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UNIFORM ASYMPTOTIC NORMALITYFOR THE BERNOULLI SCHEME

Abstrat. It is easy to notie that no sequene of estimators of the prob-ability of suess θ in a Bernoulli sheme an onverge (when standardized)to N(0, 1) uniformly in θ ∈ ]0, 1[. We show that the uniform asymptotinormality an be ahieved if we allow the sample size, that is, the numberof Bernoulli trials, to be hosen sequentially.1. Introdution. Zieli«ski (2004) pointed out that for the Bernoullisheme with the probability of suess θ, the entral limit theorem (CLT)does not hold uniformly in θ ∈ ]0, 1[. For any �xed n (the number of trials),the normal approximation deteriorates and its error exeeds 1/4 if θ is loseto 0 or lose to 1. In our paper we onsider the following question: doesthere exist a sequene of estimators of θ whih is uniformly asymptotiallynormal? The answer is yes provided that we take into onsideration sequentialestimators (whih use a random number of observations, depending on theoutomes of previous trials).
2. Main results. Let Z1, . . . , Zn, . . . be a sequene of real-valued statis-tis de�ned on a statistial spae (Ω, {Pθ : θ ∈ Θ},F).Definition 2.1. The sequene Zn is uniformly asymptotially normal(UAN) if for some funtions µ(θ) and σ(θ) 6= 0,

(1) sup
θ

sup
−∞<x<∞

∣∣∣∣Pθ

( √
n

σ(θ)
[Zn − µ(θ)] ≤ x

)
− Φ(x)

∣∣∣∣ → 0,
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216 W. Niemiro and R. Zieli«skiwhere Φ is the .d.f. of the standard normal distribution. More expliitly,
∀ε>0∃n0

∀n≥n0
∀θ∀x

∣∣∣∣Pθ

( √
n

σ(θ)
[Zn − µ(θ)] ≤ x

)
− Φ(x)

∣∣∣∣ < ε.We will then write √
n

σ(θ)
[Zn − µ(θ)] ⇉d N(0, 1).Uniform onvergene in distribution was onsidered e.g. in Zieli«ski(2004), Salibian-Barrera and Zamar (2004), and Borovkov (1998). The def-inition given above may be onsidered as a speial ase of that given inBorovkov (1998) (Chapter II, par. 37, Def. 2).Theorem 2.2. Let X = X1, . . . , Xn, . . . be i.i.d. with Pθ(X = 1) = θ =

1 − Pθ(X = 0). The parameter spae is Θ = ]0, 1[.(i) There is no sequene of estimators θ̂n = θ̂n(X1, . . . , Xn) suh that√
n

σ(θ)
[θ̂n − θ] ⇉d N(0, 1).(ii) There is a sequene of stopping rules Tr (r = 1, 2, . . .) and sequentialestimators θ̃r = θ̃r(X1, . . . , XTr

) suh that√
r

σ(θ)
[θ̃r − θ] ⇉d N(0, 1).Proof of (i). For every n there exists θ suh that Pθ(X1 = · · ·= Xn = 0)

> 1/2. Clearly, for suh θ the probability distribution of the random variable
(
√

n/σ(θ))[θ̂n − θ] has an atom whih ontains more than 1/2 of the totalprobability mass. It follows immediately that
sup

−∞<x<∞

|Pθ[(
√

n/σ(θ))[θ̂n − θ] ≤ x] − Φ(x)| ≥ 1/4.The proof of part (ii) requires some auxiliary fats and is presented inthe next setion.3. Proofs. For the sake of our proofs the following version of uniform
δ-method will be useful.Lemma 3.1. Assume that Zn is a UAN sequene of statistis, that is,
(1) holds. Let h be a di�erentiable funtion de�ned on an open subset of thereal line suh that µ(θ) belongs to the domain of h for every θ. If h′(µ(θ)) 6= 0for all θ and
(2)

h(µ(θ) + σ(θ)t) − h(µ(θ))

h′(µ(θ))σ(θ)t
⇉ 1 as t → 0,uniformly in θ, then h(Zn) is also UAN :

√
n

σ(θ)h′(µ(θ))
[h(Zn) − h(µ(θ))] ⇉d N(0, 1).



Asymptoti normality for Bernoulli sheme 217Proof. Let us write
Jn = Jn(θ) =

√
n

σ(θ)
[Zn − µ(θ)],

Hn = Hn(θ) =

√
n

σ(θ)h′(µ(θ))
[h(Zn) − h(µ(θ))].Fix an ε > 0. In view of the uniform ontinuity of Φ, we an hoose η > 0suh that

(3) sup
x

[Φ(x + η) − Φ(x)] <
1

5
ε.Next, we hoose b suh that

(4) 1 − Φ(b) + Φ(−b) <
1

5
ε.By (2), there exists δ > 0 suh that for |t| < δ and for all θ,

(5)

∣∣∣∣
h(µ(θ) + σ(θ)t) − h(µ(θ))

h′(µ(θ))σ(θ)
− t

∣∣∣∣ <
η

b
|t|.By assumption on Zn, there exists n0 suh that for n ≥ n0, all x and θ,

(6) |Pθ(Jn ≤ x) − Φ(x)| <
1

5
ε.We an assume additionally that √n0 > b/δ.We laim that for n ≥ n0 the following statements hold true for all θ.First, by (4) and (6) we have

Pθ(|Jn| > b) = Pθ(Jn < −b) + Pθ(Jn > b)(7)

≤ Φ(−b) +
1

5
ε + 1 − Φ(b) +

1

5
ε <

3

5
ε.We now apply (5) with t = Jn/

√
n. On the event |Jn| ≤ b we have

|Jn/
√

n| < δ and onsequently |Hn − Jn| < (η/b)|Jn| ≤ η. Therefore
(8) Pθ(|Hn − Jn| > η) ≤ Pθ(|Jn| > b) <

3

5
ε.It is now su�ient to ombine (6), (8) and (3) to obtain

Pθ(Hn ≤ x) ≤ Pθ(Jn ≤ x + η) + Pθ(|Hn − Jn| > η)

≤ Φ(x + η) +
1

5
ε +

3

5
ε ≤ Φ(x) + ε,

Pθ(Hn ≤ x) ≥ Pθ(Jn ≤ x − η) − Pθ(|Hn − Jn| > η)

≥ Φ(x − η) − 1

5
ε − 3

5
ε ≥ Φ(x) − ε.Sine ε is arbitrary, Hn ⇉d N(0, 1) and the proof is omplete.



218 W. Niemiro and R. Zieli«skiRemark. The strange looking assumption (2) is atually a kind of uni-form di�erentiability ondition. It is satis�ed, for example, if
h′(µ(θ) + σ(θ)t)

h′(µ(θ))
⇉ 1 (as t → 0, uniformly in θ).By the standard Berry�Esséen theorem we haveTheorem 3.2 (Berry�Esséen). For i.i.d. random variables Y1, . . . , Yn, . . . ,

Sn =
∑n

i=1
Yi, and Fn(x) = P (n−1/2σ−1[Sn − nµ] ≤ x) we have

|Fn(x) − Φ(x)| ≤ C
m3

σ3
√

n
,where m3 = E|Y − µ|3 and C is an absolute onstant.By the inequalities m

1/3

3
≤ m

1/4

4
, σ = m

1/2

2
≤ m

1/4

4
, and

m3

σ3
≤ m

3/4

4

σ3
=

m
3/4

4

σ4
σ ≤ m

3/4

4

σ4
m

1/4

4
=

m4

σ4we obtainCorollary 3.3.
|Fn(x) − Φ(x)| ≤ C

m4

σ4
√

n
,where m4 = E(Y − µ)4.Let us now onsider the negative binomial sheme, that is, an i.i.d. se-quene of random variables geometrially distributed with parameter θ. Theentral limit theorem for this sheme does not hold uniformly in θ ∈ ]0, 1[(Zieli«ski 2004): the normal approximation breaks down for θ approahing 1.In the following lemma we assume θ to be bounded away from 1.Lemma 3.4 (Central limit theorem for the negative binomial sheme).Let Y = Y1, . . . , Yr, . . . be i.i.d. and let Pθ(Y = k) = θ(1 − θ)k−1 for k =

1, 2, . . . . Let Tr =
∑r

i=1
Yi. Assume that θ ≤ 1− κ, i.e. the parameter spaeis Θ = ]0, 1 − κ] for some κ > 0. Then
θ
√

r√
1 − θ

(
Tr

r
− 1

θ

)
⇉d N(0, 1).We will use the following elementary fats about the geometri distribu-tion:

Eθ(Y ) =
1

θ
, σ2(θ) = Varθ(Y ) =

1 − θ

θ2
,and

m4(θ) = Eθ(Y − µ(θ))4 =
(1 − θ)(θ2 − 9θ + 9)

θ4
.



Asymptoti normality for Bernoulli sheme 219Consequently, for θ ≤ 1 − κ,
m4(θ)

σ4(θ)
=

θ2 − 9θ + 9

1 − θ
=

θ2

1 − θ
+ 9 ≤ 1

κ
+ 9.From Corollary 3.3 it follows that

√
r

θ√
1 − θ

(
Tr

r
− 1

θ

)
⇉d N(0, 1), θ ∈ ]0, 1 − κ].Lemma 3.5. Under the assumptions of the previous lemma,

√
r

θ
√

1 − θ

(
r

Tr
− θ

)
⇉d N(0, 1).Proof. It is enough to ombine Lemma 3.4 with Lemma 3.1 (δ-method)with h(x) = 1/x, µ(θ) = 1/θ, and σ(θ) =

√
1 − θ/θ; the funtion h(x)obviously satis�es assumption (2) of Lemma 3.1.Lemma 3.6. Let X1, . . . , Xn, . . . be the Bernoulli sheme with probabilityof suess θ. De�ne the sequene of stopping rules T ′

r = min{n : Sn ≥ r},where Sn =
∑n

i=1
Xi. The sequene r/T ′

r is UAN in θ ≤ 1 − κ, i.e. for theparameter spae Θ = ]0, 1 − κ].Proof. This is a simple reformulation of Lemma 3.5. Indeed, it is easy tosee that T ′
r is a sum of i.i.d. geometrially distributed random variables.Proof of Theorem 2.2(ii). We onstrut a sequene of stopping times Tr,

r = 1, 2, . . . , as follows. De�ne
T ′

r = min{n : Sn ≥ r},
T ′′

r = min{n : n − Sn ≥ r},
T̃r = min{n : Sn ≥ r, n − Sn ≥ r} = max(T ′

r, T
′′
r ),

Tr = T̃r + r.We now onstrut a sequene of estimators θ̃r as follows. De�ne twoauxiliary estimators θ̃′r = r/T ′
r and θ̃′′r = 1 − r/T ′′

r , a random event
Ar =

{
1

r

r∑

i=1

X
T̃r+i

<
1

2

}
,and �nally

θ̃r =

{
θ̃′r on Ar,
θ̃′′r on Ac

r.We laim that θ̃r is UAN on ]0, 1[ with the asymptoti variane σ2(θ)given by
σ2(θ) =

{
(1 − θ)θ2 for θ < 1/2,
(1 − θ)2θ for θ ≥ 1/2.



220 W. Niemiro and R. Zieli«skiTo prove that, �x ε > 0 and hoose δ > 0 suh that
sup

1/2−δ<θ<1/2+δ
sup

x

∣∣∣∣Φ
(

x

θ
√

1 − θ

)
− Φ

(
x√

θ(1 − θ)

)∣∣∣∣ < ε/2.Obviously δ < 1/2. Choose r1 suh that for r ≥ r1 the inequality Pθ(A
c
r)

< ε/2 holds for all θ < 1/2 − δ and Pθ(Ar) < ε/2 holds for all θ > 1/2 + δ.From Lemma 3.6 we onlude that√
r

θ
√

1 − θ
(θ̃′r − θ) ⇉d N(0, 1) on ]0, 1/2 + δ]and √

r√
θ(1 − θ)

(θ̃′′r − θ) ⇉d N(0, 1) on [1/2 − δ, 1[.Choose r2 suh that for r ≥ r2 and for all θ ≤ 1/2 + δ,
sup

x

∣∣∣∣Pθ

(√
r

θ̃′r − θ

θ
√

1 − θ
≤ x

)
− Φ(x)

∣∣∣∣

= sup
x

∣∣∣∣Pθ(
√

r(θ̃′r − θ) ≤ x) − Φ

(
x

θ
√

1 − θ

)∣∣∣∣ < ε/2.Then for r ≥ r2 and for all θ ≥ 1/2 − δ we also have
sup

x

∣∣∣∣Pθ

(√
r

θ̃′′r − θ√
θ(1 − θ)

≤ x

)
−Φ(x)

∣∣∣∣

= sup
x

∣∣∣∣Pθ(
√

r(θ̃′′r − θ) ≤ x) − Φ

(
x√

θ(1 − θ)

)∣∣∣∣ < ε/2.De�ne r0 = max(r1, r2). For the estimator θ̃r we obtain
sup

x

∣∣∣∣Pθ(
√

r(θ̃r − θ) ≤ x) − Φ

(
x

σ(θ)

)∣∣∣∣

≤ sup
x

∣∣∣∣Pθ(
√

r(θ̃r − θ) ≤ x, Ar) − Pθ(Ar)Φ

(
x

σ(θ)

)∣∣∣∣

+ sup
x

∣∣∣∣Pθ(
√

r(θ̃r − θ) ≤ x, Ac
r) − Pθ(A

c
r)Φ

(
x

σ(θ)

)∣∣∣∣.Sine θ̃r = θ̃′r on Ar, and θ̃′r and Ar are independent, and similarly θ̃r = θ̃′′ron Ac
r, and θ̃′′r and Ac

r are independent, the right hand side of the latterformula is equal to
Pθ(Ar) · sup

x

∣∣∣∣Pθ(
√

r(θ̃′r − θ) ≤ x) − Φ

(
x

σ(θ)

)∣∣∣∣

+ Pθ(A
c
r) · sup

x

∣∣∣∣Pθ(
√

r(θ̃′′r − θ) ≤ x) − Φ

(
x

σ(θ)

)∣∣∣∣.



Asymptoti normality for Bernoulli sheme 221From now on we assume that r ≥ r0. For θ < 1/2 − δ < 1/2 we have
Pθ(A

c
r) < ε/2, σ2(θ) = (1 − θ)θ2, and∣∣∣∣Pθ(

√
r(θ̂′r − θ) ≤ x) − Φ

(
x

θ
√

1 − θ

)∣∣∣∣ < ε/2.For θ > 1/2 + δ > 1/2 we have Pθ(Ar) < ε/2, σ2(θ) = (1 − θ)2θ, and∣∣∣∣Pθ(
√

r(θ̃′′r − θ) ≤ x) − Φ

(
x√

θ(1 − θ)

)∣∣∣∣ < ε/2.For 1/2 − δ < θ < 1/2 + δ,∣∣∣∣Pθ(
√

r(θ̃′r −θ)≤ x)−Φ

(
x

σ(θ)

)∣∣∣∣

<

∣∣∣∣Pθ(
√

r(θ̃′r −θ) ≤ x)−Φ

(
x

θ
√

1−θ

)∣∣∣∣+
∣∣∣∣Φ

(
x

θ
√

1−θ

)
−Φ

(
x

σ(θ)

)∣∣∣∣ < εand similarly∣∣∣∣Pθ(
√

r(θ̃′′r −θ) ≤ x)−Φ

(
x

σ(θ)

)∣∣∣∣

<

∣∣∣∣Pθ(
√

r(θ̃′′r −θ) ≤ x)−Φ

(
x√

θ(1−θ)

)∣∣∣∣+
∣∣∣∣Φ

(
x√

θ(1−θ)

)
−Φ

(
x

σ(θ)

)∣∣∣∣ < ε.Finally, we obtain
sup

x

∣∣∣∣Pθ(
√

r(θ̃r − θ) ≤ x) − Φ

(
x

σ(θ)

)∣∣∣∣ < ε,whih ends the proof.
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