈ C(Ω,Rn) and h ∈ C(Ω,En
s ). Then BD(Ω) is isomorphic to the dual

of [X/X0, ‖ · ‖C(Ω,Rn) + ‖ · ‖C(Ω,En
s )] (see [23] and [24]).
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The topology σ((X/X0)∗,X) = σ(BD(Ω), Cc(Ω,Rn) × Cc(Ω,En
s )) is

called the weak∗ BD topology . A net {uδ}δ ∈D ⊂ BD(Ω) is convergent to
u0 ∈ BD(Ω) in this topology if and only if for all (g,h) ∈ X,

(2.6) �
Ω

g · (u0 − uδ) dx+ �
Ω

h : ε(u0 − uδ)→ 0

(see [13, pp. 73–81] and [11, pp. 26–29]). For every ϕ ∈ L1(FrΩ,Rn), the set
{u ∈ BD(Ω) | γB(u) = ϕ} is dense in the space [BD(Ω), weak∗ topology]
(see [6, Proposition 2.5]). Then the trace operator γB is not continuous
on [BD(Ω), weak∗ topology] if the space L1(FrΩ,Rn) is endowed with a
Hausdorff topology (or a T1-topology, see [13, Chap. 1, Sec. 5] and [23]).

Definition 1 (see [23] and [13, Chap. 1, Sec. 6]). A net {uδ}δ∈D con-
verges to u0 (in the topology (2.7)–(2.8)) if

(2.7) uδ → u0 in ‖ · ‖Lp(Ω,Rn) ∀p such that 1 ≤ p < q = n/(n− 1)

and weakly in Lq(Ω,Rn) (if n = 1 then q =∞),

(2.8) ε(uδ)→ ε(u0) weak∗ in Mb(Ω,En
s ).

Proposition 2 (cf. [6]). The weak∗ BD(Ω) topology and the topology
(2.7)–(2.8) are equivalent on bounded subsets of BD(Ω).

Proof. Every bounded net {uδ}δ∈D in BD contains a finer net, conver-
gent in (2.7)–(2.8) (see [23]). Then cl‖·‖BD B(0, r) is a compact set in (2.7)–
(2.8) and in the weak∗ BD topology. Moreover, the weak∗ BD topology is
weaker than the (2.7)–(2.8) topology, and among all Hausdorff topologies,
compact topologies are minimal (see [13, Corollary 3.1.14]).

The injection of [BD(Ω), weak∗] into [Lp(Ω,Rn), weak topology] is con-
tinuous on bounded subsets of BD(Ω), where 1 ≤ p ≤ q = n/(n−1) (q =∞
if n = 1).

We define the Banach space of measurable functions

(2.9) Wn(Ω,div) ≡ {σ ∈ L∞(Ω,En
s ) | divσ ∈ Ln(Ω,Rn)}

endowed with the natural norm

‖σ‖Wn(Ω,div) = ‖σ‖L∞(Ω,En
s ) + ‖divσ‖Ln(Ω,Rn)

(cf. [23, Chapter 2, Section 7] and [6]). The distribution σ : ε(u), where
σ ∈Wn(Ω,div), u ∈ BD(Ω), defined (for every ϕ1 ∈ C∞c (Ω)) by

(2.10) 〈σ : ε(u), ϕ1〉D′×D = − �
Ω

(divσ) · uϕ1 dx− �
Ω

σ : (u⊗ gradϕ1) dx,

is a bounded measure on Ω, and it is absolutely continuous with respect to
|ε(u)| (see [23]).

Assumption 1. Let Ω and Ω1 be bounded open connected sets of class
C1 in Rn. Moreover, let Ω ⊂⊂ Ω1.
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Theorem 3 (cf. [23]). There exists a continuous, linear , surjective, open
map βB from [Wn(Ω,div), ‖ · ‖Wn(Ω,div)] onto [L∞(FrΩ,Rn), ‖ · ‖L∞ ] such
that for every σ ∈ C(Ω,En

s ), βB(σ) = σ|FrΩ · ν, where ν denotes the
exterior unit vector normal to FrΩ. Furthermore, for all u ∈ BD(Ω) and
all σ ∈Wn(Ω,div), the following Green formula holds:

(2.11) �
Ω

σ : ε(u) + �
Ω

(divσ) · u dx = �
FrΩ

βB(σ) · γB(u) ds.

Remark 1 (see [6, Lemma 2.13]). For all σ ∈ W n(Ω,div) there exists
σ1 ∈Wn(Ω1,div) such that σ1|Ω = σ.

3. Auxiliary theorems and spaces. In this paper, the Lebesgue and
Hausdorff measures on Ω and FrΩ are denoted by dx and ds, respectively.
Let Γ0 and Γ1 (Γ1 = Γ 1) be Borel subsets of FrΩ such that Γ0 ∩ Γ1 = ∅
and ds(FrΩ − (Γ0 ∪ Γ1)) = 0. We will consider an elastic-perfectly plastic
body, occupying the given set Ω. We first introduce some functions. Let
K : Ω → 2En

s be a multifunction.

Assumption 2 (cf. [6], [8, p. 401] and [15, p. 19]). For every y ∈ Ω,

(3.1) K(y) = {z(y) | z ∈ C(Ω,En
s ), z|intΩ ∈Wn(Ω,div),

z(x) ∈ K(x) for dx-a.e. x ∈ Ω}.
Moreover, for all x ∈ Ω, K(x) is a convex and closed subset in En

s .

The set K(x) is the elasticity convex domain at the point x.
Let ∅ 6= K1 ⊂ K2 be convex closed subsets in En

s . Moreover, let Ω = Ω̃1∪
Ω̃2, Ω̃1∩Ω̃2 = ∅, Ω̃2 = int Ω̃2 (interior with respect to Ω) and Ω̃1 = cl int Ω̃1.
Then the multifunctionKs, defined by Ks(x) = K1 if x ∈ Ω̃1 and Ks(x) = K2

if x ∈ Ω̃2, satisfies Assumption 2. From (3.1) we see that if z(x) ∈ K(x) a.e.
in Ω and z ∈ C(Ω,En

s ), z|intΩ ∈ Wn(Ω,div) then z(x) ∈ K(x) for every
x ∈ Ω.

Assumption 3. There exists r1 > 0 such that BEn
s
(0, r1) ⊂ K(x) for

every x ∈ Ω. Moreover, there exist a > 0, [qij ] ∈ L∞(Ω,En
s ) and aijkl ∈

L∞(Ω,R) for i, j, k, l ∈ {1, . . . , n} such that

(3.2)
n∑

i,j,k,l=1

aijkl(x)w∗ijw
∗
kl > a‖[w∗ij ]‖2En

s
,

(3.3) j∗(x, [w∗ij ]) =
n∑

i,j,k,l=1

aijkl(x)(w∗ij − qij(x))(w∗kl − qkl(x)) + IK(x)([w
∗
ij])

for dx-a.e. x ∈ Ω and for every [w∗ij ] ∈ En
s .
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We define

(3.4) j(x,w) ≡ j∗∗(x,w) ≡ sup{w : w∗ − j∗(x,w∗) | w∗ ∈ En
s }

for dx-a.e. x ∈ Ω and all w ∈ En
s . By Assumption 3 there exists k > 0 such

that

(3.5) cnr1‖w‖En
s
− k ≤ j(x,w) for dx-a.e. x ∈ Ω,

where the positive constant cn depends only on n (cf. definition of the norm
‖ · ‖En

s
in Section 2). Define j∞ : Ω ×En

s → R ∪ {+∞} by

(3.6) j∞(x,w) ≡ sup{w : w∗ − IK(x)(w
∗) | w∗ ∈ En

s }
for x ∈ Ω and w ∈ En

s . Because of Assumption 3 we have

(3.7) cnr1‖w‖En
s
≤ j∞(x,w), ∀x ∈ Ω,

where the positive constant cn depends only on n.
Let f ∈ Ln(Ω,Rn) and g ∈ L∞(Γ1,Rn). In this paper we consider the

functional

(3.8) BD(Ω) 3 u 7→ λF (u) +Gj(ε(u)),

where

(3.9) λF (u) ≡ −λL(u) + ICa(u0)(u), L(u) ≡ �
Ω

f · u dx+ �
Γ1

g · γB(u) ds,

and define the subset Ca(u0) of BD(Ω) by

(3.10) Ca(u0) ≡ {u ∈ BD(Ω) | γB(u)|Γ0 = u0 on Γ0, u0 ∈ L1(Γ0,Rn)}.
The functional Gj : Mb(Ω,En

s )→ R ∪ {+∞} is given by

(3.11) Gj(µ) ≡





�
Ω j(x,µ) dx if µ ∈ L1(Ω,En

s ), i.e. µ is absolutely

continuous with respect to dx,

+∞ otherwise.
The expression (3.8) describes the total elastic-perfectly plastic energy

of a body occupying the given subset Ω of Rn. This body is subjected to
volume forces f ∈ Ln(Ω,Rn) and boundary forces g ∈ L∞(Γ1,Rn). The
constant λ ≥ 0, λ <∞ is the load multiplier (see [23, Chap. 1, Sec. 4]). The
set Ca(u0) consists of the kinematically admissible displacement fields for
the body clamped on Γ0 (see [6] and [23]).

Proposition 4 (see [23, p. 255]). If u ∈ BD(Ω1), then

(3.12) ε(u) = ε(u)|Ω + ε(u)|Ω1−Ω + (γOB (u)− γIB(u))⊗s ν ds,
where the inside trace γIB : BD(Ω) → L1(FrΩ,Rn) and outside trace γOB :
BD(Ω1 − Ω) → L1(FrΩ,Rn) are given by the formulae γIB(u) = u|FrΩ

for u ∈ BD(Ω) ∩ C(Ω,Rn), and γOB (u) = u|FrΩ for u ∈ BD(Ω1 − Ω) ∩
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C(Ω1 − Ω,Rn), respectively , and where ⊗s denotes the symmetric tensor
product : (p⊗s ν)ij ≡ (piνj + pjνi)/2.

Definition 2 (see [16]). A Borel set C ⊆ Rn is called a Caccioppoli set
if sup{

�
C div f̃ dx | f̃ ∈ C1

0(Ω2,Rn), ‖f̃(x)‖Rn ≤ 1 ∀x ∈ Ω2} < ∞ for all
bounded open subsets Ω2 of Rn.

Remark 2. For every σ ∈ W n(Ω1,div) and u ∈ BD(Ω1) the distri-
bution σ : ε(u) is a regular measure on Ω1. Then there exist sequences
{Ωk

c }k∈N and {Ωk
0}k∈N of subsets of Ω1 such that

clΩk
c = Ωk

c ⊂ FrΩ ⊂ Ωk
0 = intΩk

0 , ∀k ∈ N,(3.13)

if k1 < k2 then Ωk1
c ⊂ Ωk2

c ⊂ Ωk2
0 ⊂ Ωk1

0 ,(3.14)

|σ : ε(u)|(Ωk
0 −Ωk

c ) < 1/k, ∀k ∈ N.(3.15)

Moreover, by Urysohn’s Lemma [13, Theorem 1.5.10], for every k ∈ N, there
exists a continuous function ψk : Ω1 → [0, 1] such that ψk(x) = 1 for x ∈ Ωk

c

and ψk(x) = 0 for x ∈ Ω1− Ωk
0 . Then for every ϕ ∈ Cc(Ω1) we have�

FrΩ ϕσ : ε(u) = limk→∞
�
Ω1
ψkϕσ : ε(u) (cf. [2, Theorem 3.1]).

Lemma 5. If there exists a closed Caccioppoli set C ⊂ Ω1 (C = cl int C)
such that Γ2 = FrΩ ∩ C, with ds(FrΩ ∩ Fr C) = 0, then for all u ∈ BD(Ω1)
and all σ ∈Wn(Ω1,div),

(3.16) �
Γ2

βB(σ|Ω) · (γOB (u)− γIB(u)) ds = �
Γ2

σ : [(γOB (u)− γIB(u))⊗s ν] ds,

where we denote σ : ε(u)|FrΩ by σ : [(γOB (u)− γIB(u))⊗s ν] ds.

Proof. Step 1. We prove that βB(σ|Ω) = −βB(σ|Ω1−Ω) on FrΩ for

every σ ∈Wn(Ω1,div). Indeed, for every f̂ ∈ L1(FrΩ,Rn) there exist u1 ∈
LD(Ω) and u2 ∈ LD(Ω1 − Ω) such that γB(u1) = γB(u2) = f̂ (cf. [23,
Chapter 2, Theorem 1.1]). By (2.11) and [23, Chapter 2, Lemma 2.2] we get

(3.17) �
Ω∪(Ω1−Ω)

[σ : ε(u) + (divσ) · u] dx

− �
FrΩ

[βB(σ|Ω1−Ω) + βB(σ|Ω)] · γB(u|Ω) ds

= �
Ω1

σ : ε(u) dx+ �
Ω1

(divσ) · u dx

for every (u,σ) ∈ LD(Ω1) × Wn(Ω1,div). Therefore, for every (f̂ ,σ) ∈
L1(FrΩ,Rn)×Wn(Ω1,div),

�
FrΩ [βB(σ|Ω1−Ω) + βB(σ|Ω)] · f̂ ds = 0.



344 J. L. Bojarski

Step 2. Let u1 ∈ BD(Ω1) and u1|Ω1−Ω = 0. By Proposition 4 and (2.11),

�
Ω

σ : ε(u1) + �
Ω

(divσ) · u1 dx = �
FrΩ

σ : (γIB(u1)⊗s ν) ds.

Replacing Ω by Ω1 −Ω, we get

(3.18) �
FrΩ

βB(σ|Ω)·(γOB (u)−γIB(u)) ds = �
FrΩ

σ : [(γOB (u)−γIB(u))⊗sν] ds

for u ∈ BD(Ω1). Let XC(x) = 1 if x ∈ C and XC(x) = 0 otherwise. Then,
for every u ∈ BD(Ω1), XCu ∈ BD(Ω1) and we get

�
C∩FrΩ

βB(σ)(γOB (u)− γIB(u)) ds = �
FrΩ

βB(σ)(γOB (XCu)− γIB(XCu)) ds(3.19)

= �
Γ2

σ : [(γOB (u)− γIB(u))⊗s ν] ds.

Assumption 4. Let Γ1 = FrΩ ∩ C, where C = cl int C ⊂ Ω1 is a closed
Caccioppoli set and ds(FrΩ ∩ Fr C) = 0.

Let µ ∈ Mb(Ω,En
s ). We recall that |µ| is the total variation measure

associated with µ, i.e. for every µ-measurable subset Ω̃ of Ω we have
|µ|(Ω̃) = sup{

�
Ω̃ ϕ : µ | ϕ ∈ C0(Ω,En

s ),maxi,j(‖ϕij‖C(Ω)) ≤ 1}. Then
‖µ‖Mb(Ω) =

�
Ω |µ|. The density of µ with respect to |µ| will be denoted by

dµ/d|µ|. Let µ = µa(x) dx + µs be the Lebesgue decomposition of µ into
absolutely continuous and singular parts with respect to dx.

4. The scheme of duality in Hencky plasticity. In this section we
define the duality between the displacement formulation and the stress for-
mulation of the variational problem in Hencky plasticity (cf. [12, Chapter 3]).
We prove (similarly to [25]) the existence theorem for the stress problem (see
Theorem 7) for an elastic-perfectly plastic solid, made of a non-homogeneous
Hencky material, where the following condition is fulfilled:

(4.1) ∃r2 > 0,∀x ∈ Ω K(x) ⊂ BEn
s
(0, r2).

Let

(4.2) V ≡ [LD(Ω), ‖ · ‖LD], Y ≡ [L1(Ω,En
s ), ‖ · ‖L1(Ω,En

s )]

(cf. [12, Chapter 3]). Moreover, let

(4.3) V ∗ = LD∗(Ω) = [LD(Ω), ‖ · ‖LD]∗, Y ∗ = [L∞(Ω,En
s ), σ(L∞, L1)].

The linear operator ε : LD(Ω) → L1(Ω,En
s ) = Y is continuous (cf. (2.1)).

Below, the following functional is considered:

(4.4) LD(Ω) 3 u 7→ λF (u) +Gj(ε(u)).
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Let γB(u0) = u0 on Γ0 where u0 ∈ LD(Ω) (see [23, Chapter 2, Theorem
1.1]).

Lemma 6 (cf. [25] and [23, Chapter 1, Lemma 2.2]). The dual problem
of

(4.5) (Pλ) find inf{λF (u) +Gj(ε(u)) | u ∈ LD(Ω)}
is

(4.6) (P ∗λ) find sup{−(λF )∗(−ε∗(σ))−G∗j (σ) | σ ∈ L∞(Ω,En
s )},

where

(4.7) (λF )∗(−ε∗(σ)) =




−

�
Γ0
βB(σ) · u0 ds if divσ = −λf in Ω

and βB(σ) = λg on Γ1,
+∞ otherwise,

and

(4.8) G∗j (σ) = �
Ω

j∗(x,σ) dx.

The trace βB(σ) ∈ L∞(FrΩ,Rn) exists (cf. Theorem 3). Moreover , ε∗(σ) =
(divσ,βB(σ)), where the bilinear pairing between V and ε∗(Y ∗) is given by

(4.9) 〈u, ε∗(σ)〉V×ε∗(Y ∗) = − �
Ω

(divσ)u dx+ �
FrΩ

βB(σ)γB(u) ds.

Proof. (i) First we prove (4.8). Because of (3.3), the function j is a convex
normal integrand. By [21, Theorem 3A and Proposition 2M] we get (4.8),
since L1(Ω,En

s ) is a decomposable space and j(x,0) ≤ 0 for dx-a.e. x ∈ Ω
(j∗ is a non-negative function).

(ii) We apply Lemma 2.1 of [23, Chapter 1] with v0 = u0 ∈ Ṽ = LD(Ω),

(4.10) 〈v∗0,u〉LD∗×LD = −λ
( �
Ω

f ·u dx+ �
Γ1

g ·γB(u) ds
)
, ∀u ∈ LD(Ω),

and where B is the set of u in LD(Ω) such that γB(u) vanishes on Γ0. We
deduce from this lemma that (λF1)∗(−ε∗(σ)) is equal to

(4.11) Qu0(σ) ≡ 〈−ε∗(σ),u0〉LD∗×LD + λ
( �
Ω

f · u0 dx+ �
Γ1

g · γB(u0) ds
)

if Qu(σ) = 0 for every u ∈ B, and to +∞ if Qu1(σ) 6= 0 for some u1 ∈ B.
Writing Qu(σ) = 0 with u replaced by û ∈ LD0 ≡ {u ∈ LD(Ω) | γB(u) = 0
on FrΩ}, we see that

(4.12) 〈−σ, ε(û)〉L∞×L1 + λ �
Ω

f · û dx = 0,

(4.13) 〈−ε∗(σ), û〉LD∗×LD + λ �
Ω

f · û dx = 〈λf − ε∗(σ), û〉LD∗×LD = 0
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for every û ∈ LD0(Ω). By (2.11) and (4.12) we obtain
�
Ω(λf + divσ) ·

û dx = 0 for every û ∈ LD0(Ω), or in other words λf = −divσ in the sense
of distributions on Ω. The trace βB(σ) on FrΩ exists, because divσ =
−λf ∈ Ln(Ω,Rn) (see Theorem 3). In the case when Qu(σ) = 0 for every
u ∈ B, by (2.11), we have

(4.14) 0 = �
Γ1

(λg − βB(σ)) · γB(u) ds, ∀u ∈ B,

because divσ = −λf and γB(u) = 0 on Γ0 for every u ∈ B. The trace γB
is a function onto L1(FrΩ,Rn), hence βB(σ) = λg on Γ1. By (4.11) and
(2.11) we obtain

(4.15) (λF1)∗(−ε∗(σ))

= 〈−σ, ε(u0)〉L∞×L1 + λ
( �
Ω

f · u0 dx+ �
Γ1

g · γB(u0) ds
)

= �
Ω

(λf + divσ) · u0 dx− �
FrΩ

βB(σ) · γB(u0) ds+ λ �
Γ1

g · γB(u0) ds

= − �
Γ0

βB(σ) · γB(u0) ds.

Theorem 7 (see [25] and [23]). Suppose inf(Pλ) is finite. Moreover , as-
sume that inclusion (4.1) holds. Then inf(Pλ) = sup(P ∗λ ) and (P ∗λ ) has at
least one solution σ0 ∈Wn(Ω,div), where (P ∗λ) is defined by (4.6)–(4.8).

Proof. The function

(4.16) L1(Ω,En
s ) 3 p 7→ G1,j(ε(u) + p) ∈ R ∪ {+∞}

is l.s.c. in the topology σ(L1(Ω,En
s ), L∞(Ω,En

s )), where u ∈ LD(Ω). Indeed,
by (4.8) and [21, Theorem 3A and Proposition 2M] we get

G∗∗j (p) ≡ sup
{ �
Ω

p : σ dx− �
Ω

j∗(x,σ) dx
∣∣∣σ ∈ L∞(Ω,En

s )
}

(4.17)

= �
Ω

j(x,p) dx, ∀p ∈ L1(Ω,En
s ),

since j∗∗ = j (cf. (3.11)). By the Mazur Lemma the function (4.16) is l.s.c.
in the norm ‖ · ‖L1 , because the epigraph of (4.16) is closed in the norm R×
L1(Ω,En

s ) 3 (z,p) 7→ |z|+‖p‖L1(Ω,En
s ). By (4.1) we have j(x,w) =j∗∗(x,w)

≤ cnr2‖w‖En
s

for every w ∈ En
s and dx-a.e. x ∈ Ω, where cn > 0 depends

only on n. Thus domGj = L1(Ω,En
s ). Because of [12, Chapter 1, Corollary

2.5], the function (4.16) is continuous on the whole space [L1(Ω,En
s ), ‖·‖L1 ].

By [12, Chapter 3, Theorem 4.1] the proof is complete.
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5. The scheme of duality for the relaxed functional. In this sec-
tion we define the functional of energy, where the work of boundary forces
is relaxed. We find the dual problem and show the existence theorem.

Let the condition (4.1) be satisfied. Moreover, let

λFr(u) ≡ − λ
( �
Ω

f · u dx+ �
Γ1

g · γB(u) ds
)

(5.1)

+ �
Γ1

r‖γB(u)‖ERn ds+ ICa(u0)(u)

for every u ∈ LD(Ω), where ‖ · ‖ERn is the Euclidean norm in Rn.

Definition 3 (cf. [8]). A subset H0 of L0(Ω,Rm)µ is said to be PCU-
stable if for any continuous partition of unity (α0, . . . , αd) such that α0, . . . ,

αd ∈ C∞(Ω,R), and any z0, . . . , zd ∈ H0, the sum
∑d

i=0 αizi is in H0.

Lemma 8. The dual problem to the relaxed formula

(5.2) (Pλ,r) find inf{λFr(u) +Gj(ε(u)) | u ∈ LD(Ω)},

is

(5.3) (P ∗λ,r) find sup{−(λFr)∗(−ε∗(σ))−G∗j (σ) | σ ∈ L∞(Ω,En
s )},

where

(5.4) (λFr)∗(−ε∗(σ)) =





�
Γ1
IBE(0,r)(λg− βB(σ)) ds−

�
Γ0
βB(σ) · u0 ds

if divσ = −λf in Ω,
+∞ otherwise,

and G∗j is given in (4.8). Here BE(0, r) is the closed ball in the space Rn,
endowed with Euclidean norm ‖ · ‖ERn.

Proof. In view of the proof of Lemma 6, it suffices to show (5.4) for
σ ∈ Y ∗. Since LD(Ω) is PCU -stable, by [8, Theorem 1] we obtain

(5.5) (λF )∗(−ε∗(σ)) ≡ sup
u∈V
{〈u,−ε∗(σ)〉V×ε∗(Y ∗) − λFr(u)}

= sup
u∈V

{ �
Ω

(divσ)u dx− �
FrΩ

βB(σ)γB(u) ds+ λ
( �
Ω

f · u dx

+ �
Γ1

g · γB(u) ds
)
− �
Γ1

r‖γB(u)‖ERn ds− ICa(u0)(u)
}

= sup
u∈V

{ �
Ω

[divσ + λf ]u dx+ �
Γ1

(λg − βB(σ))γB(u) ds
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− �
Γ1

r‖γB(u)‖ERn ds− �
Γ0

[βB(σ) · γB(u)− I{z∈Rn|z=u0}(γB(u))(x)] ds
}

= �
Ω

I{z∈Rn|z=−f}(divσ) dx+ �
Γ1

IBE(0,r)(λg−βB(σ)) ds− �
Γ0

βB(σ) · u0 ds.

Theorem 9. Suppose inf(Pλ,r) is finite. Moreover , assume that inclu-
sion (4.1) holds. Then inf(Pλ,r) = sup(P ∗λ,r) and (P ∗λ,r) has at least one
solution σ0 ∈Wn(Ω,div), where (P ∗λ,r) is defined by (4.8), (5.3) and (5.4).

Proof. Similar to that of Theorem 7.

6. Regularity of displacement solutions. In this section it is proved
that the displacement solutions of the relaxed functional belong to the space
LD(Ω) (cf. Theorem 21). In this section we assume that u0 = 0 on Γ0.
Moreover, we do not assume that the set K(x) is bounded for any x ∈ Ω.

The functional dP ∗λ,re is defined by the expression

(6.1) Wn(Ω,div) 3 σ 7→ dP ∗λ,re(σ) = −(λFr)∗(−ε∗(σ))−G∗j (σ),

where (λFr)∗ and G∗j are given by (5.4) and (4.8). We define

(6.2) Y1(Ω) ≡ {M ∈Mb(Ω,En
s ) | ∃u1 ∈ BD(Ω1),

ε(u1)|Ω = M, u1|Ω1−Ω = 0}.
The bilinear pairing between M ∈ Y1(Ω) and σ ∈Wn(Ω,div) is introduced
below. Let ε(u) = M, where u ∈ BD(Ω1) and u|Ω1−Ω = 0. Moreover, let
σ1 ∈Wn(Ω1,div) where σ1|Ω = σ (see Remark 1); then we define

〈M,σ〉Y1×Wn(Ω,div) = �
Ω

σ1 : ε(u)(6.3)

= �
Ω

σ : ε(u)|Ω − �
FrΩ

βB(σ) · γIB(u) ds

(cf. formulae (2.10), (3.12) and (3.16)).

Remark 3. The definition of spaces in duality requires that for every
σ ∈Wn(Ω,div), σ 6= 0, there exists M = ε(u) ∈ Y1(Ω) such that

(6.4) �
Ω

σ : M = �
Ω

σ : ε(u)− �
FrΩ

βB(σ) · γIB(u) ds 6= 0.

But for every σ ∈ W n(Ω,div) such that divσ = 0 in Ω, and for every
M = ε(u) ∈ Y1(Ω),

(6.5) �
Ω

σ : ε(u)− �
FrΩ

σ : (γIB(u)⊗s ν) ds = − �
Ω

(divσ) · u dx = 0

(see (2.11) and (3.16)). Therefore the duality should be defined between the
spaces Y1(Ω) and Wn(Ω,div)/{σ ∈ C(Ω,En

s ) | divσ = 0}. To simplify the
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proofs, the previous definition, given by (2.9) and (6.3), is considered here.
We do not get a contradiction, since we do not use the Hausdorff property
of the topology σ(W n(Ω,div),Y1(Ω)).

We define the subspace Cdiv(Ω,En
s ) of Wn(Ω,div) by

(6.6) Cdiv(Ω,En
s ) ≡ {σ ∈ C(Ω,En

s ) | σ|Ω ∈Wn(Ω,div)}.
We say that a net {Mδ}δ∈D ⊂ Y1(Ω) is convergent to M0 ∈ Y1 in the
topology σ(Y1(Ω), Cdiv(Ω,En

s )) if 〈Mδ −M0,σ〉Y1×Wn(Ω,div) → 0 for all
σ ∈ Cdiv(Ω,En

s ). Similarly, a net {Mδ}δ∈D ⊂ Y1 is convergent to M0
in σ(Y1(Ω),Wn(Ω,div)) if 〈Mδ − M0,σ〉Y1×Wn(Ω,div) → 0 for all σ ∈
Wn(Ω,div).

The space BD(Ω) is isomorphic to A ≡ {u ∈ BD(Ω1) | u|Ω1−Ω = 0} (cf.
Assumption 1). Moreover, A is isomorphic to Y1(Ω), and the isomorphism
is given by the formula

(6.7) {u ∈ BD(Ω1) | u|Ω1−Ω = 0} = A 3 u 7→ ε(u)|Ω ∈ Y1(Ω).

The Banach spaces [BD(Ω), ‖ · ‖BD] and [Y1(Ω), ‖ · ‖Mb(Ω)] are isomorphic
(cf. [6, Proposition 4.24]). Each closed ball cl‖·‖(B(0, r)) (in Y1) is compact
in the topology σ(Y1(Ω), Cdiv(Ω,En

s )), where cl‖·‖ denotes the closure in the
norm of BD(Ω) (see [6, Proposition 4.23]). The space [cl‖·‖BD(BBD(0, r2)),
weak∗ BD(Ω) topology] is isomorphic to [cl‖·‖BD(BBD(0, r2)), σ(Y1(Ω),
Cdiv(Ω,En

s ))] (cf. [6, Proposition 4.25]).

Proposition 10. Every closed ball cl‖·‖Mb (B(0, r2)) (in Y1(Ω)) is com-

pact in the topology σ(Y1(Ω),Wn(Ω,div)). For n = 1, Ln/(n−1)(Ω,Rn) is
replaced by L∞(Ω,R1) in the proof below.

Proof. Step 1. Let {ε(uδ)|Ω}δ∈D ⊂ Y1(Ω) be a bounded net in the
norm ‖ · ‖Mb(Ω). Then {uδ|Ω}δ∈D ⊂ BD(Ω) is a ‖ · ‖BD-bounded net.

There exists a continuous injection of BD(Ω) into Ln/(n−1)(Ω,Rn) (see [23,
Chapter 2, Theorem 2.2]). Hence {uδ|Ω}δ∈D is a bounded net in Ln/(n−1).
Therefore, there exists a finer net {uδα}α∈A ⊂ {uδ}δ∈D and a function
u1 ∈ Ln/(n−1)(Ω,Rn) such that

〈ε(uδα),σ〉Y1×Wn(Ω,div) = − �
Ω

(divσ) · uδα dx→ − �
Ω

(divσ) · u1 dx

for every σ ∈Wn(Ω,div), since divσ ∈ Ln(Ω,Rn). Moreover, there exists a
finer net {uδαβ } and a measure µ1 ∈Mb(Ω,En

s ) such that
�
Ω ϕ : ε(uδαβ )→

�
Ω ϕ : µ1 for every ϕ ∈ C1

0(Ω,En
s ). The symmetric distributional derivative

ε(u1) of u1 is equal to µ1, since C1
0(Ω1,En

s ) ⊂ Wn(Ω1,div). Thus u1 ∈
BD(Ω) and ε(uδαβ )|Ω converges to ε(ũ1)|Ω in σ(Y1(Ω), Wn(Ω,div)), where

ũ1 ∈ BD(Ω1), ũ1|Ω = u1 in Ω and ũ1|Ω1−Ω = 0 in Ω1 −Ω.
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Step 2. The net {ε(uδ)|Ω}δ∈D⊂Y1(Ω) is contained in a closed, bounded
ball cl‖·‖Mb (B(0, r2)). Then for every δ ∈ D,

(6.8) ‖ε(uδ)|Ω‖Mb = sup{〈ε(uδ),σ〉Y1×Wn(Ω1,div)|
σ ∈ C1

0(Ω1,En
s ), ‖σ(x)‖En

s
≤ 1, ∀x ∈ Ω1} ≤ r2.

By (6.3) we get ‖ε(ũ1)|Ω‖Mb ≤ r2. Then ε(ũ1)|Ω ∈ cl‖·‖Mb (BY1(Ω)(0, r2)).

Theorem 11. The topologies σ(Y1(Ω), Cdiv(Ω,En
s )) and σ(Y1(Ω),

Wn(Ω,div)) are equivalent in every closed ball cl‖·‖Mb (BY1(Ω)(0, r2)).

Proof. The Hausdorff topology σ(Y1(Ω), Cdiv(Ω,En
s )) is weaker than

σ(Y1(Ω),Wn(Ω,div)). Moreover, among all Hausdorff topologies, compact
topologies are minimal (see [13, Corollary 3.1.14] and Proposition 10).

Assumption 5. There exists σL ∈ Cdiv(Ω,En
s ) such that dP ∗λ,re(σL) =

sup(P ∗λ,r) < ∞, βB(σL) = λg on Γ1 and σL(x) ∈ K(x). Moreover, there
exists δ0 > 0 such that dist(σL(x),FrK(x)) = inf{‖σL(x) − z‖En

s
| z ∈

FrK(x)} > δ0 for every x ∈ Ω.

By Assumption 5 the boundary force g ∈ L∞(Γ1, Rn) is a regular func-
tion.

Define Tr : Y1(Ω)→ R ∪ {+∞} by

Tr(ε(u)|Ω) ≡ �
FrΩ

βB(σL) · γIB(u) ds− �
Ω

σL : ε(u)|Ω(6.9)

− �
Γ1

βB(σL)γIB(u) ds+ �
Γ1

r‖γIB(u)‖ERn ds

+ �
Γ0

I{γIB(u)⊗sν=0}(−γIB(u)⊗s ν) ds+ �
Ω

j(x, ε(u)) dx

if u|Ω ∈ LD(Ω) and u|Ω1−Ω = 0, and Tr(ε(u)|Ω) ≡ +∞ otherwise. By
(2.11) we have Tr(ε(u)|Ω) = λFr(u|Ω) + Gj(ε(u|Ω)) if u|Ω ∈ LD(Ω) and
u|Ω1−Ω = 0.

Because of the duality between Y1(Ω) and Wn(Ω,div), we define a func-
tional T ∗λ on the linear space Cdiv(Ω,En

s ) + {σ ∈ Wn(Ω,div) | divσ = 0}
by

(6.10) T ∗r (σ) = sup{〈ε(u)|Ω ,σ〉Y1×Wn(Ω,div)− Tr(ε(u)|Ω) | u ∈ BD(Ω1),

u|Ω ∈ LD(Ω) and u|Ω1−Ω = 0}.
The bidual functional T ∗∗r : Y1(Ω)→ R ∪ {+∞} is defined by

(6.11) T ∗∗r (ε(u)|Ω) = sup{〈ε(u)|Ω, σ〉Y1×Wn(Ω,div) − T ∗r (σ) |
σ ∈ Cdiv(Ω,En

s ) + {σs ∈Wn(Ω,div) | divσs = 0}}
for u ∈ BD(Ω1) with u|Ω1−Ω = 0.
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Because of (3.12), the space Y1(Ω)|FrΩ is isomorphic to {−γB(u)⊗sν ∈
L1(FrΩ,En

s ) | u ∈ BD(Ω)}. The extension Ỹ1(Ω) of Y1(Ω) is given by

(6.12) Ỹ1(Ω) ≡ {(z,−γIB(u)⊗s ν)

∈ span(ε(BD(Ω)), L1(Ω,En
s ))×Y1(Ω)|FrΩ |

∃w ∈ L1(Ω,En
s ), ∃ũ ∈ BD(Ω) such that z = wdx+ ε(ũ)

and γIB(u)⊗s ν = γB(ũ)⊗s ν}.
The bilinear pairing between Ỹ1(Ω) and Wn(Ω,div) is given by

(6.13) 〈(z,−γIB(u)⊗s ν),σ〉1 ≡ �
Ω

σ : z− �
FrΩ

βB(σ) · γIB(u) ds

for every σ ∈ Wn(Ω,div) and every (z,−γIB(u) ⊗s ν) ∈ Ỹ1(Ω). A net
{Mt}t∈T ⊂ Ỹ1(Ω) is convergent to M0 in σ(Ỹ1(Ω),Wn(Ω,div)) if and
only if 〈Mt,σ〉1 → 〈M0,σ〉1 for all σ ∈ Wn(Ω1, div). The extension of Tr
onto the space Ỹ1(Ω) (denoted by T̃r) is given by

(6.14) T̃r(z,−γB(u)⊗s ν)

≡ − 〈(z,−γB(u)⊗s ν), σL〉1 − �
Γ1

βB(σL)γB(u) ds+ �
Γ1

r‖γIB(u)‖ERn ds

+ �
Γ0

I{γB(u)⊗sν= 0}(−γB(u)⊗s ν) ds+ �
Ω

j(x, z) dx

if z = wdx+ε(u) with w ∈ L1(Ω,En
s ), u ∈ LD(Ω), and T̃r(z,−γB(u)⊗sν)

≡ +∞ otherwise.
By the duality between Ỹ1(Ω) and Wn(Ω,div) we define a functional

T̃ ∗r on the linear space Cdiv(Ω,En
s ) + {σ ∈Wn(Ω,div) | divσ = 0} by

(6.15) T̃ ∗r (σ) = sup{〈(z,−γB(u)⊗s ν),σ〉1 − T̃r(z,−γB(u)⊗s ν) |
z ∈ L1(Ω,En

s ),u ∈ LD(Ω)}.
The bidual functional T̃ ∗∗r : Ỹ1(Ω)→ R ∪ {+∞} is defined by

(6.16) T̃ ∗∗r (z,−γB(u)⊗s ν) = sup{〈(z,−γB(u)⊗s ν),σ〉1 − T ∗r (σ) |
σ ∈Cdiv(Ω,En

s ) + {σ ∈Wn(Ω,div) | divσ = 0}}
for (z,−γB(u)⊗s ν) ∈ Ỹ1(Ω).

Proposition 12. The explicit form of T̃ ∗r is

(6.17) T̃ ∗r (σ) = �
Ω

j∗(x,σ + σL)dx+ �
Γ1

IBE(0,r)(−βB(σ)) ds

for every σ ∈ Cdiv(Ω,En
s ) + {σ ∈ Wn(Ω,div) | divσ = 0}. Here BE(0, r)

is the closed ball in Rn, endowed with the Euclidean norm ‖ · ‖ERn.
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If we extend T̃ ∗r onto the space Wn(Ω,div) by (6.15), then T̃ ∗r is given
by (6.17) for every σ ∈W n(Ω,div).

Proof. By Theorem 3A of [21] and formulae (6.14), (6.15), we have

(6.18) T̃ ∗r (σ) = sup
{ �
Ω

(σ + σL) : z dx− �
FrΩ

βB(σ + σL) · γB(u) ds

+ �
Γ1

βB(σL) · γB(u) ds− �
Γ1

r‖γIB(u)‖ERn ds

− �
Γ0

I{γB(u)⊗sν= 0}(−γB(u)⊗s ν) ds− �
Ω

j(x, z) dx
∣∣∣

z = w + ε(u), where w ∈ L1(Ω,En
s ) and u ∈ LD(Ω)

}

= sup
{ �
Ω

(σ + σL) : w dx− �
Ω

j(x,w) dx
∣∣∣ w ∈ L1(Ω,En

s )
}

+ sup
{
− �

FrΩ

βB(σ + σL) · γB(u) ds+ �
Γ1

βB(σL) · γB(u) ds

− �
Γ1

r‖γIB(u)‖ERn ds
∣∣∣ γB(u) ∈ L1(FrΩ,Rn) and γB(u) = 0 on Γ0

}

for every σ ∈Wn(Ω,div), because γB is a surjection on L1(FrΩ,Rn). Then
we obtain (6.17).

Define T̃ ∗#r : Ỹ1(Ω)→ R ∪ {+∞} by

(6.19) T̃ ∗#r (z,−γB(u)⊗s ν) ≡ sup{〈(z,−γB(u)⊗s ν), σ〉1 − T̃ ∗r (σ) |
σ ∈Cdiv(Ω,En

s )}
for every (z,−γB(u)⊗s ν) ∈ Ỹ1(Ω).

Proposition 13. The explicit form of T̃ ∗#r is

(6.20) T̃ ∗#r (ε(u)|Ω)

= − λ �
Ω

f · u dx− �
Γ1

βB(σL) · γIB(u) ds

+ �
Γ1

r‖γIB(u)‖ERn ds+ �
Γ0

j∞(x,−γIB(u)⊗s ν) ds

+ �
Ω

j(x, ε(u)a) dx+ �
Ω

j∞(x, dε(u)s/d|ε(u)s|) d|ε(u)s|

for ε(u)|Ω ∈ Y1(Ω).

Proof. The field σL is a solution of (P ∗λ,r), i.e. (P ∗λ,r)(σL) = sup(P ∗λ,r) (cf.

(6.1)). Then T̃ ∗r (0) <∞. Moreover, the space Cdiv(Ω,En
s ) is PCU-stable, so



Regularity of solutions in plasticity 353

by Theorem 1 of [8] we get

(6.21) T̃ ∗#r (ε(u)|Ω) = sup
{ �
Ω

(σ + σL) : ε(u)− �
Ω

j∗(x,σ + σL) dx

− �
Γ0

βB(σ + σL) · γIB(u) ds− �
Γ1

βB(σ + σL) · γIB(u) ds

− �
Γ1

IBE(0,r)(−βB(σ)) ds
∣∣∣

σ ∈ Cdiv(Ω,En
s ), (σ + λLσL)(x) ∈ K(x) for every x ∈ Ω

}

+ �
FrΩ

βB(σL) · γIB(u) ds− �
Ω

σL : ε(u)

= sup
{ �
Ω

[(σ + σL) : ε(u)a − j∗(x,σ + σL)] dx

+ �
Ω

[(σ + σL) : (dε(u)s/d|ε(u)s|)− j∗∞(x,σ + σL)] d|ε(u)s|

+ �
Γ0

[(σ + σL) : (−γIB(u)⊗s ν)− j∗∞(x,σ + σL)] ds

+ �
Γ1

[(−βB(σ)) · γIB(u)− IBE(0,r)(−βB(σ))] ds− �
Γ1

βB(σL) · γIB(u) ds
∣∣∣

σ ∈ Cdiv(Ω,En
s )
}
− λ �

Ω

f · u dx

for every u ∈ BD(Ω1) such that u|Ω1−Ω = 0, which is (6.20). Here ε(u) =
ε(u)a + ε(u)s is the Lebesgue decomposition of ε(u) into absolutely contin-
uous and singular parts with respect to dx.

Definition 4. We say that Tr is coercive if

(6.22) Tr(Mm)→ +∞ if ‖Mm‖Mb(Ω,En
s ) → +∞

for every sequence {Mm}m∈N ⊂ Y1(Ω).

Assumption 6. Let Tr be a coercive function. Moreover, let T̃ ∗#r be the
largest minorant that is less than Tr and l.s.c. in the topology σ(Y1(Ω),
Cdiv(Ω,En

s )), or in other words, let T̃ ∗#r be the l.s.c. regularization of Tr in
σ(Y1(Ω), Cdiv(Ω,En

s )).

Remark 4. Since Tr is a coercive function on Y1(Ω), it suffices to con-
sider equivalent topologies in every closed ball cl‖·‖Mb (BY1(Ω)(0, r2)). Be-

cause of Theorem 11, the topologies σ(Y1(Ω), Cdiv(Ω,En
s )) and σ(Y1(Ω),

Wn(Ω,div)) are equivalent in every closed ball in Y1(Ω).
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We say that a net {Mδ}δ∈D ⊂ Y1(Ω) is convergent to M0 in the topol-
ogy σ(Y1(Ω), Cdiv(Ω,En

s ) + {σ ∈ Wn(Ω,div) | divσ = 0}) if 〈Mδ −M0,
σ〉Y1×Wn(Ω,div) → 0 for all σ ∈ Cdiv(Ω,En

s )+{σ ∈Wn(Ω,div) | divσ = 0}.
The topologies σ(Y1(Ω), Cdiv(Ω,En

s ) + {σ ∈Wn(Ω,div) | divσ = 0}) and
σ(Y1(Ω), Wn(Ω,div)) are equivalent in every closed ball in Y1(Ω), be-
cause σ(Y1(Ω), Cdiv(Ω,En

s ) + {σ ∈ Wn(Ω,div) | divσ = 0}) is weaker
than σ(Y1(Ω),Wn(Ω,div)) and stronger than σ(Y1(Ω), Cdiv(Ω,En

s )).
By Proposition 2 and [6, Proposition 4.25] the spaces [cl‖·‖BD(BBD(0, r2)),

‖ · ‖Lp(Ω,Rn)] and [cl‖·‖BD(BBD(0, r2)), σ(Y1(Ω), Wn(Ω,div))] are homeo-
morphic for 1 ≤ p < q = n/(n − 1) (if n = 1 then q = ∞), where
the isomorphism between BD(Ω) and Y1(Ω) is given by (6.7). Indeed,
[cl‖·‖BD(BBD(0, r2)), ‖ · ‖Lp(Ω,Rn)] is a Hausdorff topological space and the
topology given by the norm ‖ · ‖Lp(Ω,Rn) is weaker than the topology (2.7)–
(2.8) (see Definition 1 and [13, Corollary 3.1.14]).

Let T0 denote Tr for r = 0 (cf. (6.9)). The problem of l.s.c. regularization
of T0, for the homogeneous case, is solved in [9] and [4]; the regularization is
found in the topology of L1(Ω,Rn). The non-homogeneous case is studied
in [7] for functionals defined in the space BV of vector fields with bounded
variation.

Lemma 14. For every σ ∈ Cdiv(Ω,En
s ) + {σ ∈Wn(Ω,div) | divσ = 0}

we have T̃ ∗r (σ) ≥ T ∗r (σ). Moreover , T̃ ∗∗r (M) ≤ T ∗∗r (M) for every M ∈
Y1(Ω).

Proof. Indeed, in the definition of T̃ ∗r we take the supremum over a larger
domain. The second inequality follows directly from the first.

Proposition 15. Under Assumption 6, we have T̃ ∗#r (M) = T̃ ∗∗r (M) =
T ∗∗r (M) for every M ∈ Y1(Ω).

Proof. By Lemma 14, T̃ ∗∗r ≤ T ∗∗r . Moreover, in the definition of T̃ ∗∗r
we take the supremum over a larger domain (see (6.19) and (6.16)), so
T̃ ∗#r (M) ≤ T̃ ∗∗r (M) for every M ∈ Y1(Ω). Therefore T̃ ∗#r ≤ T̃ ∗∗r ≤ T ∗∗r . By
(6.10), (6.11) and Remark 4, the functional T ∗∗r is the l.s.c. regularization of
Tr in the topology σ(Y1(Ω), Cdiv(Ω,En

s )). Because of Assumption 6, T̃ ∗#r
is the l.s.c. regularization of Tr. Therefore T̃ ∗#r = T ∗∗r .

Lemma 16. Let Assumption 6 hold. For every u ∈ BD(Ω1) such that
u|Ω ∈ LD(Ω), u|Ω1−Ω = 0 and γIB(u)|Γ0 = 0, we have

(6.23) T̃ ∗∗r (ε(u)|Ω) = T ∗∗r (ε(u)|Ω) = Tr(ε(u)|Ω).

Proof. By Lemma 14, we get T̃ ∗∗r ≤ T ∗∗r . Thus T̃ ∗∗r (M) ≤ T ∗∗r (M) ≤
Tr(M) for every M ∈ Y1(Ω). Therefore, by (6.20) and Proposition 15, we
get (6.23).
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Lemma 17. For every σ ∈ Cdiv(Ω,En
s ) + {σ ∈Wn(Ω,div) | divσ = 0}

and every σs ∈Wn(Ω,div) such that divσs = 0, we have

(6.24) T ∗r (σ) = T ∗r (σ + σs).

Proof. By (6.3), (6.10) and by Green’s formula (2.11) we get

(6.25) T ∗r (σ) = sup
{
− �
Ω

(divσ) · u dx− Tr(ε(u)|Ω)
∣∣∣

u|Ω ∈ LD(Ω) and u|Ω1−Ω = 0
}

= sup
{
− �
Ω

[div(σ + σs)] · u dx− Tr(ε(u)|Ω)
∣∣∣

u|Ω ∈ LD(Ω) and u|Ω1−Ω = 0
}

= T ∗r (σ + σs).

We say that a net {σk}k∈K ⊂ Wn(Ω,div) converges to σ̂ ∈ Wn(Ω,div)
in the topology

(6.26) σ(Wn(Ω,div), L∞(Ω,En
s )× L∞(Γ1,Rn))

if

(6.27) �
Ω

(σk − σ̂) : w dx+ �
Γ1

βB(σk − σ̂) · h ds→ 0

for every w ∈ L∞(Ω,En
s ) and h ∈ L∞(Γ1,Rn).

Lemma 18. Let f̂ : Wn(Ω,div) → R be a linear functional , continuous
in the topology (6.26), such that for every σs ∈Wn(Ω,div) with divσs = 0
in Ω we have f̂(σs) = 0. Then there exists ũ ∈ LD(Ω) such that for every
σ ∈Wn(Ω,div),

(6.28) f̂(σ) = �
Ω

σ : ε(ũ) dx− �
FrΩ

βB(σ) · γB(ũ) ds,

γB(ũ) = 0 on Γ0, γB(ũ) ∈ L∞(FrΩ,Rn) and ε(ũ) ∈ L∞(Ω,En
s ).

Proof. The functional f̂ is continuous in the topology (6.26), so, by The-
orem V.3.9 of [11], there exist m ∈ L∞(Ω,En

s ) and û ∈ BD(Ω) such that
γB(û) = 0 on Γ0, and f̂(σ) =

�
Ω σ : m dx −

�
FrΩ βB(σ) · γB(û) ds for all

σ ∈ Wn(Ω, div), since L∞(FrΩ,Rn) ⊂ L1(FrΩ,Rn) (cf. Proposition 1).
For every σ1 ∈ Wn(Ω1,div) with divσ1 = 0 in Ω1 and σ1|Ω ∈ C(Ω,En

s ),
we have

(6.29) f̂(σ1|Ω) = �
Ω

σ1 : m dx− �
FrΩ

σ1 : (γB(û)⊗s ν) ds = 0.

Then by Proposition 1.1 and Theorem 1.3 of [23, Chapter 2] there exists
ũ ∈ LD(Ω) such that equality (6.28) holds.
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Indeed, for all σ2 ∈ C1
0(Ω1,En

s ) such that divσ2 = 0 in Ω1, we have�
Ω σ2 : m dx−

�
FrΩ σ2 : (γB(û)⊗sν) ds = 0. Then, by Proposition 1.1 of [23,

Chapter 2], there exists ũ ∈ D′(Ω1,Rn) such that for every σ ∈ C1
0(Ω1,En

s ),

(6.30) �
Ω1

σ : ε(ũ) = �
Ω

σ : m dx− �
FrΩ

σ : (γB(û)⊗s ν) ds = f̂(σ|Ω),

and

(6.31) ε(ũ) =

{m dx in Ω,
−(γB(û)⊗s ν) ds on FrΩ,
0 in Ω1 −Ω

(see [20]). For every σ3 ∈ C1
0(Ω1,En

s ) such that σ3 = 0 in Ω, we have�
Ω1
σ3 : ε(ũ) =

�
Ω σ3 : m dx−

�
FrΩ σ3 : (γB(û)⊗sν) ds = 0, therefore we can

assume that ũ|Ω1−Ω = 0. By Theorem 1.3 of [23, Chapter 2], ũ|Ω ∈ LD(Ω),
because m ∈ L∞(Ω,En

s ). Moreover, ε(ũ|Ω) ∈ L∞(Ω,En
s ) and γB(ũ|Ω) ∈

L∞(FrΩ,Rn).

Proposition 19. Let r > 0 (in the definition of Tr) and u0 = 0 on Γ0.
Then

(6.32) T ∗r (0) = inf{T̃ ∗r (σs) | σs ∈Wn(Ω,div) and divσs = 0 in Ω}.
Proof. Step 1. Suppose there exists δ1 > 0 such that

(6.33) T ∗r (0) + δ1 < inf{T̃ ∗r (σs) | σs ∈Wn(Ω,div) and divσs = 0 in Ω}.
On account of Lemmas 14 and 17, it suffices to show that this assumption
leads to a contradiction.

Let T̃r|L∞ : L∞(Ω,En
s ) × L∞(Γ1,Rn) → R ∪ {+∞} be the restriction

of T̃r, given by T̃r|L∞(w,h) = T̃r(w,−h ⊗s ν) for (w,h) ∈ L∞(Ω,En
s ) ×

L∞(Γ1,Rn) (cf. (6.14)). Define the dual functional to T̃r|L∞ by

(6.34) T̃ ∗r|L∞(σ) = sup
{ �
Ω

σ : w dx− �
FrΩ

βB(σ) · h ds− T̃r|L∞(w,h)
∣∣∣

w ∈ L∞(Ω,En
s ), h ∈ L∞(Γ1,Rn)

}

for σ ∈ Wn(Ω,div). By (6.13) and (6.18) we obtain T̃ ∗r|L∞(σ) = T̃ ∗r (σ) for

every σ ∈ Wn(Ω,div) (cf. Proposition 12). Therefore T̃ ∗r : Wn(Ω,div) →
R ∪ {+∞} is l.s.c. in the topology (6.26).

Step 2. The linear space

(6.35) M0 ≡ {σs ∈Wn(Ω,div) | divσs = 0 in Ω}
is a closed subspace of L∞(Ω,En

s ) endowed with the topology σ(L∞(Ω,En
s ),

L∞(Ω,En
s )). Indeed, let {σk}k∈K ⊂ Wn(Ω,div) with divσk = 0 for every

k ∈ K be a net convergent to σ0 ∈ L∞(Ω,En
s ) in the topology σ(L∞(Ω,En

s ),
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L∞(Ω,En
s )), i.e.

�
Ω(σk −σ0) : z dx → 0 for every z ∈ L∞(Ω,En

s ). Then for
every u ∈ C1

0(Ω,Rn),

(6.36) 0 = − �
Ω

(divσk) · u dx = �
Ω

σk : ε(u) dx→ �
Ω

σ0 : ε(u) dx.

Therefore divσ0 = 0 in the sense of distributions on Ω.

Step 3. M0 ∩BL∞(Ω,En
s )(0, r̂) endowed with the topology (6.26) is com-

pact, where BL∞(Ω,En
s )(0, r̂) is the closed ball in [L∞(Ω,En

s ), ‖ · ‖L∞(Ω,En
s )].

Indeed, let {σk}k∈K ⊂M0∩BL∞(Ω,En
s )(0, r̂) be a net. Then there exists

a finer net {σkt}t∈T and σ0 ∈ M0 ∩BL∞(Ω,En
s )(0, r̂) such that

�
Ω

(σkt − σ0) : z dx→ 0 for every z ∈ L∞(Ω,En
s ),

because σ(L∞(Ω,En
s ), L∞(Ω,En

s )) is weaker than σ(L∞(Ω,En
s ), L1(Ω,En

s )),
and [L∞(Ω,En

s ), σ(L∞(Ω,En
s ), L∞(Ω,En

s ))] is a Hausdorff topological space
(cf. [13, Corollary 3.1.14]). The trace βB is a continuous linear map from
[Wn(Ω,div), ‖ · ‖Wn(Ω,div)] into [L∞(FrΩ,Rn), ‖ · ‖L∞ ]. Hence the net
{βB(σkt)}t∈T is bounded in [L∞(FrΩ,Rn), ‖ · ‖L∞ ], since {σkt}t∈T ⊂ M0.
Therefore there exists a finer net {σktp}p∈P and %̃ ∈ L∞(FrΩ,Rn) such

that
�
FrΩ(βB(σktp ) − %̃) · h̃ ds → 0 for every h̃ ∈ L1(FrΩ,Rn). Moreover,

by (2.11) we obtain

(6.37) �
Ω

(σktp ) : ε(u) dx = �
FrΩ

βB(σktp ) · γB(u) ds ∀u ∈Wn(Ω,div),

and so

(6.38) �
FrΩ

βB(σ0) · γB(u) ds = �
Ω

σ0 : ε(u) dx = �
FrΩ

%̃ · γB(u) ds.

Therefore βB(σ0) = %̃.

Step 4. By (5.3), (5.4), (4.8) and Assumption 5, T̃ ∗r (0) = inf{T̃ ∗r (σs) |
σs ∈ Wn(Ω,div) and divσs = 0 in Ω}. By the Hahn–Banach theorem, for
every m ∈ N, there exists an affine functional

(6.39) Wn(Ω,div) 3 σ 7→ f̃m(σ) + ãm ∈ R
such that

(6.40) f̃m(σ) + ãm < T̃ ∗r (σ) and f̃m(σ̃) + ãm > T̃ ∗r (0)− δ1/2m

for all σ ∈ Wn(Ω,div) and all σ̃ ∈ M0 ∩ BL∞(Ω,En
s )(0, r̂ 2m), where f̃m

is continuous in the topology (6.26). Indeed, M0 ∩ BL∞(Ω,En
s )(0, r̂ 2m) is

compact and T̃ ∗r is l.s.c. in this topology. By (6.17) and Assumption 5,
T̃ ∗r (0) <∞.
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Step 5. Let f0 : Wn(Ω,div)→ R be given by

(6.41) f0(σ) = �
Ω

σ : m0 dx+ �
Γ1

βB(σ) · h0 ds,

where (m0,h0) ∈ L∞(Ω,En
s )× L∞(Γ1,Rn), and assume that

(6.42) f0(σ) + T̃ ∗r (0) ≤ T̃ ∗r (σ), ∀σ ∈Wn(Ω,div).

Define

(6.43) ke ≡
( n∑

i,j,k,l=1

‖aijkl‖L∞
){ n∑

i,j=1

[‖qij‖L∞ + ‖(σL)ij‖L∞ + 1]
}2
.

Then we obtain ke ≥ ‖m0‖L∞(Ω,En
s ) (see (3.3), (6.17) and Assumption 5).

Moreover, there exists a constant cs, which depends only on Ω, such that

(6.44) ke ≥ cs‖h0‖L∞(Γ1,Rn).

The field [qij] ∈ L∞(Ω,En
s ) was introduced in Assumption 3.

Indeed, let At ⊂ Ω be a measurable set such that dx(At) > 0, ‖m0(x)‖En
s

> ke + δs for dx-a.e. x ∈ At (where δs > 0), and there exists mc ∈ En
s such

that ‖m0(x) : mc‖En
s
> (ke + δs/2)‖mc‖En

s
for dx-a.e. x ∈ At. Since the

Lebesgue measure dx is regular, for every k ∈ N there exists a closed set Akc
and an open set Ako such that Akc ⊂ At ⊂ Ako ⊂ Ω and dx(Ako − Akc ) < 1/k.
By Urysohn’s Lemma [13, Theorem 1.5.10], for every k ∈ N, there exists a
continuous function ϕk ∈ C(Rn,R) such that ϕk|Akc = 1, ϕk|Rn−Ako = 0 and
0 ≤ ϕk(x) ≤ 1 for every x ∈ Rn. Then ϕk|Ω ∈ C0(Ω,R). Moreover, there

exists k0 ∈ N such that for every k̃ > k0,

(6.45) �
Ω

δ0ϕk̃(x)
mc

‖mc‖En
s

: m0(x) dx+ T̃ ∗r (0) > T̃ ∗r

(
δ0ϕk̃(x)

mc

‖mc‖En
s

)
,

where δ0 < 1 is given in Assumption 5. The space C1
0(Ω,R) is dense in

[C0(Ω,R), ‖ · ‖C ]. Hence there exists ϕC1 ∈ C1
0(Ω,R) which satisfies (6.45)

with ϕ
k̃

replaced by ϕC1 . Therefore ke ≥ ‖m0‖L∞(Ω,En
s ). The equality (6.44)

is obtained directly, since βB : Wn(Ω,div)→ L∞(FrΩ,Rn) is a surjection,
i.e. for every p ∈ βB(Wn(Ω,div)) there exists p ∈ W n(Ω,div) such that
‖p‖Wn(Ω,div) ≤ cs‖p‖L∞(FrΩ,Rn) and p = βB(p) (cf. [11, Theorem II.2.1]).

Step 6. For everym ∈ N the functional f̃m defined in Step 4 is continuous
in (6.26). Hence there exist w̃m ∈ L∞(Ω,En

s ) and h̃m ∈ L∞(Γ1,Rn) such
that

(6.46) f̃m(σ) = �
Ω

σ : w̃m dx+ �
Γ1

βB(σ) · h̃m ds, ∀σ ∈Wn(Ω,div)

(see [11, Theorem V.3.9]). Because of (6.40), for every m ∈ N there exist
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measurable sets Am ⊂ Ω and Ãm ⊂ Γ1 such that

(6.47) dx(Am) <
δ1

5keδ02m
, ds(Ãm) <

δ1

5ker2m
,

where ke is defined in (6.43), δ0 is given in Assumption 5, r is given in (5.1),
and

(6.48) ‖w̃m‖L∞(Ω−Am,En
s ) < 10ke, cs‖h̃m‖L∞(Γ1−Ãm,Rn) < 10ke.

We have

(6.49) dx
( ∞⋃

m=m1

Am

)
<

δ1

5keδ02m1−1 , ds
( ∞⋃

m=m1

Ãm

)
<

δ1

5ker2m1−1

for every m1 ≥ 1. Thus there exist m̃1 ∈ N, a subsequence {(w̃mk , h̃mk)}k∈N
of {(w̃m, h̃m)}m≥m̃1 and (w̃m̃1

0 , h̃m̃1
0 ) ∈ L∞(Ω−⋃∞m=m̃1

Am, En
s )×L∞(Γ1−⋃∞

m=m̃1
Ãm, Rn) such that

w̃mk ⇀ w̃m̃1
0 weak∗ in L∞

(
Ω −

∞⋃

m=m̃1

Am,En
s

)
,(6.50)

h̃mk ⇀ h̃m̃1
0 weak∗ in L∞

(
Γ1 −

∞⋃

m=m̃1

Ãm,Rn
)
.(6.51)

Let

(6.52) {(w̃mk , h̃mk)}mk≥m̃2
k∈N = {(w̃mk , h̃mk)}k∈N ∩ {(w̃m, h̃m)}m≥m̃2 .

If m̃2 > m̃1, then there exists

(6.53) (w̃m̃2
0 , h̃m̃2

0 ) ∈ L∞
(
Ω −

∞⋃

m=m̃2

Am,En
s

)
× L∞

(
Γ1 −

∞⋃

m=m̃2

Ãm,Rn
)

such that

(6.54) (w̃mk , h̃mk) ⇀ (w̃m̃2
0 , h̃m̃2

0 )

weak∗ in L∞
(
Ω −

∞⋃

m=m̃2

Am

)
× L∞

(
Γ1 −

∞⋃

m=m̃2

Ãm

)
,

w̃m̃2
0 (x) = w̃m̃1

0 (x) for dx-a.e. x ∈ Ω−⋃∞m=m̃1
Am and h̃m̃2

0 (x) = h̃m̃1
0 (x) for

ds-a.e. x ∈ Γ1 −
⋃∞
m=m̃1

Ãm. Letting m̃k →∞, we obtain

w̃0 = w̃m̃1
0|Ω−⋃∞m=m̃1

Am
+
∞∑

k=2

w̃m̃k
0|Am̃k−1

−⋃∞m=m̃k
Am
,(6.55)

h̃0 = h̃m̃1

0|Γ1−
⋃∞
m=m̃1

Ãm
+
∞∑

k=2

h̃m̃k
0|Ãm̃k−1

−⋃∞m=m̃k
Ãm
,(6.56)

where w̃0 ∈ L∞(Ω,En
s ), h̃0 ∈ L∞(Γ1,Rn), ‖w̃0‖L∞ ≤ 10ke, ‖h̃0‖L∞ ≤ 10ke.
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Step 7. Let p ∈ L1(Ω,En
s ) and suppose there exists m̃k0 such that

p|⋃∞m=m̃k0
Am = 0. Then

�
Ω w̃mk : p dx→

�
Ω w̃0 : p dx. Moreover,

(6.57) �
Amk

w̃mk : t dx ≤ δ1

δ02mk
‖t‖L∞ + 10ke‖t‖L∞ dx(Amk)

for all t ∈ L∞(Ω,En
s ) and k ∈ N (cf. (6.50)). We obtain (6.57) from the

inequalities

(6.58) T̃ ∗r (σ) > f̃mk(σ)+ ãmk , ãmk > T̃ ∗r (0)− δ1

2mk
∀σ ∈Wn(Ω,div)

(cf. (6.40) and Assumption 5). Moreover, we have

�
(
⋃∞
m>mk

Am)−Amk

w̃mk : t dx ≤ 10ke‖t‖L∞ dx
( ∞⋃

m>mk

Am

)
(6.59)

≤ 2δ1

δ02mk
‖t‖L∞

(cf. (6.49)). Then for every t ∈ L∞(Ω,En
s ) and every δ̃, there exists k̃ ∈ N

such that for every k > k̃, |
�
Ω(w̃mk − w̃0) : t dx| ≤ δ̃, since ‖w̃0‖L∞ ≤ 10ke.

Therefore w̃mk ⇀ w̃0 in the topology σ(L∞(Ω,En
s ), L∞(Ω, En

s )). Similarly,
we prove that h̃mk → h̃0 in the topology σ(L∞(Γ1,Rn), L∞(Γ1,Rn)).

Step 8. Because of (6.39) and (6.40) the functional

(6.60) Wn(Ω,div) 3 σ 7→ f̃0(σ) = �
Ω

σ : w̃0 dx+ �
Γ1

βB(σ) · h̃0 ds ∈ R

satisfies

(6.61) f̃0(σ) + T̃ ∗r (0) < T̃ ∗r (σ), f̃0(σs) ≥ 0

for all σ ∈ Wn(Ω,div) and all σs ∈ M0 (cf. (6.33) and (6.35)). Then
f̃0(σs) = 0 for every σs ∈ M0. By Lemma 18, there exists ũ ∈ LD(Ω) such
that for every σ ∈W n(Ω,div),

(6.62) f̃0(σ) = �
Ω

σ : ε(ũ) dx− �
FrΩ

βB(σ) · γB(ũ) ds,

γB(ũ) = 0 on Γ0, γB(ũ) ∈ L∞(FrΩ, Rn) and ε(ũ) ∈ L∞(Ω,En
s ).

Step 9. We say that a net {σk}k∈K ⊂ Cdiv(Ω,En
s ) converges to σ̂ ∈

Cdiv(Ω,En
s ) in the topology σ(Cdiv(Ω,En

s ), LD(Ω)) if

(6.63) �
Ω

(σk − σ̂) : ε(u) dx− �
FrΩ

(σk − σ̂) : (γB(u)⊗s ν) ds→ 0

for every u ∈ LD(Ω) such that γB(u) = 0 on Γ0. The l.s.c. regularization
of T̃ ∗r in the topology σ(Cdiv(Ω,En

s ), LD(Ω)) (denoted by clσ(C,LD) T̃
∗
r ) is
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given by

(6.64) clσ(C,LD) T̃
∗
r (σ) = sup

{ �
Ω

σ : ε(u)|Ω dx− �
FrΩ

βB(σ)γIB(u) ds

−T̃ ∗#r (ε(u)|Ω)
∣∣∣ u ∈ BD(Ω1),u|Ω ∈ LD(Ω),u|Ω1−Ω = 0,γIB(u)=0 on Γ0

}

= sup
{ �
Ω

σ : ε(u)|Ω dx− �
FrΩ

βB(σ)γIB(u) ds− Tr(ε(u)|Ω)
∣∣∣

u ∈ BD(Ω1), u|Ω ∈ LD(Ω), u|Ω1−Ω = 0, γIB(u) = 0 on Γ0

}
= T ∗r (σ),

for every σ ∈ Cdiv(Ω,En
s ) (cf. Proposition 15 and Lemma 16). From (6.33),

(6.61), (6.62) and (6.64) we obtain a contradiction.

Proposition 20. Let u0 = 0 on Γ0. For every r > 0,

(6.65) inf{Tr(M) |M ∈ Y1(Ω)} = inf{T̃r(M) |M ∈ Ỹ1(Ω)}.
Proof. By (6.15), (6.17), (4.8), (5.3), (5.4), Assumption 5, (6.17), Propo-

sition 19 and (6.10), we have

(6.66) sup{−T̃r(M) |M ∈ Ỹ1(Ω)} = T̃ ∗r (0)

= −(P ∗λ,r)(σL) = inf{−(P ∗λ,r)(σ) | σ ∈Wn(Ω,div)}

= inf{T̃ ∗r (σs) | σs ∈Wn(Ω,div), divσs = 0} = T ∗r (0)

= sup{−Tr(M) |M ∈ Y1(Ω)}.
Let

(6.67) clσ(Y1(Ω),Cdiv(Ω,En
s )) Tr (resp. cl

σ(Ỹ1(Ω),Cdiv(Ω,En
s ))
T̃r)

denote the largest l.s.c. minorant of Tr in σ(Y1(Ω), Cdiv(Ω,En
s )) (respec-

tively, the largest l.s.c. minorant of T̃r in σ(Ỹ1(Ω), Cdiv(Ω,En
s ))), i.e. (6.67)

stands for the l.s.c. regularizations of Tr and T̃r in the above mentioned
topologies.

Because 0 ∈ Cdiv(Ω,En
s ) and from Proposition 20 we get

(6.68) inf{clσ(Y1(Ω),Cdiv(Ω,En
s )) Tr(M) |M ∈ Y1(Ω)}

= inf{cl
σ(Ỹ1(Ω),Cdiv(Ω,En

s ))
T̃r(M) |M ∈ Ỹ1(Ω)}.

Theorem 21. Let r > 0 and u0 = 0 on Γ0. Let Assumptions 3, 5 and 6
hold. If Tr is a coercive function, then by (6.20) and Proposition 15 the
functional T ∗∗r is given by (6.20), since T ∗∗r = T̃ ∗#r . Moreover , every mini-
mum point ε(û)|Ω ∈ Y1(Ω) of T ∗∗r is given by a function û ∈ BD(Ω1) such
that û|Ω ∈ LD(Ω), û|Ω1−Ω = 0 and γB(û) = 0 on Γ0.

Proof. Step 1. Let ε(û1)|Ω ∈ Y1(Ω) be a minimum point of T ∗∗r . By
(6.10), (6.19) and Proposition 15 the functional T ∗∗r is the l.s.c. regularization
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of Tr in the topology σ(Y1(Ω), Cdiv(Ω,En
s )). Then, by (6.68), we obtain

T ∗∗r (ε(û1)|Ω) = clσ(Y1(Ω),Cdiv(Ω,En
s )) Tr(ε(û1)|Ω)(6.69)

= inf{cl
σ(Ỹ1(Ω),Cdiv(Ω,En

s ))
T̃r(M) |M ∈ Ỹ1(Ω)}.

For every M ∈ Y1(Ω) we have Tr(M) = T̃r(M). Hence for every M ∈
Y1(Ω) we get clσ(Y1(Ω),Cdiv(Ω,En

s )) Tr(M) ≥ cl
σ(Ỹ1(Ω),Cdiv(Ω,En

s ))
T̃r(M). Re-

striction of the measure ε(û1)|Ω to the open set Ω is denoted by ε(û1)|Ω.
Because of (6.69) and (6.68), the point ε(û1)|Ω = (ε(û1)|Ω,−γIB(û1)⊗sν) ∈
Ỹ1(Ω) is a minimum point of the function cl

σ(Ỹ1(Ω),Cdiv(Ω,En
s ))
T̃r on the

space Ỹ1(Ω). By [12, Chapter 1, (5.2)] we get 0 ∈ ∂(cl
σ(Ỹ1(Ω),Cdiv(Ω,En

s ))
T̃r)

(ε(ũ1)|Ω), where ∂ is a subgradient and 0 ∈ Cdiv(Ω,En
s ). Then ε(ũ1)|Ω ∈

∂(cl
σ(Ỹ1(Ω),Cdiv(Ω,En

s ))
T̃r)∗(0) (see [12, Chapter 1, Corollary 5.2]). By Corol-

lary 4.1 of [12, Chapter 1] we have ε(û1)|Ω = (ε(û1)|Ω,−γIB(û1) ⊗s ν) ∈
∂(T̃ ∗r )(0). Then by [12, Chapter 1, (5.2)] we get

(6.70) 〈(ε(û1)|Ω,−γIB(û1)⊗s ν),σ − 0〉1 + T̃ ∗r (0) ≤ T̃ ∗r (σ)

for every σ ∈ Cdiv(Ω,En
s ).

Step 2. Because of Assumption 4, Γ1 = FrΩ∩C, where C = cl int C ⊂ Ω1
is a closed Caccioppoli set and ds(FrΩ ∩Fr C) = 0. Let OΓ0 = Ω1−C. Then
ds(Γ0 − (FrΩ ∩ OΓ0)) = 0 and ds((FrΩ ∩ OΓ0) − Γ0) = 0. We define Γ ′0 =
FrΩ∩OΓ0 . Then for every k ∈ N there exists an open set Ω ′k such that Ω′k ⊂
OΓ0 , Ω′k ⊂⊂ Ω1, dx(Ω′k) < 1/(2k) and {x ∈ Γ ′0 | γIB(û1)(x) 6= 0} ⊂ Ω′k.

Step 3. Suppose the singular part (ε(û1)|Ω)s is not 0 or ds({x ∈ Γ ′0 |
γIB(û1)(x) 6= 0}) > 0. Then there exists ζ > 0 such that ‖(ε(û1)|Ω)s‖Mb +

�
Γ ′0
‖(γIB(û1) ⊗s ν)(x)‖En

s
ds > ζ. Therefore, for every k ∈ N, there exist

open sets Ω′′k ⊂⊂ Ω with Ω0
k ≡ Ω′′k ∪Ω′k ⊂⊂ Ω1 such that dx(Ω0

k) < 1/k and
‖(ε(û1)|Ω′′k )s‖Mb +

�
Γ ′0
‖(γIB(û1) ⊗s ν)(x)‖En

s
ds > 1

2ζ. The existence of the
sequence {Ω′′k}k∈N satisfying the above conditions follows from the regularity
of the measure ε(û1)|Ω. By Assumption 5, BEn

s
(σL(x), δ0) ⊂ K(x) for every

x ∈ Ω. Then for every k ∈ N there exists ϕk ∈ C1
0(Ω1,En

s ) such that
ϕk|Ω1−Ω0

k
= 0,

(6.71) ‖ϕk(x)‖En
s
< 1

2δ0, ∀x ∈ Ω0
k,

and

(6.72) 〈(ε(û1)|Ω ,−γIB(û1)⊗s ν),ϕk|Ω〉1 > 1
8ζδ0,
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since
‖(ε(û1)|Ω′′k )s‖Mb + �

Γ ′0

‖(γIB(û1)⊗s ν)(x)‖En
s
ds > 1

2ζ,

and

(6.73) ‖ε(û1)|Ω0
k
‖Mb = sup{〈ε(û1)|Ω0

k
, ϕ̃〉Mb×C(Ω0

k,En
s )|

ϕ̃ ∈ C1
0(Ω0

k,E
n
s ) and ∀x ∈ Ω0

k , ‖ϕ̃(x)‖En
s
≤ 1}.

Step 4. By Assumption 3 for every r̂ > 0 there exists δr̂ > 0 such that

(6.74) |j∗(x,w∗1)− j∗(x,w∗2)| < δr̂‖w∗1 −w∗2‖En
s

for dx-a.e. x ∈ Ω and all w∗1,w
∗
2 ∈ K(x) with ‖w∗1‖En

s
< r̂, ‖w∗2‖En

s
< r̂.

Then there exists δ > 0 such that

(6.75) |T̃ ∗r (ϕk|Ω)− T̃ ∗r (0)| < 1
2
δδ0 · dx(Ω0

k ∩Ω) <
1
2
δδ0

1
k

for every k ∈ N, since ϕk(x)+σL(x) ∈ K(x) for every x ∈ Ω and ϕk|Ω+σL ∈
C(Ω,En

s ) (cf. (6.73)). By (6.70) we get

(6.76) 〈(ε(û1)|Ω,−γIB(û1)⊗s ν),ϕk|Ω〉1 ≤ |T̃ ∗r (ϕk|Ω)− T̃ ∗r (0)|
for every k ∈ N. Then, due to (6.72) and (6.75), we have a contradiction,
because 1

2δδ0
1
k → 0 as k →∞.
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