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ON EXISTENCE OF SOLUTIONS FOR
THE NONSTATIONARY STOKES SYSTEM WITH

BOUNDARY SLIP CONDITIONS

Abstract. Existence of solutions for equations of the nonstationary Stokes
system in a bounded domain Ω ⊂ R3 is proved in a class such that veloc-
ity belongs to W 2,1

p (Ω × (0, T )), and pressure belongs to W 1,0
p (Ω × (0, T ))

for p > 3. The proof is divided into three steps. First, the existence of
solutions with vanishing initial data is proved in a half-space by applying
the Marcinkiewicz multiplier theorem. Next, we prove the existence of weak
solutions in a bounded domain and then we regularize them. Finally, the
problem with nonvanishing initial data is considered.

1. Introduction. In a bounded domain Ω ⊂ R3 with boundary S we
consider the Stokes equation with an initial condition and boundary slip
conditions. Our problem is described by the following system:

(1.1)

∂tv − ν∆v +∇q = F,

div v = G,

n ·D(v) · τα + γv · τα|ST = bα (α = 1, 2),

v · n|ST = b3,

v|t=0 = v0,

where D(v) = {ν(∂ivj + ∂jvi)} is the stress tensor, v(x, t) = (v1(x, t),
v2(x, t), v3(x, t)) the velocity vector, q(x, t) the pressure, ν the constant
viscosity coefficient, γ a positive constant (slip coefficient), n the external
normal vector to S, and τα (α = 1, 2) tangent vectors to S.

The aim of this paper is to prove the existence of regular solutions of
(1.1). The main result of this paper is formulated in
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Theorem 1. Let F ∈ Lp(ΩT ), G ∈ W 1,0
p (ΩT ) and S ∈ W

2−1/p
p . As-

sume that there exist A,B ∈ Lp(ΩT ) such that ∂G/∂t− divF = divB+A,
where diam suppA < 2λ, v0 ∈ W 2−2/p

p (Ω), b3 ∈ W 2−1/p,1−1/2p
p (ST ), bα ∈

W
1−1/p,1/2−1/2p
p (ST ) for α = 1, 2. Then there exists a unique solution of

problem (1.1) such that v ∈W 2,1
p (ΩT ), q ∈W 1,0

p (ΩT ) for p > 3 and

(1.2) ‖v‖W 2,1
p (ΩT ) + ‖q‖W 1,0

p (ΩT ) ≤ C(T )[‖F‖Lp(ΩT ) + ‖G‖W 1,0
p (ΩT )

+ ‖B‖Lp(ΩT ) + λ · ‖A‖Lp(ΩT ) + ‖v0‖W 2−2/p
p (Ω)

+ ‖b′‖
W

1−1/p,1/2−1/2p
p (ST ) + ‖b3‖W 2−1/p,1−1/2p

p (ST )],

where ΩT = Ω × (0, T ), ST = S × (0, T ), b′ = (b1, b2, 0)T and C(T ) is an
increasing positive function of T .

To prove Theorem 1 we apply the methods from [2]. First we consider
problem (1.1) in a half-space with vanishing initial data. By applying the
Fourier transform with respect to tangential directions and the Laplace
transform with respect to time we prove existence and find an appropriate
estimate employing the Marcinkiewicz theorem on multipliers. Next exploit-
ing the regularizer technique the existence of solutions to problem (1.1) with
vanishing initial data is proved in a bounded domain. Finally, by extending
the initial data we prove Theorem 1.

2. Notation. In our considerations we use the anisotropic Sobolev–
Slobodetskĭı spaces W k,l

p (ΩT ), where k, l ∈ R+, p ≥ 1, QT = Q× (0, T ) and
Q is either Ω or S, with the norm

‖v‖p
Wk,l
p (QT )

= ‖v‖p
Wk,0
p (QT )

+ ‖v‖p
W 0,l
p (QT )

,

where

‖v‖p
Wk,0
p (QT )

=
T�

0

‖v‖p
Wk
p (Q) dt, ‖v‖p

W 0,l
p (QT )

=
�

Ω

‖v‖p
W l
p((0,T )) dx

and

‖v‖p
Wk
p (Q) =

∑

|α|≤[k]

‖Dα
xv‖pLp(Q)

+
∑

|α|=[k]

�

Q

�

Q

|Dα
xv(x, t)−Dα

x′v(x′, t)|p
|x− x′|s+p(k−[k])

dx dx′,

‖v‖W l
p(0,T ) =

∑

i≤[l]

‖∂itv‖pLp(0,T ) +
∑

|i|=[l]

T�

0

T�

0

|∂itv(x, t)− ∂it′v(x, t′)|p
|t− t′|1+p(l−[l])

dt dt′,

where s ≡ dimΩ, [m] is the integral part of m, Dα
x = ∂α1

x1
· · ·∂αsxs where
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α = (α1, . . . , αs) is a multiindex. We will use the Fourier–Laplace transform:
Ft,x[φ](ξ, ξ0) ≡ φ̂(ξ0, ξ), where

φ̂(ξ0, ξ) = c

∞�

0

e−st
�

R3

e−iξxφ(x, t) dx dt

and the inverse transform

F−1
t,x [φ̂](x, t) =

1
(2π)(3+1)/2

∞�

0

est
�

R3

eiξxφ̂(ξ0, ξ) dξ dξ0,

where s = iξ0, ξ = (ξ1, . . . , ξs), x = (x1, . . . , xs) and

x · ξ =
d∑

j=1

xjξj .

In the case when QT = Rd × R we can apply the Fourier transform and
define the Bessel-potential spaces given by the norm

‖φ‖Hm,np (Rd+1) = ‖φ‖Lp(Rd+1) + ‖F−1
t,x [|ξ|mφ̂(ξ, ξ0)‖Lp(Rd+1)

+ ‖F−1
t,x [|ξ0|nφ̂(ξ, ξ0)]‖Lp(Rd+1)),

where φ̂(ξ0, ξ) is the Fourier transform of φ(x, t).
In the proof we will use the following results.

Theorem 2.1 (Marcinkiewicz theorem [2]). Suppose that a function ψ :
Rm → C is smooth enough and there exists a constant M > 0 such that for
every x ∈ Rm we have

|xj1 · · ·xjk |
∣∣∣∣

∂kψ

∂xj1 · · ·∂xjk

∣∣∣∣ ≤M, 0 ≤ k ≤ m, 1 ≤ j1 < · · · < jk ≤ m.

Then the operator

Pg(x) =
1

(2π)m
�

Rm
dy eixyψ(y)

�

Rm
e−iyzg(z) dz

is bounded in Lp(Rm) and

‖Pg‖Lp(Rm) ≤ Ap,mM‖g‖Lp(Rm).

Proposition 2.2 (see [2]). Let φ ∈Wm,n
p (ΩT ). If

K =
3∑

i=1

(
αi +

1
p
− 1
q

)
1
m

+
(
β +

1
p
− 1
q

)
1
n
< 1

then
‖Dβ

t D
α
xφ‖Lq(ΩT ) ≤ ε‖φ‖Wm,n

p (ΩT ) + c(ε)‖φ‖L2(ΩT ),

where q ≥ p ≥ 2, ε ∈ (0, 1) and c(ε)→∞ as ε→ 0.
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Proposition 2.3 (see [3]). Let p ≥ 2, φ ∈ W 2,1
p (ΩT ) and φ|t=0 = 0.

Then
‖φ‖

W
1,1/2
p (ΩT ) ≤ c(T

1/p + T 1/2)‖φ‖W 2,1
p (ΩT ).

3. Problem (1.1) in the half-space with vanishing initial data.
To solve problem (1.1) we apply the regularizer technique so it must be
considered locally. We have two kinds of subdomains: interior and boundary.
Since considerations near the boundary are more complicated we restrict
ourselves to such subdomains. Therefore we consider problem (1.1) in the
half-space x3 > 0 with v|t=0 = 0 and F = 0. Then (1.1) takes the form

(3.1)

∂tv − ν∆v +∇q = 0,

div v = 0,

ν(∂1v3 + ∂3v1) + γv1|x3=0 = b1,

ν(∂2v3 + ∂3v2) + γv2|x3=0 = b2,

v3|x3=0 = b3,

v|t=0 = 0.

To solve (3.1) we will use the Fourier transform

v̂(ξ0, ξ′, x3) = Ft,x′ [v](ξ0, ξ′, x3) =
∞�

0

e−st
�

R2

e−ix
′ξ′v(x, t) dx′ dt,

q̂(ξ0, ξ′, x3) = Ft,x′ [q](ξ0, ξ′, x3) =
∞�

0

e−s0t
�

R2

e−ix
′ξ′q(x, t) dx′ dt,

where s = iξ0, ξ′ = (ξ1, ξ2), x′ = (x1, x2).
Assuming b′ ∈W 1−1/p,1/2−1/2p

p (x3 = 0) and b3 ∈W 2−1/p,1−1/2p
p (x3 = 0)

and b|t=0 = 0 we can extend b by zero for t < 0, where b′ = (b1, b2, 0)T and
b = (b1, b2, b3)T . Without loss of generality we can put ν, γ = 1 and consider
a reduced system of the form

(3.2)

L(∂x, ∂t)(v, q) = 0,

div v = 0,

A(v)|x3=0 = b,

v|t=0 = 0,

where L,A are differential operators such that

L(v, p) = ∂tv −∆v +∇q,

A(v) =
(
{∂ivj + ∂jvi}|x3=0 = bi (i = 1, 2)
v3|x3 = b3

)
.

Because A and L are linear operators we can consider three differential
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problems and the solution of (3.2) will be the sum of solutions of those
systems.

First we assume that b2 = b3 ≡ 0 and b1 6= 0, second that b2 6= 0 and
b1 = b3 ≡ 0, and third that b3 6= 0 and b1 = b2 ≡ 0.

First we consider the following system:

(3.3)

∂tv −∆v +∇q = 0,

div v = 0,

∂1v3 + ∂3v2|x3=0 = b1,

∂2v3 + ∂3v2|x3=0 = 0,

v3|x3=0 = 0,

v|t=0 = 0.

For the Fourier transforms system (3.3) takes the form

(3.4)

(
− d2

dx2
3

+ r2
)
v̂i + iξiq̂ = 0 (for i = 1, 2),

(
− d2

dx2
3

+ r2
)
v̂3 +

dq̂

dx3
= 0,

iξ1v̂1 + iξ2v̂2 +
dv̂3

dx3
= 0,

with boundary conditions

(3.5)

iξ1v̂3 +
dv̂1

dx3

∣∣∣∣
x3=0

= b̂1,

iξ2v̂3 +
dv̂2

dx3

∣∣∣∣
x3=0

= 0,

v̂3|x3=0 = 0,

q̂ → 0, v̂ → 0 (x3 →∞),

where r2 = s + |ξ′|2, arg r ∈ (−π/4, π/4). Solving (3.4)1,2,3 with (3.5)4 we
get (see also [3])

(3.6)
v̂ = Φ(ξ′s)e−rx3 + φ(x, ξ′)(iξ1, iξ2,−|ξ′|)e−|ξ

′|x3 ,

q̂ = −sφ(ξ′, s)e−|ξ
′|x3 ,

where

Φ =
(
Φ1, Φ1,

1
T

(iξ1Φ1 + iξ2Φ2)
)

and ϕ,Φ1, Φ2 are functions which must be calculated from the boundary
conditions.
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From (3.6) and boundary conditions (3.5)1,2,3 we get a solution of (3.4)
and (3.5):

v̂1 =
1
r
b̂1e
−rx3 +

ξ2
1

s

(
1
|ξ′| −

1
r

)
b̂1e
−rx3 +

ξ2
1

s

|ξ′| − r
|ξ′|

e−|ξ
′|x3 − e−rx3

|ξ′| − r b̂1,

v̂2 =
(

1
|ξ′| −

1
r

)
ξ1ξ2
s

b̂1e
−rx3 +

ξ1ξ2
|ξ′|

1
|ξ′| − r · (e

−|ξ′|x3 − e−rx3 )̂b1,

v̂3 =
iξ1b̂1
r2 e−rx3 +

(
1
|ξ′|2 −

1
r2

)
iξ1
s
|ξ′|2b̂1e−rx3

+
iξ1|ξ′|2
s

· |ξ
′| − r
|ξ′|2 b̂1

e−|ξ
′|x3 − e−rx3

|ξ′| − r ,

p̂ =
iξ1
|ξ′| b̂1e

−|ξ′|x3 .

Now we get

Lemma 3.1. Let b1 ∈W 1−1/p,1/2−1/2p
p (R3). Then there exists a solution

of problem (3.3) such that v(t, x) ∈W 2,1
p,loc(D4), q(t, x) ∈W 1,0

p,loc(D4) and

‖D2
xv‖Lp(D4) + ‖Dtv‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3),

‖∇q‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p
p (R3)

‖v‖
W

2−1/p,1−1/2p
p (R3) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3),

where D4 = R2
x′ × [0,∞)x3 × Rt.

First we consider the pressure; its Fourier transform is q̂ = (iξ1/|ξ′|)
· b̂1e−rx3 . After the inverse Fourier transform we obtain

q(x, t) = F−1
t,x′ [q̂](x, t) = c

∞�

0

est
�

R2

eix
′ξ′ q̂(ξ0, ξ′, x3) dξ0 dξ′

= c

∞�

0

est
�

R2

eix
′ξ′ · iξ1|ξ′| b̂1e

−|ξ′|x3 dξ0 dξ
′

To estimate the tangential derivatives of the pressure

Dx1q(x, t) = c

∞�

0

est
�

R2

eiξ
′x′ iξ1
|ξ′| · ξ1b̂1e

−|ξ′|x3 dξ0 dξ
′

we use |iξ1/|ξ′| | ≤ 1, so similarly to [3], [2] we have

‖Dx′q‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p
p (R3).
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Now we consider the x3 derivative,

Dx3q = Dx3

[
c

∞�

0

est
�

R2

eix
′ξ′ q̂(ξ0, ξ′, x3) dξ0 dξ′

]

= c

∞�

0

est
�

R2

eix
′ξ′(Dx3 q̂)dξ0dξ

′ = c

∞�

0

est
�

R2

Dx3F−1
t,x′(q̂)e

ix′ξ′ dξ0 dξ
′

= c

∞�

0

est
�

R2

ξ1b1 · e−|ξ
′|x3 · eix′ξ′dξ0 dξ′ = F−1

t,x (iξ1b̂1e−|ξ
′|x3).

This implies that

‖Dx3q‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p
p (R3).

Hence
‖Dxq‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

Now let us consider v̂1, v̂2, v̂3. We put

v̂1 = v̂1A + v̂1B + v̂1C , v̂2 = v̂2A + v̂2B , v̂3 = v̂3A + v̂3B + v̂3C ,

where

v̂1A = −1
r
b̂1e
−rx3 ,

v̂1B =
ξ2
1

s

(
1
|ξ′| −

1
r

)
b̂1e
−rx3 ,

v̂1C =
ξ2
1

s

|ξ′| − r
|ξ′|

(
e−|ξ

′|x3 − e−rx3

|ξ′| − r

)
b1,

v̂2A =
(

1
|ξ′| −

1
r

)
ξ1ξ2
s

b̂1 · e−rx3 ,

v̂2B =
ξ1ξ2
s

|ξ′| − r
|ξ′| b̂1

(
e−|ξ

′|x3 − e−rx3

|ξ′| − r

)
,

v̂3A =
iξ1
r2 b̂1e

−rx3 ,

v̂3B =
(

1
|ξ′|2 −

1
r2

)
iξ1
s
|ξ′|2b̂1e−rx3 ,

v̂3C =
iξ1|ξ′|
s

|ξ′| − r
|ξ′|2 · b̂1

(
e−|ξ

′|x3 − e−rx3

|ξ′| − r

)
.

Since F−1
t,x is linear we have

F−1
t,x (v̂1) ≡ v1 = v1A + v1B + v1C , v2 = v2A + v2B
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and v3 = v3A+v3B +v3C . We need only examine v1A, v2B, v3B . We consider

D2
x1
v1A = F−1

t,x [−ξ2
1 v̂1A] = c

∞�

0

est
�

R2

eix
′ξ′ · ξ1

r
(ξ1 · b̂1)e−rx3 dξ0 dξ

′.

From ξ1/r ≤ ξ1/|ξ1| ≤ 1 and from the Marcinkiewicz theorem we need only
estimate

F−1
t,x (ξ1e−rx3) ≡ ∂x1θ1 =

x3 · x1

2t7/2
e−|x|

2/4t,

where θ1 ≡ Ft,x(e−rx3) = −(x3/t
5/2)e−|x|

2/4t (see [3]). We put as in [3]

(3.7) I1(t, x) =
�

R2

dy′
�

R
dt′ ∂t′∂y1θ1(t′, y′, x3)[b1(x′−y′, t−t′)−b1(x′, t−t′)].

Now we get

(3.8) ‖I1‖Lp(R2
x′×Rt)

≤
�

R2

dy′
( �

R2
x′×Rt

|b1(x′ − y′, t− t′)− b1(x′, t− t′)|p dx′ dt′
)1/p

·
�

R
dt ∂y1θ1

≤
�

R
dt

�

R2

dy′ |∂y1θ1|ψ(y′),

where

ψ(y′) ≡ ‖b1(x′ − y′, t− t′)− b1(x′, t− t′)‖Lp(R3).

In view of the Hölder inequality, we obtain

‖I1‖Lp(R3) ≤ cx3

( �

Rt
dt

�

R2

dy′
1

t(7/2−m)p
e−x

2
3/4t · e−|y′|2/4t · ψp(y′)

)1/p

×
( �

R
dt

�

R2

dx′
1
tmq

xq1e
−|x|2/4t

)1/q

,

where 1/p+ 1/q = 1 so q = p/(r − 1). Let

S1 ≡
�

R
dt

�

R2

dx′
xq1
tmq
· e−|x|2/4t

=
�

R
dt

�

R2

dx′
xq1
tmq

e−x
2
1/4t · e−x2

2/4t · e−x2
3/4t.

Setting x2 = w
√
t so dx2 = t1/2dw we have
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S1 =
�

Rt
dt

�

R2

dx1 t
1/2 dw

1
tmq

xq1e
−x2

1/4te−w
2/4e−x

2
3/4t(3.9)

=
�

Rt
dt t1/2

1
tmq

�

R
dx1 x

q
1e
−x2

1/4t · e−x3/4t
( �

R
e−w

2/4 dw
)

≤ c
�

R
dt

�

R
dx1 t

1/2 xq1
tmq

e−x
2
1/4t · e−x2

3/4t.

Taking x1 = wt1/2 we have dx1 = dwt1/2 so

(3.10)
∞�

0

dt
�

R
dx1 t

1/2 xq1
tmq

e−x
2
1/4te−x

2
3/4t

= c

∞�

0

dt
t1/2

tmq

�

R
t1/2 dwwqtq/2ew

2/4e−x
2
3/4t

= c

∞�

0

dt
tq/2+1

tmq
e−x

2
3/4t

�

R
dwwqe−w

2/4 = c

∞�

0

dt tq/2+1

tmq
e−x

2
3/4t.

Taking t = |x3|2/w, we get

∞�

0

dww−2|x3|2
|x3|q+2

wq/2+1

|x3|2mq
wmq

e−w/4 = xq−2mq+4
3

∞�

0

dw
e−w/4

wq/2+3−mq .

To have the integral bounded we assume

q/2 + 3−mq < 1 so m > 7/2− 2/p.

For m > 7/2− 2/p we obtain the estimate
( �

Rt×R2
x′

dt dx′
xq1
tmq

e−|x|
2/4t
)1/q

≤ cx(4+q−2mq)/q
3 ,

where
[(4 + q − 2mq)/q] · p = 5p− 2mp− 4,

so

‖I2‖pLp(D4)

≤ c
∞�

0

dx3 · xp · x5p−2mp−4
3

∞�

0

dt
�

R2

dy′
e−x

2
3/4t

t(7/2−m)p
· e−|y′|2/4t|y′|α ψ(y′)

|y′|α .

Now we consider the integral

(3.11) S2 ≡
∞�

0

dx3 x
6p−2mp−4
3

∞�

0

dt
1

t(7/2−m)p
e−x

2
3/4t · e−|y′|2/4t · |y′|α.
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Taking x3 = wt1/2, we have

S2 = c

∞�

0

dt
t3p−mp−3/2

t(7/2−m)p
e−|y

′|2/4t|y′|α.

For t = |y|2/w we get

S2 = c

∞�

0

dw
|y′|6p−2mp−3+2−7p+2mp+α

w3p−mp−3/2+2−7/2p+mp
· e−w/4.

To have S2 bounded and independent of y′ we need

6p− 2mp− 3 + 2− 7p+ 2mp+ α = 0

so

(3.12) α = p+ 1 and 3p− 3
2

+ 2− 7
2
p < 1 so p > −1.

Thus from (3.11) and (3.12) we get

(3.13)
‖I1‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3),

‖D2
x1
v1‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

Let us consider

D2
x2
v1A = F−1

t,x [−ξ2
2 v̂1A] = c

∞�

0

est
�

R2

eix
′ξ′ ξ2

r
(ξ2b̂1)e−rx3 dξ0 dξ

′.

Since ξ2/r ≤ ξ2/ξ2 = 1 it is enough to examine the inverse Fourier transform
of ξ2 · e−rx3 . As above we get

(3.14) ‖D2
x2
v1A‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

Now we consider v2B :

v2B = c

∞�

0

est
�

R2

ex
′ξ′
(
ξ1ξ2
s

(|ξ′| − r)(|ξ′|+ r)
|ξ′|(|ξ′|+ r)

b̂1

(
e−|ξ

′|x3 − e−rx3

|ξ′| − r

))
dξ0 dξ

′

=
∞�

0

est
�

R2

eix
′ξ′ ξ2 · ξ1
|ξ′|(|ξ′|+ r)

b̂1

(
ξ2
1
e−|ξ

′|x3 − e−rx3

|ξ′| − r

)
dξ0 dξ

′.

Because we can find M > 0 such that∣∣∣∣
ξ2ξ1

|ξ′|(|ξ′|+ r)

∣∣∣∣ ≤M,

by the Marcinkiewicz theorem and by [3] we only need to consider |D2
x′θ3|,

where

θ3 ≡ F−1
t,x′

[
e−rx3 − e−|ξ′|x3

r − |ξ′|

]
.
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Then from [3] we get

(3.15)
‖D2

x1
v2B‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3),

‖D2
x2
v1B‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

Considering

v3B = c

∞�

0

est
�

R2

eiξ
′x′ iξ1

s

r2 − |ξ′|2
r2|ξ′|2 · |ξ′|2b̂1e−rx3 ,

we get

(3.16) D2
xjv3B = c

∞�

0

est
�

R2

eix
′ξ′ iξ1ξ

2
j

r2 b̂1e
−rx3 dξ0 dξ

′ (j = 1, 2).

Since there exists M > 0 such that ξ1 · ξj/r2 ≤M we obtain

(3.17) ‖D2
x′v3B‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3) for x′ = (x1, x2).

Now using (3.13)–(3.17) we have

(3.18) ‖D2
x′v‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

We have to estimate D2
x3
v and Dtv in the Lp norm. It is enough to show

estimates for v1B and v1C . We get

(3.19) D2
xjv1B

= F−1
t,x (−ξ2

j v̂1B)

= c

∞�

0

est
�

R2

eix
′ξ′ · ξ

2
1

s

(
r − |ξ′|
|ξ′|r

)
b̂1ξ

2
j e
−rx3 dξ0 dξ

′

= c

∞�

0

est
�

R2

eix
′ξ′ · ξ2

1 · ξj
r|ξ′|(r + |ξ′|) (ξje−rx3) dξ0 dξ′ (j = 1, 2).

Now the inequality
∣∣∣∣

ξ2
1ξj

r|ξ′|(r + |ξ′|)

∣∣∣∣ ≤
∣∣∣∣
|ξ′|3
r2|ξ′|

∣∣∣∣ ≤
∣∣∣∣
|ξ′|3
|ξ′|3

∣∣∣∣ = 1

implies

‖D2
xjv1B‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3) (j = 1, 2).

We can see that

D2
xjv1C = c

∞�

0

est
�

R2

ξ2
1 · b̂1

|ξ′|(|ξ′|+ r)
ξ2
j

e−|ξ
′|x3 − e−rx3

|ξ′| − r dξ0 dξ
′.
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There exists M > 0 such that
∣∣∣∣

|ξ|2
|ξ′|(|ξ′|+ r)

∣∣∣∣ ≤M

so we have (see [3])

‖D2
xjv1C‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

Since

v2A = F−1
t,x

[
(r − |ξ′|)(r + |ξ′|)
|ξ′|r(r + |ξ′|)

ξ1ξ2
s

b̂1e
−rx3

]
,

it follows that

‖D2
xjv2A‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

In this same way we show

‖D2
xjv3A‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3),

‖D2
xjv3C‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p

p (R3).

From [3] we get

‖Dtv‖Lp(D4) ≤ c‖b1‖W 1−1/p,1/2−1/2p
p (R3).

To estimate D2
x3
v we use

∂2v

∂x2
3

= ∂tv −
∂2v

∂x2
1
− ∂2v

∂x2
2

+∇q.

Then we have

‖D2
x3
v‖Lp(D4) ≤ c‖Dtv‖Lp(D4) + ‖D2

x1
v‖Lp(D4)(3.20)

+ ‖D2
x2
v‖Lp(D4) + ‖Dxq‖Lp(D4)

≤ c‖b1‖W 1−1/p,1/2−1/2p
p (R3).

This concludes the proof of the lemma.

Now we have to consider two problems:

∂tv −∆v +∇q = 0,

div v = 0,

∂1v3 + ∂3v1|x3=0 = 0,

∂2v3 + ∂3v2|x3=0 = b2,

v3|x3=0 = 0,

v|t=0 = 0,
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and

(3.21)

∂tv −∆v +∇q = 0,

div v = 0,

∂1v3 + ∂3v1|x3=0 = 0,

∂2v3 + ∂3v2|x3=0 = 0,

v3|x3=0 = b3.

From Lemma 3.1 with b2 ∈W 1−1/p,1/2−1/2p
p (R3) we get the estimate

(3.22) ‖D2
xv‖Lp(D4) + ‖Dtv‖Lp(D4) + ‖∇q‖Lp(D4)

≤ c‖b2‖W 1−1/p,1/2−1/2p
p (R3).

Lemma 3.2. Let b3 ∈ W 2−1/p,1−1/2p
p (R3). Then there exists a solution

of problem (3.21) such that v ∈W 2,1
p (D4), p ∈W 1,0

p,loc(D4) and

‖Dtv‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3),

‖D2
xv‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p

p (R3),

‖Dxq‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3),

where D4 = R2
x′ × [0,∞)x3 × [0,∞)t, R3

T = R2
x′ × [0,∞)t.

Proof. First we will estimate

v1A = F−1
t,x

(
iξ1
r
b̂3e
−rx3

)
.

We have

D2
x1
v1A = F−1

t,x

(
ξ3
1

r
b̂3e
−rx3

)
.

From the Marcinkiewicz theorem it is enough to consider (see [3])

F−1
t,x (ξ2

1e
−rx3 b̂3) =

x1e
−|x|2/4t

2t7/2
− x2

1x3e
−|x|2/4t

4t9/2
≡ A.

Since � R2 Adx
′ = 0 we get

�

R2

A(y′) · b3(x′, t− t′) dy′ = 0,

so we can put

K(t, x) =
�

R2

dy′
�

R
dt′A(y′, x3, t

′)(b3(x′ − y′, t− t′)− b3(x′, t− t′))
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and consider the following integrals:

S1 ≡
�

R2

dy′
�

R
dt′
∣∣∣∣
y1e
−x2

3/4te−|y
′|2/4t

t7/2

∣∣∣∣ψ(y′),

S2 ≡
�

R2

dy′
�

R
dt′
∣∣∣∣
y2

1x3e
−x2

3/4te−|y
′|2/4t

t9/2

∣∣∣∣ψ(y′),

where ψ(y′) ≡ ‖b3(x′− y′, t− t′)− b3(x′, t− t′)‖Lp(R3). From the Minkowski
and Hölder inequalities we get

‖K‖Lp(R2×Rt) ≤ cS1 + cS2(3.23)

≤ c
( �

Rt
dt

�

R2

dy′
e−x

2
3/4t

t(7/2−m)p
e−|y

′|2/4tψp(y′)
)1/p

·
( �

R
dt

�

R2

dx′
xq1
tmq

e−|x|
2/4t
)1/q

+ cx3

( �

R
dt

�

R2

dy′
e−x

2
3/4t · e−|y′|2/4t
t(9/2−m)p

ψp(y′)
)1/p

·
( �

R
dt

�

R2

dx′
x2q

1

tmq
e−|x|

2/4t
)1/q

,

where 1/p+ 1/q = 1. From Lemma 3.1 we have

�

R
dt

�

R2

dx′
xq1
tmq

e−|x|
2/4t ≤ cx4+q−2mq

3

(see (3.10)–(3.11)). This implies that

‖S1‖pLp(D4) ≤ c
∞�

0

dx3x
5p−2mp−4
3

∞�

0

dt
�

R2

dy′
e−x

2
3/4t

t(7/2−m)p
e−|y

′|2/4t|y′|α ψ
p(y′)
|y′|α .

Let us consider the integral

∞�

0

dx3 x
5p−2mp−4
3

∞�

0

dt
e−|y

′|2/4t

t(7/2−m)p
|y′|α ≡M.

Putting x3 = wt1/2 we have

M ≤ c
∞�

0

dt t5/2p−mp−3/2 e
−|y′|2/4t

t(7/2−m)p
|y′|α.



Nonstationary Stokes system 209

Now putting t = |y′|2/w we get

(3.24) M ≤ c
∞�

0

|y′|2+α+5p−37p

w1/2+5/2p−7/2p
e−w/4 dw.

To have the integral (3.24) independent of |y′| and bounded we need

2 + α+ 5p− 3− 7p = 0

and
1
2

+
5
2
p− 7

2
p < 1

so α = 1 + 2p and p > −1/2. We can see that 2 + p(2− 1/p) = 1 + 2p = α.
This implies

‖S1‖pLp(D4) ≤ c
�

R2

�

R2
x′×Rt

|b3(x′ − y′, t− t′)− b3(x′, t− t′)|p
|y′|α dx′ dy′ dt(3.25)

≤ c‖b3‖W 2−1/p,1−1/2p
p (R3).

We now estimate the second integral S2. Let us consider the second term
in (3.23). Putting x2 = w

√
t we obtain

�

R
dt

�

R2

dx′
x2q

1 e
−|x|2/4t

tmq
≤ c

∞�

0

dt
�

R
dx1

x2q
1

tmq
t1/2e−x

2
1/4te−x

2
3/4t.

Putting x1 = wt1/2 in the following integral we get

(3.26)
∞�

0

dt
�

R
dx1

x2q
1

tmq
t1/2e−x

2
1/4te−x

2
3/4t ≤ c

∞�

0

dt
t1+q

tmq
e−x

2
3/4t.

Inserting t ≡ |x3|2/w into (3.26) we get
∞�

0

dt
t1+q

tmq
e−x

2
3/4t ≤ x4+2q−2mq

3

∞�

0

e−w/4

w3+q−mq dw.

We have the estimate (see [3])
( �

R3

dt dx′
x2q

1

tmq
e−|x|

2/4t
)1/q

≤ cx(4+2q−2mq)/q
3 .

Now consider the algebraic equality

[(4 + 2q − 2mq)/q]p = 6p− 2mp− 4,

which implies that

‖S2‖pLp(D4) ≤ c
∞�

0

dx3 x
7p−2mp−4
3

∞�

0

dt
�

R2

dy′
e−x

2
3/4te−|y

′|2/4t

t(9/2−m)p

ψ(y′)p

|y′|α |y
′|α.
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We first consider the integral
∞�

0

dx3 x
7p−2mp−4
3

∞�

0

dt
e−x

2
3/4te−|y

′|2/4t

t(9/2−m)p
|y′|α.

Putting x3 = wt1/2 we get the integral

c

∞�

0

dt
t7/2p−mp−3/2

t(9/2−m)p
e−|y

′|2/4t|y′|α.

Now putting t = |y′|2/w we have

(3.27) c

∞�

0

|y′|7p−2mp−3+2+α−9p+2mp

w2+7/2p−mp−3/2−9/2p+mp
e−w/4 dw.

To have the integral (3.27) independent of |y′| and bounded we need

7p− 1 + α− 9p = 0

and

2 +
7
2
p− 3

2
− 9

2
p < 1.

This implies that
α = 1 + 2p and p > −1/2.

From (2.1) we can see that 2 + p(2 − 1/p) = 1 + 2p = α. And this implies
that

(3.28) ‖S2‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3).

From (3.25), (3.28) and (3.23) we get

‖K‖pLp(D4) ≤ c1‖S1‖pLp(D4) + c2‖b3‖p
W

2−1/p,1−1/2p
p (R3)

⇒ ‖D2
x1
v1A‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p

p (R3).

Now we write the explicit form of v̂1, v̂2, v̂3:

v̂1 =
iξ1b̂3
r

e−rx3 +
(

1
r
− 1
ξ′|

)
iξ(|ξ′|2 + r2)

s
b̂3e
−rx3

− (|ξ′| − r)
|ξ′|

iξ1(|ξ′|2 + r2)
s

b̂3
e−|ξ

′|x3 − e−rx3

|ξ′| − r

v̂2 =
iξ2b̂3
r

e−rx3 +
(

1
r
− 1
|ξ′|

)
iξ2(|ξ′|2 + r2)

s

· b̂3
−(|ξ′| − r)
|ξ′|

iξ2(|ξ′|2 + r2)
s

b3
e−|ξ

′|x3 − e−rx3

|ξ′| − r
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v̂3 =
−|ξ′|2
r2 b3e

−rx3 +
(

1
|ξ′|2 −

1
r2

) |ξ′|2(|ξ′|2 + r2)
s

b̂3e
−rx3

+
(|ξ′| − r)(|ξ′|2 + r2)

s
b̂3
e−|ξ

′|x3 − e−rx3

|ξ′| − r

q̂ =
|ξ′|2 + r2

|ξ′| b̂3e
−|ξ′|x3 .

As in the proof of Lemma 3.1, we can put

v̂1A + v̂1B + v̂1C = v̂1, v̂2 = v̂2A + v̂2B + v̂2C , v̂3 = v̂3A + v̂3B + v̂3C .

Repeating the considerations for v1A we have

‖D2
x2
v1A‖Lp(D4) + ‖D2

x′v2A‖Lp(D4) + ‖D2
x′v2B‖Lp(D4)

+ ‖D2
x′v3A‖Lp(D4) + ‖D2

xv3B‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3).

Now we have to consider v̂αA, v̂αB and v̂αC with the term

e−|ξ
′|x3 − e−rx3

|ξ′| − r
for α = 1, 2, 3. Let us note the algebraic equality

(|ξ′| − r)(|ξ′|2 + r2)
s

=
(|ξ′|2 − r2)(|ξ′|2 + r2)

(|ξ′|+ r) · s .

Since r2 = |ξ′|2 + s we have |ξ′|2 − r2 = −s and this implies that

(|ξ′| − r)(|ξ′|2 + r2)
s

= −|ξ
′|2 + r2

|ξ′|+ r
.

It is enough to consider v̂3C of the following form:

v̂3C =
(|ξ′| − r)(|ξ′|2 + r2)

s
b̂3

(
e−|ξ

′|x3 − e−rx3

|ξ′| − r

)
.

This implies that

D2
xjv3C = F−1

t,x′

[ |ξ′|2 + r2

|ξ′|+ r
· ξ2
j · b̂3

(
e−|ξ

′|x3 − e−rx3

|ξ′ − r

)]
.

From the Marcinkiewicz theorem it is enough to consider

(3.29) F−1
t,x′

[
ξ3
1 b̂3

(
e−|ξ

′|x3 − e−rx3

|ξ′| − r

)]
.

Denoting (3.29) by A we get

|A| ≤ c
∣∣∣∣

xj
t1/2(x2 + t)3

∣∣∣∣,
�

R2

Adx′ = 0.
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Now we put

θ3 ≡
�

R
dt′

�

R2

dy′ |A(t′, y′, x3)|[b(x′ − y′, t− t′)− b(x′, t− t′)].

We have

‖θ3‖Lp(R3) ≤
∞�

0

dt
�

R2

dy′

t1/2(y2
1 + x2

3 + t)3

ψ(y′)
yj

,

where
ψ(y′) ≡ ‖b(x′ − y′, t− t′)− b(x′, t− t′)‖Lp(R3).

So we have the estimate

‖θ3‖Lp(R3) ≤
( �

Rt
dt

�

R2

dy′ y−pj ψp(y′)

t1/2(y2
1 + x2

3 + t)3−mp

)1/p

·
(∞�

0

dt
�

R2

dy′

t1/2(y2 + x2
3 + t)mq

)1/q

,

where 1/p+1/q = 1. From [3] we have the following inequality for the second
integral:

�

R
dt

�

R
dy′

1
t1/2(y2 + x2

3 + t)mq
≤ c

∞�

0

dt

t1/2(x2
3 + t)mq−1

.

Hence choosing, as in [3], m > 3
2
p−1
p we get

( �

R
dt

�

R2

dy′

t1/2(y2 + x2
3 + t)mq

)1/q

≤ cx(3−2mq)/q
3 .

Thus we have

‖θ3‖pLp(D4) ≤ c
∞�

0

dx3 x
(3−2mq)(p−1)
3

�

R+×R2

dt dy′
|y′|−p|y′|αψp(y′)

t1/2(x2 + t)(2−m)p|y′|α .

We consider the integral of the form
∞�

0

dx3 x
(3−2mq)(p−1)
3

∞�

0

dt |y′|−p|y′|α
t1/2(x2 + t)(2−m)p

.

Taking w = t/x2 we get (for simplicity we write x′ = y′)
∞�

0

dx3

∞�

0

dw x2 x
(3−2mq)(p−1)
3 |x′|α−p

|x|w1/2(1 + w)(2−m)p|x|2(2−m)p
≡ D,

where

D ≤ c
∞�

0

dx3 x
(3−2mq)(p−1)
3 |x′|α−p|x|1−(4−2m)p
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for (2−m)p > 1/2. Putting w = x3/|x′| we obtain

D ≤ c
∞�

0

dw
|x′|1+α−p+3p−3−2mp+1−4p+2mpw3p−3−2mp

(1 + w2)((4−2m)p−1)/2

To have the integral independent of |x′| we need

1 + α− p+ 3p− 3 + 1− 4p = 0 ⇒ α = 2p+ 1.

We also need 3p− 3− 2mp− ((4− 2m)p− 1) < −1 so p > −1. This implies
that

‖θ3‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3),

so
‖D2

x′v3c‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3),

which implies that

(3.30) ‖D2
x′v‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p

p (R3).

Similarly one can show that

‖Dxp‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3),(3.31)

‖Dtv‖Lp(D4) ≤ c‖b3‖W 2−1/p,1−1/2p
p (R3).(3.32)

Now from (3.48)1 and (3.30)–(3.32) we have

∂2v

∂x2
3

= ∂tv −D2
x1
v −D2

x2
v +Dxq.

This implies that

‖D2
x3
v‖Lp(D4) ≤ ‖Dtv‖Lp(D4) + ‖D2

x′v‖Lp(D4) + ‖Dxq‖Lp(D4)

≤ c‖b3‖W 2−1/p,1−1/2p
p (R3).

Hence v ∈W 2,1
p,loc(D4). Lemma 3.2 is proved.

The next step in solving (1.1) is to consider the following problem in the
whole space:

(3.33)

v,t − ν∆v +∇q = f,

div v = 0,

v|t=0 = 0.

From [3] we have

Lemma 3.3. Let f ∈ Lp(R4). Then there exists a unique solution of
(3.33) such that v ∈W 2,1

p,loc(R4), q ∈W 1,0
p,loc(R4) and

‖Dtv‖Lp(D4) + ‖D2
xv‖Lp(D4) + ‖Dxp‖Lp(D4) ≤ c‖f‖Lp(R4).
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Moreover if f ∈ Ldiv
p (R4) then q ≡ 0, where

Ldiv
p (R4) = {f ∈ C∞0 (R4) : div f = 0}‖·‖Lp .

Using Lemmas 3.2 and 3.3 we deduce the main result of this section.

Lemma 3.4. Let p ≥ 2, f ∈ Lp(R4), G ∈ W 1,0
p (R4), ∂tG − div f =

divB + A for (A,B) ∈ Lp(R4) and diam suppA < λ. Suppose that b =
(b1, b2, 0)T , b ∈ W

1−1/p,1/2−1/2p
p (R3) and b3 ∈ W

2−1/p,1−1/2p
p (R3). Then

there exists a unique solution of the system

(3.34)

∂tv − ν∆v +∇q = f,

div v = G,

ei · D(v) · τ i + γv · τ i = bi (i = 1, 2),

v · e3 = b3,

v|t=0 = 0,

such that v ∈W 2,1
p (D4), q ∈W 1,0

p (D4) and

(3.35) ‖Dtv‖Lp(D4) + ‖D2
xv‖Lp(D4) + ‖v‖

W
2−1/p,1−1/2p
p (R3) + ‖∇q‖Lp(D4)

≤ c(T )[‖f‖Lp(D4) + ‖B‖Lp(D4) + λ · ‖A‖Lp(D4)

+ ‖b‖
W

1−1/p,1/2−1/2p
p (R3) + ‖b3‖W 2−1/p,1−1/2p

p (R3)],

where D4 = R2
x′ × [0,∞)x3 × Rt.

Proof. Let us first consider the system

(3.36)
∆ω = G,

ω|x3=0 = 0 (ω → 0, x3 →∞),

where G ∈W 1,0
p (D4). From (3.36) we get (see [3])

‖∇ω‖W 2,0
p (D4) ≤ c‖G‖W 1,0

p (D4).

We put ∇(∂tω) = ∇(∂tω(1)) + ∇(∂tω(2)). Then ∆(∂tω(1)) = div(F + B),
∆(∂tω(2)) = A. From [3] we have

‖∇(∂tω(1))‖Lp(D4) ≤ c(‖f‖Lp(D4) + ‖B‖Lp(D4)),

‖∇(∂tω(2))‖Lp(D4) ≤ c · λ‖A‖Lp(D4),

and this implies

(3.37) ‖∇ω‖W 2,1
p (D4)

≤ c(‖G‖W 1,0
p (D4) + ‖f‖Lp(D4) + ‖B‖Lp(D4) + λ‖A‖Lp(D4)).
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Putting v = u+∇ω we have a perturbation of system (3.34):

(3.38)

∂tu−∆u+∇q = f∗,

div u = 0,

n · D(u) · τ i + γu · τ i|S = bi (i = 1, 2),

u · n|S = b3 −∇u|S = b∗3,

u|t=0 = 0,

where
f∗ ≡ f −∇(∂tω) +∆∇ω, b∗i ≡ bi − n · D(ω) · τ i − γ∇ω · τ i,
b∗3 = b3 −∇ω,

and

(3.39)

‖f∗‖Lp(D4) ≤ ‖f‖Lp(D4) + c‖∇ω‖W 2,1
p (D4),

‖b∗i ‖W 1−1/p,1/2−1/2p
p (R3) ≤ ‖bi‖W 1−1/p,1/2−1/2p

p (R3) + c‖∇ω‖W 2,1
p (D4)

(i = 1, 2),

‖b∗3‖W 2−1/p,1−1/2p
p (R3) ≤ ‖b3‖W 2−1/p,1−1/2p

p (R3) + c‖∇ω‖W 2,1
p (D4).

Now consider the problem

(3.40)
∆q′ = div f∗,

∂q′

∂n

∣∣∣∣
S

= g.

Then ‖∇q′‖Lp(D4) ≤ c‖f∗‖Lp(D4) (see [3]) and q′ ∈W 1,0
p (D4).

Now consider the problem

∆q′ = div f∗,

∂q′

∂n

∣∣∣∣
S

= g, where g ≡ νφ− b3,t + f · n

for φ ≡ α1 · vn + α2 · vτi,τi + α3 · vτi + α4 · vτi,τi + α5bi,τi + α6b3,τiτi + γv +
aβbβ,τi − aβv ·n,τi , where vn = (vn ·n+ viτ i) ·n, vτi = v · τ i (i = 1, 2). Then

‖∇q′‖Lp(D4) ≤ c(‖f∗‖Lp(D4) + ‖bi‖W 1−1/p,1/2−1/p
p (R3) + ‖b3‖W 2−1/p,1−1/2p

p (R3)

(see [3]) and q′ ∈W 1,0
p (D4). Now we put q = q′ + q′′, where p′ is a solution

of problem (3.40). This implies the following perturbation of system (3.38):

∂tu−∆u+∇q′′ = f0,

div u = 0,

n · D(u) · τ i + γu · τ i|S = bi (i = 1, 2),

u · n|S = b3,

u|t=0 = 0,
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where f0 ≡ f∗ − ∇q′ and div f0 = 0. From Lemmas 3.2 and 3.3 (the case
with div f = 0) we get

‖Dtu‖Lp(D4) + ‖D2
xu‖Lp(D4) + ‖∇q′′‖Lp(D4)

≤ c(T )[‖f0‖Lp(D4) + ‖b∗‖
W

1−1/p,1/2−1/2p
p (R3) + ‖b∗3‖W 2−1/2,1−1/2p

p (R3)].

Now from v = u + ∇ω, q = q′ + q′′, bi = b∗i + n · D(∇ω) · τ i + γ∇ω · τ i
(i = 1, 2), b3 = b∗3 +∇ω we obtain

‖Dtv‖Lp(D4) + ‖D2
xv‖Lp(D4) + ‖∇q‖Lp(D4) + ‖v‖

W
2−1/p,1−1/2p
p (R3)

≤ c(T )[‖f‖Lp(D4) + ‖B‖Lp(D4) + λ‖A‖Lp(D4)

+ ‖b‖
W

1−1/p,1/2−1/2p
p (R3) + ‖b3‖W 2−1/p,1−1/2p

p (R3)].

This concludes the proof of the lemma.

4. Problem in a bounded domain. In this section we prove the
existence of solutions of the following problem in the bounded domain ΩT :

(4.1)

∂tv −∆v +∇q = f,

div v = 0,

n · D(v) · τ i + γv · τ i|S = bi,

v · n|S = b3,

v|t=0 = 0,

where similarly to [3] we restrict our considerations to the case

f ∈ Ldiv
p (ΩT ) = {f ∈ C∞(ΩT ) : div f = 0}‖·‖Lp .

Lemma 4.1. If f ∈ Ldiv
2 (ΩT ) ∩ Ldiv

p (ΩT ) then there exists a unique
solution of (4.1) such that v ∈ W 2,1

2 (ΩT ) ∩W 2,1
p (ΩT ) and q ∈ W 1,0

p (ΩT ),
where (v, p) is a weak solution of (4.1), and

(4.2) ‖v‖W 2,1
2 (ΩT ) + ‖v‖W 2,1

p (ΩT ) + ‖q‖W 1,0
p (ΩT )

≤ c(T )(‖f‖L2(Ω) + ‖f‖Lp(ΩT ) + ‖B‖Lp(ΩT ) + λ‖A‖Lp(ΩT )).

Proof. We introduce a partition of unity. Let us define two collections
of open subsets {ω(k)} and {Ω(k)} such that ω(k) ⊂ Ω(k) ⊂ Ω,

⋃
k ω

(k) =⋃
k Ω

(k) = Ω with k ∈M∪N, where Ω(k)∩S = ∅ if k ∈M and ω(k)∩S 6= ∅
if k ∈ N. We assume that sup diamΩ(k) ≤ 2λ for some λ small enough. Let
ξ(k) be a smooth function such that 0 ≤ ξ(k) ≤ 1 and

ξ(k)(x) =
{

1 for x ∈ ω(k),

0 for x ∈ Ω \Ω(k),
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and

|Dν
xξ

(k)(x)| ≤ c/λ|ν|, 1 ≤
∑

k

(ξ(k))2 ≤ N0.

By η(k) we denote a “center” (a point inside) of ω(k) for k ∈M and a center of
ω(k)∩S for k ∈ N. Let us consider a local coordinate system y = (y1, y2, y3)
with center at η(k). If k ∈ N then the part S̃(k) = S∩Ω(k) of the boundary is
described by y3 = F (y1, y2). We choose the coordinates such that F (0) = 0
and ∇F (0) = 0. From S ∈ W

2−1/p
p we see that F ∈ W

2−1/p
p . Extending

F to F in such a way that F (y1, y2, 0) = F (y1, y2) and F ∈ W 2
p we have

F ∈ C1+α using the embedding theorem

C1+α(Ω)←↩ W 2
p (Ω) for 3/p+ 1 + α < 2, i.e. α < 1− 3/p.

Now we can transform Ω(k) into a half-space by the transformation Z =
Φk(y) = (Id − F )(y). Let y = Yk(x) be a transformation to the local coor-
dinates y which consists of translations and rotations. Let us introduce the
variables V = ξv and Q = ξq for ξ ≡ ξ(l) and l ∈ M. Then the equations
(4.1) take the form

(4.3)

∂tV −∆V +∇Q = ξ · f − 2∇v · ∇ξ −∆ξ · v + q · ∇ξ ≡ F ′,
div V = v · ∇ξ ≡ G′,
V |t=0 = 0.

Now we obtain a condition on the new functions F ′, G′, A′, B′, where A′ and
B′ are to be defined. We have

(4.4) ∂tG
′ − divF ′ = divB′ + A′,

where

(4.5)
B′ = ξB + 2∇ξ · ∇v + v∆ξ − 2q = q · ∇ξ +∇ξ × rot v,

A′ = ξ ·A−B∇ξ + q∆ξ.

By Lemma 3.4 we see that solutions of (4.1) satisfy

(4.6) ‖V ‖W 2,1
k (D4) + ‖Q‖W 1,0

k (D4)

≤ c(T )(‖F ′‖Lk(D4) + ‖G′‖W 1,0
k (D4) + λ‖A′‖Lk(D4) + ‖B′‖Lk(D4)),

where k > 2. By Proposition 2.3 we have (see [3])

(4.7) ‖F ′‖Lk(ΩT )

≤ c
(
‖f‖Lk(ΩT ) +

T 1/k + T 1/2

λ
‖v‖W 2,1

k (ΩT ) +
1
λ
‖q‖Lk(ΩT )

)
.



218 W. Alame

Now consider the following problem:

(4.8)
∆q = 0,

∂q

∂n

∣∣∣∣
ST

= g,

where g = νφ− b3,t (see (3.40)). This implies that ‖q‖W 2,0
p
≤ c‖v‖W 1,0

p (D4).
Then

‖∇q‖Lk(ΩT )
1
λ
≤ c

λ
(T 1/p + T 1/2)‖v‖W 2,1

p (D4).

Hence by Proposition 2.3 we obtain

(4.9) ‖V ‖W 2,1
k (D4) + ‖Q‖W 1,0

k (D4) ≤ c(T )
(
‖f‖Lk(D4)

+
T 1/k + T 1/2

λ
‖v‖W 2,1

k (D4) + λ‖A‖Lk(DT ) + ‖B‖Lk(DT )

)
.

We would like to have a similar estimate when k ∈ N. We write system (4.1)
in Z-coordinates (see [3]):

(4.9a)

∂tV −∆ZV +∇ZQ = F ′ + L1(∂Z −∇F · ∂Z)(V,Q)

− L1(∂Z)(V, P ) ≡ F ′′,
divZ V = G′ +∇F · ∂ZV ≡ G′′,
ez3 · D(V ) · τ i + γV · ξez3 = Φ(n(∂iη · vj + ∂ηj · vi))

+∇F · D(V ) + γ ≡ b′′i ,
V · ez3 |ST = b′′3 , V |t=0 = 0.

To apply Lemma 3.4 we need new A′′ and B′′ which satisfy

(4.11) ∂tG
′′ − divF ′′ = divB′′ +A′′.

We consider, as in [3], the following system:

(4.12)

∆b = Vj,t · F i,ji,
b|Z3=0 = 0,

b→ 0 if Z3 →∞.
By Proposition 2.2 (see [3])

(4.13) ‖∇b‖Lk(0,T ;Lk′+ε(R3
+)) ≤ cλ3ε/(k′+ε)k‖∂tV ‖Lk(D4).

We put

B′′ ≡ B′ − [L1(∂Z −∇F · ∂Z)(V,Q)− L1(∂Z)(V,Q)] + F i,jVj −∇b,
A′′ = A′.

From [3] we get

‖F ′′‖Lk ≤ ‖F ′‖Lk + c(δ + c(δ)T a + λα)‖V ‖W 2,1
k

+ cλα‖Q‖W 1,0
k
.
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From Lemma 3.4 we have (see [3])

(4.14) ‖V ‖W 2,1
k

+ ‖Q‖W 1,0
k

≤ c(‖F ′‖Lk + ‖G′‖W 1,0
k

+ ‖B′‖Lk + ‖A′‖Lk)

+ cλα‖Q‖W 1,0
k

+ c

(
‖F i,jVj‖Lk + ‖∇b‖Lk

+ ‖∇F∂ZV ‖W 1,0
k

+ ‖L1(∂Z −∇F · ∂Z)(V,Q)

− L1(∂Z)(V,Q)‖Lk(D4) +
T 1/k + T 1/2

λ
‖v‖W 2,1

k

)
.

Now we need to estimate

‖L1(∂Z −∇F · ∂Z)(V,Q)− L1(∂Z)(V,Q)‖Lk(D4)

≤ c‖∇2F∇V ‖Lk(D4) + c‖∇F∇2V ‖Lk(D4)c‖∇F |Q| ‖Lk(D4).

We estimate only the first term of the r.h.s.:

‖ |∇2F | |∇V | ‖Lk(R3
T ) ≤ ‖∇2F‖Lr(R3

+)‖∇V ‖Ll(R3
+),

where l = kr/(r − k), and we have

‖∇V ‖Lk(0,T ;Ll(R3
+)) ≤ (δ + c(δ)T a)‖V ‖W 2,1

r (D4),

where δ, a > 0 and c(δ) tends to infinity as δ → 0 (see [3, p. 96]). Taking
cβ < 1/2, where

β = δ + c(δ)T a + λα +
T 1/2 + T 1/k

λ
+ λε/k

is a small parameter coming from the right hand sides of (4.13) and (4.14),
and f ∈ Ldiv

p (ΩT ), and using similar estimates to [3] we get

(4.15) ‖v‖W 2,1
p (ΩT ) + ‖q‖W 1,0

p (ΩT )

≤ c(‖f‖Lp(ΩT ) + ‖B‖Lp(ΩT ) + λ‖A‖Lp(ΩT )).

From (4.14) and (4.15) we get the assertion of the lemma.

5. Proof of Theorem 1. Our aim is to show existence of solution
of problem (1.1). Let us first consider an extension v ∈ W 2,1

p (ΩT ) of v

such that v|t=0 = v0, v0 ∈ W 2−2/p
p (Ω) and ‖v‖W 2,1

p (ΩT ) ≤ c‖v0‖W 2−2/p
p (Ω).

Assume that the solution of (1.1) has the form

v = v′ + v and q = q(x, t).
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Then problem (1.1) reduces to

(5.1)

∂tv
′ − ν∆v′ +∇q = F ′,

div v′ = G′,

n · D(v′) · τ i + γv′ · τ i|ST = b′i (i = 1, 2),

v′ · n|ST = b3,

v′|t=0 = 0,

where

F ′ = −∂tv + ν∆v + f, G′ = G− div v, b′3 = b3 − v · n,
bi = bi − n · D(v) · τi − γv · τ i.

Now we have

∂tG
′ − divF ′ = ∂tG− ∂t div v + ∂t div v − ν∇∆v − div f

= divB + A− ν∇∆v so ∂tG
′ − divF ′ = divB′ + A,

where B′ = B − ν∆v and we get the following estimates:

‖F ′‖Lp ≤ ‖f‖Lp + c‖v0‖W 2−2/p
p

,

‖G′‖W 1,0
p
≤ ‖G‖W 1,0

p
+ c‖v0‖W 2−2/p

p
,

‖b′α‖W 1−1/p,1/2−1/2p
p

≤ ‖bα‖W 1−1/p,1/2−1/2p
p

+ c‖v0‖W 2−2/p
p

(α = 1, 2),

‖b′3‖W 2−1/p,1−1/2p
p

≤ ‖b3‖W 2−1/p,1−1/2p
p

+ c‖v0‖W 2−2/p
p

.

We need to consider the following system (see [1]):

(5.2)
∆ψ = G′,

ψ|ST = 0,
where ω = ∇ψ.

From (5.2) we have ω ∈W 2,0
p (ΩT ) and

∆∂tψ = ∂tG
′ = div(B′ + F ′) + A = div(B − ν∆v + f − ∂tv + ν∆v) + A

= div(B + f − ∂tv) + A = div(B + f) + Ã,

where Ã = A = ∇∂tv. Now putting ∆∂tψ
(1) ≡ div(B + f), ∆∂tψ(2) = Ã

and using similar considerations we have

‖∇∂tψ‖Lp ≤ c[‖f‖Lp + ‖B′‖Lp + λ‖A‖Lp ].

This implies that ω = ∇ψ ∈W 2,1
p (ΩT ) and of course

‖ω‖W 2,1
p (ΩT ) ≤ c(‖G‖W 1,0

p (ΩT ) + ‖f‖Lp(ΩT ) + ‖B′‖Lp(ΩT ) + λ‖A‖Lp(ΩT )),

and from G′|t=0 = 0 we have ω|t=0 = 0. Taking v′ ≡ v′′ + ∇ψ in problem
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(5.1) we obtain

(5.3)

∂tv
′′ − ν∆v′′ +∇q = F ′′,

div v′′ ≡ 0,

n ·D(v′′) · τ i + γv′′ · τ i|ST = b′′i (i = 1, 2),

v′′ · n|ST = b′′3 ,

v′′|t=0 = 0,

where

F ′′ = F ′ −∇∂tψ + ν∇∆ψ,
b′′i = b′i − n · D(∇ψ) · τ i − γ∇ψ · τ i (i = 1, 2), b′′3 = b′3 −∇ψ · n.

Now we have the estimates

(5.4)

‖F ′′‖Lp ≤ ‖F ′‖Lp + c‖ω‖W 2,1
p
,

‖b′′i ‖W 1−1/p,1/2−1/2p
p

≤ ‖b′i‖W 1−1/p,1/2−1/2p
p

+ c‖ω‖W 2,1
p

(i = 1, 2),

‖b′′3‖W 2−1/p,1−1/2p
p

≤ ‖b′3‖W 2−1/p,1−1/2p
p

+ c‖ω‖W 2,1
p
.

Next we have to reduce system (5.3) to problem (4.1). Consider the following
problem:

∆q = divF ′′,

∂q

∂n

∣∣∣∣
ST

= g,

where g = F ′′n− b′′3,t + νφ′′, φ′′ = ν∆v′′ · n.
For this elliptic problem we have the following estimate:

‖q‖W 2
p (Ω) ≤ c(‖F ′′‖Lp(Ω) + ‖g‖

W
1−1/p
p (S)),

where

q(x, t) =
�

Ω

G1(x− y) divF ′′(y) dy +
�

S

G2(x− y)g(y, t) dy.

Then

∇q(x, t) =
�

Ω

∇G1 divF ′′(y, t) dy +
�

S

∇G2g(y, t) dy,

‖∇q‖Lp(ΩT ) ≤
∥∥∥

�

Ω

∇2G1F
′′(y, t) dy

∥∥∥
Lp(ΩT )

+
∥∥∥

�

S

∇G2g(y, t) dy
∥∥∥
Lp(ST )

.

Now we can consider only one term
�

S

∇G2 · b′′,ττ = −
�

S

(∇G2),τb,τ .
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This implies that∥∥∥
�

S

∇G2b
′′
,ττ

∥∥∥
Lp(ST )

≤
∥∥∥

�

S

∇2G2b
′′
,τ

∥∥∥
Lp(ST )

≤ c‖b′′,τ‖Lp(ST ) ≤ c‖b′′‖W 1−1/p,1/2−1/p
p (ST ).

Then

‖∇q‖Lp(ΩT )

≤ c‖F ′′‖Lp(ΩT ) + c‖b′′i ‖W 1−1/p,1/2−1/2p
p (ST ) + c‖b′′3‖W 2−1/p,1−1/2p

p (ST )).

Now putting q ≡ q′ + q̃, where q̃ is a solution of the system

∆q̃ = divF ′′, ∆q′ = divF ′,

∂q̃

∂n

∣∣∣
ST

= h,
∂q′

∂n
= g′, where h = g − g′,

we get

∂tv
′′ − ν∆v′′ +∇q′ = F ′′ −∇q̃ = F ′′′,

div v′′ = 0,

n · D(v′′) · τi + γv′′ · τi|ST = b′′i (i = 1, 2),

v′′ · n|ST = b′′3 ,

v′′|t=0 = 0,

where
divF ′′′ = divF ′′ −∆q̃ = 0.

Now using Lemma 4.1 we obtain a solution of system (5.5) which gives
a solution of system (1.1) given by

v = v +∇ψ + v′′ + φ and q = q′ + q̃.

Now it is enough to continue the solution to the intervals [T0, 2T0], [2T0, 3T0],
. . . , T ≤ T0.

This proves Theorem 1 and concludes our considerations.

The author is greatly indebted to Prof. W. Zajączkowski for fruitful
discussions and important comments during the preparation of this paper.
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