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BLOW-UP OF THE SOLUTION TO
THE INITIAL-VALUE PROBLEM IN NONLINEAR

THREE-DIMENSIONAL HYPERELASTICITY

Abstract. We consider the initial value problem for the nonlinear par-
tial differential equations describing the motion of an inhomogeneous and
anisotropic hyperelastic medium. We assume that the stored energy function
of the hyperelastic material is a function of the point x and the nonlinear
Green–St. Venant strain tensor ejk. Moreover, we assume that the stored
energy function is C∞ with respect to x and ejk. In our description we
assume that Piola–Kirchhoff’s stress tensor pjk depends on the tensor ejk.
This means that we consider the so-called physically nonlinear hyperelastic-
ity theory. We prove (local in time) existence and uniqueness of a smooth
solution to this initial value problem. Under the assumption about the stored
energy function of the hyperelastic material, we prove the blow-up of the
solution in finite time.

1. Introduction. First we describe global existence results to nonlin-
ear wave equations and nonlinear elasticity equations. Next, we show which
kind of nonlinearities imply a blow up in finite time. Finally, we present a
nonlinear hyperbolic system describing a hyperbolic medium in the three-
dimensional space which has a physical interpretation. We assume that the
nonlinear Piola–Kirchhoff stress tensor (which is nonsymmetric) depends on
the nonlinear Green–St. Venant strain tensor, leading to the so-called physi-
cally nonlinear elasticity theory (cf. [4]). Our approach allows us to describe
the largest class of materials considered to date. For such system of equa-
tions and nonlinearities generated physically we show that the nonlinearity
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does not satisfy the so-called “null conditions”. This means that there are
no global results for such nonlinearities in R3. Choosing some stored en-
ergy functions we prove that the solution of the initial-value problem for
nonlinear hyperelasticity blows up in finite time.

We consider the nonlinear wave equation of the form

(1.1) ytt −∆y = f(yt,∇y,∇yt,∇2y) ≡ f(Dy,∇Dy),

with prescribed initial data

(1.2) y(t = 0) = y0, yt(t = 0) = y1,

where y = y(t, x) ∈ R, t ≥ 0, x ∈ Rn, n ∈ N arbitrary, ∆ =
∑n
i=1 ∂

2
i ,

∂i = ∂/∂xi, i = 1, . . . , n; ∂t = ∂/∂t, D =
(∂t

∇
)
, ∇ = (∂1, . . . , ∂n). Let u :=

(Dy) = (∂ty, ∂1y, . . . , ∂ny), ∇u = ∇Dy = (∂1u, . . . , ∂nu), u0 := (y1, Dy0).
Existence of global solutions to problem (1.1), (1.2) for small data is

shown in [12], [13].
Let us recall the following result (see [22]).

Lemma 1.1. Assume that the nonlinear function f satisfies

(1.3)
f ∈ C∞(R(n+1)2 ,R),
f(u,∇u) = o(|u|+ |∇u|α+1) as |u|+ |∇u| → 0,

where α satisfies the inequality

(1.4)
1
α

(
1 +

1
α

)
<
n− 1

2
.

Then there is a unique global solution of the initial value problem for the
nonlinear wave equation (1.1).

The lemma describes a relation between α and n.
The case α = 1 implies that n ≥ 6. This case in not physical.
If α = 2 then n ≥ 4, which is also not physical. If α = 3, 4 then n ≥ 2,

which is also nonphysical because physical nonlinearities are quadratic.
The quadratic nonlinearities in R3 in general tend to develop singularities

in finite time, i.e. blow up in finite time (see [12], [22]).
However, the global existence of small solutions is proved in the case of

quadratic nonlinearities in R3 satisfying the null condition (cf. [13]–[15]).
The null condition for the function

(1.5) F = F (y, w) = Q(w) +O(|(y, w)|3),

where

(1.6) w = (Dy,D2y), Q(w) = O(|w|2) as |w| → 0
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reads

(1.7)

∂2Q(w)
∂(∂ay)(∂(∂by))

ξaξb = 0,

∂2Q(w)
∂(∂ay)∂(∂b∂cy)

ξaξbξc = 0,

∂2Q(w)
∂(∂a∂by)∂(∂c∂dy)

ξaξbξcξd = 0,

for all

(1.8) ξ = (ξ0, ξ1, ξ2, ξ3) ∈ R× R3 with ξ20 = ξ21 + ξ22 + ξ23

and arbitrary w, and the summation convention over all repeated indices
from 0 to 3 is assumed.

A typical example of a nonlinearity F satisfying the null conditions is

(1.9) F = |∇y|2 − y2
t ,

which was studied in [19]. For formulations of the null condition see also F.
John [14] and W. Strauss [24].

The null condition is a sufficient condition for global existence of solu-
tions for (1.1), (1.2) with quadratic nonlinearities in R3 (see D. Christodou-
lou [1]). The method of invariant norms with respect to the Lorentz group
has also been applied with appropriate modifications to the Klein–Gordon
equation by S. Klainerman in [17], to the Schrödinger equation by P. Con-
stantin [3], and to the equation of elasticity by F. John [14].

It is known that there exists an almost global solution of the nonlinear
elasticity equations in R3 of the form

(1.10) ∂2
t ui −

3∑
m,j,l=1

cimjk(0)∂n∂kuj = fi(∇u,∇2u), i = 1, 2, 3,

with initial conditions

(1.11) u(t = 0) = u0, ut(t = 0) = u1,

where

(1.12) cimjk(0) = (c21 − 2c22)δimδjk + c22(δijδkm + δjmδik),
i,m, j, k = 1, 2, 3,

if the nonlinearity F = F (w) behaves like

(1.13) F (w) = O(|w|3) as |w| → 0.

Essentially, F consists of the terms fi, i = 1, 2, 3, where fi is given by (1.10).
For cubic nonlinearities the existence of global solutions of nonlinear

elasticity equations can be proved.
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But cubic nonlinearities are not in accord with physical intuition. In the
case of the so-called geometrically nonlinear elasticity and also in the case
of physically nonlinear elasticity as in the case of hyperelastic materials we
have a quadratic nonlinearity (cf. [4], [8], [9]).

F. John demonstrated that in the general quadratic case, more precisely
in the so-called “genuinely nonlinear” case, solutions will develop singular-
ities in finite time (cf. [12] for radially symmetric solutions and also [13]
plane-wave solutions).

John [12] investigated the life span time T∞ of local solutions for the
quadratic case and proved a lower bound for T∞ in analogy to the situation
known for scalar nonlinear wave equations (cf. [13]) which is the so-called
“almost global existence”, by using the method of invariant norms adapted
to the equation of elasticity.

John [14] proved that there exists an “almost global solution” to the
following initial value problem for nonlinear elasticity:

�u = Crs(Du)DrDsu,(1.14)
u = εf(x), D0u = εg(x) for t = 0, x ∈ R3,(1.15)

where D0 ≡ ∂t, Dn ≡ ∂n,

(1.16) �ik = δikD
2
0 − (c22δrsδik + (c21 − c22)δriδsk)∂ri∂sk, i, k, r, s = 1, 2.

Here Crs(Du) are matrices with element Crsin depending on the space gradi-
ent ∇u and satisfying

Crsik (0) = 0, Crsik (∇u) = Csrki (∇u),

where Crsik (∇u) are of class C∞ and have bounded derivatives in R3, ∇u is
restricted to a small neighbourhoud of the orgin, ε is a positive constant,
the vectors f and g belong to C∞0 (R3), c21 = (λ+ 2µ)/%, c22 = µ/%, λ, µ are
Lamé’s constant, % is the density and δrs denotes Kronecker’s symbol.

John obtained the following results:
There exist positive constants A,B, ε0 (depending on f , g, Crsik but not

on ε) such that a C∞ solution u(t, x) of (1.14), (1.16) exists for

(1.17) 0 ≤ t ≤ B exp(1/Aε), x ∈ R,

provided ε < ε0. The time interval described by (1.17) is exponentially large
for small ε. Hence we say that u exists almost globally.

The aim of our paper is to consider a system more general than (1.14)–
(1.16). It is known (cf. [4]) that there exist two nonlinear theories of elastic-
ity:

(I) geometrically nonlinear elasticity theory, where we assume that the
stress tensor depends linearly on the nonlinear strain tensor;
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(II) physically nonlinear elasticity theory, where we assume that the stress
tensor depends nonlinearly on the linear strain tensor.

We consider the nonlinear system of equations which describes hyperelastic
materials. In our approach we assume that the stored energy function for
the hyperelastic medium is a function of the point x and full nonlinear
Green–St. Venant tensor e. In the equation of motion of an inhomogeneous
and anisotropic hyperelastic medium the Piola–Kirchhoff first stress tensor
appears, which is nonsymmetric. Such a system of equations describes a
wider class of materials. For such a system we consider the initial-value
problem in R3. Next, we prove the existence (local in time) and uniqueness of
a solution to the initial-value problem for a nonlinear hyperelastic medium.
Finally, assuming the special form of the stored energy function we prove
that the solution of the above initial-value problem blows up in finite time.

It is worth mentioning that the nonlinearity that appears on the right
hand side of (1.14) has a physical interpretation.

In Section 2 we present the problem and discuss its connection with
hyperelastic media. Section 3 is devoted to the local (in time) existence
and uniquenes for the solution of the initial-value problem for a nonlinear
hyperelastic medium. Finally, in Section 4 we prove the blow-up of the so-
lution to the initial-value problem for the nonlinear system of equations of
hyperelasticity theory formulated in Section 2.

2. Statement of the problem. First, we will give the definition of a
hyperelastic material (cf. [21]). An elastic material (cf. [21]) is hypereleastic
if there exists a function

(2.1) σ : Ω ×M3
+ → R,

differentiable with respect to the variable e ∈ M3
+ for each x ∈ Ω, such that

the first Piola–Kirchhoff stress tensor p can be represented as follows:

(2.2) pjk = (δjl + ∂luj)
∂σ

∂ekl
,

where Ω is a bounded open subset in R3, M3
+ ={F ∈ M3 : detF >0}, M3 the

set of 3×3 matrices, F = ∇ϕ the deformation gradient, and e the nonlinear
strain Green–St. Venant tensor with components ejk.

The function σ is called the stored energy function. Naturally, if the
material is homogeneous, it is a function of e ∈ M3

+ only.

Remark 2.1.

(i) The stored energy function is sometimes called the strain energy
function.

(ii) The definition of a hyperelastic material given above has a mechan-
ical interpretation. More precisely, it can be shown that an elastic
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material is hyperelastic if and only if the work is performed in closed
processes as in Gurtin [10], [11] (see also Margues [21] for a related
result).

The equations of motion for a hyperelastic material with density % form
a system of three nonlinear partial differential equations of the following
form (cf. [8]):

%∂2
t uj = ∂kpjk + %fj ,(2.3)

pjk = (δjl + ∂luj)
∂σ

∂ekl
, j, k, l = 1, 2, 3,(2.4)

where u = u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) is the displacement vector
of the medium and it is a function of time t and position x = (x1, x2, x3),
∂t = ∂/∂t, ∂k = ∂/∂xk, fj are the components of the body force f , %
the density of the medium, pjk the components of Piola–Kirchhoff’s stress
tensor, and σ the stored energy function of the hyperelastic material which
is a function of the point x and Green–St. Venant strain tensor e and is of
class C∞ with respect to x and e.

The Green–St. Venant strain has the following form:

(2.5) ejk = 1
2(∂juk + ∂kuj + (∂jus)(∂kus)), j, k, s = 1, 2, 3.

We assume that % = 1.
We associate the following initial conditions to the system (2.3), (2.4):

u(0, x) = u0(x),(2.6)
∂tu(0, x) = u1(x),(2.7)

for x ∈ R3 and t ∈ I = [0, T ], T <∞. We are looking for solutions of (2.3),
(2.4) in R3 for t ∈ I satisfying the conditions (2.6), (2.7) and we examine the
behaviour of the solution to the above initial value problem in finite time.

In the next section we prove the local (in time) existence and uniqueness
of solutions of the initial-value problem (2.3)–(2.7).

Finally, in the last section we prove that the solution of the initial-value
problem (2.3)–(2.7) blows up in finite time.

3. Local (in time) existence and uniqueness theorem. In this
section, we sketch the proof of the existence and uniqueness (local in time)
of a solution to the initial value problem for the nonlinear system (2.3)–(2.7):

Theorem 3.1. Let

(3.1) u0 ∈ Hs+1(R3), u1 ∈ Hs(R3), f ∈ C1(0, T ;Hs(R3))

and u0(x), u1(x) ∈ G1, G1 ⊂ G (G is an open set in R3) where s > 7/2.
Then there exists a time interval [0, T ] with T > 0 such that the problem
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(1.1)–(1.3) has a unique classical solution

(3.2) u ∈ C2([0, T ]× R3)

with the properties

(3.3) u(t, x) ∈ G2, G2 ⊂ G1 for (t, x) ∈ [0, T ]× R3.

Proof (for details cf. [8, 9]). From formulae (2.4), we get

(3.4) pjk = ajkmn(x, ∂u)∂num +
∂σ

∂ejk
,

where

(3.5) ajkmn(x, ∂u) = δjm
∂σ

∂ekn
, j, k,m, n = 1, 2, 3.

Differentiating (3.4) with respect to t and xh (for h = 1, 2, 3) we obtain

∂tpjk = (bjkmn(x, ∂u) + cjkmn(x, ∂u) + djkmn(x, ∂u))∂t∂num,(3.6)1
∂hpjk = (bjkmn(x, ∂u) + cjkmn(x, ∂u) + djkmn(x, ∂u))∂h∂num(3.6)2

+ ahjkmn(x, ∂u)∂num + ∂2σ/∂xlejk, j, k,m, n=1, 2, 3,

where

(3.7)

ajkmn(x, ∂u) = δjm
∂σ

∂ekn
,

bjkmn(x, ∂u) =
∂2σ

∂ejk∂emn
+ δjm

∂2σ

∂ekn
,

cjkmn(x, ∂u) =
∂2σ

∂ejk∂esn
∂sum +

∂2σ

∂eks∂emn
∂suj ,

djkmn(x, ∂u) =
∂2σ

∂esk∂esn
∂luj∂sum,

ahjkmn(x, ∂u) = δjm
∂2σ

∂xk∂ekm
,

and j, k,m, n, l, s = 1, 2, 3. It is easy to see that the tensors bjkmn(x, ∂u),
cjkmn(x, ∂u), djkmn(x, ∂u) satisfy the following symmetry conditions:

bjkmn(x, ∂u) = bmnjk(x, ∂u),(3.8)
cjkmn(x, ∂u) = cmnjk(x, ∂u),(3.9)
djkmn(x, ∂u) = dmnjk(x, ∂u),(3.10)

for all 3× 3 matrices ∂u and x ∈ R3. Putting

(3.11)
u = (u1, u2, u3),
p = (p11, p21, p31, p12, p22, p32, p13, p23, p33)
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and introducing the matrix partial differential operator

(3.12) D =



∂1 0 0
0 ∂1 0
0 0 ∂1

∂2 0 0
0 ∂2 0
0 0 ∂2

∂3 0 0
0 ∂3 0
0 0 ∂3


which is called the generalized gradient we can express the relations (3.4),
(3.6)1, (3.6)2 as follows:

p = a(x, ∂u)Du+ E(x, ∂u),(3.13)
∂tp = A(x, ∂u)D(∂tu),(3.14)
∂hp = D(x, ∂u)D(∂hu) + ah(x, ∂u)Du+ Eh(x, ∂u), h = 1, 2, 3,(3.15)

where a(x, ∂u), A(x, ∂u), E(x, ∂u), ah(x, ∂u), Eh(x, ∂u) are the following
matrices:

a(x, ∂u) = (ajkmn(x, ∂u) : k, j = 1, . . . , n; m = 1, 2, 3),(3.16)
A(x, ∂u) = b(x, ∂u) + c(x, ∂u) + d(x, ∂u),(3.17)
b(x, ∂u) = (bjkmn(x, ∂u)),(3.18)
c(x, ∂u) = (cjkmn(x, ∂u)),(3.19)
d(x, ∂u) = (djkmn(x, ∂u)),(3.20)

with j, k,m, n ∈ {1, 2, 3}, and

E(x, ∂u) =
(
∂σ

∂ejk

)
=
(
∂σ

∂e11
,
∂σ

∂e21
,
∂σ

∂e31
,
∂σ

∂e12
,
∂σ

∂e22
,
∂σ

∂e32
,(3.21)

∂σ

∂e13
,
∂σ

∂e23
,
∂σ

∂e33

)
,

(3.22) ah(x, ∂u) = (ahjkmn(x, ∂u) : j, k,m, n, h = 1, 2, 3),

(3.23) Eh(x, ∂u) =
(

∂2σ

∂xh∂e11
,

∂2σ

∂xh∂e21
,

∂2σ

∂xh∂e31
,

∂2σ

∂xh∂e12
,

∂2σ

∂xh∂e22
,

∂2σ

∂xh∂e32
,

∂2σ

∂xh∂e13
,

∂2σ

∂xh∂e23
,

∂2σ

∂xh∂e33

)
, h = 1, 2, 3.

Therefore we can write the system (2.3) in matrix form as follows:

(3.24) ∂2
t u = D∗p+ f,
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where the growth of p and f with respect to |u|+ |Du| is at most cubic, and
D∗ is the transposed matrix to D.

We assume that the matrix A(x, ∂u) is positive definite, i.e.

〈A(x, θ)ξ, ξ〉 ≥ c|ξ|2, c > 0,

for any x ∈ R3, ξ ∈ R9, θ ∈ G3 ⊂ R9, where G3 is an open set (cf. [20]).

Remark 3.1. If we assume that

σ(x, e) = 1
2ekhlm(x)ekhelm,

i.e. we consider the so-called geometrically nonlinear elasticity, we obtain a
system (cf. [9]) with quadratic nonlinearities on the right side, which suggests
that the solution should develop singularities in finite time.

From (3.6) it follows that the right hand side of (3.24) also contains
quadratic nonlinearities, which gives the blow-up of the solution to the initial
value problem (2.3)–(2.7).

Using the modified Sommerfeld method (cf. [23]), i.e. introducing the
notation

(3.25) v = ∂tu, uh = ∂hu, ph = ∂hp, h = 1, 2, 3,

and the vector U with sixty components of the form

(3.26) U = (u, u1, u2, u3, p, p1, p2, p3, v, v1, v2, v3),

we can convert the initial value problem (1.1)–(1.3) to an equivalent initial
value problem for a quasilinear hyperbolic system of first order:

(3.27) A0(x, U)∂tU = Aj∂jU +B(x, U) + F,

with initial condition

(3.28) U(0, x) = U0(x),

where

(3.29)

A0(x, ∂u)=



E 0 0 0 0 0
0 A−1(x, ∂u) 0 0 0 0
0 0 A−1(x, ∂u) 0 0 0
0 0 0 A−1(x, ∂u) 0 0
0 0 0 0 A−1(x, ∂u) 0
0 0 0 0 0 E

,
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(3.30)

Aj∂j =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 D 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 D 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 D 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 D
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 D∗ 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 D∗ 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 D∗ 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 D∗ 0 0 0 0 0 0 0 0



,

(3.31) B(x, U) =

0 0 0 0 E 0 0 0
0 0 0 0 0 E 0 0
0 0 0 0 0 0 E 0
0 0 0 0 0 0 0 E
0 0 0 0 0 0 0 0

0 A−1(a1
t−At

×A−1a1)
0 A−1AtA

−1 0 0 0 A−1(a1

+κ1−λ1)

0 A−1(a2
t−At

×A−1a2)
0 0 A−1AtA

−1 0 0 A−1(a2

+κ2−λ2)

0 A−1(a3
t−At

×A−1a3)
0 0 0 A−1AtA

−1 0 A−1(a3

+κ3−λ3)

0 0 0 0 0 0 0 0



,

(3.32) F = (0, f, f1, f2, f3)∗, fh = ∂hf, h = 1, 2, 3.

In (3.29)–(3.31), 0 denotes the null matrix and E the unit matrix, and D
denotes the so-called generalized gradient of the form (3.12).

The matrices At, aht , κk, λk, k = 1, 2, 3, appearing in (3.29)–(3.32) have
the following form:

At(x, ∂u) = ∂t(x, ∂u),(3.33)
aht (x, ∂u) = ∂ta

h(x, ∂u),(3.34)

where

(3.35) A(x, ∂u) = b(x, ∂u) + c(x, ∂u) + d(x, ∂u)
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and

(3.36) κn = (κhjkmn(x, ∂u)), j, k = 1, 2, 3, 4; m,n, h = 1, 2, 3;

with

κhjkmn =
∂3σ

∂xh∂ejn∂emn
+

∂3σ

∂xh∂ejk∂esn
∂sun,(3.37)

λk = (λjkαβ(x, ∂u)), j, k, α, β, h = 1, 2, 3,(3.38)

λhjkαβ = λjkmnαβ ηhmn(3.39)

with (ηhmn : m,n = 1, 2, 3) ≡ A−1Eh(x, ∂u) and

λjkmnαβ =
∂3σ

∂ejk∂emn∂eαβ
+

∂3σ

∂ejk∂emn∂eγβ
∂γuα(3.40)

+ δjm

(
∂2σ

∂ekn∂eαβ
+

∂2σ

∂ekn∂eγβ
∂γuα

)
+

∂3σ

∂ejk∂esn∂eαβ
∂sum +

∂3σ

∂ejk∂esn∂eγβ
∂sum∂γuα

+ δmα
∂2σ

∂ejk∂eβn
+

∂3σ

∂eks∂emn∂eαβ
∂suj

+
∂3σ

∂eks∂emn∂eγβ
∂suj∂γuα + δjα

∂2σ

∂eβk∂emn

+
∂3σ

∂ekl∂esn∂eαβ
(∂luj)(∂sum)

+
∂3σ

∂ekl∂esn∂eγβ
(∂luj)(∂sum)(∂γuα)

+ δjα
∂2σ

∂eβk∂esn
∂sum + δmα

∂2σ

∂ekl∂eβn
∂luj .

The initial data U0 has the form

U0 = (u0, u0
1, u

0
2, u

0
3, p

0, p0
1, p

0
2, p

0
3, u

1, u1
1, u

1
2, u

1
3),

where

p0 = a(x, ∂u0)Du0 + E(x, ∂u0),(3.41)
p0
h = A(x, ∂u0)Du0

h + ah(x, ∂u0)Du0 + Eh(x, ∂u0).(3.42)

So, from (3.25)–(3.30) it follows that the matrix A0(x, U) is symmetric and
positive definite and that the matrices A1, A2, A3 are also symmetric. Hence
(3.27)–(3.28) is a quasilinear symmetric hyperbolic system of first order.

Applying Egorov’s approach (cf. [5, p. 320, 323]) to the initial value
problem (3.25)–(3.28) and next using Klainerman’s theorem (cf. [16, p. 95,
Th. 1]) and Majda’s theorem (cf. [20, p. 30, Th. 3.1]), we get Theorem 3.1.
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4. Blow-up of the solution to the initial value problem (2.3)–
(2.7). In this section we prove that the solution in the form of plane wave,
i.e. of the initial value problem (2.3)–(2.7), blows up in finite time under
some assumption about the stored energy function σ(x, e). We start with
the formulation of the blow-up theorem.

Theorem 4.1. If the stored energy function σ(x, e) has the following
nonlinear form:

(4.1) σ(x, e) = 2(e13 · e21)2 + 8(e12 · e13 · e31)2 + e11

and if the initial data u0, u1 have compact support and are nonvanishing and
sufficiently small, i.e.

sup
x1∈R
|∂1(∂1u

0
1, ∂1u

0
2, ∂1u

0
3, u

1
1, u

1
2, u

1
3)(x1)| < δ,

(or sup
x1∈R
|∂2

1(∂1u
0
1, ∂1u

0
2, ∂1u

0
3, u

1
1, u

1
2, u

1
3)(x1)| < δ),

where δ is sufficiently small, then the plane wave solution of the initial value
problem (1.1)–(1.3) in R3 cannot be of class C2 (resp. C3) for all positive t.

Proof. We are looking for a solution of the problem (1.1)–(1.3) under
the assumption (4.1) in the form of plane waves:

(4.2) u(t, x) = U(t, τx), τ ∈ R3 fixed.

For simplicity we choose

(4.3) τ = [1, 0, 0]∗,

that is, U becomes a function of x1 and t only. We may decompose u into

(4.4) u = (0, u2, u3)∗ + (u1, 0, 0)∗ = U s + Up,

where U s, Up satisfy

(4.5) divU s = 0, rotUp = 0.

In this sense it is a decomposition into divergence-free, respectively curl-free
parts. In view of (3.6)2 we get (since the derivatives with respect to x2 and
x3 of the function u vanish)

(4.6) ∂1pj1 = (bj1m1 + cj1m1 + dj1m1)∂1∂1um.

Then for k = 1, n = 1, bj1m1 has the form

(4.7) bj1m1 =
∂2σ

∂ej1∂em1
+ δjm

∂σ

∂e11
,

and

(4.8)
b1111 = 1, b2121 = 4(e13)2 + 1,

b3131 = 16(e12e13)2 + 1, bj1m1 = 0 for j 6= m.
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For m = 1, cj1m1 has the form

(4.9) cj1m1 =
∂2σ

∂ej1∂e11
∂1um +

∂σ

∂e11∂em1
∂1uj .

Then cj1m1 = 0 for j,m = 1, 2, 3. Taking into account (4.1) we get

(4.10) dj1m1 =
∂2σ

∂e11∂e11
∂1uj∂1um for m = 1, k = 1,

so

(4.11) dj1m1 = 0 for j,m = 1, 2, 3

and finally

(4.12) akj1m1 = 0.

Taking into account (4.6)–(4.12) we can write the system (2.3), (2.4) as
follows:

(4.13) ∂2
t u−A(e12, e13)∂2

1u = 0,

where u = [u1, u2, u3]∗ and

(4.14) A(e12, e13) =

 1 0 0
0 4(e13)2 + 1 0
0 0 16(e12)2(e13)2 + 1

 ,
or in the form

(4.15) ∂2
t u−A(∂1u2, ∂1u3)∂2

1u = 0,

where the matrix A(∂1u2, ∂1u3) has the form

(4.16) A(∂1u2, ∂1u3) =

 1 0 0
0 (∂1u3)2 + 1 0
0 0 (∂1u2)2(∂1u3)2 + 1

 .
The system (4.15) can be written in the form

∂2
t u1 − ∂2

1u1 = 0,(4.17)

∂2
t

[
u2

u3

]
−
[

(∂1u3)2 + 1 0
0 (∂1u2)2(∂1u3)2 + 1

]
∂2

1

[
u2

u3

]
= 0.(4.18)

With the system (4.17)–(4.18) we associate the initial data from (4.4),

u(0, x) = u0(x),(4.19)
∂tu(0, x) = u1(x).(4.20)

Now, we consider the quasilinear system (4.18) (equation (4.17) is a wave
equation for u1). Introducing the vector

(4.21) V = [U2, U3, V2, V3],
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where

(4.22) U2 = ∂tu2, U3 = ∂tu3, V2 = ∂1u2, V3 = ∂1u3,

we can write the system (4.18) as follows:

(4.23) ∂tV −B(V2, V3)∂1V = 0,

with the initial conditions

(4.24) V (0, x) = [u1
2(x1), u1

3(x1), ∂1u
0
2(x1), ∂1u

0
3(x1)],

where

(4.25) B(V2, V3) =


0 0 V 2

3 + 1 0
0 0 0 V 2

3 V
2
2 + 1

1 0 0 0
0 1 0 0

 .
It is easy to see that under the assumption

(4.26) V 2
3 (V 2

2 − 1) > 0,

the matrix B(V2, V3) has four real eigenvalues

(4.27)
λ1 =

√
V 2

3 V
2
2 + 1, λ2 =

√
V 2

3 + 1,

λ3 = −
√
V 2

3 V
2
2 + 1, λ4 = −

√
V 2

3 + 1.

So, the system (4.23) is strictly hyperbolic.
We have four right eigenvectors r1, r2, r3, r4 corresponding to the eigen-

vectors λ1, λ2, λ3, λ4,

(4.28)
r1 = [0,

√
V 2

3 V
2
2 + 1, 0, 1], r2 = [

√
V 2

3 + 1, 0, 1, 0],

r3 = [0, −
√
V 2

3 V
2
2 + 1, 0, 1], r4 = [−

√
V 2

3 + 1, 0, 1, 0].

From (4.27) and (4.28) we get

∇V λ1 · r1 =
2V 2

2 V3√
V 2

3 V
2
2 + 1

,(4.29)

∇V λ3 · r3 =
−2V 2

2 V3√
V 2

3 V
2
2 + 1

,(4.30)

∇V λ2 · r2 = 0 and ∇V λ4 · r4 = 0.(4.31)

If V2 6= 0 and V3 6= 0, then from (4.29) and (4.30) it follows that

(4.32) ∇V λ1 · r1 6= 0 and ∇V λ3 · r3 6= 0.

This means that (4.15) is a genuinely nonlinear strictly hyperbolic system
(cf. [5]).

Hence, from the general results of T.-P. Liu [19] (or F. John [12] or A.
Majda [20]) it follows that for compactly supported (in x1) nonvanishing
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smooth data (4.24) which are sufficiently small a plane wave solution (4.2)
cannot be of class C2 (respectively C3) for all positive time. This means that
the solution of the problem (2.3)–(2.7) under the assumption (4.1) blows up
in finite time.
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