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ON A STOCHASTIC SIR MODEL

Abstract. We consider a stochastic SIR system and we prove the exis-
tence, uniqueness and positivity of solution. Moreover the existence of an
invariant measure under a suitable condition on the coefficients is studied.

1. Introduction. In [15] we analyzed the stability of the disease free
equilibrium of the stochastic SIR model
aS(t) = (u— BSWI(E) — pS(1))dt - oS(EI(L)AW (1),
(1) AI(t) = (BS(I(L) — (A + ) I(8))dt + oSO I(H)AW (D),
dR(t) = (AI(1) — pR(E))dt,
where S(t), I(t) and R(t) denote the number of individuals susceptible to the
disease, infected and removed from the possibility of infection through full
immunity, respectively. The constant ( is the contact rate that represents
the average number of contacts per infective per day, A is the recovery rate
of infected people, i is the death and birth rate, o is a positive constant and
W (t) is a real Wiener process defined on a stochastic basis (§2, F, (F¢)¢>0, P).
We suppose that all newborns are susceptible and, of course, u, A\, 0, 5 € R;..
In particular, by using a suitable Lyapunov function, we proved the sta-
bility of the disease free equilibrium Ey = (1,0,0) of the system (1) under
the condition 0 < 8 < min{u+A—02/2,2u}. A numerical simulation showed
that the disease free equilibrium Ej is stable also if min{u+\—02/2,2u} <
B < -+ X+ 0%/2, while if 3 > p+ A+ 02/2 then Ej is unstable and the
solution of system (1) fluctuates around the endemic equilibrium

_ (A BN A(B
E*‘( 5 ’5<A+u 1)’5<A+u 1))

of the corresponding deterministic system (see Figure 1).
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Fig. 1. Number of susceptible and infected individuals in the deterministic and stochastic
SIR model when: A = 0,1, = 0,2,0 = 0,15,8 = 0,2(0 < 8 < min{u + X — 0%/2,2u});
A=0,1,p=0,2,0 =0,28=0,31(min{u + A —0°/2,2u} < 8 < p+ A+ 0°/2) and
A=0,1,4=0,2,0 =0,2,8=0,37(3 > pu+ A+ 02/2) respectively

In the present paper we will prove the existence, uniqueness and posi-
tivity of solution of the system (1) (see Figure 2). Furthermore, under the
condition 3 > u + A + 02/2 we will prove the existence and uniqueness of
the invariant measure.

2. Existence and uniqueness of solution. In order to prove the ex-
istence, uniqueness and positivity of solution of the system (1) we introduce
the notation

R} ={zeR:2;>0foralli=1,23}
and we study system (1) with initial conditions
(2) (5(0),1(0),R(0)) € R3,  S(0) + I(0) + R(0) = 1.

Since the coefficients of the system (1) are locally Lipschitz the following
result on the local existence of solutions holds:

THEOREM 2.1 ([4, Theorem 1.1, p. 98]). For any given initial condi-
tion (S(0),1(0), R(0)) € R3 there exists 7 > 0 and a unique solution
(S(t),I(t),R(t)) to the system (1) fort € [0, 7).

By using (2) we can consider an integer ko > 2 sufficiently large such
that

(5(0), 1(0), R(0)) € [1/ko, 1 = 1/ko]*
For each integer k > ko we define the stopping time
(3) m(w) =inf{t € [0,7): (S(t,w), [(t,w), R(t,w)) & [L/k,1 —1/k]°}
where we set inf () = co. We shall show that the solution of (1) satisfying (2)
is positive and global using the idea of [9] (see also [3]).

THEOREM 2.2. There exists a unique solution (S(t),I(t), R(t)) to the
system (1) with the condition (2) for all t > 0, and the solution remains
in RY. with probability 1, that is, (S(t),1(t), R(t)) € RY for all t >0 a.s.



A stochastic SIR model 391

For the proof of the theorem we need the following lemma.

LEMMA 2.1. Let (S(t),1(t), R(t)) be the solution of the system (1) with
the condition (2). Then

(4) E(log? S((w) At) + log? I(p(w) A t) +log? R(mp(w) A t)) < C(t)
where C(t) is the solution of the Cauchy problem
{ Y (t) =38+ 9u+ 3N+ 502+ (B+3u+ X+ 0?)y(t),
y(0) = log? S(0) + log? I(0) + log? R(0).
Proof. We consider the C%-function 1" : Ri — Ry defined by
(5) Y(z1,22,23) = log? 21 + log? 29 + log? x5.
If (S(t),1(t), R(t)) € R3 the Ito formula shows that

2 2 2 _ B _ _(7_2 2
d(log® S(t) +log” I(t) + log” R(t)) —2[<S BI(t)— 5 I“(t) ) log S(t)

o2
+ (ﬂS(t) —(A+p) — 5 SQ(t)> log I(t) + <)\ % — u) log R(t)

+ %2 (I*(t) + SQ(t))} dt +20(—1(t)log S(t) + S(t)logI(t))dW.
In virtue of the definition (3), for all ¢ < 73(w) we have (S(¢), I(t), R(t)) €
[1/k,1—1/k]3, so
(6)  log? S(m(w) At) +log? I((w) At) +log? R(7(w) A L)
= log? S(0) 4 log? I(0) + log® R(0)
Tr(wW)AE

0.2
+2 (S) [(% —BI(t') — p — > IQ(t’)) log S(t)

02
+ <ﬁS(t’) —(AN+p) — 5 SQ(t’)> log I(t")

I(t/) T (W)AE
+ (A — ) log R(t")| dt’ + o S (I*(t") + S*(t")) at’
R(t") 0
T (W) AL

+20 | (=I(t)log S(t) + S(t')log I(t')) dW.
0
We neglect the terms
TE(W)AE TE(W)AE T (W)AL

| Sé,) log S(t)dt', | BS{E)logI(t)at', | A
0 0 0

1t
R(t')

log R(t') dt’
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and estimate the terms of the right-hand side by
Tr(wW)AL 0_2
2 S [(—ﬁ[(t') —p— 71'2(t')> log S(t')

0

o2
+ (—(/\ +p) — 5 SQ(t’)> log I(t") — plog R(t’)} dt’

T (WAL
20843u+A+0%) | (logS(t)]+|log I(t)] + |log R(t')|) dt’
0

and
TE(W)AE

‘02 |20 + 52ty i) < 20%t.
0
Substituting these relations into (6) and calculating the mean we have

E(log? S(m(w) At) +log? I (1p(w) A t) + log? R(i(w) At))
< log? S(0) + log? I(0) + log® R(0)
+20%t +2(B + 3u+ A+ o?)
t
X SE(|log S(me(w) A + Jlog I (1 (w) A )| + [log R(m(w) A t)]) dt’.
0
By the Holder inequality,
B(Jlog S(ri(w) A #)] + llog I(m(w) A )] + [log R(mk(w) A £)])
3

< 3 + %E(log2 S(1e(w) At') +1og? I(1(w) At') +1og? R(mi(w) A t)).
Substituting we obtain
(7)  E(log? S(m(w) A t) 4 log? I((w) A t) + log® R(i(w) A L))

< log? 5(0) + log? I(0) + log? R(0) + (38 + 91 + 3\ + 5o?)t

+(B+3u+A+0?)
t

X S (log? S(1p(w) A t') +log? I (T (w) A1) +1og? R(7(w) At')) dt’.
0

We set
Y (t) = E(log? (7 (w) A t) 4 log? I((w) At) + log® R(1p(w) A 1));
taking into account this relation, from (7) we get
t

Y(t) SY(0)+ (384 9+ 3\ +50%)t+ (B +3u+ A+ 0%) [V () dt,
0
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from which it follows that
Y(t) <C(t), Vi=0,

where C(t) is the solution of the Cauchy problem in the statement of the
lemma. =

Proof of Theorem 2.2. By Theorem 2.1 there exist 7 > 0 and the solution
(S(t),I(t), R(t)) to the system (1) with the condition (2) for t € [0,7); to
prove that this solution is global, we need to show that 7 = co a.s. Consider
the stopping time defined in (3). Clearly (7;) is an increasing sequence.
Set Too(w) = limg_ o0 7k (w), whence 7o (w) < 7 a.s. If we can show that
Too(w) = 00 a.s. then 7 = oo a.s. and consequently (S(¢),1(t), R(t)) € R3
for all t > 0 a.s. If this statement is false, then there are a constant 7" > 0
and € € (0,1) such that

P{we 2:70(w) <T} >e.
Consequently, there exists an integer ki1 > ko such that
Plwe 2:m(w)<T}>e Vk>k.

Set 2 = {w € 2 : 7p(w) < T} for each k > kyi; we have P(2)
that for every w € 2 some component of (S(7x(w)),I(7%(w))
equals 1/k or 1 — 1/k, and hence by (6),

T(S(m()), I(m4(w)), R(mil))) ) = log? k.
From (4) we deduce that
O(T) > B(1o, T((S(rk(w)), T(m(w)), R(re(w)), ) > elog? k

where 1, is the indicator function of (2. Letting k — oo leads to the
contradiction

> ¢. Note
s R(mi(w)))

oo =C(T) < o0
so we must have 7 = 0o a.s. =

Theorem 2.2 and Lemma 2.1 show that @ = [0, 1] x [0, 1] x [0, 1] is the
invariant set of the solutions of the system (1).

ssssssssssssssssssssssss

Fig. 2. Susceptibles-infectives phase plane in the deterministic and stochastic SIR model
when A = 0,1, =0,2,0 =0,2,8=0,37(8 > p+ A+ 0%/2) with different initial data
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3. Existence of the invariant measure under the condition § >
A+ p+ 02/2. From the system (1) we find that S(t) + I(t) + R(t) = 1 a.s.
for all t > 0 so we can consider only the first two equations of (1). Moreover,
by using the existence, uniqueness and positivity of solution we substitute

§(t) =log S(t),  n(t) =logI(t),
and we replace (1) by

2
d§ = <—ﬂe” — p+ pet - % 62"> dt — oedW,
(3) .
dn = (ﬁef —(A+p) — > 625) dt + JeEdW,

(9) o = log S(0), no = log 1(0).

The aim of this section is to study the existence and uniqueness of the in-
variant measure of the system (8) by showing that there exists a Has’minskij
function (see [4, Chap. III]).

We say that a non-negative function V € C?(R") is a Has 'minskij func-
tion for a stochastic equation in R"

(10) dX(t) =b(X(t))dt+ o(X(t))dW (1),
where W (t) is a Brownian motion in R, if

sup AV (z) - —o0  as r — +o0,
|z|>r

where A is the operator defined by

1 — 0%v 8’0
(11) Av= 5 Z z]( )axlaxj +Z (9.1’@'7 az] Zo-zk U]k

i,j=1 i=1

Throughout this section we assume
(12) B>A+p+0%)2.
The operator A for the system (8) is of the form

2
(13) Av= <—ﬁe’7 — A+ pe s — 0_6277) @

2 o0&
(o ey T\ L B P
a 2 on 27 0&2 OEDM on2 )
We set
2 1 9
(14) & =inf {5 <0: ﬁeg—u—)\—% e% > 6}, €= Z(ﬂ—u—k—%).

We observe that, in virtue of (12), ¢ > 0 and moreover £* < 0.



A stochastic SIR model 395

LEMMA 3.1. Let € and £ be as in (14) and set

p+A+e UE,n) =—k*'¢—n Y(En) €Q,

15) K=l

where
Q={(&n) eR*:£<0,7 <0}
Then there exist £ (< %) and 7 < 0 such that
AU(&m) < —e/2 Y(&n) € Q\ K,
where
K={(¢n)eR*:£<£<0,<n<0}.
Proof. 1t is easy to prove that

2 2
AU:kz*<ﬁe7’—,u(e_5—1)—|—%62”> —l—u—l—)\—ﬂes—}—%e%.

Since
E*u(e ™ —1) — 400 as £ — —o0

we find € < £ < 0 such that

0'2 0'2 2 e =
(16) k*(ﬂ—u(e_f—1)+7> —|—u+)\—ﬁef+7e ¢ < -5 <&
Since

o2

k*(ﬁe”%-?e%) —0 asn— —©
we find 7 < 0 such that
2

(17) K <ﬁe’7 +% 62’7> <S w<7
We observe that @ \ K is the union of the following sets:
Ey={(&n) eR*: <€ <& <7},
By ={(&n) €R?: €" <£<0,n <7}

Taking into account (12), (15), (16), (17) it is easy to verify that AU < —e/2
on each F;. m

)

In order to prove the existence of the invariant measure we use the
Has’minskij theorem [7, Th. 5.1] and [16, Lemma 4.1].

THEOREM 3.1. If the relation (12) holds, then the system (8) has an
moariant measure on

Q={(¢n) eR*:£<0,n<0}
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Proof. By using (13) and (15) there exists a constant C' such that

2om 0% 0 90 07 2 ¢ ?
Uena—é_QU + o%e 8—’)72[] —20'6677@
for all (¢,n) € Q. Therefore, as in Lemma 4.1 of [16], we set V = $U? and
we obtain

U?l <C

sup AV(E,7) — —o00  as 7 — 00, €< 0,7 <0,
£2+n?>r
Consequently, as in the proof of the Has’minskij theorem, for all N > 0 we
have
t
N S ]EX{§2+7722N2,£§0,77§0} dt/ S ]E(fQ(O) + 772(0)) + t max{( Sl;p AV, O}
0 57"7 EQ

where

—ay =sup{AV : & +n* > N? £ <0, <0}
Then

t o

[PU() +n*(t) > N2, £ <0, n <0})dt' < —
0 aN

~ | =

where (1 is a constant independent on N. So in virtue of Theorem 2.1 of [7],
there exists an invariant measure. m

4. Uniqueness of the invariant measure. In this section we prove
the uniqueness of the invariant measure and the convergence of the law of
(&(t),n(t)) to this measure.

THEOREM 4.1. The system (8) has a unique invariant measure and, as
t — o0, the solution (£(t),n(t)) converges in law to a random variable Zy in
R? whose law is the invariant measure of (8). Moreover, the support of the
mvariant measure has the form

E={En)ecQ:0y<e +e"<1}
with a certain 6y > 0.
In order to prove Theorem 4.1, we need the following lemma:

LEMMA 4.1. The transition function P(t,&,n,A) (t > 0, (£,1) € R?,
A € B(R?)) associated to the system (8) has the density p(t,&,n,&,n') €
C>(]0, 00[ x R? x R?).

Proof. Set
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Y = (—Be" — u+ pe ¢ + 0_2 (€§+n _ 6277) g
- pH 2 o€

2
+ (ﬁef —(p+ )+ % (et — 62§)> c%

Then the differential operator A defined in (13) can be written as
1
A= X?+Y.
We consider the Lie bracket

Z=[X,Y] = o(—pe"* + (n+ Ne + 0%t T1) (%
£ g2t 9

+o(p — pe o

Now we show that X and Z span R?. In fact, set
a=oce", fB=—0c¢,
o = o(—pe" S+ (u+ Ne + o2t
B =0 — pet — o),

Then X and Z can be written in the form

9 0 0 0
1 X=a—+f8~—, Z=d —+p3—
(18) Q +ﬁ5"7’ a8§+ﬁ o’

and we have

a/ ﬁ/

— = —pe 4 p+ A+ %t 5= —pe”t + p+ o?esT,
(6
a/ 6/
A
o ﬁ # Y
S0
O/ /
19 — #F —.
(19) 248

Remembering that (19) holds for all (¢,7) € R?, in virtue of Theorem 3
of [8] the transition function P(t,&,n, A) has a density p(t,&,n,&',n') €
C>(]0,00[ x R? x R?). u

The invariant measure admits a regular density ¥ (£, n) such that
200 \\@(&mpt.&n. & ) dEdn=w (& ) V>0, (&) € R
R2

To determine the support of the invariant measure we use an idea of [16] to
prove the following lemma.
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LEMMA 4.2. Set
29 292
#(0,6) = T (A= T ) = 40

Then there exists 0y € |0, 1] such that:
(i) if 0 <0 < By, then
d(6,8) >0 Ve <O;
(ii) if Bg < 0 < 1, then there exist £1,&2 < 0 such that
&(0,&1) >0 D(0,&) >0
(iii) if @ > 1, then
$(0,£) <0 VE<O.

Proof. We choose 6y = min{v2\/o, (/X + p)}. Then properties (i)—(iii)
follow from elementary calculus. m

Proof of Theorem 4.1. In virtue of the definition of £(t) and n(t), it is
clear that the support of any invariant measure is included in

{(&,n) € R?: e + e < 1}.

On the other hand, if (£(t),n(t)) is in the region {e¢ + €7 < 6y}, then in
virtue of (i) of Lemma 4.1, we have

B(eE) 1 1) (1)) > 0,
that is, if we put

2
CL(§ 77) =a= —ﬁe"(t) —u+ Me_g(t) — U_ 6277(75)
) 2 ,
02
b(E,n) =b= BV — (N +p) — = e2(0)

the angle between the vector (e£(), ¢7") and (a, b) is between —7/2 and /2.
So (7) can be written

d<£>: < a)dtJra( ! >dW.
n b et
This means that, for ¢; > t, we have
eSt) 4 en(tn) 5 g€t 4 (),
which leads, in the same manner as in [14, Lemma 3], to
P{fy < ef® 47 <1} — 1.

In order to examine the behavior of ({(¢),n(t)) in the region E, we consider
the family of curves

{voYoepo s Yo ={(&n) ER*: et 4+ € =0}
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If 6y < 6 < 1, then in virtue of (ii) of Lemma 4.2 there exist (£1,m1), (&2, 72)
€ 7y such that

v (5) () G)() e

On the other hand, we can construct the oriented curve J(¢ ,) which is the
trajectory of the differential equation

T _a@o)me). I — bE(s)n(e)).
£0) =¢, 7(0) = 7.

From Lemma 4.2 it follows that (¢, with (§,7) € E cannot go out
of E. Remembering the regularity of the function ®(6,¢), it is easy to see
that (21) and the construction of ¢,y imply that, from an arbitrary point
(€1,7m1) such that 6y < et + €™ < 1 to an arbitrary point (£2,72) such that
By < €52 + ™ < 1 we can construct a curve which follows 7y, 6y < 6 < 1, or
d(¢,y) in the direction of increasing s. As in [14], this implies that the prob-
ability density ¥(&,n) is positive in E'\ (79, U71). Then Theorem 2 of [11]
(see also [10], [12], [14]) yields the uniqueness of the invariant measure and

hm HPt,U, - ':I/HLl(RQ) = 07
t—o0

where pg is the law of the random variable (£, n0), while P; is the operator
defined by

Pyso(z,y) =\ po(da’, dy)p(t, o,y 2, ).
]RQ
This completes the proof of the theorem. m
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