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THE RELAXATION OF THE SIGNORINI PROBLEMFOR POLYCONVEX FUNCTIONALSWITH LINEAR GROWTH AT INFINITY

Abstrat. The aim of this paper is to study the unilateral ontat on-dition (Signorini problem) for polyonvex funtionals with linear growth atin�nity. We �nd the lower semiontinuous relaxation of the original fun-tional (de�ned over a subset of the spae of bounded variations BV (Ω))and we prove the existene theorem. Moreover, we disuss the Winkler uni-lateral ontat ondition. As an appliation, we show a few examples ofelasti-plasti potentials for �nite displaements.1. Introdution. Let Ω be a bounded, open, onneted set of lass C1in R
3. The aim of this paper is to study the polyonvex funtional(1.1) u 7→

\
Ω

j(x,∇u, Adj∇u, det∇u) dx ∈ R ∪ {∞}with unilateral ontat onditions, where j : Ω × (R3×3 × R
3×3 × R) →

R ∪ {∞} is a onvex normal integrand, as onsidered in [3℄, [15℄ and in [12,Chapter 8, p. 232℄, and u is the displaement �eld. Adj∇u is the matrixof ofators of ∇u (f. [3℄ and [15℄). Note that ∇u, Adj∇u and det∇ugovern the deformations of line, surfae and volume elements, respetively.We are going to establish the lower semiontinuous (l.s..) relaxation of thefuntional (1.1), with unilateral ontat onditions.The motivation for this researh is the neessity to study the polyonvexfuntionals enountered in deformational plastiity (for �nite displaements).Polyonvex funtionals have been investigated in [3℄, [15℄, [16℄, [17℄, [19℄ and[5℄ but without onsidering the unilateral ontat onditions in the ase offuntionals with linear growth at in�nity.2000Mathematis Subjet Classi�ation: 26B30, 46A11, 47H04, 49J45, 74B20, 74C15.Key words and phrases: nonlinear elastiity, lower semiontinuous relaxation of a poly-onvex funtional, Signorini problem, Winkler's unilateral ontat ondition, variations.[443℄



444 J. L. BojarskiHere we establish the l.s.. relaxation of the funtional (1.1), de�ned ona subset of the spae of bounded variations BV (Ω).The existene theorem in nonlinear elastiity is given in [3℄ (see also [20℄).Dal Maso and Sbordone [9℄ prove the lower semiontinuity of a polyon-vex funtional with linear growth. However, the funtional they onsider isde�ned on the Sobolev spae W 1,n(Ω, Rn).A geometri approah to the existene theorem for polyonvex funtionalswith linear growth at in�nity is shown in [15℄�[17℄. In those papers it isproved that the minimum of a polyonvex funtional belongs to the smallestsequentially losed set ontaining the graphs of ertain C1-mappings, givenby trans�nite indution (see [16℄). In our paper, the solution is the limit ofa simple sequene of C1 funtions in the weak∗ topology.We �nd a new, expliit form of the relaxed funtional F̃ ∗∗, unknown tothe authors of [15℄.Quasionvex funtionals de�ned on the BV (Ω) spae have been investi-gated in [1℄, [2℄, [6℄, [14℄, but for normal integrands linear with respet to ∇u.Therefore those papers do not desribe polyonvex problems, where the nor-mal integrand depends non-linearly on Adj∇u or det∇u. In [7℄ quasionvexfuntionals de�ned on BV (Ω) are onsidered, but with oerive onditionson the boundary and with the normal integrand satisfying the linear growthonditions.Note that the unilateral ontat onditions onsidered here are not oer-ive.In this paper we extend the method of [5℄, where unilateral ontat on-ditions are not onsidered. We take an alternative approah to that in [5℄.We �nd the l.s.. relaxation of the funtional with linear growth at in�nityand with unilateral ontat onditions (the Signorini and Winkler problems).Moreover we prove the existene theorem.In Setion 3 we give examples of potentials whih desribe the deforma-tional model of an elasti-plasti body under �nite displaement. The fun-tional j4, de�ned in Example 3, has linear growth at in�nity and dependsnonlinearly on both ∇u and Adj∇u.2. Some basi de�nitions and theorems. Throughout this work Ωdenotes a nonempty, bounded, open, onneted subset of R
3, with boundaryof lass C1. C(Ω, Rm) denotes the spae of R

m-valued ontinuous funtionson Ω, while C0(Ω, Rm), or simply C0, stands for the spae of ontinuousfuntions whih are zero on ∂Ω. The spae Cc(Ω, Rm), or simply Cc, is thespae of R
m-valued ontinuous funtions with ompat supports. The nota-tion Mb(Ω, Rm), or Mb, stands for the spae of R

m-valued, Radon boundedregular measures on Ω, equipped with the norm ‖ · ‖Mb(Ω,Rm).



Relaxation of the Signorini problem 445Moreover, we will use one of the duality pairs (Mr, Cc) or (Mb, C0), where
Mr is the spae of regular measures. For g = (g1, . . . , gm) ∈ C(Ω, Rm) and
µ = (µ1, . . . , µm) ∈ Mb(Ω, Rm), we write\

Ω

g · µ ≡
m∑

i=1

\
Ω

giµi.Finally, L0(Ω, Rm)µ stands for the set of µ-measurable funtions from Ωinto R
m.The salar produt of z, z∗ ∈ R

m is denoted by z · z∗ =
∑

i ziz∗i and thesalar produt of w,w∗ ∈ R
m×m ≡ E

m by w : w∗ =
∑

ij wijw∗
ij , where E

mis the spae of real m × m matries.Let X be a vetor spae, and τ ⊂ 2X a linear topology on X (or a normon X). Then [X, τ ] denotes the topologial spae and [X, τ ]∗ its dual spae.If F : X → R ∪ {∞} is a funtion de�ned on X, then F ∗ denotes its polarfuntion (f. [12℄). For an arbitrary set C in X, IC(·) stands for its indiatorfuntion (IC(x) = 0 if x ∈ C and IC(x) = +∞ if x /∈ C).We also need the following notations. Let V be a metri spae. Then
BV (Ξ, r) is the losed ball in V with enter Ξ and radius r. The notation
clV (Z) stands for the losure of the set Z ⊂ V in the topology of V , while,analogously, cl‖·‖(Z) is the losure of Z in the norm ‖ · ‖. In our paper wetake ‖[ei]‖Rm ≡

∑m
i=1 |ei| for [ei] ∈ R

m. The tensor produt is denoted by ⊗.We de�ne the following Banah spaes (see [18℄, [23℄ and [24℄):
BV (Ω, R3) ≡ {u ∈ L1(Ω, R3) | ∇u ∈ Mb(Ω, E3)},

BD(Ω)≡

{
u ∈ L1(Ω, R3)

∣∣∣∣ εij(u)≡
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)
∈Mb(Ω), i, j = 1, 2, 3

}

with the natural norms(2.1) ‖u‖BV = ‖u‖L1 +
3∑

i,j

∥∥∥∥
∂ui

∂xj

∥∥∥∥
Mb

, ‖u‖BD = ‖u‖L1 +
3∑

i,j

‖εij(u)‖Mb
.

Proposition 1 (see [18℄, [23℄). Let BV (Ω) and L1(∂Ω, R3) be endowedwith their respetive norm topologies. Then there exists a ontinuous surje-tive linear trae operator γ from BV (Ω) onto L1(∂Ω, R3) suh that γ(u) =
u|∂Ω for all u ∈ BV (Ω) ∩ C(Ω, R3).The trae γ : BV (Ω) → L1(∂Ω, R3) is a surjetion, sine the trae from
W 1,1(Ω, R3) to L1(∂Ω, R3) is a surjetion.In this paper, Ω and Ω1 are bounded open onneted sets of lass C1in R

3 suh that Ω ⊂⊂ Ω1. The Lebesgue and Hausdor� measures on Ωand ∂Ω are denoted by dx and ds, respetively. The Hausdor� measure dsmultiplied by a real onstant equals the 2-dimensional Lebesgue measure (onthe hyperplane R
2).
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Assumption 1 (f. [4℄). K : Ω → 2E

3×E
3×R is a multifuntion withonvex losed values. Moreover, there exists z̃ ∈ C1(Ω, E3 × E

3 × R) suhthat z̃(x) ∈ K(x) for every x ∈ Ω, and the following onditions hold:(i) if z ∈ C1(Ω, E3 × E
3 × R) and z(x) ∈ K(x) for dx-almost every(dx-a.e.) x ∈ Ω, then z(y) ∈ K(y) for every y ∈ Ω;(ii) for every y ∈ Ω and every w ∈ K(y) there exists z ∈ C1(Ω, E

3 ×
E

3 × R) suh that z(y) = w and z(x) ∈ K(x) for every x ∈ Ω.Conditions (i) and (ii) are equivalent to the ondition that for every y ∈ Ω,
(2.2) K(y) = {z(y) | z ∈ C1(Ω, E3 × E

3 × R),

z(x) ∈ K(x) for dx-a.e. x ∈ Ω}.

Definition 1 (f. [12, Chapter 8, p. 232℄). Let j∗ : Ω× (E3×E
3×R) →

R ∪ {∞} be a onvex, nonnegative, normal integrand, i.e.:(a) E
3 ×E

3 ×R ∋ w∗ 7→ j∗(x,w∗) is onvex and l.s.. for dx-a.e. x ∈ Ω;(b) there exists a Borel funtion j̃∗ : Ω × (E3 ×E
3 ×R) → R∪{∞} suhthat j̃∗(x, ·) = j∗(x, ·) for dx-a.e. x ∈ Ω.We also assume that(2.3) {w∗ ∈ E

3 × E
3 × R | j∗(x,w∗) < ∞} = K(x)for dx-a.e. x ∈ Ω.

Assumption 2. There exist onstants k, r1 > 0 suh that(2.4) j∗(x,w∗) ≤ k, ∀w∗ ∈ BE3×E3×R(0, r1), for dx-a.e. x ∈ Ω,where BE3×E3×R(0, r1) is the losed ball in E
3 × E

3 × R with enter 0 andradius r1 (in the �nite-dimensional spae all norms are equivalent). Moreover,we assume that for every r̂ > 0 there exists cr̂ < ∞ suh that
(2.5) sup

{ \
Ω

j∗(x,w∗) dx
∣∣∣ w∗ ∈ L∞(Ω, E3 × E

3 × R),

‖w∗‖L∞(Ω,E3×E3×R) < r̂ and w∗(x) ∈ K(x) for dx-a.e. x ∈ Ω
}

< cr̂.By (2.2)�(2.4),
BE3×E3×R(0, r1) ⊂ K(x), ∀x ∈ Ω.The Legendre�Fenhel transform of j∗ is given by

j∗∗(x, z,p, t) ≡ sup{z : z∗ + p : p∗ + tt∗ − j∗(x, z∗,p∗, t∗) |

z∗ ∈ E
3, p∗ ∈ E

3, t∗ ∈ R}for dx-a.e. x ∈ Ω and every (z,p, t) ∈ E
3 ×E

3 ×R. Moreover, the funtional
j : Ω × (E3 × E

3 × R) → R ∪ {∞} is de�ned by
j(x, z,p, t) ≡ j∗∗(x, z,p, t) for dx-a.e. x ∈ Ω, ∀(z,p, t) ∈ E

3 × E
3 × R.



Relaxation of the Signorini problem 447In view of (2.4),(2.6) j(x, z,p, t) ≥ cr1(‖z‖E3 + ‖p‖E3 + |t|) − kfor every (z,p, t) ∈ E
3 × E

3 × R and dx-a.e. x ∈ Ω. Here c is a positiveonstant (f. the de�nition of ‖ · ‖R3×3 = ‖ · ‖E3). Sine j∗ is a nonnegativefuntion, we observe that(2.7) 0 ≥ j(x,0,0, 0) for dx-a.e. x ∈ Ω.Let j∞ : Ω × E
3 × E

3 × R → R ∪ {∞} be de�ned by
j∞(x, z,p, t) ≡ sup{z : z∗ + p : p∗ + tt∗ − IK(x)(z

∗,p∗, t∗) |

z∗ ∈ E
3, p∗ ∈ E

3, t∗ ∈ R}for (x, z,p, t) ∈ Ω × E
3 × E

3 × R. Then
j∞(x, z,p, t) ≥ cr1(‖z‖E3 + ‖p‖E3 + |t|), ∀(x, z,p, t) ∈ Ω × E

3 × E
3 × R,where c is a positive onstant (f. the de�nition of ‖ · ‖E3).

Definition 2. For every u ∈ BV (Ω, R3), µ̃ ∈ Mb(Ω, E3) and µ ∈
Mb(Ω, R), we de�ne(2.8) ‖(u, µ̃, µ)‖P 3BV = ‖u‖BV + ‖µ̃‖Mb(Ω,E3) + ‖µ‖Mb(Ω,R),where ‖µ̃‖Mb(Ω,E3) =

∑3
ij ‖µ̃ij‖Mb(Ω,R) and µ̃ij are the omponents of µ̃.

Definition 3. For every ω0∈C(Ω, E3), ω1∈C0(Ω, E3), ω2∈C0(Ω, R),
u ∈ BV (Ω, R3), µ̃ ∈ Mb(Ω, E3) and µ ∈ Mb(Ω, R) we de�ne a bilinearfuntional by

〈(γ(u),∇u, µ̃, µ), (ω0, ω1, ω2)〉P 3BV =
\
Ω

ω0 : ∇u +
\
Ω

ω1 : µ̃(2.9)

+
\
Ω

ω2µ −
\

∂Ω

β(ω0) · γ(u) ds,where β(ω0) = ω0 · ν on ∂Ω and ν is the exterior unit normal to ∂Ω.Let ΓS , ΓW , Γ0 and Γ1 (with Γ1 = Γ 1 and ΓS ∪ΓW = ΓS ∪ ΓW −Γ 1) beBorel subsets of ∂Ω suh that Γ1∩Γ0 = ∅ = Γ0∩ΓS , Γ1∩ΓS = ∅ = Γ1∩ΓW ,
Γ0 ∩ ΓW = ∅ = ΓW ∩ ΓS and ΓS ∪ ΓW ∪ Γ1 ∪ Γ0 = ∂Ω. Moreover, let
ds(intΓ0) = ds(Γ 0), ds(intΓS) = ds(ΓS) and ds(intΓW ) = ds(ΓW ).On the boundary ΓS we have the Signorini ontat ondition ν(x) ·
γ(u)(x) ≤ 0 for ds-a.e. x ∈ ΓS (see [11℄). This means that we have a potentialfuntion hS : ΓS × E

3 → R ∪ {∞} de�ned by(2.10) hS(x,y) =

{
∞ if ∑3

i=1 yii = try < 0,

0 otherwise,for x ∈ ΓS , where y = −ν ⊗ γ(u) (f. [4℄). In (2.10), hS depends only on y.



448 J. L. BojarskiOn the boundary ΓW we onsider the Winkler unilateral ontat ondi-tion, given by the potential hW : ΓW × E
3 → R ∪ {∞}, de�ned by(2.11) hW (x,y) =

{ 1
2α0(x)(try)2 if try < 0,
0 otherwise,for every x ∈ ΓW , where y = −ν ⊗ γ(u), α0 ∈ L∞(ΓW , R) and α0(x) > 0for ds-a.e. x ∈ ΓW (see [21℄).In what follows, we onsider a funtional F : C1(Ω, R3) → R∪{∞} givenby

F (u) = −
\

Γ1

g · u ds +
\

Γ0

I{ν⊗ũ=0}(−ν ⊗ u) ds(2.12)

+
\

ΓS

hS(x,−ν ⊗ u) ds +
\

ΓW

hW (x,−ν ⊗ u) ds

+
\
Ω

j(x,∇u, Adj(∇u), det(∇u)) dx,where w 7→ I{ν⊗ũ=0}(w) is the indiator funtion of the set {ν⊗ũ ∈ ν⊗R
3 |

ν ⊗ ũ = 0}.
Assumption 3. There exists σ0 ∈ C(Ω, E3) suh that σ0 · ν = g on Γ1,

σ0 = 0 on ΓW ∪ ΓS and (σ0(x),0, 0) ∈ K(x) for every x ∈ Ω.For an elasti-plasti material, the funtional F desribes the total energyof a body oupying the given subset Ω of R
3, and subjeted to the bound-ary fore g on Γ1. The body is lamped on Γ0, meaning that the Dirihletondition u = 0 holds on Γ0. Moreover, the Signorini ontat ondition on

ΓS and the Winkler ontat ondition on ΓW are assumed.The extension F̃ of F to C1(Ω, R3)×L1(Ω, E3)×L1(Ω, E3)×L1(Ω, R)is given by
(2.13) F̃ (u|∂Ω , z,p, t) = −

\
Γ1

g · u ds +
\

Γ0

I{ν⊗ũ=0}(−ν ⊗ u) ds

+
\

ΓS

hS(x,−ν ⊗ u) ds +
\

ΓW

hW (x,−ν ⊗ u) ds +
\
Ω

j(x, z,p, t) dx.

A bilinear form between C1(Ω, R3)×L1(Ω, E3)×L1(Ω, E3)×L1(Ω, R) and
C(Ω, E3) × C0(Ω, E3) × C0(Ω, R) is

〈(u|∂Ω, z,p, t), (ω0, ω1, ω2)〉 =
\
Ω

ω0 : z dx +
\
Ω

ω1 : p dx(2.14)

+
\
Ω

ω2t dx −
\

∂Ω

ω0 : (ν ⊗ u|∂Ω) ds,where u ∈ C1(Ω, R3), z ∈ L1(Ω, E3), p ∈ L1(Ω, E3), t ∈ L1(Ω, R), ω0 ∈
C(Ω, E3), ω1 ∈ C0(Ω, E3) and ω2 ∈ C0(Ω, R).



Relaxation of the Signorini problem 449We mention that the dual funtional F̃ ∗ :C(Ω, E3)×C0(Ω, E3)×C0(Ω, R)
→ R ∪ {∞} is de�ned by
(2.15) F̃ ∗(ω0, ω1, ω2) = sup{〈(u|∂Ω, z,p, t), (ω0, ω1, ω2)〉−F̃ (u|∂Ω , z,p, t) |

(u, z,p, t) ∈ C1(Ω, R3) × L1(Ω, E3) × L1(Ω, E3) × L1(Ω, R)}for (ω0, ω1, ω2) ∈ C(Ω, E3) × C0(Ω, E3) × C0(Ω, R).The bidual funtional F̃ ∗∗ : BV (Ω)×Mb(Ω, E3)×Mb(Ω, R) → R∪{∞}is given by
(2.16) F̃ ∗∗(γ(u),∇u, µ̃, µ) = sup{〈(γ(u),∇u, µ̃, µ), (ω0, ω1, ω2)〉P 3BV

−F̃ ∗(ω0, ω1, ω2) | ω0 ∈ C(Ω, E3), ω1 ∈ C0(Ω, E3), ω2 ∈ C0(Ω, R)}for (u, µ̃, µ) ∈ BV (Ω) × Mb(Ω, E3) × Mb(Ω, R).
Definition 4. For q > 0 we de�ne a subset P 3

q BV (Ω) of BV (Ω, R3) ×

Mb(Ω, E3) × Mb(Ω, R) to onsist of (u, µ̃, µ) for whih ‖(u, µ̃, µ)‖P 3BV ≤ qand for whih there exists a sequene {un}n∈N ⊂ C1(Ω, R3) suh that
‖(un, Adj∇un, det∇un)‖P 3BV ≤ q, ∀n ∈ N,and moreover

(2.17)




un → u in ‖ · ‖L1 ,

∇un ⇀ ∇u weak∗ in Mb(Ω, E3),

Adj(∇un) ⇀ µ̃ weak∗ in Mb(Ω, E3),

det∇un ⇀ µ weak∗ in Mb(Ω, R),where Mb(Ω, E3) ≡ C(Ω, E3)∗ (f. [10, Theorem VI.7.2℄).We say that {un}n∈N ⊂ BV (Ω, R3) onverges to u ∈ BV (Ω, R3) in thetopology (2.18) if(2.18) {
un → u in ‖ · ‖L1 ,

∇un ⇀ ∇u weak∗ in Mb(Ω, E3).Furthermore, a sequene {(un, µ̃n, µn)}n∈N ⊂ P 3
q BV (Ω) is said to onvergeto (u, µ̃, µ) ∈ P 3

q BV (Ω) in the topology (2.18)�(2.19) if(2.19) {
µ̃n ⇀ µ̃ weak∗ in Mb(Ω, E3),

µn ⇀ µ weak∗ in Mb(Ω, R)and {un}n∈N onverges to u in the topology (2.18).
Definition 5. Let

(2.20) A(x) =
{
ω0 ∈ E

3
∣∣∣

3∑

i,j=1

(ω0)ij(ν ⊗ u)ij ≥ 0for all u suh that ν · u ≤ 0
}

for ds-a.e. x ∈ ΓS ∪ ΓW (f. [4, Setion 4.6℄).
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Remark 1. Sine

3∑

i,j=1

ωij(ν ⊗ u)ij =
1

3
tr ω tr(ν ⊗ u) +

3∑

i,j=1

ωD
ij (ν ⊗ u)D

ij

where the deviator part of ω is given by ωD = ω − 1
3(trω)δ and δ is theKroneker delta, it follows that(2.21) AL ≡ {ω0 ∈ E

3 | trω0 ≤ 0, (ω0)D = 0} ⊂ A(x)for ds-a.e. x ∈ ΓS ∪ΓW . The funtional h∗
S : ΓS ×E

3 → R∪{∞} is given by(2.22) h∗
S(x, ω0) = sup

y

{y : ω0 − hS(x,y)} =

{
0 if ω0 ∈ A(x),
∞ otherwise,for every (x, ω0) ∈ ΓS×E

3. Similarly, the funtional h∗
W : ΓW×E

3 → R∪{∞}is given by
h∗

W (x, ω0) = sup
y

{y : ω0 − hW (x,y)}(2.23)

=





1

2α0(x)

(
1

3
trω0

)2 if ω0 ∈ A(x),

∞ otherwise,for every (x, ω0) ∈ ΓW × E
3, where A(x) is de�ned by (2.20).

Theorem 2. The funtional F̃ ∗∗ de�ned by (2.16) satis�es
(2.24) F̃ ∗∗(γ(u),∇u, µ̃, µ) = −

\
Γ1

g · γ(u) ds

+
\

Γ0

j∞(x,−ν ⊗ γ(u),0, 0) ds +
\

ΓS

(h∗
S + IK)∗(x,−ν ⊗ γ(u),0, 0) ds

+
\

ΓW

(h∗
W + IK)∗(x,−ν ⊗ γ(u),0, 0) ds +

\
Ω

j(x, (∇u)a, µ̃a, µa) dx

+
\
Ω

j∞

(
x,

d(∇u)s

d|(∇us, µ̃s, µs)|
,

dµ̃s

d|(∇us, µ̃s, µs)|
,

dµs

d|(∇us, µ̃s, µs)|

)
d|(∇us, µ̃s, µs)|for every (u, µ̃, µ) ∈ P 3

q BV (Ω) and every q > 0, where µ̃ = µ̃adx + µ̃s,
µ = µadx+µs and ∇u = (∇u)adx+(∇u)s are the Lebesgue deompositionsof µ̃, µ and ∇u into absolutely ontinuous and singular parts with respetto dx. Here |(∇us, µ̃s, µs)| is the total variation measure assoiated with
(∇us, µ̃s, µs), i.e. for every (∇us, µ̃s, µs)-measurable subset Ω̃ of Ω we have
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|(∇us, µ̃s, µs)|(Ω̃) = sup

{ \̃
Ω

ϕ : ∇us +
\̃
Ω

φ̃ : µ̃s +
\̃
Ω

φµs

∣∣∣

ϕ, φ̃ ∈ C0(Ω, E3), φ ∈ C0(Ω, R), max
i,j

(‖ϕij‖C(Ω)) ≤ 1,

max
i,j

(‖φ̃ij‖C(Ω)) ≤ 1, ‖φ‖C(Ω) ≤ 1
}
.The funtion (h∗

S + IK)∗ : Ω × E
3 × E

3 × R → R ∪ {∞} is given by
(2.25) (h∗

S +IK)∗(x,−ν⊗γ(u),0, 0) = sup{−ω0 : (ν⊗γ(u))−h∗
S(x, ω0) |

(ω0,0, 0) ∈ K(x) ⊂ E
3 × E

3 × R}for every u ∈ BV and ds-a.e. x ∈ ΓS (see (2.22)). Similarly, the funtion
(h∗

W + IK)∗ : Ω × E
3 × E

3 × R → R ∪ {∞} is given by
(2.26) (h∗

W +IK)∗(x,−ν⊗γ(u),0, 0) = sup{−ω0 : (ν⊗γ(u))−h∗
W (x, ω0) |

(ω0,0, 0) ∈ K(x) ⊂ E
3 × E

3 × R}for every u ∈ BV and ds-a.e. x ∈ ΓW (f. (2.23)). Moreover, F̃ ∗∗ is l.s.. inthe topology (2.18)�(2.19).
Remark 2. Under assumption (2.27) we an �nd an expliit form of

(h∗
S + IK)∗ and (h∗

W + IK)∗ in (2.24) (see (2.29) and (2.31)). Indeed, let(2.27) {(ω0,0, 0) ∈ E
3 × E

3 × R | trω0 ≤ 0, (ω0)D = 0} ⊂ K(x)where (ω0)D is the deviator part of ω0 (f. (2.21)). Then by (2.21) and (2.22)we obtain
AL ⊂ A(x) ∩ {ω0 | (ω0,0, 0) ∈ K(x)} ⊂ A(x)and

hS(x,−ν ⊗ u) = sup{−ω0 : (ν ⊗ u) | ω0 ∈ AL}(2.28)

≤ (h∗
S + IK)∗(x,−ν ⊗ u,0, 0) ≤ h∗∗

S (x,−ν ⊗ u)for ds-a.e. x ∈ ΓS and every u ∈ R
3. Beause hS ≥ h∗∗

S we have(2.29) hS(x,−ν ⊗ u) = (h∗
S + IK)∗(x,−ν ⊗ u,0, 0) = h∗∗

S (x,−ν ⊗ u)for ds-a.e. x ∈ ΓS and every u ∈ R
3.In a similar way, by (2.23), we get

h∗
W (x, ω0) + IAL

(ω0) ≥ h∗
W (x, ω0) + I{ω0 | (ω0,0,0)∈K(x)}(ω

0) ≥ h∗
W (x, ω0)for ds-a.e. x ∈ ΓW , every ω0 ∈ E

3, and
hW (x,−ν ⊗ u) = sup{−ω0 : (ν ⊗ u) − h∗

W (x, ω0) | ω0 ∈ AL}(2.30)

≤ (h∗
W + IK)∗(x,−ν ⊗ u,0, 0) ≤ h∗∗

W (x,−ν ⊗ u)for ds-a.e. x ∈ ΓW and every u ∈ R
3. Beause hW ≥ h∗∗

W we have



452 J. L. Bojarski(2.31) hW (x,−ν ⊗ u) = (h∗
W + IK)∗(x,−ν ⊗ u,0, 0) = h∗∗

W (x,−ν ⊗ u)for ds-a.e. x ∈ ΓW and every u ∈ R
3.

Remark 3. We do not prove in this paper that F̃ ∗∗ is the largest l.s..minorant (in the topology (2.18)�(2.19)) less than F . We �nd only the bidualfuntional F̃ ∗∗ to the extension F̃ of F .
Definition 6. We say that F̃ ∗∗ is oerive if the following onditionholds: if ‖(um, µ̃m, µm)‖P 3

q BV → ∞ then F̃ ∗∗(∇um, µ̃m, µm) → ∞for every {(um, µ̃m, µm)}m∈N ⊂
∑∞

q=1 P 3
q BV (Ω).

Theorem 3. Assume that ds(Γ0) > 0 and F̃ ∗∗ is oerive. Then thereexist q0 > 0 and (u0, µ̃0, µ0) ∈ P 3
q0

BV (Ω) suh that
(2.32) F̃ ∗∗(γ(u0),∇u0, µ̃0, µ0)

= inf
{
F̃ ∗∗(γ(u),∇u, µ̃, µ)

∣∣∣ (u, µ̃, µ) ∈
∞∑

q=1

P 3
q BV (Ω)

}
.Below we study the properties of the spae P 3

q BV (Ω) and we proveTheorems 2 and 3.3. Relaxation of the unilateral ontat onditions. Here we �ndthe l.s.. relaxation of our polyonvex funtional with unilateral ontat on-ditions. Moreover, we prove the existene theorem.
Definition 7. The sequene {un}n∈N ⊂ BV (Ω, R3) onverges to u0 ∈

BV (Ω, R3) in the topology (3.1) if(3.1) \
Ω

σ : (∇un −∇u0) −
\

∂Ω

σ : (ν ⊗ γ(un − u0)) ds → 0for every σ ∈ C(Ω, E3).
Definition 8. The sequene {(un, µ̃n, µn)}n∈N ⊂ P 3

q BV (Ω) ⊂

BV (Ω, R3) × Mb(Ω, E3) × Mb(Ω, R) onverges to (u0, µ̃0, µ0) ∈ P 3
q BV (Ω)in the topology (3.1)�(3.2) if(3.2) {

µ̃n ⇀ µ̃0 weak∗ in Mb(Ω, E3),

µn ⇀ µ0 weak∗ in Mb(Ω, R),and {un}n∈N onverges to u0 in the topology (3.1).In [18℄ it was proved that a losed ball in BV (Ω, R3) is ompat in thenorm ‖ · ‖L1 , or in L1
loc(Ω, R3) topology.

Proposition 4 (f. [5℄). Every ball cl‖·‖BV
BBV (0, r̂) in BV (Ω, R3),losed in the norm ‖ · ‖BV , is ompat in the topology (3.1).



Relaxation of the Signorini problem 453Proof. We proeed in several steps.Step 1. The spae BV (Ω, R3) is isomorphi to(3.3) A1 ≡ {u ∈ BV (Ω1, R
3) | u(x) = 0 for dx-a.e. x ∈ Ω1 − Ω},the isomorphism being given by A1 ∋ u 7→ u|Ω ∈ BV (Ω, R3). We say thata sequene {ũn}n∈N ⊂ BV (Ω1, R

3) onverges to ũ ∈ BV (Ω1, R
3) in thetopology (3.4) if(3.4) {

ũn → ũ in ‖ · ‖L1(Ω1,R3),

∇ũn ⇀ ∇ũ weak∗ in Mb(Ω1, E
3).We �rst show that the losed ball cl‖·‖BV

BBV (Ω1,R3)(0, r̂), endowed with thetopology (3.4), is ompat.Indeed, sine {un}n∈N ⊂ cl‖·‖BV
BBV (Ω1,R3)(0, r̂), it follows that {un}n∈N

⊂ cl‖·‖BD
BBD(Ω1)(0, r̂) (see [23, pp. 143�145℄). In view of the ompatnesstheorem for BD(Ω1) (see e.g. [23, Chapter 2, Theorem 2.4℄) the injetion of

[BD(Ω1), ‖ · ‖BD] into [L1(Ω1, R
3), ‖ · ‖L1 ] is ompat. Hene, there exists asubsequene {unm}m∈N of {un}n∈N and a �eld u0 ∈ L1(Ω1, R

3) suh that
unm → u0 in ‖ · ‖L1(Ω1,R3).Step 2. By [10, Theorem V.5.1℄, a losed ball in Mb(Ω, R), endowed withthe weak∗ topology, is metrizable.Indeed, let {ϕm}m∈N be a ountable dense subset of [C0(Ω, R), ‖·‖C ] and

̺(µ1, µ2) =
∞∑

m=1

1

2m
·

|
T
Ω

ϕm(µ1 − µ2)|

1 + |
T
Ω

ϕm(µ1 − µ2)|for µ1, µ2 ∈ Mb(Ω, R). It is easy to verify that ̺ is a metri, sine {ϕm}m∈Nis dense in C0(Ω, R). The topology indued by ̺ is weaker than the weak∗
Mb(Ω, R) topology on cl‖·‖Mb

BMb(Ω,R)(0, q). Sine the other set endowed withthe weak∗ Mb(Ω, R) topology is ompat, the topology indued by ̺ on itoinides with the weak∗ Mb(Ω, R) topology (f. [13, Corollary 3.1.14℄).Step 3. The sequene {∇unm}m∈N is bounded in ‖ · ‖Mb(Ω1,E3). By [10,Theorem V.5.1℄, cl‖·‖Mb
BMb(Ω1,E3)(0, r̂) endowed with the weak∗ topology ismetrizable (see Setion 2). Sine it is ompat, there exists a subsequene

{∇unmp
}p∈N and µ̃ ∈ Mb(Ω1, E

3) suh that(3.5) ∇unmp
⇀ µ̃ weak∗ in Mb(Ω1, E

3).Moreover, µ̃ = ∇u0 in the distributional sense, beause\
Ω1

σ : ∇unmp
= −

\
Ω1

(div σ) · unmp
dx ∀σ ∈ C1

c (Ω1, E
3).Step 4. In this step, we prove that ‖u0‖BV (Ω1,R3) ≤ r̂. Indeed, by Step 1,

lim ‖unmp
‖L1(Ω1,R3) = ‖u0‖L1(Ω1,R3).



454 J. L. BojarskiThus for every δ > 0, there exists pδ ∈ N suh that for every p > pδ,
r̂ − lim ‖unmp

‖L1 + δ ≥ sup{‖∇unmp
‖Mb(Ω1,E3) | p ∈ N, p > pδ}

= sup
p>pδ

sup
{ \

Ω1

ω : ∇unmp

∣∣∣ ω ∈ C0(Ω1, E
3), max

i,j
‖ωij‖C0(Ω1) ≤ 1

}

= sup
{

sup
p>pδ

\
Ω1

ω : ∇unmp

∣∣∣ ω ∈ C0(Ω1, E
3), max

i,j
‖ωij‖C0(Ω1) ≤ 1

}

≥ sup
{

lim
p

\
Ω1

ω : ∇unmp

∣∣∣ ω ∈ C0(Ω1, E
3), max

i,j
‖ωij‖C0(Ω1) ≤ 1

}

= sup
{ \

Ω1

ω : ∇u0

∣∣∣ ω ∈ C0(Ω1, E
3), max

i,j
‖ωij‖C0(Ω1) ≤ 1

}

=
3∑

i,j=1

∥∥∥∥
∂(u0)i

∂xj

∥∥∥∥
Mb(Ω1,R)

= ‖∇u0‖Mb(Ω1,E3)(f. (2.1) and the de�nition of ‖ · ‖E3). Hene we have
r̂ + δ ≥ lim ‖unmp

‖L1(Ω1,R3) + ‖∇u0‖Mb(Ω1,E3)

≥ ‖u0‖L1(Ω1,R3) + ‖∇u0‖Mb(Ω1,E3)for every δ > 0.Step 5. Let {un}n∈N ⊂ cl‖·‖BV
BBV (Ω,R3)(0, r̂) ⊂ BV (Ω, R3) and let

{ûn}n∈N ⊂ BV (Ω1, R
3) be the extension of {un}n∈N to Ω1, given by(3.6) ûn|Ω = un, ûn|Ω1−Ω = 0,for every n ∈ N. By Step 1 there exists a subsequene {ûnm}m∈N and û ∈

BV (Ω1, R
3) suh that̂

unm → û in ‖ · ‖L1(Ω1,R3),(3.7)

∇ûnm ⇀ ∇û weak∗ in Mb(Ω1, E
3)(3.8)and û|Ω1−Ω = 0 (f. (3.4), (3.5)).We say that a sequene {un}n∈N ⊂ BV (Ω, R3) onverges to u in thetopology (3.9)�(3.10) if

un → u in ‖ · ‖L1(Ω,R3),(3.9) \
Ω

σ : (∇un −∇u) −
\

∂Ω

σ : (ν ⊗ γ(un − u)) ds → 0(3.10)

for all σ ∈ C(Ω, E3). Observe that
∇ûnm = ∇ûnm|Ω + ν⊗(γ(ûnm|Ω1−Ω) − γ(ûnm|Ω)) ds + ∇ûnm|Ω1−Ω ,



Relaxation of the Signorini problem 455where γ(ûnm|Ω) and γ(ûnm|Ω1−Ω) respetively stand for the interior and ex-terior trae of ûnm on ∂Ω (f. [23℄, [24℄). Hene, by (3.7)�(3.8), {unm}m∈Nonverges to û|Ω in the topology (3.9)�(3.10). The sequene {(∇unm , ν ⊗

γ(unm))}m∈N of measures on Ω is bounded in ‖ · ‖
Mb(Ω,E3), sine {un}n∈N ⊂

cl‖·‖BV
BBV (Ω,R3)(0, r̂) and γ is a ontinuous trae from [BV, ‖ · ‖BV ] to

[L1(∂Ω), ‖ · ‖L1 ]. By [10, Theorem V.5.1℄, losed balls in Mb(Ω, E3), en-dowed with the weak∗ topology, are metrizable (see Step 2). Thus
cl‖·‖BV

BBV (Ω,R3)(0, r̂), endowed with the topology (3.9)�(3.10), is metriz-able, and hene ompat (see also Step 4). Notie that the topology (3.1)is weaker than (3.9)�(3.10), and moreover, (3.1) is a Hausdor� topology.It is known that, among all Hausdor� topologies, ompat topologies areminimal (see [13, Corollary 3.1.14℄). From these observations, it follows thatthe losed ball cl‖·‖BV
BBV (Ω,R3)(0, r̂), endowed with the topology (3.1), isompat.

Definition 9. We say that a sequene {un}n∈N ⊂ BV (Ω, R3) onvergesto u0 ∈ BV (Ω, R3) in the topology (3.11) if(3.11) {
un → u0 in ‖ · ‖L1(Ω,R3),
∇un ⇀ ∇u0 weak∗ in Mb(Ω, E3).Furthermore, a sequene {(un, µ̃n, µn)}n∈N ⊂ P 3

q BV (Ω) ⊂ BV (Ω, R3)×

Mb(Ω, E3)×Mb(Ω, R) onverges to (u0, µ̃0, µ0) ∈ P 3
q BV (Ω) in the topology(3.11)�(3.12) if(3.12) {

µ̃n ⇀ µ̃0 weak∗ in Mb(Ω, E3),
µn ⇀ µ0 weak∗ in Mb(Ω, R),and {un}n∈N onverges to u0 in the topology (3.11).We obtain the following result.

Lemma 5 (f. [5℄). On every losed ball cl‖·‖BV
BBV (Ω,R3)(0, r̂), the topol-ogy (3.1) is equivalent to the topology (3.11).Proof. Consider a sequene {un}n∈N ⊂ cl‖·‖BV

BBV (Ω,R3)(0, r̂), and let
{ûn}n∈N ⊂ BV (Ω1, R

3) be the extension of {un}n∈N to Ω1, given by (3.6).As seen in the proof of Proposition 4 (Step 5), the onvergene of {un}n∈N to
u0 ∈ cl‖·‖BV

BBV (Ω,R3)(0, r̂) in the topology (3.1) is equivalent to the onver-gene of {ûn}n∈N ⊂ cl‖·‖BV
BBV (Ω1,R3)(0, r̂) to û0 ∈ cl‖·‖BV

BBV (Ω1,R3)(0, r̂)in the topology (3.4), where û0
|Ω = u0 and û0

|Ω1−Ω
= 0.The set A1 ∩ cl‖·‖BV

BBV (Ω1,R3)(0, r̂) endowed with the topology (3.4)is ompat (see (3.3) and proof of Proposition 4). The Hausdor� topology
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(3.13) 




ûn → û in ‖ · ‖L1(Ω1,R3),\
Ω

ϕ : ∇ûn →
\
Ω

ϕ : ∇û ∀ϕ ∈ C0(Ω, E3),

is weaker than the topology (3.4) (f. (3.3)). Thus, on
A1 ∩ cl‖·‖BV

BBV (Ω1,R3)(0, r̂),the topology (3.4) is equivalent to (3.13) (see [13, Corollary 3.1.14℄). More-over, the topology (3.13) on A1 is equivalent to the topology (3.11) on
BV (Ω), beause A1 is isomorphi to BV (Ω, R3).
Corollary 6. The topology (3.1)�(3.2) is equivalent to the topology(3.11)�(3.12) on losed balls in BV (Ω, R3) × Mb(Ω, E3) × Mb(Ω, R).
Theorem 7. The set P 3

q BV (Ω) endowed with the topology (3.11)�(3.12)
[or (3.1)�(3.2)℄ is ompat.Proof. We proeed in several steps.Step 1. In view of De�nition 4, we have

P 3
q BV (Ω) ⊂ cl‖·‖BV

BBV (Ω,R3)(0, q)(3.14)

× cl‖·‖Mb
BMb(Ω,E3)(0, q) × cl‖·‖Mb

BMb(Ω,R)(0, q).Next, we argue that the losed ball B ≡ cl‖·‖BV
BBV (Ω,R3)(0, q) endowedwith the topology (3.11) is metrizable.Indeed, B endowed with ‖·‖L1 is a Hausdor� topologial spae. Moreover,the topology indued by ‖ · ‖L1 is weaker than (3.11). Sine B endowed withthe topology (3.11) is ompat, this topology oinides with the topologyindued by ‖ · ‖L1 on B (f. Proposition 4, Lemma 5 and [13, Corollary3.1.14℄).Step 2. By Lemma 5 and the previous step, B endowed with the topology(3.1) is metrizable.Step 3. By [10, Theorem V.5.1℄, the losed ball cl‖·‖Mb

BMb(Ω,R)(0, q) en-dowed with the weak∗ topology is also a metrizable topologial spae (seeproof of Proposition 4, Step 2). Similarly, by [10, Theorem V.5.1℄, a losedbounded ball in Mb(Ω, E3), endowed with the weak∗ topology, is metrizable.Step 4. On aount of Steps 3 and 4 and of Lemma 5, the set P 3
q BV (Ω)endowed with the topology (3.11)�(3.12) (or the topology (3.1)�(3.2)) ismetrizable (f. De�nition 4 and (3.14)). Then we onsider a sequene

{(um, µ̃m, µm)}m∈N ⊂ P 3
q BV (Ω).



Relaxation of the Signorini problem 457By (3.14) and Proposition 4, there is a subsequene {ump}p∈N ⊂ BV (Ω, R3)and u0 ∈ BV (Ω, R3) suh that
ump ⇀ u0 in the topology (3.1) (or (3.11)).Moreover, by Proposition 4, for every δ̃ > 0 we obtain(3.15) ‖u0‖BV ≤ lim inf{‖ump‖BV | p ∈ N} + δ̃,beause there exists a subsequene {umpt

}t∈N suh that umpt
⇀ u0 in thetopology (3.1) and {umpt

}t∈N ⊂ BBV (0, lim inf ‖ump‖BV + δ̃).Step 5. We onsider again the sequene {(um, µ̃m, µm)}m∈N⊂P 3
q BV (Ω),de�ned in Step 4. There exist a subsequene {(µ̃mpt

, µmpt
)}t∈N ⊂ Mb(Ω, E3)

× Mb(Ω, R) and (µ̃0, µ0) ∈ Mb(Ω, E3) × Mb(Ω, R) suh that
µ̃mpt

⇀ µ̃0 weak∗ in Mb(Ω, E3),

µmpt
⇀ µ0 weak∗ in Mb(Ω, R).Moreover, we an assume that for every δ̃ > 0, there exists t

δ̃
∈ N suh that

(3.16) q − lim inf{‖ump‖BV | p ∈ N} + δ̃

≥ sup{‖µ̃mpt
‖Mb(Ω,E3) + ‖µmpt

‖Mb(Ω) | t ∈ N, t > t
δ̃
}(f. (2.8) and De�nition 4). Similarly to Step 4 in the proof of Proposition 4,we obtain

sup{‖µ̃mpt
‖Mb(Ω,E3) + ‖µmpt

‖Mb(Ω) | t ∈ N, t > t
δ̃
}(3.17)

= sup
t>t

δ̃

sup
{ \

Ω

ω̃ : µ̃mpt
+
\
Ω

ωµmpt

∣∣∣

ω̃ ∈ C0(Ω, E3), ω ∈ C0(Ω, R), max
i,j

(‖ω̃ij‖C0(Ω)) ≤ 1, ‖ω‖C0(Ω) ≤ 1
}

≥ sup
{

lim
t>t

δ̃

(\
Ω

ω̃ : µ̃mpt
+
\
Ω

ωµmpt

) ∣∣∣

ω̃ ∈ C0(Ω, E3), ω ∈ C0(Ω, R), max
i,j

(‖ω̃ij‖C0(Ω)) ≤ 1, ‖ω‖C0(Ω) ≤ 1
}

= sup
{ \

Ω

ω̃ : µ̃0 +
\
Ω

ωµ0

∣∣∣

ω̃ ∈ C0(Ω, E3), ω ∈ C0(Ω, R), max
i,j

(‖ω̃ij‖C0(Ω)) ≤ 1, ‖ω‖C0(Ω) ≤ 1
}

= ‖µ̃0‖Mb(Ω,E3) + ‖µ0‖Mb(Ω,R),where ω̃ij are the omponents of ω̃ and i, j ∈ {1, 2, 3}. Then, by (3.15)�(3.17)we get
q + 2δ̃ ≥ ‖u0‖BV (Ω,R3) + ‖µ̃0‖Mb(Ω,E3) + ‖µ0‖Mb(Ω,R)



458 J. L. Bojarskifor every δ̃ > 0. Hene, we obtain
q ≥ ‖u0‖BV (Ω,R3) + ‖µ̃0‖Mb(Ω,E3) + ‖µ0‖Mb(Ω,R)(3.18)

= ‖(u0, µ̃0, µ0)‖P 3BV(see also (2.8)).Step 6. Finally, we show that (u0, µ̃0, µ0) ∈ P 3
q BV (Ω). To this end,notie that for every t ∈ N there exists a sequene {uτ

mpt
}τ∈N ⊂ C1(Ω, R3)suh that

‖(uτ
mpt

, Adj∇uτ
mpt

, det(uτ
mpt

))‖P 3BV ≤ q ∀τ ∈ N,

‖uτ
mpt

− umpt
‖L1(Ω,R3) → 0 as τ → ∞,and moreover

∇uτ
mpt

⇀ ∇umpt
weak∗ in Mb(Ω, E3) as τ → ∞,

Adj(∇uτ
mpt

) ⇀ µ̃mpt
weak∗ in Mb(Ω, E3) as τ → ∞,

det∇uτ
mpt

⇀ µmpt
weak∗ in Mb(Ω, R) as τ → ∞(f. De�nition 4). Sine P 3

q BV (Ω) endowed with the topology (3.11)�(3.12)is metrizable and for every τ , t ∈ N,
(uτ

mpt
, Adj∇uτ

mpt
, det(∇uτ

mpt
)) ∈ P 3

q BV (Ω),there exists a sequene {uτk
mptk

}k∈N in C1(Ω, R3) suh that
‖(uτk

mptk

, Adj∇uτk
mptk

, det(∇uτk
mptk

))‖P 3BV ≤ q ∀k ∈ N,

‖uτk
mptk

− u0‖L1(Ω,R3) → 0 as k → ∞,and moreover
∇uτk

mptk

⇀ ∇u0 weak∗ in Mb(Ω, E3) as k → ∞,

Adj∇uτk
mptk

⇀ µ̃0 weak∗ in Mb(Ω, E3) as k → ∞,

det∇uτk
mptk

⇀ µ0 weak∗ in Mb(Ω, R) as k → ∞.It follows, by De�nition 4 and (3.18), that (u0, µ̃0, µ0) ∈ P 3
q BV (Ω).

Definition 10 (f. [8℄). A subset H0 of L0(Ω, Rm)µ is said to be PCU-stable if for any ontinuous partition of unity (ζ0, . . . , ζd) with ζ0, . . . , ζd ∈

C∞(Ω, R) and for every z0, . . . , zd ∈ H0, the sum ∑d
i=0 ζizi is in H0.Proof of Theorem 2. The spae C1(Ω, R3) is PCU-stable. Then, by [8,Theorem 1℄ and by [22, Theorem 3A and Proposition 2M℄, we have, for every

(ω0, ω1, ω2) ∈ C(Ω, E3) × C0(Ω, E3) × C0(Ω, R),



Relaxation of the Signorini problem 459(3.19) F̃ ∗(ω0, ω1, ω2) ≡ sup
{ \

Ω

ω0 : z dx +
\
Ω

ω1 : p dx

+
\
Ω

ω2t dx −
\

∂Ω

ω0 : (ν ⊗ u|∂Ω) ds +
\

Γ1

g · u ds

−
\

Γ0

I{ν⊗ũ=0}(−ν ⊗ u) ds −
\

ΓS

hS(x,−ν ⊗ u) ds

−
\

ΓW

hW (x,−ν ⊗ u) ds −
\
Ω

j(x, z,p, t) dx
∣∣∣

(u, z,p, t) ∈ C1(Ω, R3) × L1(Ω, E3) × L1(Ω, E3) × L1(Ω, R)
}

= sup
{
−
\

∂Ω

ω0 : (ν ⊗ u|∂Ω) ds +
\

Γ1

g · u ds

−
\

Γ0

I{ν⊗ũ=0}(−ν ⊗ u) ds −
\

ΓS

hS(x,−ν ⊗ u) ds

−
\

ΓW

hW (x,−ν ⊗ u) ds
∣∣∣ u ∈ C1(Ω, R3)

}

+ sup
{ \

Ω

ω0 : z dx +
\
Ω

ω1 : p dx +
\
Ω

ω2t dx

−
\
Ω

j(x, z,p, t) dx
∣∣∣ (z,p, t) ∈ L1(Ω, E3) × L1(Ω, E3) × L1(Ω, R)

}

=
\

Γ1

I{ω0|ω0·ν=g}(ω
0) ds +

\
ΓS

h∗
S(x, ω0) ds

+
\

ΓW

h∗
W (x, ω0) ds +

\
Ω

j∗(x, ω0, ω1, ω2) dx.

We an apply [8, Theorem 1℄, sine for u = 0 we have T
Γ1

g · uds = 0 =T
Γ0

I{ν⊗ũ=0}(−ν ⊗ u)ds, T
ΓS

hS(x,−ν ⊗ u)ds = 0 =
T
ΓW

hW (x,−ν ⊗ u)ds(see (2.10) and (2.11)). Moreover, by (2.6) and (2.7), T
Ω

j∗(x,0,0, 0) dx is�nite (f. [22, Theorem 3A℄).There exists σ0 ∈ C(Ω, E3) suh that σ0 · ν = g on Γ1, σ0 = 0 on
ΓW ∪ ΓS and (σ0(x),0, 0) ∈ K(x) for every x ∈ Ω (see Assumption 3).Moreover, inf(ω0,ω1,ω2) F̃ ∗ < ∞, beause inequality (2.5) holds.Sine the spae C(Ω, E3) × C0(Ω, E3) × C0(Ω, R) is PCU-stable, we ob-tain, basing upon the proof of [8, Theorem 1℄,



460 J. L. Bojarski(3.20) F̃ ∗∗(γ(u),∇u, µ̃, µ)

= sup

{ \
Ω

[ω0 : (∇u)a+ω1 : µ̃a + ω2µa − j∗(x, ω0, ω1, ω2)] dx

+
\
Ω

[
ω0 :

{
d(∇u)s

d|(∇us, µ̃s, µs)|

}
+ ω1 :

{
dµ̃s

d|(∇us, µ̃s, µs)|

}

+ ω2

{
dµs

d|(∇us, µ̃s, µs)|

}
− IK(x)(ω

0, ω1, ω2)

]
d|(∇us, µ̃s, µs)|

−
\

Γ1

ω0 : (ν ⊗ γ(u)) ds −
\

Γ1

I{ω0|ω0·ν=g}(ω
0) ds

+
\

ΓS

[−ω0 : (ν ⊗ γ(u)) − h∗
S(ω0) − IK(x)(ω

0, ω1, ω2)] ds

+
\

ΓW

[−ω0 : (ν ⊗ γ(u)) − h∗
W (x, ω0) − IK(x)(ω

0, ω1, ω2)] ds

+
\

Γ0

[−ω0 : (ν ⊗ γ(u)) − IK(x)(ω
0, ω1, ω2)] ds

∣∣∣ ω0 ∈ C(Ω, E3),

ω1 ∈ C0(Ω, E3), ω2 ∈ C0(Ω, R)

}

=
\
Ω

j(x, (∇u)a, µ̃a, µa) dx

+
\
Ω

j∞

(
x,

d(∇u)s

d|(∇us, µ̃s, µs)|
,

dµ̃s

d|(∇us, µ̃s, µs)|
,

dµs

d|(∇us, µ̃s, µs)|

)
d|(∇us, µ̃s, µs)|

−
\

Γ1

g · γ(u)ds +
\

ΓS

(h∗
S + IK)∗(x,−ν ⊗ γ(u),0, 0) ds

+
\

ΓW

(h∗
W + IK)∗(x,−ν ⊗ γ(u),0, 0) ds +

\
Γ0

j∞(x,−ν ⊗ γ(u),0, 0) ds

for every (u, µ̃, µ) ∈ P 3
q BV (Ω) and every q > 0. Finally, F̃ ∗∗ is l.s.. inthe topology (3.1)�(3.2) [and in the topology (3.11)�(3.12)℄, beause F̃ ∗∗ isa supremum of a�ne funtionals ontinuous in the topology (3.1)�(3.2) (f.Corollary 6).Proof of Theorem 3. Beause the funtional F̃ ∗∗ is oerive, there exist

q0 > 0 and a bounded sequene {(um, µ̃m, µm)}m∈N ⊂ P 3
q0

BV (Ω) whihminimize F̃ ∗∗. By Theorem 7 and metrizability of P 3
q0

BV (Ω) (f. proof ofTheorem 7) there exist a subsequene {(ump , µ̃mp
, µmp

)}p∈N ⊂ P 3
q0

BV (Ω)
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q0

BV (Ω) suh that {(ump , µ̃mp
, µmp

)}p∈N onverges to
(u0, µ̃0, µ0) in the topology (3.1)�(3.2). In view of (2.9), (3.1), (3.2) and(2.16) the funtional F̃ ∗∗ is l.s.. in the topology (3.1)�(3.2) and we obtain(2.32).We speify the vetor u in (2.24) as the displaement �eld.
Example 1. Let j(x, z,p, t) = j2(x, z,p) +αt2 for every (z,p, t) ∈ E

3 ×
E

3 × R and for dx-a.e. x ∈ Ω, where α > 0 and j2 is a onvex, nonnegativenormal integrand. Let K2(x) ≡ {(z∗,p∗) ∈ E
3 × E

3 | j∗2(x, z∗,p∗) < ∞} for
dx-a.e. x ∈ Ω, where

j∗2(x, z∗,p∗) = sup{z : z∗ + p : p∗ − j2(x, z,p) | (z,p) ∈ E
3 × E

3}for every (z∗,p∗) ∈ E
3 × E

3 and for dx-a.e. x ∈ Ω. Then
(h∗

S + IK2
)∗(x,−ν ⊗ γ(u),0) = sup{−z∗ : (ν ⊗ γ(u)) − h∗

S(z∗) |

(z∗,0) ∈ K2(x) ⊂ E
3 × E

3}and
(h∗

W + IK2
)∗(x,−ν ⊗ γ(u),0) = sup{−z∗ : (ν ⊗ γ(u)) − h∗

W (x, z∗) |

(z∗,0) ∈ K2(x) ⊂ E
3 × E

3},where h∗
S and h∗

W are given by (2.22) and (2.23). We de�ne
(j2)∞(x, z,p) ≡ sup{z : z∗ + p : p∗ − IK2(x)(z

∗,p∗) | z∗ ∈ E
3, p∗ ∈ E

3}for (z,p) ∈ E
3 × E

3 and x ∈ Ω. Therefore for every (u, µ̃, µ) ∈ P 3
q BV (Ω),

F̃ ∗∗(∇u, µ̃, µ) = −
\

Γ1

g · γ(u) ds +
\

Γ0

(j2)∞(x,−ν ⊗ γ(u),0) ds

+
\

ΓS

(h∗
S + IK2

)∗(x,−ν ⊗ γ(u),0) ds + α
\
Ω

µ2 dx

+
\

ΓW

(h∗
W + IK2

)∗(x,−ν ⊗ γ(u),0) ds

+
\
Ω

j2(x, (∇u)a, µ̃a) dx

+
\
Ω

(j2)∞

(
x,

d(∇u)s

d|(∇us, µ̃s)|
,

dµ̃s

d|(∇us, µ̃s)|

)
d|(∇us, µ̃s)|if µ is absolutely ontinuous with respet to dx and µ ∈ L2(Ω, R), and

F̃ ∗∗(∇u, µ̃, µ) = ∞ otherwise.In Example 1 we have dealt with the body whose elasti-plasti potentialis �nite even in the ase when the volume of the body after ompression



462 J. L. Bojarskiould be redued to zero. Now (Example 2) we onsider a more realistiase, in whih the potential in the ase of volume redued to zero beomesin�nite.
Example 2. We assume that the body is lamped on Γ0 (i.e. u = 0on Γ0), and on Γ1 the boundary fore g is presribed.Moreover, let the multifuntion K satisfy (2.27). Then (2.29) and (2.31)hold, and the elasti-plasti potential is given by

(3.21) j(x, z,p, t) =





j3(x, z,p) + αt2 if t ≥ 0,
j3(x, z,p) − α1

t

t + 1
if −1 < t < 0,

∞ if t ≤ −1,where α, α1 > 0 and j3 is a onvex, nonnegative normal integrand suh that
0 < α2 < lim inf

|z|→∞
j3(x, z,p)/|z|(3.22)

≤ lim sup
|z|→∞

j3(x, z,p)/|z| < ∞

for α2 ∈ R and every (�xed) x ∈ Ω, p ∈ E
3.

Example 3. Let
j∗4(x, z∗,p∗) =





θ(x)(‖z∗‖2
E3 + ‖p∗‖2

E3) if z∗ ∈ BE3(0, 1)and p∗ ∈ BE3(0, 1),

∞ otherwise,where θ : Ω → R is a positive Borel funtion.Then j4(x, z,p) = j∗∗4 (x, z,p) =
sup{z : z∗ + p : p∗ − j∗4(x, z∗,p∗) | ‖z∗‖E3 ≤ 1, ‖p∗‖E3 ≤ 1}. The funtional
j4 has a linear growth at in�nity, but it is not a positive monotoni funtion.De�ne
(3.23) j(x, z,p, t) ≡





j4(x, z,p) + αt2 if t ≥ 0,
j4(x, z,p) − α1

t

t + 1
if −1 < t < 0,

∞ if t ≤ −1,where α, α1 > 0. The last funtional desribes a real elasti-plasti materialin the range of �nite displaements. Moreover, in (3.23) we an replae j4 by
j∗5(x, z∗,p∗) =





θ(x)(‖z∗‖2
E3 + ‖p∗‖2

E3) if (z∗)D ∈ BE3(0, 1)and p∗ ∈ BE3(0, 1),

∞ otherwise,where (z∗)D is the deviator part of z∗ and j5 = j∗∗5 .
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