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A NOTE ON ECONOMIC EQUILIBRIUM WITH
NONSATIATED UTILITY FUNCTIONS

Abstract. The purpose of this paper is to prove the existence of a
Walrasian equilibrium for the Arrow–Debreu and Arrow–Debreu–McKenzie
models with positive price vector with nonsatiated utility functions of con-
sumers by using variational inequalities. Moreover, the same technique is
used to give an alternative proof of the existence of a Walrasian equilibrium
for the Arrow–Debreu and Arrow–Debreu–McKenzie models with nonnega-
tive, nonzero price vector with nonsatiated utility functions.

1. Introduction. K. J. Arrow and G. Debreu formulated the Walrasian
general equilibrium model of economy in [4]. There are many mathematical
methods of proving the existence of a Walrasian equilibrium, for example the
fixed-point technique and topological methods (see [1], [2], [4], [6], [7], [13]).
In this article the variational approach is used. Recently, this technique has
been considered by many authors (see [3], [8], [9]–[12], [14], [15]).

Let us consider the Arrow–Debreu–McKenzie model with m consumers
(indexed by j ∈ J := {1, . . . ,m}), s firms (indexed by i ∈ I := {1, . . . , s}),
and n goods (indexed by l ∈ L := {1, . . . , n}). In such an economy, the
society’s initial endowments and technological possibilities (i.e., firms) are
owned by consumers. The preference of consumer j is represented by a utility
function, denoted by uj . The initial endowment of consumer j is given by
ωj ∈ Rn

+. In addition, we suppose that consumer j owns a share κji of firm i,
where

∑
j∈J κji = 1. Denote by Yi ⊂ Rn the production set associated with

firm i. It will be assumed that Yi is a closed, convex set containing 0 such
that Yi ∩ Rn

+ = {0} and Yi ∩ (−Yi) = {0}.
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Recall that an allocation (x?1, . . . , x
?
m, y

?
1, . . . , y

?
s), x?j ∈ Rn

+, j ∈ J ,
y?i ∈ Rn, i ∈ I, and a price vector π ∈ Rn

+ \ {0} constitute a competitive (or
Walrasian) equilibrium if the following conditions are satisfied ([4]):

• Profit maximization: For each firm i ∈ I, y?i solves
max
yi∈Yi

〈π, yi〉.

• Utility maximization: For each consumer j ∈ J , x?j solves

max
{
uj(xj) : 〈π, xj〉 ≤ 〈π, ωj〉+

∑
i∈I

κij〈π, y?i 〉, xj ∈ Rn
+

}
.

• Market balance:

(1.1)
∑
j∈J

x?j −
∑
j∈J

ωj −
∑
i∈I

y?i ≤ 0,
〈
π,
∑
j∈J

x?j −
∑
j∈J

ωj −
∑
i∈I

y?i

〉
= 0.

The market balance condition states that the market clears for a com-
modity if its equilibrium price is positive. Otherwise, there may be an excess
supply of the commodity at equilibrium and then its price is zero.

If Yi = {0} for all i ∈ I, then the Arrow–Debreu–McKenzie model is the
Arrow–Debreu model of pure exchange (cf. [1], [4], [13], [20]).

In our approach to the Arrow–Debreu–McKenzie model we introduce
functions

Vj := −uj , φj(π) := 〈π, ωj〉+
∑
i∈I

κij sup
yi∈Yi

〈π, yi〉, j = 1, . . . ,m,

Φ(π) :=
∑
j∈J

φj(π) =
〈
π,
∑
j∈J

ωj

〉
+
∑
i∈I

sup
yi∈Yi

〈π, yi〉, π ∈ Rn
+.

For the Arrow–Debreu model we set Vj := −uj , φj(π) := 〈π, ωj〉, j =
1, . . . ,m, and Φ(π) :=

∑
j∈J φj(π) = 〈π,

∑
j∈J ωj〉.

In both models instead of (1.1) the following variational inequality, called
the balance condition, will be considered:〈

τ − π,−
∑
j∈J

x?j

〉
+ Φ(τ)− Φ(π) ≥ 0, ∀τ ∈ Rn

+.

Thus, we get the following problem (P): Find π ∈ Rn
+, π 6= 0, and xj ∈ Rn

+,
j = 1, . . . ,m, such that

Vj(xj) = min{Vj(x) : 〈π, x〉 ≤ φj(π) ∧ x ∈ Rn
+},〈

−
m∑
j=1

xj , τ − π
〉
+ Φ(τ)− Φ(π) ≥ 0, ∀τ ∈ Rn

+.

The problem (P) was first considered under the assumption that φj(π) ≥ γj
for some γj > 0 (cf. [14]). Further, this problem was studied for a class
of functions φj which are nonnegative, continuous, positively homogeneous
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of degree 1 and Φ =
∑m

j=1 φj (see [16]–[18]). The existence of a compet-
itive equilibrium with positively price vector for consumers with strictly
monotonic utility functions was proved in an alternative way in [19] by us-
ing results from [16], [17]. The strict monotonicity assumption is standard,
guaranteeing positivity of the price vector. Some authors define a Walrasian
equilibrium price as a positive vector: see for example [1], [13], [20].

In this paper we use the technique of [19] to prove analogous results for
a market with consumers having utility functions fulfilling an assumption of
nonsatiation. The notion of nonsatiation is weaker than strict monotonicity.
Additional assumptions to get the existence of a positive or nonnegative
equilibrium price vector with nonsatiated utility functions will be formulated.
We compare assumptions which guarantee a nonnegative equilibrium price
vector with the assumptions in [4].

2. Statement of the problem and preliminaries. Denote by 〈· , ·〉
the standard inner product in Rn, and write

Rn
+ = {x = [x1, . . . , xn] ∈ Rn : xi ≥ 0, ∀i = 1, . . . , n}.

Denote by indK the indicator function of a set K, i.e.

indK(y) =

{
0 if y ∈ K,
+∞ otherwise.

Throughout the paper it will be assumed that the functions

Vj : Rn → R ∪ {+∞}, j = 1, . . . ,m,

are convex, proper and lower semicontinuous, and we let Vj := Vj + indRn
+
.

Recall (see [5]) that a function V : Rn → R ∪ {+∞} is proper if its domain
DomV := {x ∈ Rn : V (x) < +∞}

is nonempty. Assume that the functions
φj : Rn → R+, φj 6≡ 0, j = 1, . . . ,m,

are continuous and positively homogeneous of degree 1. Furthermore, sup-
pose that

Φ : Rn → R ∪ {+∞}, Φ =
m∑
j=1

φj ,

is convex, proper, lower semicontinuous and positively homogeneous of de-
gree 1.

We consider the following problem (P): Find π ∈ Rn
+, π 6= 0, and xj ∈ Rn

+,
j = 1, . . . ,m, such that

Vj(xj) = min{Vj(x) : 〈π, x〉 ≤ φj(π) ∧ x ∈ Rn
+},〈

−
m∑
j=1

xj , τ − π
〉
+ Φ(τ)− Φ(π) ≥ 0, τ ∈ Rn

+.
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Remark 2.1. The problem (P) has an equivalent form: Find (π,(xj),(αj))
∈ Rn

+ × (Rn
+)

m × (R+)
m such that

−αjπ ∈ ∂V j(xj),〈
π, xj

〉
− φj(π) ∈ ∂ ind≥0(αj),

Φ(τ)− Φ(π) ≥
〈
τ − π,

m∑
j=1

xj

〉
∀τ ∈ Rn

+,

where (αj) are the Lagrange multipliers for the problem (P).

Remark 2.2. Recall (see [5]) that if H is a Hilbert space and V : H → R
∪ {+∞} is a convex function, the subdifferential ∂V : H → 2H is defined by

∂V (u) = {w ∈ H : V (v)− V (u) ≥ 〈w, v − u〉, ∀v ∈ H}
whenever V (u) < +∞, and ∂V (u) = ∅ otherwise.

Let V : H → R ∪ {+∞} be a proper function. The Fenchel conjugate
V ? : H → R ∪ {+∞} is defined by

∀p ∈ H V ?(p) = sup
v∈H
{〈p, v〉 − V (v)}.

Remark 2.3.For a convex, lower semicontinuous function Φ+ = Φ +
indRn

+
, positively homogeneous of degree 1, there exists a nonempty, convex,

closed set W ⊂ Rn such that Φ+(τ) = supy∈W 〈τ, y〉 for all τ ∈ Rn
+ (see [5]).

3. Existence of a competitive equilibrium. The existence of an
equilibrium with positive price vector for the Arrow–Debreu–McKenzie and
Arrow–Debreu models was proved under one of the following assumptions
on the function Vj = −uj :

(H0
3 ) Vj is strictly decreasing on Rn

+, which means that

∀x ∈ Rn
+ ∀y ∈ Rn

+ \ {0} Vj(x+ y) < Vj(x),

or
(H1

3 ) Vj is strictly decreasing on IntRn
+ and

∀x ∈ IntRn
+ ∀y ∈ FrRn

+ Vj(x) < Vj(y).

Now, we consider a weaker assumption on the preferences:

(H4) Vj is a nonsatiated function on Rn
+, which means that

∀x ∈ Rn
+ ∃z ∈ Rn

+ Vj(z) < Vj(x).

To prove the existence of a competitive equilibrium for the Arrow–Debreu–
McKenzie and Arrow–Debreu models, similarly to [19], we use the Theorem
of [16] for Aj = I, the identity matrix.

Theorem 3.1 ([16, Theorem 3, p. 66]). Suppose that for any j = 1, . . . ,m
the following conditions are satisfied:
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(H1) 0 ∈ cl(Dom ∂Vj) and (Rn
− \ {0})∩B(0, rj) ⊂ IntDomV

?
j for some

rj > 0;
(H2) {x ∈ Rn

+ : {〈x?, x〉 : x? ∈ ∂Vj(x)} ∩ R− 6= ∅} ⊂ B(0,Mj) for some
Mj > 0;

(H5) γj := min{φj(τ) : τ ∈ Rn
+, |τ | = 1} > 0;

(H6)
∑m

j=1 xj 6∈ ∂Φ+(0) for any xj ∈ ∂V
?
j (0), where Φ+ = Φ+ indRn

+
.

Then there exist a number s ≥ 1 and a system
(
π, (xj), (αj)

)
∈ Rn

+×(Rn
+)

m×
(R+)

m, π 6= 0, such that
−αjπ ∈ ∂V j(xj),

〈π, xj〉 − sφj(π) ∈ ∂ ind≥0(αj),

Φ(τ)− Φ(π) ≥
〈
τ − π,

m∑
j=1

xj

〉
∀τ ∈ Rn

+.

Now we are in a position to prove a result which guarantees the exis-
tence of a competitive equilibrium with positive price vector for nonsatiated
preferences of consumers.

Theorem 3.2. Suppose that for any j = 1, . . . ,m the following condi-
tions are satisfied:

(H1
1 ) 0 ∈ cl(Dom ∂Vj);

(H4) Vj is a nonsatiated function on Rn
+;

(H7) φj(τ) > 0 for all τ ∈ IntRn
+;

(H8) there exists δ > 0 such that δ‖τ‖ ≤ Φ(τ) for all τ ∈ Rn
+;

(H9) for all τ ∈ FrRn
+ \ {0} and all zj ∈ Rn

+ with 〈τ, zj〉 = φj(τ), there
exists sj ∈ FrRn

+ \ {0} such that 〈sj , τ〉 = 0, Vj(zj + sj) < Vj(zj).

Then there exists a solution of the following problem (P̂): Find π ∈ IntRn
+

and xj ∈ Rn
+, j = 1, . . . ,m, such that

Vj(xj) = min{Vj(x) : 〈π, x〉 ≤ φj(π), x ∈ Rn
+}, j = 1, . . . ,m,〈

−
m∑
j=1

xj , τ − π
〉
+ Φ(τ)− Φ(π) ≥ 0, ∀τ ∈ Rn

+.

Proof. Let

(3.1) Ṽj(·) = Vj(·) + indB(0,K)(·), K > δ +m, j = 1, . . . ,m,

where δ is the constant from (H8). We claim that the assumptions of Theo-
rem 3.1 are satisfied for the system

(Ṽj(·), φj(·) + ε‖·‖, Φ+(·) + εm‖·‖), 0 < ε ≤ 1,

Indeed, the function Φ+(·)+εm‖·‖ (where Φ+ = Φ+indRn
+
) is convex, proper,

l.s.c. and positively homogeneous of degree 1 for 0 < ε ≤ 1. Hence there exists
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a convex, closed subsetW ε of Rn such that (Φ+(·)+εm‖·‖)? = indW ε . From
(H8) we see that W ε ∩ Rn

+ ⊂ B(0, δ +m), 0 < ε ≤ 1.
If ‖xj‖ < K for some xj ∈ ∂Ṽ ?

j (0), then there exists xrj ∈ [xj , zj ]∩DomVj

with ‖xrj‖ < K where zj ∈ DomVj such that Vj(zj) < Vj(xj) (the existence
of zj is a consequence of (H4)). From the convexity of Vj we get Vj(x

r
j) <

Vj(xj), which contradicts xj ∈ ∂Ṽ ?
j (0). Hence, if xj ∈ ∂Ṽ ?

j (0), j = 1, . . . ,m,
then (H4) implies that ‖xj‖ = K, j = 1, . . . ,m. This fact and K > δ +m
imply that

∑m
j=1 xj /∈ B(0, δ +m) ∩ Rn

+ and
∑m

j=1 xj /∈ ∂(Φ+ + εm‖·‖)(0)
for xj ∈ ∂Ṽ ?

j (0), j = 1, . . . ,m, and for all 0 < ε ≤ 1. Hence assumption (H6)

holds. It is easy to check assumptions (H1), (H2), (H5), because Dom Ṽ ?
j

= Rn and Dom ∂Ṽj ⊂ B(0,K).
Accordingly, from Theorem 3.1 it follows that for any 0 < ε ≤ 1 there

exist sε ≥ 1 and πε ∈ Rn
+, πε 6= 0, xεj ∈ Rn

+, αε
j ∈ R+, j = 1, . . . ,m, such

that

(3.2)



−αε
jπ

ε ∈ ∂Ṽj(xεj),

〈πε, xεj〉 − sε(φj(πε) + ε‖πε‖) ∈ ∂ ind≥0(αε
j),

Φ(τ)− Φ(πε) + εm(‖τ‖ − ‖πε‖) ≥
〈
τ − πε,

m∑
j=1

xεj

〉
, ∀τ ∈ Rn

+.

It is obvious that ‖xεj‖ ≤ K for all 0 < ε ≤ 1 and j ∈ {1, . . . ,m}.
Notice that

αε
j > 0, ∀0 < ε ≤ 1, ∀j ∈ {1, . . . ,m}.

Indeed, if αε
j0

= 0 for some 0 < ε ≤ 1 and j0 ∈ {1, . . . ,m}, then from (3.2)1,
(H4) we obtain ‖xεj0‖ = K. From (3.2)3 and xεj ∈ Rn

+, j = 1, . . . ,m, we get
‖
∑m

j=1 x
ε
j‖ ≤ δ +m, which contradicts (3.1).

Using the fact αε
j > 0, j = 1, . . . ,m, we find that (3.2)2 is equivalent to

〈πε, xεj〉 = sε(φj(π
ε) + ε‖πε‖), j = 1, . . . ,m.

Summing up, from (3.2)3 we get

Φ(πε) + εm‖πε‖ =
〈 m∑
j=1

xεj , π
ε
〉
= sε

m∑
j=1

(φj(π
ε) + ε‖πε‖)

= sε(Φ(πε) + εm‖πε‖).
Hence sε = 1 for all 0 < ε ≤ 1.

Let pε = πε/‖πε‖, 0 < ε ≤ 1. There exists a sequence (εk)k∈N and
p ∈ Rn

+, ‖p‖ = 1, such that εk → 0 and pεk → p as k →∞.
Moreover, we notice that

(3.3) p ∈ IntRn
+.
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Indeed, suppose that p ∈ FrRn
+ \ {0}. From (H8), we get Φ(p) > 0, so

there exists j0 ∈ {1, . . . ,m} such that φj0(p) > 0. We shall prove that
(αεk

j0
‖πεk‖)k∈N is bounded. Suppose to the contrary αεk

j0
‖πεk‖ → ∞ as k →∞

(choosing a subsequence if necessary). Using the fact ∂Ṽ ?
j0
(0) 6= ∅ we infer

that there exists cj0 ∈ R such that

Ṽj0(y) ≥ −cj0 , ∀y ∈ Dom Ṽj0 .

From (3.2)1 and (3.2)2 we get

φj0(p
εk) ≤ cj0 + Ṽj0(y)

αεk
j0
‖πεk‖

+ ‖y‖, ∀y ∈ Dom Ṽj0 .

Letting k →∞ we obtain

0 < φj0(p) ≤ ‖y‖, ∀y ∈ Dom Ṽj0 ,

which contradicts the assumption 0 ∈ cl(Dom ∂Ṽj0).
Hence (passing to a subsequence) we can assume that there exist xj0 ∈

Rn
+ and α̃j0 ∈R+ such that xεkj → xj0 and αεk

j0
‖πεk‖ → α̃j0 as k →∞. From

positive homogeneity of φj0 of degree 1 we get an equivalent form of (3.2)1,
(3.2)2:

−αεk
j0
‖πεk‖pεk ∈ ∂Ṽj0(x

εk
j0
), 〈pεk , xεkj0 〉 − φj0(p

εk)− εk ∈ ∂ ind≥0(αεk
j0
‖πεk‖).

Letting k →∞ gives

−α̃j0p ∈ ∂Ṽj0(xj0), 〈p, xj0〉 − φj0(p) ∈ ∂ ind≥0(α̃j0).

Hence

Vj0(xj0) = min{Vj0(x) : 〈p, x〉 ≤ φj0(p), x ∈ Rn
+ ∩B(0,K)}.

From (3.2)3 we get xj0 ∈ B(0, δ +m), j = 1, . . . ,m, hence ‖xj0‖ < K. It is
easy to check that α̃j0 > 0. Hence 〈p, xj0〉 = φj0(p), ∂Ṽj0(xj0) = ∂V j0(xj0)
and

(3.4) Vj0(xj0) = min{Vj0(x) : 〈p, x〉 ≤ φj0(p), x ∈ Rn
+}.

From (H9) we deduce that there exists sj0 ∈ FrRn
+ \ {0} such that

〈p, sj0〉 = 0, Vj0(xj0 + sj0) < Vj0(xj0).

On the other hand,

xj0 + sj0 ∈ {x ∈ Rn
+ : 〈p, x〉 ≤ φj0(p)}.

We get a contradiction with (3.4), which means that p ∈ IntRn
+.

Since p ∈ IntRn
+, from assumption (H7) we get φj(p) > 0, j = 1, . . . ,m.

Similarly to the above case, there exist xj ∈ Rn
+ and α̃j ∈ R+, j = 1, . . . ,m,

such that (passing to a subsequence) xεkj → xj and αεk
j ‖πεk‖ → α̃j as k →∞

and

−α̃jp ∈ ∂Ṽj(xj), 〈p, xj〉 − φj(p) ∈ ∂ ind≥0(α̃j), j = 1, . . . ,m,
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and ‖xj‖ < K. Hence ∂Ṽj(xj) = ∂Vj(xj) and

(3.5) Vj(xj) = min{Vj(x) : 〈p, x〉 ≤ φj(p), x ∈ Rn
+}, j = 1, . . . ,m.

From positive homogeneity of Φ of degree 1, condition (3.2)3 is equivalent to

(3.6) Φ(τ)− Φ(pεk) + εkm(‖τ‖ − 1) ≥
〈
τ − pεk ,

m∑
j=1

xεkj

〉
, ∀τ ∈ Rn

+,

(on substituting τ/‖πεk‖ for τ). Letting k →∞ we get

Φ(τ)− Φ(p) ≥
〈
τ − p,

m∑
j=1

xj

〉
, ∀τ ∈ Rn

+.

Taking into account (3.3), (3.5), (3.6) we conclude that p ∈ IntRn
+, xj ∈ Rn

+,
j = 1, . . . ,m, is a solution of the problem (P) with positive price vector.

Remark 3.3. The existence of a Walrasian equilibrium with positive
price vector for strictly monotone utility functions ((H0

3 ), (H1
3 )) was proved

in [19] under assumptions (H1), (H7), (H8). For the Arrow–Debreu model,
(H7) and (H8) mean the initial endowment ωj of each consumer is a nonneg-
ative vector and the total endowment

∑m
j=1 ωj is a positive vector, so these

conditions are not particularly restrictive. Notice that assumption (H9) is
not difficult to check.

The next result ensures the existence of a Walrasian equilibrium with
nonnegative, nonzero price vector.

Theorem 3.4. Suppose that for any j = 1, . . . ,m the following condi-
tions are satisfied:

(H1
1 ) 0 ∈ cl(Dom ∂Vj);

(H4) Vj is a nonsatiated function on Rn
+;

(H5) γj := min{φj(τ) : τ ∈ Rn
+, |τ | = 1} > 0.

Then there exists a solution of the problem (P).

Proof. The beginning of the proof is identical to the proof of Theorem
3.2. To show that φj(p) > 0, j = 1, . . . ,m, we use assumption (H5). The
rest of the proof is analogous to that of Theorem 3.2.

Remark 3.5. To get the existence of a competitive equilibrium with
nonsatiated utility functions with nonnegative, nonzero price vector we have
made an additional assumption, (H5). For the Arrow–Debreu model assump-
tion (H5) means that all consumers provide to the market each good. It is
worth mentioning that the existence of a competitive equilibrium in [4] in
the first theorem was proved under the assumption

(3.7) ∀j = 1, . . . ,m ∃x̂i ∈ Rn
+ ωi − x̂i ∈ IntRn

+,
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which is equivalent to (H5) in the Arrow–Debreu model and stronger than
(H5) in the Arrow–Debreu–McKenzie model. In the second theorem in [4]
the assumption (3.7) is weakened, but the authors had to make other as-
sumptions. Assumption (H5) seems to be easier to check.
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