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ON THE GAP BETWEEN THE SEMILOCAL
CONVERGENCE DOMAINS OF TWO NEWTON METHODS

Abstract. We answer a question posed by Cianciaruso and De Pascale:
What is the exact size of the gap between the semilocal convergence domains
of the Newton and the modified Newton method? In particular, is it possible
to close it? Our answer is yes in some cases. Using some ideas of ours and
more precise error estimates we provide a semilocal convergence analysis
for both methods with the following advantages over earlier approaches:
weaker hypotheses; finer error bounds on the distances involved, and at
least as precise information on the location of the solution; and a smaller
gap between the two methods.

1. Introduction. In this study we are concerned with the problem of
approximating a locally unique solution of the nonlinear equation

(1.1) F(z) =0,
where I is a Fréchet differentiable operator defined on a convex subset D
of a Banach space X with values in a Banach space Y.

The most popular methods for generating a sequence {z,} (n > 0)
approximating a solution of (1.1) are Newton’s method

(1.2) Tl = 2n — F'(2,) ' F(z,)  (n>0, 29 € D),
and the modified Newton’s method
(1.3) Tni1 = xn — F'(z0) 'F(z,) (n>0).

There is an extensive literature on local as well as semilocal convergence
results for both methods under various assumptions (see [1]-[4], [8], [9], and
the references there).
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We are motivated by the elegant work by A. Galperin [7] dealing with
the question posed in [4]: What is the exact size of the gap between sufficient
convergence conditions for methods (1.2) and (1.3)

Here is what we know: Let Fy = F’(2¢) ' F be the normalized operator
for F.

e B. A. Vertgeim [10]: if Fj is \-Holder continuous on D (A € (0, 1]), i.e.
(1.4) 1F5(z) = By ()]l < Ul =y
for all x,y € D, then method (1.3) converges to z* provided that

A A\
1. h = 1| Fi <[ ——
(15) IRl < (25
whereas Newton’s method converges provided that
A\
1.6 h <V ——=
(1.6 <v(3) -
where V) is the unique solution of the equation
DU 1+ 2\
(1.7) £ £ AT = ( * ) .
ATHX

e I. Cianciaruso and E. De Pascale [4]: the V) can be replaced by an at
least as large parameter C) such that

)\ A

1.8 h<C
(18) <a135)
which is the reciprocal of the number
1.9 A) =min{b>1: t) <b
(1.9) a(A) = min{b > Ogé%)g( ) < b},
where \

A+ (1+ N
(1.10) gty = LT UFN

1+t =1

e A. Galperin [7]: The C) can be replaced by an at least as large param-
eter G given by

(1.11) Gy = [1

A A
lim yn(O)} ,

where for yo(s) = 1 — s, yn+1(s) is the unique solution of the equation (with
unknown 7)

r1+)\

A+ (s +r)]

In fact the following table was given in [7].

(1.12) (s+7).
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Table 1. Comparison table

A Nl 2 3 4 .5 .6 7 .8 9
AVy o 204 339 453 .53 .644 727 803 .873  .939
Ci 542 590 640  .692 746 799  .852 .903  .952
Gax 605 686 .748 .801 .846 .885 .920 .950 .976

S T Y

In view of the above table Galperin concluded that the gap between the
convergence domains of methods (1.2) and (1.3) is positive and cannot be
closed under condition (1.4). Moreover, he showed that this is also the case
under the w-smoothness assumption:

(1.13) |Fow) — Fo(y)l| < w(llw —yl) foralla,y € D

where w is a nonzero nondecreasing concave function on [0, co) with w(0) = 0.
Note that a possible choice of w is

(1.14) w(t) = It
Furthermore, under the regular smoothness condition:
(1.15)  w ™ min{[|A(@)[|, [ A@)|1} + [|A@z) — A@)]]
—w ™ min{[|A@@)|, [AW)I}] < llz —yll
for A: D — L(X,Y), z fixed in D and all y € D, Galperin showed that the
gap can be closed for A = F{.

In the next two sections we provide our contributions with the advantages
as already stated in the abstract.

2. Semilocal convergence of methods (1.2) and (1.3). Let us in-
troduce the center A-Holder condition

(2.1) | () = I)| < lo||o — 20| for all z € D
and set
A A A

2.2 ho = lo|| F{ <([—) .
(2:2) o=l Fatal < (135
Clearly
(2.3) lo <1
and [/ly may be arbitrarily large [1], [3]. Note that

A\ A\
24 h<|-—— ho < | ——
24) —<1+)\> ~ 0_<1+)\>’

but not vice versa unless lp = [. In [2] we showed that (2.1) and (2.2) can
replace (1.4) and (1.5) respectively in the study of the convergence of method
(1.3) with the following advantages:
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(A) (1) weaker hypotheses;

(2) finer error bounds on the distances involved;

(3) an at least as precise information on the location of the solution;
(4) smaller gap between methods (1.2) and (1.3).

In the case of method (1.2) we showed that if we use the combination of
conditions (1.4) and (2.1), instead of only (1.4), the condition corresponding
to (1.5) is given for [y = Id, d € [0, 1], by
[146d/(1—q)" 76,6 = (14 N)g, A€ [0,1)

(2.5) h< for some ¢ € [0,1) and‘n, A
not zero at the same time,
(1—6d)~'d  for some 6 € [0,1] and A = 1.

In particular, if we take A = 1 (Lipschitz case) and § = 1 conditions

(1.5), (2.5) become

1
(2.6) hi, = U Fo(zo)ll < 5
and . -
7 - 1+
(2.7) ha =Rl <5, 1=

respectively. Note that (2.6) is the famous Newton—Kantorovich hypothe-
sis [9] which is a sufficient convergence condition for Newton’s method (1.2)
in the Lipschitz case. Note again that

1 1

2. hi < = hy < =
(2:8) RS5 T MASg
but not vice versa unless Iy = I. For A € [0,1) and

1
2.9 - _-
(2.9 T
in view of condition (2.5) we get

A A
2.10 h< Ay ——
2.10) <a(135)
where
2.11 Ay=1|d — .
1) =l () |

Using e.g. d = 1/2 we obtain the table:

Table 2. Comparison table

A 1 .2 3 A4 ) .6 .7 .8 9 1
G, 605 686 .748 801 .846 .885 .920 .950 976 1
Ay .TT7T 833 874 904 926 948 964 978 990 1
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It shows that the gap between the convergence domains gets even smaller
than in all previous works. In fact it can be closed completely: We note that
since [/lp (i.e., 1/d) is arbitrarily large there exists a unique A € [0, 1] such
that

A )\
2.12 d —— ) =1
(2.12) +<1+/\) ’

i.e.

(2.13) Ay =1.

That is, taking into account the ratio [/ly one can sometimes find a A € [0, 1]
such that the gap is zero.

To further compare our approach with the one in [7], we assume that
the normalized operator Fy is wp-smooth on D relative to xg € D:

(2.14) | Fo(z) — Fi(zo)|| < wo(l|lx — z0]]) for all x € D,
where the function wqg is as w.
Note that
(2.15) wo(t) <wl(t) forallte[0,00)
and w/wy may be arbitrarily large [1], [3].
If we set
(2.16) wo(t) = lot?,

then condition (2.14) reduces to (2.1), whereas if Iy = [ then wy(t) = w(t)
for all ¢t € [0, 00).
Let us introduce the notation

(2.17) tn = ||Tn — xoll, En = ||Tnt1 — xnl-
Define
t
(2.18) 20(t) = wo(r) dr
0
and
t
(2.19) 0(t) = {w(r)dr.
0

Consider the map P : Ri — R%r that maps each nonnegative pair (¢,w) to
(t4,e4+) according to the formulas

(2.20) ty =t+e, ep=902(t+¢e)—2(t)
in the case of method (1.3) and
(2.21) ty =t+e, ep=0R(t+¢e)—02()

in the case of method (1.2).
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Finally, define functions fp and f on [0,00) by

(2.22) fo(t) = Qo(t) —t4 €0,
and
(2.23) F(t) = Q(t) — t + =0.

Then by simply replacing w, {2 by wq, {29 respectively in Theorem 2.3 of
[7, p. 389], we obtain the following semilocal convergence theorem for

method (1.3):

THEOREM 2.1. Assume that the normalized operator Fy is wg-smooth on
D relative to xg € D, and

(224) ||F0($0)H S €0 § ap — Qo(()éo), ag = wal(l).
Then:

(a) The sequence {t,} generated by (2.20) and starting from (0, g9) con-
verges to t*, the smaller of the two zeros of function (2.22). Moreover,
for alln >0,

(2.25)
(2.26)

~
VARVAN

n

o]

tn,
n En-

(b) The sequence {x,,} generated by method (1.3) is well defined, remains
in the ball U(xg,too) = {zx € X : ||z — 20| < too} too = limy o0 tn,
and converges to a solution xs of equation (1.1). Moreover, for all
n >0,

(2:28) [1Fo(@n)| < én.

(c) The solution x is unique in U(xg, t**), where t** is the larger of the
two zeros of fo.

(d) The convergence condition (2.24), the radii r , and the bounds
(2.27) and (2.28) are sharp: they are attained for the function Fy
which is wo-smooth on [0, 00).

* *%
, b

REMARK 2.2. If equality holds in (2.15) our Theorem 2.1 reduces to
Theorem 2.3 of [7]. Otherwise, the advantages (A) mentioned above of our
approach over the one in [7] hold true.

In the case of method (1.2), retaining the notation introduced above we
have:

LEMMA 2.3. Under conditions (1.13) and (2.14) the following estimates
hold for method (1.2):
(2.29) Tor1 < T +Zn
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and

(2.30) En+tl 2En)

< ——
1-— wo(tn + En)
Proof. In view of (2.14) we obtain

(2.31)  [[Fg(zns1) = Fy(zo)|l < wolllwns1 — zoll) < woltns1) < 1.

Using (2.31) and the Banach lemma on invertible operators [9] we obtain
F{(xn41)"' € L(Y, X) and

for alln > 0.

1 1
-1 < < .
| T — Bl = T=wolry)

The rest follows exactly as in Lemma 3.1 of [7]. =

(2.32) [ Fo(wnt1)

REMARK 2.4. If equality holds in (2.15) our Lemma 2.3 reduces to
Lemma 3.1 of [7]. Otherwise it is an improvement since our (t,, &) are
smaller than the corresponding ones in [7] (obtained by simply replacing wy
by w in (2.30)).

Define the map p : R? D Dom p — R? sending any pair in
(2.33) Domp ={(t,e)|[t>0,e>0,t+¢e < ap}
to (t4,e4) where

£2(e)
(234) ty =t+e, 4 = 1—&)0(t—|—€)’
0, t+e= .

As in Theorem 4.1 of [6] the convergence domain U = U, 1y = {(to,¢€0) |
tn < ap} of (2.34) is given by

t+e < ag,

(235) U= {(to,&o) | 0 § to S (7)) and 0 S €0 S X(to, ao)},

where x(t,t") is the unique nonzero and nonincreasing solution of
2(z(t

(2.36) CO) ity s#) =o.

= wolt + 2(0)]
For wy, w fixed we can compose the functions € = x(¢,¢') and ¢’ = I(t,¢),
where T is the implicit function defined by x(¢,t') = e. In particular we can
compute x(0, ap).
According to Theorem 4.3 of [6], x(t, ') = lim,,—,o0 2, (), where 2 (t) =
t' —t, and z,41(t) is the unique solution of the equation

Q2(e)

(2.37) TE—cE

=zp(t+e¢)

for e € [0, z,(2)].
We can state the following semilocal convergence theorem for Newton’s
method (1.2):
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THEOREM 2.5. Suppose that the normalized operator Fy is wg-smooth
relative to xg € D and w-smooth on D. Moreover, assume that
(2.38) [Fo(zo) | < €0 < X(0, ap).
Then

(a) The scalar sequence {t,} generated by (2.34) starting at (0,e9) con-
verges to the zero of the function t — x[t, 1(0,e0)], and for all n > 0,

(2.39) th <t, and g, <ep.

(b) The sequence {x,} generated by Newton’s method (1.2) is well de-
fined, remains in U(xg,t) for all n > 0 and converges to a unique
solution of the equation F(x) = 0 in U(xzo,t™), where t** is the
greatest zero of f. Moreover, for all n > 0,

(2.41) [Eo(zns1)ll < £2(en).
Proof. Use estimate (2.32), (2.34) instead of the corresponding estimates
1
2.42 Fy T —
(2.42) I3l < s

and (2.34) for wy = w used in [7]. The rest of the proof follows exactly as in
Theorem 3.2 in [7, p. 393]. =

REMARK 2.6. If equality holds in (2.15) our Theorem 2.5 reduces to
Theorem 3.2 of [7]. Otherwise it is an improvement with the advantages (A)
mentioned above.

If the function wy is given by (2.16), then the equation (2.37) becomes

l€1+/\

(1 4+ N1 —dl(t+¢e)?]

Then we can show exactly as in Proposition 3.3 in [7]:

(2.43)

= zp(t + ).

ProposSITION 2.7. For all | > 0,
MAx(0,1717) = iy, (0),

where yo(s) =1 — s, and yn+1(8) is the unique solution of the equation

pltA

(1+N)[1—d(s+ 7)Y

(2.44) = yn(s+7)

and

- A\ 1+ A
_ (AT 2[R
29 A= 25) =[5 tm o)
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REMARK 2.8. If equality holds in (2.15) then Proposition 2.7 reduces to
Proposition 3.3 in [7], and G = A). Otherwise we have

(2.46) G < Ay,

which improves the most recent estimate given by Galperin [7].

3. Semilocal convergence under regular smoothness. We refer
the reader to [6]-[8] for the advantages of regular smoothness.

Denote by N the class of nondecreasing functions w : [0,00) — [0, 00)
that are concave and vanishing at 0. Given an w € N, we say that A: D —
L(X,Y) is w-regularly continuous on D relative to x € D or, equivalently,
that w is a reqular continuity modulus of A on D relative to X, if

(3.1)  w  min{[|A@), [AW)]} + [|A(y) — A2)]]
—w ™ (min{ | A(@)[], [A@®)I}) < lly — 2|
forall y € D.

A is w-regularly continuous on D if the above is valid for all z,y € D.
The operator F is w-reqularly smooth on D if its derivative F’ is w-regularly
continuous there. The function w is then called a reqular smoothness modulus
of F on D. A function is called regularly smooth on D if it has a regular
smoothness modulus on D.

Given wg € N, define functions ¥ and ¥ by

(3:2) to(u,t) = wol(u — )" + 1] — wol(u, t)"]
_ {wo(u) —wo(u—t), tel0,u],u>0,
~ Lwo(®), t>u>0,
t
(3.3) W(u,t) =\ (u,7)dr,
0

where for a real number a,

(3.4) at = max{a,0}.
We also need to introduce the generator
(3.5) ty=t+e, epx=V¥(a,t+e)—¥(ap,t)
and the function
(3.6) B(t) = U(ag,t) —t+c9, t>0.

By simply replacing w by wp in the proof of Theorem 5.2 in [7, p. 400]
we can show the following semilocal theorem for method (1.3):

THEOREM 3.1. Suppose that wg is a reqular continuity modulus of Fy on
D relative to xqg. If
(3.7) [Fo(zo)|| < €0 < £2(a0)



202 I. K. Argyros

then:

(a) The scalar sequence {t,} starting from (0,e9) and generated by (3.5)
converges to t*, the smaller of the two zeros of @, and for all n > 0,

(3.8) th <t, and gg<ep.

(b) The sequence {x,,} generated by modified Newton method (1.3) is
well defined, remains in U(xg,t*) for all n > 0 and converges to a
unique solution oo of equation (1.1) in U(xo,t™), where t** is the
largest zero of &:

(3.10) [ Fo(zn)|l < en.
The convergence condition (3.7), the radius t*, and the bounds (3.9) and

(3.10) are sharp: they are attained for a function @ which is wy-reqularly
smooth on [0, ag].

From now on we set
(3.11) @ = w (| Fy(za))
and assume

(c) w is a regular continuity modulus of Fy on D and wy is a regular
continuity modulus of Fy on D relative to xg.

Then as in Lemma 2.3 above and Lemma 6.1 in [7] we show:

LEMMA 3.2. Under the above stated hypothesis (c) we have

(3.12) Togt < I + Zn,
(3.13) i1 > (@ — )T,

< w _na_n
(3.14) Sui1 < (@, En)

1 — wo(Qns1 + bng1) — wo(@ny1)

Let us define the generator:

(o, e)
3.15 ty=t+e, ar=(a—¢e)t, e, = . .
( ) + + ( ) + 1— (A)O(Oé+ + t+) . (A)O(Oé+)

Then exactly as in Theorem 6.2 in [7] we can show the semilocal convergence
result for Newton’s method (1.2) under (@p,w) regular smoothness.

THEOREM 3.3. Under hypothesis (c), further assume that
(316) HF()(JL'())H S €0 S Q(Oé()).
Then:
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(a) The sequence {t,} generated by (3.16) starting at (0,e0) converges

to t*, the smaller of the two zeros of ® given by (3.6) (for wy = w),
and for all n > 0,

(3.17) th <t, and &, <ep,.

(b) The sequence {x,} generated by Newton’s method (1.2) is well de-

fined, remains in U(xg,t*) for all n > 0, and converges to a unique
solution oo of equation (1.1) in U(xo, t*™*), where t** is the largest
of the two zeros of ®. Moreover, for all n > 0,

3.18) |Too — n|| <t — tn,
(3.19) | Foens)| < .
where
(3.20) En = epwolag — tn) — 2(ap — tn) + (g — tnt1)-

(¢) The convergence condition (3.16), the radius t*, and the bounds (3.18)

and (3.19) are sharp: they are attained for the function .

REMARK 3.4. If wg = w Theorem 3.1 and Lemmas 3.1-3.2 reduce to

Theorem 5.2 and Lemmas 6.1-6.2 of [7] respectively. Otherwise they consti-
tute an improvement with the advantages as stated in the abstract.
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