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CUMULATIVE PROCESSES IN BASKETBALL GAMES
Abstrat. We assume that the urrent sore of a basketball game an bemodeled by a bivariate umulative proess based on some marked renewalproess. The basi element of a game is a yle, whih is onluded whenevera team sores. This paper deals with the joint probability distribution fun-tion of this umulative proess, the proess desribing the host's advantageand its expeted value. The pratial usefulness of the model is demonstratedby analyzing the e�et of small modi�ations of the model parameters on theoutome of a game. The 2001 Lithuania�Latvia game is used as an example.Introdution. The basi element of a basketball game de�ned in thispaper is a yle of a game. Dembi«ski and Kopoi«ski (2003) de�ne a yleas a period in whih just one team has possession of the ball. They de�neappropriate stohasti proesses and the stream of game events aordingto this de�nition. In this way, they observe a orrelation between the har-ateristis of yles. In this paper an alternative de�nition of a yle basedon the times at whih teams sore points is introdued. In order to test thismodel, we used many video-reorded games from the Suproliga, Saporta Cupand the Polish basketball league. This paper uses the 2001 Lithuania�Latviagame as an illustration. The �nal sore was 77:94.Model. We divide the ourse of a basketball game into yles separatedby the moments at whih points are sored. A yle is haraterized bya pair of random variables (X, T ), where X denotes the number of pointssored in the yle and T denotes the duration of the yle. In this paper,we haraterize the sequene of yles in a basketball game, estimate theparameters of the sequene and analyze the umulative proesses of pointssored. The pratial usefulness of the model is demonstrated by numerially2000 Mathematis Subjet Classi�ation: Primary 60G35; Seondary 60K20.Key words and phrases: applied probability, Markov proesses, sports, umulativeproesses. [51℄



52 I. Kopoi«ska and B. Kopoi«skianalyzing the e�et of small modi�ations in the model parameters on thevalue of the umulative proess.Let one team (the home team) be indexed by 0 and the other team (theaway team) be indexed by 1. Let a binary sequene {Un, n ≥ 0} desribe thestate of a yle: Un = 0 if the home team sores in the nth yle and Un = 1if the visiting team sores in the nth yle. Let U0 be the initial state of thesequene. Let Xn denote the number of points sored in a yle. Set Wn = Xnfor Un = 0 and Wn = −Xn for Un = 1 (i.e. Wn is the advantage gained bythe home team in the nth yle). De�ne W
(u)
n to be the random variable Wnunder the ondition Un = u. We have Xn = (1−Un)W

(0)
n −UnW

(1)
n . Let Tndenote the integer-valued duration of a yle. The units of time are taken tobe seonds. The duration of the game is 2400 units (40 minutes).In modelling a basketball game, it may be supposed that {(Xn, Tn)},

n ≥ 1, is a Markovian sequene. Unfortunately, the large number of pos-sible states of the sequene redues the hane of deriving a model whihis useful in pratie. Here we make the simplifying assumption that {Un}is a Markovian binary sequene and Xn and Tn depend only on Un. Let
T

(u)
n = Tn |Un = u, u = 0, 1.Let (p

(n)
0 , p

(n)
1 ) denote the probability distribution funtion of {Un} andlet (puk, u, k = 0, 1) denote the elements of the transition probability matrix,assuming that it is homogeneous.The stationary Markovian sequene {Un} has two parameters de�ninga one-step transition matrix, namely p00 = P (Un+1 = 0 |Un = 0), p11 =

P (Un+1 = 1 |Un = 1). Thus, p01 = 1 − p00, p10 = 1 − p11. Using theempirially observed transition matrix presented in Table 1, we an estimatethe stationary probabilities:
p0 =

1 − p11

2 − p00 − p11
, p1 = 1 − p0.In our model of a basketball game we also assume that W

(u)
n

d
= W (u),

n ≥ 0, as well as T
(u)
n

d
= T (u), n ≥ 0, are independent, identially distributedrandom variables and W

(u)
n , T

(u)
n , u = 0, 1, are mutually independent foreah n; d

= denotes equality in distribution.The regulations of the game do not prelude a large number of pointsin a yle, but in pratie sores of more than three points per yle arenot observed. Allowing the possibility of di�erent probability distributionfuntions for the number of points sored in a yle and the duration ofyles depending on whether the home or visiting team sores, we introduethe notation
P (W (u) = i) = w

(u)
i , i ≥ 1,

P (T (u) = i) = t
(u)
i , i ≥ 1, u = 0, 1.



Cumulative proesses in basketball games 53Problem of parameter estimation. Let S = {0, 1, 00, 01, 10, 11, 000,

100, . . .} denote the set of binary sequenes. Table 1 shows the empiriallyobserved frequeny ns of seleted sequenes for the game examined. Theorresponding transition probability matrix for the binary sequene is: p00 =
0.324, p01 = 0.676, p10 = 0.632, p11 = 0.368. Note that the winner soresin a larger number of yles and transition from one state of the yle tothe other is more likely than remaining in the same state. Therefore, ina basketball game possession of the ball after a sore gives an advantagesimilar to serving in tennis.Table 1. Number of given subsequenes s ∈ S of states in the sequene {Un} and testingthe hypothesis that the sequene is Markovian for the Lithuania�Latvia game

s 0 1 00 01 10 11
ns 37 39 11 23 24 14
s 000 001 010 011 100 101 110 111
ns 5 5 14 8 6 16 9 5
n̄s 3.4 7.2 14.0 8.2 7.2 15.0 8.2 4.8We test the hypothesis that the sequene {Un} is Markovian using triplesof onseutive yles. The probabilities pijk for i, j, k = 0, 1 an be alulatedfrom the formula

pijk = pipijpjk.The expeted numbers ns of triples of onseutive yles are presentedin Table 1. The hi-square statisti for the goodness of �t test is equal to
χ2 = 1.73. Sine this statisti has df = 7 degrees of freedom, we do not rejetthis hypothesis for the game observed.Table 2. Distribution (w

(u)
i ), u = 0, 1, of the number of points sored in a yle for theLithuania�Latvia gameVariable N p0 w

(0)
1 w

(0)
2 w

(0)
3 w

(1)
1 w

(1)
2 w

(1)
3Value 72 0.483 0.135 0.649 0.216 0.103 0.385 0.513Table 2 shows the number N of yles in the game observed, the station-ary probability p0 and the empirial distributions of the number of pointssored in a yle. The hi-square statisti for the goodness of �t test for thehypothesis that the probability distribution funtions (w

(0)
i ) and (w

(1)
i ) areidential is equal to χ2 = 7.28. Sine there are df = 2 degrees of freedom,this leads to rejetion of this hypothesis for the game observed.The video reords of a game permit the observation of time exat towithin one seond. Table 3 shows the empirial onditional probability distri-bution funtions (t

(0)
j ) and (t

(1)
j ) for the yle duration grouped in 10-seond



54 I. Kopoi«ska and B. Kopoi«skiintervals, together with some modi�ations of these distributions. In thisway we obtain just a few lasses for the distribution t
(u)
j = P (⌈ 1

10Tn⌉ = i |
Un = u), i ≥ 1, u = 0, 1, where ⌈ ⌉ is the largest integer funtion.The hi-square statisti of the goodness of �t test for the hypothesis thatthese distributions are idential is equal to χ2 = 17.48. Sine there are df = 5degrees of freedom, this leads to rejetion of this hypothesis for the gameobserved.Cumulative proesses of points sored. Let {Zk(t), t ≥ 0}, k =
0, 1, denote the umulative proesses of points sored, where k is the teamindex, and let {Z

(u)
k (t)}, u = 0, 1, denote the onditional proesses given

U0 = u. Beause the basi sequene {(Xn, Tn)} is a marked Markov proess,the analysis of the umulative proesses is well known (f. Çinlar (1975),Kopoi«ska (1990)).Let events Auk = {Un+1 = k |Un = u}, u, k = 0, 1, denote the transitionfrom state u to state k in {Un} assuming homogeneity. Heneforth, we denotethe indiator of A by IA. Note that
Zk(t) = IU0=0Z

(0)
k (t) + IU0=1Z

(1)
k (t).Proposition 1. The umulative proesses {Z(u)}, u = 0, 1, of pointssored satisfy the following reurrene relations :

Z
(u)
0 (0) = 0, Z

(u)
1 (0) = 0,

(Z
(u)
0 (t), Z

(u)
1 (t))

d
=











(0, 0) if Au0 ∩ {T (0) > t} ∪ Au1 ∩ {T (1) > t},

(W (0) + Z
(0)
0 (t − T (0)), Z

(0)
1 (t − T (0))) if Au0 ∩ {T (0) ≤ t},

(Z
(1)
0 (t − T (1)), W (1) + Z

(1)
1 (t − T (1))) if Au1 ∩ {T (1) ≤ t},where W (0), Z

(0)
0 , Z

(0)
1 , An0 as well as W (0), Z

(0)
0 , Z

(0)
1 , An1 are mutuallyindependent , u = 0, 1, t ≥ 0.Proposition 2. The following reurrene formulas hold for the proba-bility distribution funtions of the umulative proesses :

P (Z
(u)
0 (0) = n0, Z

(u)
1 (t) = n1) = In0+n1=0,

P (Z
(u)
0 (t) = n0, Z

(u)
1 (t) = n1)

= In0+n1=0(pu0P (T (0) > t) + pu1P (T (1) > t))

+ In0>0pu0

n0
∑

i=1

P (W (0) = i)
t

∑

j=1

P (T (0) = j)

× P (Z
(0)
0 (t − j) = n0 − i), Z

(0)
1 (t − j) = n1)
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+ In1>0pu1

n1
∑

i=1

P (W (1) = i)
t

∑

j=1

P (T (1) = j)

× P (Z
(1)
0 (t − j) = n0, Z

(1)
1 (t − j) = n1 − i)),where u = 0, 1, n0 ≥ 0, n1 ≥ 0, t ≥ 0.Let us denote the umulative proesses desribing the point advantageof the host team in the game under the ondition U0 = u by

Z(u)(t) = Z
(u)
0 (t) − Z

(u)
1 (t), u = 0, 1, t ≥ 0.Proposition 3. The umulative proesses desribing the point advan-tage of the host team satisfy the following reurrene relations :

Z(u)(0) = 0,

Z(u)(t)
d
=











0 if Au0 ∩ {T (0) > t} ∪ Au1 ∩ {T (1) > t},
1

∑

k=0

IAuk
IT (k)≤t((−1)kW (k) + Z(k)(t − T (k))) otherwise.Proposition 4. The following reurrene relations hold for the proba-bility distribution funtions of the proesses desribing the point advantageof the host team:

P (Z(u)(0) = n) = In=0,

P (Z(u)(t) = n) = In=0(pu0P (T (0) > t) + pu1P (T (1) > t))

+ pu0

n
∑

i=1

P (W (0) = i)
t

∑

j=1

P (T (0) = j)P (Z(0)(t − j) = n − i)

+ pu1

∞
∑

i=1

P (W (1) = i)
t

∑

j=1

P (T (1) = j)P (Z(1)(t − j) = n + i),where u = 0, 1, n = 0,±1, . . ., t ≥ 1.We introdue the following notation for the expeted values of the u-mulative proesses of sored points and the host's advantage: M
(u)
k (t) =

E(Z
(u)
k (t)), M (u)(t) = E(Z(u)(t)), t ≥ 0, under the ondition U0 = u,

u = 0, 1. Let W
(k)

= E(W (k)), u, k = 0, 1.Proposition 5. The following reurrene formulas are satis�ed :
1) for the expeted values of the umulative proesses of points sored ;

M
(u)
k (0) = 0,

M
(u)
0 (t) =

1
∑

l=0

pul

(

W
(l)

kP (T (l) ≤ t) +
t

∑

j=1

P (T (l) = j)M
(l)
k (t − j)

)

,
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2) for the expeted value of the proess desribing the host's advantage:
M (u)(0) = 0,

M (u)(t) =

1
∑

l=0

pul

(

(−1)kW
(l)

P (T (l) ≤ t) +

t
∑

j=1

P (T l) = j)M (l)(t − j)
)

,where u, k = 0, 1, t ≥ 1.The asymptoti behaviour of the umulative proesses de�ned for thesemarked renewal proesses is well known (see for example Kopoi«ska (2001)).The most important term of the asymptotial expansions for the expetedvalues depends upon the expeted values of the variables desribing a yle.Hene, estimators of these parameters should be unbiased. The distributionis asymptotially normal, with seond moments appearing, and the initialondition for the sequene of yles (de�ning who has initial possession ofthe ball) is of little importane.As stated previously, in this analysis the time duration of a yle wasgrouped into 10-seond intervals. Spei�ally, now we onsider T̂ =
⌈

1
10Tn

⌉.Unfortunately, under suh a transformation, the relation between the ex-peted values 10E(T̂ ) ∼ E(T ) may not be preise enough from the point ofview of Markov renewal theory. This leads to the following numerial prob-lem: �nd a suitable transformation T̂ :→ T̆ suh that 10E(T̆ ) = E(T ) andthe probability distribution funtions of T̂ and T̆ are as similar as possible.This problem may be solved in the following way. Let us onsider thedistribution P (T = j) = tj , j ∈ T , where E(

1
10T

)

= µ1. We seek a randomvariable T̆ with distribution P (T̆ = j) = t̆j , j ∈ T̆ , suh that
∑

j∈T̆

t̆j = 1,
∑

j∈T̆

jt̆j = µ1,
∑

j∈T̆

(tj − t̆j)
2 = min.

Table 3. Disrete distribution (t
(u)
j ), u = 0, 1, of the duration of a yle and its transfor-mations for the Lithuania�Latvia game0 1 2 3 4 5 6 ≥ 6

t
(0)
j 0.054 0.243 0.243 0.189 0.081 0.108 0.054 0.028

t̆
(0)
j 0.000 0.199 0.222 0.186 0.101 0.151 0.121 0.000

t̃
(0)
j 0.000 0.222 0.238 0.188 0.095 0.137 0.100 0.000

t
(1)
j 0.026 0.359 0.205 0.179 0.128 0.051 0.000 0.052

t̆
(1)
j 0.000 0.292 0.169 0.171 0.152 0.107 0.089 0.000

t̃
(0)
j 0.000 0.313 0.183 0.173 0.147 0.095 0.069 0.000In the example presented we obtain the expeted values µ

(0)
1 = E(T (0)) =

3.1757, µ
(1)
1 = E(T (0)) = 2.9103.



Cumulative proesses in basketball games 57The numerial solution of this problem is not di�ult. Table 3 presentsthe empirial distributions (t
(u)
j ), the transformed distributions (t̆

(u)
j ) witha smaller support and the same expeted value, as well as the transformeddistribution (t̃

(u)
j ), whih has a 10% smaller expeted value.In our alulations we assume that P (U0 = 0) = P (U0 = 1) = 0.5.The probability distribution funtion (w

(u)
i ) is taken from Table 1 and (t

(u)
j )from Table 3 ((t̆(u)

j ) and (t̃
(u)
j ) are also used as alternatives). We alulate theprobability distribution funtion of the random variable Zk(t) = 1

2(Z
(0)
k (t)+

Z
(1)
k (t)), u, k = 0, 1, 0 ≤ t ≤ 20.Appliations. Note that, in pratie, a basketball game may be splitinto any number of fragments de�ned by the oahes' deisions regardingthe lineup of teams or tatis in the game. Therefore, inferene onerningthe result of the whole game based on the analysis presented may be a poorapproximation of reality. Analysis of suh fragments of the game may wellbe interesting and important.The joint distribution of the umulative proesses (Z

(u)
k ), u = 0, 1, maybe exploited to alulate the marginal probability distribution funtions of

zk(i) = P (Zk(t) = i), i ≥ 0, k = 0, 1, the distribution of the host's advantage
z(i) = P (Z0(t)−Z1(t) = i), i = 0,±1, . . . , (see Table 4) and the probabilityof the host's winning. Also, we alulate the moments of the joint distribu-tion, in partiular the orrelation between the numbers of points sored byboth teams (in the example given Corr(Z0(20), Z1(20)) = 0.333). The largevariane of the distribution of the umulative proesses explains the largevariability of the results of the four quarters in a game, whih is observed inpratie.Propositions 1�5 enable a study of the in�uene of small hanges in theparameters of the model on the result of a fragment of a game. Here weonsider modi�ation of the transition probabilities in the sequene {Un},
u = 0, 1, the probability distribution funtions of shot e�etiveness (w

(u)
k )and the expeted duration of a yle. We hange these parameters ratherarbitrarily (see Table 5). We inrease the expeted duration of a yle by10%. Note that the parameters of the model, treated as random variablesfor eah team in a basketball league, are orrelated. The time elapsed ina game may a�et the e�etiveness of ations. Let us simplify the problemby assuming that an error in the estimation of one variable does not auseerrors in the estimation of others.Our numerial results are as follows: in the game examined the expetednumbers of points sored by the teams in 200 (i.e. t = 20) seonds are

E(Z0) = 5.561, E(Z1) = 6.941 and the varianes are Var(Z0) = 10.877,



58 I. Kopoi«ska and B. Kopoi«skiTable 4. Distribution of the number of points sored and the host advantage for theLithuania�Latvia game
n z0(n) z1(n) z(−n) z(n)0 0.004 0.003 0.072 0.0721 0.008 0.005 0.065 0.0752 0.041 0.019 0.056 0.0753 0.051 0.037 0.046 0.0704 0.113 0.048 0.036 0.0645 0.115 0.087 0.027 0.0556 0.135 0.098 0.019 0.0467 0.123 0.096 0.013 0.0378 0.096 0.113 0.008 0.0289 0.072 0.094 0.005 0.02110 0.047 0.074 0.003 0.01511 0.029 0.066 0.002 0.01012 0.016 0.044 0.001 0.00713 0.009 0.030 0.000 0.00414 0.004 0.022 0.000 0.00315 0.002 0.013 0.000 0.00216 0.001 0.008 0.000 0.00117 0.000 0.005 0.000 0.00118 0.000 0.002 0.000 0.00019 0.000 0.001 0.000 0.00020 0.000 0.001 0.000 0.000

Table 5. Modi�ations of the parameters in the model of the Lithuania�Latvia game andthe e�et on the game resultParameter Inrease Inrease Inreasein parameter in E(Z0) in E(Z1)

p00 −0.1 0.399 0.498
p00 0.1 0.454 −0.569
p11 −0.1 0.425 −0.525
p11 0.1 0.489 0.587
w

(0)
1 0.05 −0.20 0.00

w
(0)
3 0.05 0.20 0.00

w
(1)
1 0.05 −0.21 0.00

w
(1)
3 0.05 0.00 0.21E(T (0)) 0.1588 0.156 0.152E(T (1)) 0.1455 0.120 0.180
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Var(Z1) = 16.761. Table 5 shows how parameter hanges in the model a�etthe number of points sored in the game. We see that some parameters havea greater e�et than others. These numerial results may well indiate to aoah pro�table goals for training and how to selet players for a game.
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