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WEAK SOLUTIONS TO THE NAVIER�STOKESEQUATIONS IN A Y-SHAPED DOMAIN

Abstrat. We prove the existene of weak solutions to the Navier�Stokesequations desribing the motion of a �uid in a Y-shaped domain.1. Introdution. We onsider the in�ow-out�ow problem in a reverseY-shaped domain, with one in�ow and two out�ows. This an be treatedas a simple model of the blood �ow in veins or arteries. The motionof the �uid is desribed by the Navier�Stokes equations with boundaryslip onditions. The domain Ω ⊂ R
3 is given by Ω = Ω1 ∪ Ω2 ∪ Ω3with the boundary ∂Ω = S =

∑
i S

i
0 ∪ Si

i where Ωi, i = 1, 2, 3,is a ylindrial type domain. To simplify the notation, we often omit theobvious index i so that Si
i ≡ Si. We denote by n the unit outward ve-tor normal to the boundary S and by τ j , j = 1, 2, vetors tangentto S. We introdue the veloity vetor v(x, t) = (v1(x, t), v2(x, t), v3(x, t))

∈ R
3 with vi(x, t) = v(x, t)|Ωi, the veloity de�ned on Ωi, and the pressure

p = p(x, t) ∈ R
1. The domain Ω and the veloity vetors are presented inFigure 1.The problem reads

(1.1)

vt + v · ∇v − div T(v, p) = f in ΩT = Ω × (0, T ),

div v = 0 in ΩT ,

v|t=0 = v(0),

v · n|Si
0

= 0,

v · n|S1
= −a1,2000 Mathematis Subjet Classi�ation: 35Q35, 76D03, 76D05.Key words and phrases: Navier�Stokes equations, Y-shaped domain, in�ow-out�owproblem, slip boundary onditions, weak solutions.Researh supported by KBN grant no. 1 P03A 021 30.[111℄
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Fig. 1. Y-shaped domain
(1.1)
[cont.]

v · n|Si = ai, i = 2, 3,

νn · D(v) · τ j + γv · τ j = 0, j = 1, 2, on Si
0,

n · D(v) · τ j = 0, j = 1, 2, on Si, i = 1, 2, 3,where f = f(x, t) = (f1(x, t), f2(x, t), f3(x, t)) ∈ R
3 is the external fore,

ν is the onstant visosity oe�ient, γ > 0 is the slip oe�ient, and thestress tensor T and the dilatation tensor D are given as
D(v) = {vi

,xj
+ vj

,xi
}i,j=1,2,3, T(v, p) = νD(v) − pI.The in�ow a1 and out�ows a2, a3 satisfy the ompatibility ondition\

S1

a1 =
\

S2

a2 +
\

S3

a3.We set ni = n|Ωi . We de�ne the arti�ial boundaries Di = Ω1 ∩Ωi, i = 2, 3.Then
v1 = vi,

n1 · T(v1, p1) = n1 · T(vi, pi) on Di, i = 2, 3, j = 1, 2.
(1.2)



Navier�Stokes equations in a Y-shaped domain 113In Setion 2, we prove some a priori energy type estimates. This is mo-tivated by onsiderations from [Z1℄. Setion 3 is devoted to the proof ofexistene of weak solutions to the problem (1.1) by the Galerkin method(see [L, Chapter 6, Setion 7℄). The last part is the Appendix where theproperties of solutions in the neighborhood of the transmission setions D2and D3 are examined.2. Problem reformulation and a priori estimates. To obtain energytype estimates we need to work with a funtion v whih satis�es the homo-geneous Dirihlet boundary ondition. To reformulate the problem (1.1) weintrodue a new funtion α satisfying
α1 · n1|S1

= −a1, αi · n1|Si = −ai, i = 2, 3,and next, we de�ne funtions ui on Ωi by
ui = vi − αi, i = 1, 2, 3.Thus we have

div ui = −divαi, ui · ni|Si = 0.Let ϕ = (ϕ1, ϕ2, ϕ3) be a solution to the problem
∆ϕi = −divαi in Ωi,

ni · ∇ϕi = 0 on Si and Si
0,\

Ωi

ϕi dx = 0,

ϕ1 = ϕi on Di, i = 2, 3,

∂

∂n1
ϕ1 =

∂

∂n1
ϕi on Di, i = 2, 3,

(2.1)
where ni is the urvilinear oordinate along the urve tangent to ni,
i = 1, 2, 3. We laimLemma 2.1. For every extension funtion α suh that αi ∈ H1(Ωi),
i = 1, 2, 3, there exists a solution ϕ = (ϕ1, ϕ2, ϕ3) to the problem (2.1) andthe following bound holds :

3∑

i=1

‖∇ϕi‖H2(Ωi) ≤ c
3∑

i=1

\
‖αi‖H1(Ωi).(2.2)For onveniene of the reader, we sketh the proof of this tehnial resultin the Appendix.Therefore, we an de�ne new funtions

wi = vi − αi −∇ϕi ≡ vi − δi



114 J. Renªawowiz and W. M. Zaj¡zkowskisatisfying the following system:
wi,t + wi · ∇wi + wi · ∇δi + δi · ∇wi − div T(wi, pi)

= fi − δi,t − δi · ∇δi + ν div D(δi) ≡ Fi inΩi,

divwi = 0 inΩi,

wi · n|Si = 0,

wi · n|Si
0

= 0,

νn · D(wi) · τ j + γwi · τ j

= −νn · D(δi) · τ j − γδi · τ j ≡ Bi
0j, j = 1, 2, onSi

0,

n · D(wi) · τ j = −n · D(δi) · τ j ≡ Bi
ij , j = 1, 2, onSi,

(2.3)

and the transmission onditions
w1 = wi and

∂

∂n1
w1 =

∂

∂n1
wi onDi, i = 2, 3.(2.4)Now, we introdue weak solutions to (2.3)�(2.4).Definition 2.1. A weak solution to (2.3)�(2.4) is a triple (w1, w2, w3)satisfying the identities

(2.5)
3∑

i=1

( \
ΩT

i

wi,tϕdx dt+
\

ΩT
i

H(wi)ϕdx dt+ ν
\

ΩT
i

D(wi)D(ϕ) dx dt

+γ
2∑

j=1

\
ST

0

wi ·τ jϕ · τ j dS
i
0 dt−

2∑

j=1

∑

σ=0,i

\
SiT

σ

Bi
σjϕ · τ j dS

i
σ

)
=

3∑

i=1

\
ΩT

i

Fi ·ϕdx dt,

where H(w) = w ·∇w+w ·∇δ+δ ·∇w, for any su�iently smooth funtion ϕwith divϕ = 0, ϕ · n|S = 0.We introdue some useful notation:
|u|p,Q =

3∑

i=1

‖u‖Lp(Qi), Q ∈ {ΩT , ST , Ω, S}, p ∈ [1,∞],

‖u‖s,Q =
3∑

i=1

‖u‖Hs(Qi), Q ∈ {Ω,S}, s ∈ R+ ∪ {0},

|u|p,q,QT =
3∑

i=1

‖u‖Lq(0,T ;Lp(Qi)), Q ∈ {Ω,S}, p, q ∈ [1,∞],



Navier�Stokes equations in a Y-shaped domain 115and a spae natural for the study of the Navier�Stokes equations:
V 0

2 (ΩT ) =
{
u : ‖u‖V 0

2
(ΩT ) = ess sup

t∈(0,T )
‖u‖L2(Ω) +

( T\
0

‖∇u‖2
L2(Ω) dt

)1/2
<∞

}
.

We will need the following result:Lemma 2.2 (Korn inequality). Assume that
EΩ(w) =

3∑

i,j=1

\
Ω

(wi
xj

+ wj
xi

)2 dx <∞(2.6)and
2∑

j=1

|w · τ j |22,S0
<∞, w · n|S = 0, divw|Ω = 0.(2.7)Then there exists a onstant c independent of w suh that

‖w‖2
H1(Ω) ≤ c

(
EΩ(w) +

2∑

j=1

|w · τ j |2L2(S0)

)
≡ cE.(2.8)

Proof. We have
EΩ(w) = 2

3∑

i,j=1

( \
Ω

(wi
xj

)2 dx+
\
Ω

wi
xj

· wj
xi
dx

)

= 2

3∑

i,j=1

( \
Ω

(wi
xj

)2 dx+
\
Ω

(wi
xj

· wj)xi dx
)

= 2
3∑

i,j=1

( \
Ω

(wi
xj

)2 dx+
\
S

wi
xj

· wj · ni dS
)

= 2
3∑

i,j=1

( \
Ω

(wi
xj

)2 dx−
\
S

wi · wj · ni,xj dS
)
,

where TΩ f denotes ∑3
i=1

T
Ωi
fi. This implies
|∇w|22,Ω ≤ cE.(2.9)For a non-axially symmetri funtion w we an use the results in [Z2℄ to �ndthat

|w|22,Ω ≤ δ|∇w|22,Ω +M(δ)EΩ(w)(2.10)so that (2.9) and (2.10) yield (2.8).We will show the following a priori estimate for w.



116 J. Renªawowiz and W. M. Zaj¡zkowskiLemma 2.3. Assume that a1 ∈ L6(0, T ;L3(S1)), ∇α ∈ L2(0, T ;L3(Ω))and wi(0) ∈ L2(Ωi), i = 1, 2, 3. Let
Γ 2(t) = |f |26/5,Ω + |αt|26/5,Ω + |∇αt|26/5,Ω + |α|22,S0

+ |∇α|22,Ω(1 + |α|2W 1

3
(Ω))with

T\
0

Γ 2(t) dt <∞.Then
|w|2V 0

2
(Ωt) ≤ ce

c(|a1|6
3,6,St

1

+|∇α|2
3,2,Ωt)

( t\
0

Γ 2(t′) dt′ + |w(0)|22,Ω

)
.(2.11)Proof. With ϕ = w and w ·n|S = 0 we get by de�nition of weak solutions

(2.12)
3∑

i=1

(
1

2

d

dt
|wi|22,Ωi

+
\

Ωi

|δi · ∇wi ·wi +wi · ∇δi ·wi| dx+ ν|D(wi)|22,Ωi

+ γ|wi · τ j |22,Si
0

)
=

3∑

i=1

( 2∑

j=1

∑

σ=0,i

\
Si

σ

Bi
σjwi · τ j dS

i
σ +

\
Ωi

Fi · wi dx
)
.

Now, we analyze the seond term on the l.h.s. We have\
Ωi

δi · ∇wi · wi dx =
\

Ωi

(αi + ∇ϕi) · ∇wi · wi dx

=
\

Ωi

αi · ∇wi · wi dx+
\

Ωi

∇ϕi · ∇wi · wi dx ≡ I1 + I2so that
I1(wi) =

1

2

\
Ωi

αi · ∇(w2
i ) dx

=
1

2

\
Ωi

div(αiw
2
i ) dx− 1

2

\
Ωi

divαi · w2
i dx ≡ Ia

1 + Ib
1.Next, we alulate

Ia
1 (w1) = −1

2

\
S1

a1w
2
i dS1 +

1

2

\
D2

α · n1w
2
2 dD2 +

1

2

\
D3

α · n1w
2
3 dD3,

Ia
1 (wi) =

1

2

\
Si

aiw
2
i dSi −

1

2

\
Di

α · n1w
2
i dDi, i = 2, 3.Thus,

3∑

i=1

Ia
1 (wi) =

1

2

(
−
\

S1

a1w
2
1 dS1 +

\
S2

a2w
2
2 dS2 +

\
S3

a3w
2
3 dS3

)
,



Navier�Stokes equations in a Y-shaped domain 117and we an estimate
−

3∑

i=1

Ia
1 (wi) ≤ εa

1‖w1‖2
1,Ω1

+ c(1/εa
1)|a1|63,S1

|w1|22,Ω1
.

For Ib
1 we have

∣∣∣
3∑

i=1

Ib
1(wi)

∣∣∣ ≤ εb
1|w|26,Ω + c(1/εb

1)|∇α|23,Ω|w|22,Ωso
∣∣∣

3∑

i=1

I1(wi)
∣∣∣ ≤ ε1(|w|26,Ω + ‖w‖2

1,Ω) + c(1/ε1)(|a1|63,S1
+ |∇α|23,Ω)|w|22,Ω.Also we obtain

3∑

i=1

I2(wi) =
1

2

3∑

i=1

\
Ωi

∇ϕi · ∇(w2
i ) = −1

2

3∑

i=1

\
Ωi

∆ϕiw
2
i =

1

2

3∑

i=1

\
Ωi

divαiw
2
i .Consequently,

∣∣∣
3∑

i=1

I2(wi)
∣∣∣ ≤ ε2|w|26,Ω + c(1/ε2)|∇α|23,Ω|w|22,Ω.Next, we onsider the expression\

Ωi

wi · ∇δi · wi =
\

Ωi

wi · ∇α · wi +
\

Ωi

wi · ∇(∇ϕi) · wi ≡ I3 + I4with
∣∣∣

3∑

i=1

I3(wi)
∣∣∣ ≤ ε3|w|26,Ω + c(1/ε3)|∇α|23,Ω|w|22,Ω,

∣∣∣
3∑

i=1

I4(wi)
∣∣∣ ≤ ε4|w|26,Ω + c(1/ε4)|∇α|23,Ω|w|22,Ω.We sum (2.12) over i = 1, 2, 3, and use the above estimates. Then, we usethe imbedding inequality

|u|6,Ω ≤ c‖u‖W 1

2
(Ω),and the Korn inequality (2.8):

‖w‖H1(Ω) ≤ c
( \

Ωi

D(w)2 +
2∑

j=1

|w · τ j |22,S0

)
,

to obtain
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(2.13)

1

2

d

dt
|w|22,Ω + |w|2H1(Ω)

≤ cA|w|22,Ω +
\
Ω

F · w +
3∑

i=1

2∑

j=1

∑

σ=0,i

\
Si

σ

Bi
σ,jwi · τ j dS

i
σ

≡ cA|w|22,Ω + J,where A = |a1|63,S1
+ |∇α|23,Ω. We now deal with the r.h.s. of the aboveinequality. The last two terms have the form

J =

3∑

i=1

2∑

j=1

\
Ωi

(fi − δi,t − δi · ∇δi)wi dx+ ν
\

Ωi

div D(δi) · wi dx

−
\

Si
0

(νniD(δi)τ jwi · τ j +γδi · τ j ·wi · τ j) dS
i
0−
\
Si

νniD(δi)τ jwi · τ j dSi.

To simplify we only study the seond term of J :\
Ω1

div D(δ1) · w1 =
∑

σ=0,1

2∑

j=1

\
S1

σ

n1D(δ1)τ jw1 · τ j −
\

Ω1

D(δ1) · D(w1)

+
∑

k=2,3

2∑

j=1

\
Dk

n1D(δk)τ jwk · τ j ,\
Ωi

div D(δi) · wi =
∑

σ=0,i

2∑

j=1

\
Si

σ

niD(δi)τ jwi · τ j −
\

Ωi

D(δi) · D(wi)

+

2∑

j=1

\
Di

niD(δi)τ jwi · τ j

=
∑

σ=0,i

2∑

j=1

\
Si

σ

niD(δi)τ jwi · τ j −
\

Ωi

D(δi) · D(wi)

−
2∑

j=1

\
Di

n1D(δi)τ jwi · τ j , i = 2, 3,

to obtain
J=

3∑

i=1

(\
Ω

(fi−δi,t−δi · ∇δi) · wi−γ
\

Si
0

δi ·τ j ·wi ·τ j dS
i
0 −ν

\
Ω

D(δi) ·D(wi)
)

≡
3∑

i=1

(J i
1 + J i

2 + J i
3) ≡ J1 + J2 + J3.
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|J1| ≤ ε5|w|26,Ω + c(1/ε5)(|f |26/5,Ω + |δt|26/5,Ω + |δ · ∇δ|26/5,Ω),where

|δt|6/5,Ω ≤ |αt|6/5,Ω + |∇ϕt|6/5,Ω ≤ |αt|6/5,Ω +
∣∣∣
\
Ω

∇G∇αt

∣∣∣
6/5,Ω

≤ c(|αt|6/5,Ω + |∇αt|6/5,Ω),and G is the Green funtion for the problem for ϕ. Similarly,
|δ · ∇δ|6/5,Ω ≤ |δ|3,Ω|∇δ|2,Ω ≤ c|α|W 1

3
(Ω)|∇α|2,Ω.We examine J2 and J3 to get

|J2| ≤ ε6|w|2H1(Ω) + c(1/ε6)
(
|α|22,S0

+
2∑

j=1

|τ j · ∇ϕ|22,S0

)

≤ ε6|w|2H1 + c(1/ε6)(|α|22,S0
+ |∇α|22,Ω),

|J3| ≤ ε7|w|2H1(Ω) + c(1/ε7)|D(δ)|22,Ω

≤ ε7|w|2H1(Ω) + c(1/ε7)(|∇α|2,Ω + |∇∇ϕ|2,Ω)2

≤ ε7|w|2H1(Ω) + c(1/ε7)|∇α|22,Ω.The above estimates yield
|J | ≤ ε|w|H1(Ω) + c(1/ε)[|f |26/5,Ω + |αt|26/5,Ω + |∇αt|26/5,Ω + |α|22,S0

+ |∇α|22,Ω(1 + |α|2W 1

3
(Ω))]

= ε|w|H1(Ω) + c(1/ε)Γ 2(t).Then from (2.13) we obtain
1

2

d

dt
|w|22,Ω + |w|2H1(Ω) ≤ c(A|w|22,Ω + Γ 2(t)).(2.14)If we set A(t) = |a1|63,6,St

1

+ |∇α|23,2,Ωt, this an be rewritten as
d

dt
(|w|22,Ωe

−cA(t)) + |w|2H1(Ω)e
−cA(t) ≤ cΓ 2(t)e−cA(t)(2.15)and integrated in time:

|w(t)|22,Ω + ecA(t)
t\
0

|w(t′)|2H1(Ω)e
−cA(t′) dt′

≤ cecA(t)
( t\

0

Γ 2(t′)e−cA(t′) dt′ + |w(0)|22,Ω

)
.



120 J. Renªawowiz and W. M. Zaj¡zkowskiWe an estimate the r.h.s. and simplify as follows:
|w(t)|22,Ω +

t\
0

|w(t′)|2H1(Ω) dt
′ ≤ cecA(t)

( t\
0

Γ 2(t′) dt′ + |w(0)|22,Ω

)
.Omitting the �rst term on the l.h.s. we get

t\
0

|w(t′)|2H1(Ω) dt
′ ≤ cecA(t)

( t\
0

Γ 2(t′) dt′ + |w(0)|22,Ω

)
.(2.16)On the other hand, we an omit the seond term in (2.15) to obtain

d

dt
(|w|22,Ωe

−cA(t)) ≤ cΓ 2(t),(2.17)and integrate in time to get the estimate for |w|2,Ω. Together with (2.16)this gives the result.We have v = w + δ = w + α+ ∇ϕ where
|δ|2V 0

2
(ΩT ) ≤ |δ|22,∞,ΩT +

T\
0

‖δ(t′)‖2
1,Ω dt

′

≤ |α|22,∞,ΩT + |∇α|22,∞,ΩT +

T\
0

‖α(t′)‖2
1,Ω dt

′.Thus, we have the following orollary:Lemma 2.4. Let the assumptions of Lemma 2.3 be satis�ed and
Λ(T ) = c(|α|22,∞,ΩT + |∇α|22,∞,ΩT ) +

T\
0

‖α(t′)‖2
1,Ω dt

′ <∞.(2.18)Then
(2.19) |v|2V 0

2
(ΩT ) ≤ ce

c(|a1|6
3,6,ST

1

+|∇α|2
3,2,ΩT )( T\

0

Γ 2(t′) dt′+|v(0)|22,Ω

)
+Λ(T ).

3. Weak solutions to (2.3). In this setion, we follow the ideas from[L, Chapter 6, Setion 7℄. We will use the Galerkin method to prove theexistene of weak solutions to the problem (2.3). Namely, we introdue thesequene of approximating funtions wN given as
wN (x, t) =

N∑

k=1

CkN (t)ak(x),

where {ak}∞k=1 is a system of orthogonal funtions in L2(Ω) ∩ J0
2 (Ω). Here,

J0
2 (Ω) = {f ∈ H1(Ω) : div f = 0} and {ak}∞k=1 is a fundamental systemin H1(Ω) with supx∈Ω |ak(x)| < ∞, supx∈∂Ω |ak(x)| < ∞. The oe�ients
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CkN (0) are de�ned by

CkN |t=0 = (w0, ak), k = 1, . . . , N,and the funtions wN satisfy the following system with test funtions ak:
3∑

i=1

{ \
Ωi

(
1

2

d

dt
wN

i a
k + wN

i · ∇wN
i a

k + δi · ∇wN
i · wN

i + wN
i · ∇δi · wN

i

+ νD(wN
i )D(ak)

)
dx+ γ

\
Si

0

wN
i · τ ja

kτ j dS
i
0

}

=
3∑

i=1

( 2∑

j=1

∑

σ=0,i

\
Si

σ

Bi
σja

k · τ j dS
i
σ +

\
Ωi

Fi · ak dx
)

for k = 1, . . . , N. Thus, wN would be a weak solution to (2.3).With (f, g) =
T
Ω fg dx and (f, g)S =

T
S fg dS this an be rewritten as

3∑

i=1

{(wN
i,t, a

k) + (wN
i · ∇wN

i , a
k) + (δi · ∇wN

i , a
k) + (wN

i · ∇δi, ak)

+ ν(D(wN
i ),D(ak)) + γ(wN

i · τ j , a
k · τ j)Si

0

}

=
3∑

i=1

[ 2∑

j=1

∑

σ=0,i

(Bi
σj, a

k · τ j)Si
σ

+ (Fi, a
k)

]
, k = 1, . . . , N.Thus,

(3.1)

(
d

dt
wN , ak

)
+ (wN · ∇wN , ak) + (δ · ∇wN , ak) + (wN · ∇δ, ak)

+ ν(D(wN ),D(ak)) + γ(wN · τ j , a
k · τ j)S0

=
3∑

i=1

2∑

j=1

∑

σ=0,i

(Bσj, a
k · τ j)Si

σ
+ (F, ak), k = 1, . . . , N.The above equations are in fat a system of ordinary di�erential equationsfor the funtions CkN (t). The properties of the sequene ak imply

|wN (·, t)|22,Ω =
N∑

k=1

C2
kN (t).On the other hand, we an obtain a priori bounds for the approximate solu-tions wN of the same form as in (2.11):

|wN |2V 0

2
(ΩT ) = sup

0≤t≤T
|wN |2,Ω +

T\
0

|∇wN |2,Ω dt
′(3.2)

≤ ce
c(|a1|6

3,6,ST
1

+|∇α|2
3,2,ΩT )( T\

0

Γ 2(t′) dt′ + |w(0)|22,Ω

)
≤ C.



122 J. Renªawowiz and W. M. Zaj¡zkowskiTherefore, sup0≤t≤T |CkN (t)| is bounded on [0, T ] and wN are well de�nedfor all times t.De�ne now ψN,k ≡ (wN (x, t), ak(x)). This sequene is uniformly boundedby (3.2). We an also show that it is equiontinuous. Namely, we inte-grate (3.1) with respet to t from t to t+∆t to obtain
|ψN,k(t+∆t) − ψN,k(t)|

≤ sup
x∈Ω

|ak(x)|
t+∆t\

t

(|wN ·∇wN |2,Ω + |δ ·∇wN |2,Ω|wN ·∇δ|2,Ω + |F |2,Ω) dt′

+ ν|∇ak|2,Ω

t+∆t\
t

|∇wN |2,Ω dt
′

+ γ sup
x∈S

|ak(x)|
t+∆t\

t

(
|wN · τ j |2,S0

+
3∑

i=1

2∑

j=1

∑

σ=0,i

|Bσj|2,Si
σ

)
dt′

≤ sup
x∈Ω

|ak(x)|
√
∆t (sup

x∈Ω
|wN |2,Ω(|∇wN |2,ΩT + |∇δ|2,ΩT )

+ sup
x∈Ω

|δ|2,Ω|∇wN |2,ΩT )

+ sup
x∈Ω

|ak(x)|
t+∆t\

t

|F |2,Ω dt
′ + ν|∇ak|2,Ω

√
∆t |∇wN |2,ΩT

+ γ sup
x∈S

|ak(x)|
(√

∆t |∇wN |2,ΩT +

t+∆t\
t

2∑

j=1

|Bj|2,S

)
dt′

≤ C(k)
(√

∆t+

t+∆t\
t

(|F |2,Ω +
2∑

j=1

|Bj|2,S) dt′
)
.

We an see that for given k and N ≥ k the r.h.s. tends to zero as ∆t → 0uniformly in N. Thus, one an hoose a subsequene Nm suh that ψNm,konverges as m → ∞ uniformly to some ontinuous funtion ψk for anygiven k. Sine the limit funtion w is de�ned as
w(x, t) =

∞∑

k=1

ψk(t)a
k(x),

we onlude that (wNm − w,ψ) tends to zero as m → ∞ uniformly withrespet to t ∈ [0, T ] for any ψ ∈ J0
2 (Ω), and w(x, t) is ontinuous in tin the weak topology. Moreover, estimate (3.2) remains true for the limitfuntion w.
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T ). To this end, weneed to apply the following version of the Friedrihs lemma: for any ε > 0,there exists Nε suh that for any u ∈W 1

2 (Ω),
‖u‖2

2,Ω ≤
Nε∑

k=1

(u, ak) + ε‖∇u‖2
2,Ω.This in terms of u = wNm − wNl reads

‖wNm − wNl‖2
2,ΩT ≤

Nε∑

k=1

T\
0

(wNm − wNl , ak) dt+ ε‖∇wNm −∇wNl‖2
2,ΩT .By (3.2), we have

‖∇wNm −∇wNl‖2
2,ΩT ≤ 2C2for some onstant C. The above integral, for given Nε, an be arbitrarilysmall provided m and l are su�iently large, so it tends to zero as m, l → ∞.Therefore, {wNm} onverges strongly in L2(Ω

T ).We summarize the above onvergene properties of the sequene {wNm}:(i) wNm → w strongly in L2(Ω
T ) for some w,(ii) wNm → w weakly in L2(Ω) uniformly with respet to t ∈ [0, T ],(iii) ∇wNm → ∇w weakly in L2(Ω

T ).For given Φk =
∑k

j=1 dj(t)a
j(x), the sequene {wNm} satis�es the iden-tities\

Ω

(
d

dt
wNmΦk+(wNm ·∇wNm +δ ·∇wNm +wNm ·∇δ)Φk+νD(wNm)D(Φk)

)
dx

+ γ
\

S0

wNm · τ jΦ
k · τ j dS0 =

3∑

i=1

2∑

j=1

∑

σ=0,i

\
Si

σ

BσjΦ
k · τ j dS

i
σ +

\
Ω

FΦk dx.Then we an pass to the limit as m → ∞ to obtain the identity for w. Theonditions divwN = 0, wN · n|ST = 0 stay true for the limit funtion w aswell.It remains to onsider the limit limt→0 w(x, t). We note that the wNmsatisfy the relation (2.12) (if we use the test funtion wNm). This yields
|wNm |2,Ω ≤ |w0|2,Ω +

t\
0

(|F |2,Ω + |B|2,S) dt′.In the limit m→ ∞ we obtain
|w|2,Ω ≤ |w0|2,Ω +

t\
0

(|F |2,Ω + |B|2,S) dt′,



124 J. Renªawowiz and W. M. Zaj¡zkowskiwhih implies
lim
t→0

|w|2,Ω ≤ |w0|2,Ω.On the other hand, sine wNm tends to w as m→∞, we have |wNm−w0|2,Ω

→ 0. Therefore, |wNm − w0| → 0 weakly in L2(Ω) as t→ 0 and
|w0|2,Ω ≤ lim

t→0
|w|2,Ω.We onlude that the limit limt→0 |w|2,Ω exists and is equal to |w0|2,Ω wherethe onvergene is strong, in the L2(Ω) norm.Consequently, we have proved the following result.Theorem 1. Let the assumptions of Lemma 2.3 be satis�ed. Then thereexists a weak solution w to problem (2.3) suh that w is weakly ontinuouswith respet to t in L2(Ω) norm and w onverges to w0 as t→ 0 strongly in

L2(Ω) norm.4. Appendix: sketh of proof of Lemma 2.1. We disuss the proper-ties of the funtions ϕi, i = 1, 2, 3, solving problem (2.1). To this end, we needthe notion of a regularizer and a partition of unity for the domain Ω. Namely,let us de�ne two olletions of open subsets {ω(k)} and {Ω(k)}, k ∈ M∪N ,suh that ω(k) ⊂ Ω(k) ⊂ Ω, ⋃
k ω

(k) =
⋃

k Ω
(k) = Ω, Ω(k) ∩S = ∅ for k ∈ Mand Ω(k)∩S 6= ∅ for k ∈ N .We assume that at most a �nite number of Ω(k)have nonempty intersetion.We will treat in more detail only the loal problem on some su�ientlysmall subset ΩN ⊂ Ω suh that ΩN ∩ D2 6= ∅ and ΩN ∩ Si

0 6= ∅, i = 1, 2.The ase of a domain that intersets D3 is analogous and subsets that lieentirely (i.e. with their losures) in one of Ωi, i = 1, 2, 3, are muh easier totreat.First, we straighten the boundary (S1
0 ∪ S2

0) ∩ΩN and by the re�etiontehnique we transform the problem on ΩN to an equivalent problem onsome subset ΩM where ΩM ∩D2 6= ∅ and int{ΩM} ∩ Si
0 6= ∅, i = 1, 2 (seeFigure 2.)The system (2.1) now reads

−∆ϕ1 = divα1 in ΩM ∩Ω1,

−∆ϕ2 = divα2 in ΩM ∩Ω2,

∂ϕ1

∂n1

∣∣∣∣
D2

=
∂ϕ2

∂n1

∣∣∣∣
D2

.Here, we denote in fat by ϕ the new funtion ϕζ where ζ is a smooth funtionwith ompat support in ΩM . In the new oordinates the loal problem on
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Fig. 2. Transformation from Ω
N to Ω

M

ΩM takes the following form in a half-spae:
−∆ϕ1 = divα1 for x3 > 0,

−∆ϕ2 = divα2 for x3 < 0,

∂ϕ1

∂x3

∣∣∣∣
x3=0

=
∂ϕ2

∂x3

∣∣∣∣
x3=0

,

(4.1)
and it is ompleted with the onditions at in�nity:

ϕ1 → 0 as x3 → ∞,

ϕ2 → 0 as x3 → −∞.
(4.2)We introdue new funtions ui = ϕi − ϕ̃i where ϕ̃i satisfy the �rsttwo equations of the system (4.1). Therefore, we onsider the equivalentproblem

−∆u1 = 0 for x3 > 0,

−∆u2 = 0 for x3 < 0,

∂u1

∂x3
− ∂u2

∂x3

∣∣∣∣
x3=0

=
∂ϕ̃2

∂x3
− ∂ϕ̃1

∂x3

∣∣∣∣
x3=0

≡ −ψ1,

u1 − u2|x3=0 = ϕ̃2 − ϕ̃1 ≡ ψ2,

u1 → 0 as x3 → ∞,

u2 → 0 as x3 → −∞.Applying the Fourier transform (with respet to x′ = (x1, x2)), i.e.
ũ(ξ, x3) =

\
R2

e−iξx′

u(x′, x3) dx
′,



126 J. Renªawowiz and W. M. Zaj¡zkowskiwhere ξ = (ξ1, ξ2) and ξ · x′ = ξ1x1 + ξ2x2, we obtain the problem
ξ2ũ1 −

∂2ũ1

∂x2
3

= 0 for x3 > 0,

ξ2ũ2 −
∂2ũ2

∂x2
3

= 0 for x3 < 0,

∂ũ1

∂x3
− ∂ũ2

∂x3

∣∣∣∣
x3=0

= −ψ̃1,

ũ1 − ũ2|x3=0 = ψ̃2,

ũ1 → 0 as x3 → ∞,

ũ2 → 0 as x3 → −∞.

(4.3)

We an easily �nd the solutions
ũ1 = c1e

−|ξ|x3 , ũ2 = c2e
|ξ|x3 ,where

c1 + c2 = ψ̃1, c1 − c2 = ψ̃2,thus
c1 =

1

2
(ψ̃1 + ψ̃2), c2 =

1

2
(ψ̃1 − ψ̃2).We want to use ũi to estimate the H2 norm of ui. By way of example, weexamine ũ1. We observe that

∞\
0

|ũ1|2 =

∞\
0

c21e
−2|ξ|x3 dx3 ≤ c

|ξ| ,
∥∥∥∥
d

dx3
ũ1

∥∥∥∥
2

L2

=

∞\
0

∣∣∣∣
d

dx3
ũ1

∣∣∣∣
2

= c21

∞\
0

|ξ|2e−2|ξ|x3 dx3 ≤ c|ξ|,
∥∥∥∥
d2

dx2
3

ũ1

∥∥∥∥
2

L2

≤ c|ξ|3.Consequently,
2∑

i=1

‖ui‖2
H2 =

\(
[(1 + ξ2)ũ]2 +

∣∣∣∣
d2

dx2
3

ũ

∣∣∣∣
2)
dξ

≤
\(

(1 + ξ2)2
|ψ̃|2
|ξ| + |ξ|3|ψ̃|2

)
dξ1 dξ2

≤ c‖ψ̃‖2
H3/2(R2)

≤ c‖α̃‖H1(R3).Hene, by the regularizer tehnique and the a priori estimate on ϕ,
3∑

i=1

\
Ωi

|∇ϕi|2 ≤ c
3∑

i=1

\
Ωi

|∇αi|2we dedue the statement of Lemma 2.1 and the estimate (2.2).
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