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ON A NECESSARY CONDITION IN THE CALCULUS
OF VARIATIONS IN SOBOLEV SPACES
WITH VARIABLE EXPONENT

Abstract. We prove an approximation theorem in generalized Sobolev
spaces with variable exponent Wl’p(’)(Q) and we give an application of this
approximation result to a necessary condition in the calculus of variations.

1. Introduction. In the present work, our first main goal is to prove
an approximation theorem in the general setting of Sobolev spaces with
variable exponent, and the second main goal is to give an application of this
approximation result to a necessary condition in the calculus of variations in
the same functional framework of W12()(£2). The theory of Sobolev spaces
with variable exponent has experienced a revival of interest, shown in a
substantial amount of publications over the past few years. An extensive
list of references concerning the recent advances and open problems can be
found in Diening and al. [DHN].

We consider functionals of the kind J(u) = {, f(x,u, Vu)dz for func-

tions u in some Sobolev space with variable exponent W1P()(0), with (2
a bounded domain of RY. In the case of a constant exponent p(-) = p,
1 < p < o0, sufficient conditions for those functionals to attain an extreme
value were studied in [D]. The most important problem is to verify the weak
lower semicontinuity of those functionals with respect to the space involved.
In [L] Landes has studied the reverse problem at a fixed level set and in
many situations he has showed that this hypothesis implies the following
alternative: Fither this particular level is an extreme value of the functional
J or the defining function f is convex in the gradient. Recently, the results
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achieved in [[] and [MS] have been generalised in the work of E. Azroul and
A. Benkirane [AA] where the classical setting of Sobolev spaces W1P(2)
is replaced by the more general one of Orlicz—Sobolev spaces WLy, (2)
corresponding to an N-function M, which is considered as a relaxation of
the constant p. Our third objective in the present work is to generalize the
results of [L] to the general setting of Sobolev spaces with variable exponent.

2. Background material. Let £2 be a bounded open domain in RY,
N > 2. We denote C(2) = {p € C(2) : p(z) > 1 for all z € 2}. For every
p € C+(£2) we define p* = sup, .o p(z) and p~ = infyeq p(x). The variable
exponent Lebesgue space is defined as

PO(02) = {u : u is a measurable real-valued function,

N> 0: | Ju(z) AP de < oo},
19
normed by the so-called Luzemburg norm,

lellpy = inf{A >0 | fu(@)/AP® do < 1}.
2
For any u € LP0)(2) and v € LV’ ()() the Holder inequality

1 1
u(z)v(z)de| < | — + — ) ||ul|l,n ||V
| uente) i (5 + o5 ) lulboolielhcy

holds true. An important role in manipulating the generalized Lebesgue-

Sobolev spaces is played by the modular of the Lp(')(Q) space, which is the

mapping py.)(u) : LPO)(2) — R defined by Pp(y (1) = § o Ju(z) P(#) dz, for all

u € LPO)(£2). We define the generalized Lebesgue—Sobolev space WP0) (02) by
WPO(2) = {u e LPO(Q) : |Vu| € LPD ()},

which is endowed with the norm |[ull; ) = [Jullp) + [[Vully.). We define

1,p()
werOe) =cr@” .

Then the dual space of Wol’p(')(()) can be identified with W=17'0)((2).
ProrposiTIiON 2.1 ([KJ]).

(1) WhrO)(02) and Wol’p(')(Q) are Banach spaces, which are separable
if p € L>°(£2) and reflexive if 1 <p~ < pT < oo.

(2) Ifq € C(12) with q(x) < p*(x) then we have the compact embedding
WhPO)(02) s LIO(Q), where p*(z) = ]\],V_pz(ﬂ) for all p(z) < N.
Since p(x) < p*(x) for all x € §2, in particular we have

(2.1) WP (2) s LPO)(02).
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(3) There exists a constant ¢ > 0 with [lul|,.) < cl|[Vully.) for all u €
Wol’p(')(Q), hence [|[Vullp.y and |u
1,p(-
WO p( )(Q)

1,p() are equivalent norms on

3. Approximation result

THEOREM 3.1. Let 2 be a bounded domain in RYN. If u is a function
in WHPL)(82), then for almost every xo € £2, there exists a ball B(xg, ),
a >0, a constant C(a, 29) and a function u, € WP () satisfying:

(i) ue = u in WHPO(0) as o — 0.

(il) uo = C(a, zg) in B(xg, ).

Proof. Let 1, be a regular function with support in B(0, 2«) such that
(3.1) Yo=1 in B(0,a) and |Viha| <2/a,

and let xg be a Lebesgue point of u in {2, hence, we can take C(a,zp) =
u(zg). We define in {2 the function u, by

(3.2) Ua(@) = u(@) (1 = a(@ — 20)) + u(@0)Ya(w — w0).
By using the Lebesgue theorem, we can write
(3.3) Uy —u in LPO(02) as a — 0.
We have
0 0 0
o (ule) ~ o)) = T = ) + At = o)) (o),

and the convexity of p,.y(+) yields

(55 52)) = (- 25)

p(z)
dx

1 ou(z) p(@)
< 3 S (2)\ oz, Yo (x — x0) > dx
(0]
1 0
+5 2)"%(96 — x0) |(u(@) — u(x0))P™) dar
2 0 8.7}1
1l 1
- 2105 + 2106

By using the Lebesgue theorem, we have lim, oI} = 0. And I2 — 0 as
a — 0 is a direct consequence of the lemma below. =
LEMMA 3.2. For almost every xg € {2, there exists a sequence o, — 0
as n — oo such that
| Alu(z) — u(zo)|

Qn

p()
) dr —0 asn — oo.
B(zo,2an)
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Proof. Let xg € {2. For each t >0, we define (2, ={x € (2 : dist(x, 012) > t}.
Let ap > 0. For o < o, we consider the function ¢, : {220, — R defined by

= | (A,

o
B(y,2a)

Au(z) — u(y)\7™
< XB(0,2a) dm’

a

We can also write

¢a(y) = S

[0}
where xg denotes the characteristic function of the set E. The function ¢,
is measurable, and for all ap > 0, we shall show that
(3.4) |pa(y)| = 0 in LY(£2s4,) as a — 0, for all a < ag.

Indeed, let u. = u * @, be the mollification of u, where . € D(RY), such
that
we=1 for|z|>e€ >0, S ve(x)dr = 1.
RN
Therefore, ¢ is well defined in 25, for all € < ap and we have

u\xr)—u p(z)
O <M> dz dy

224, 2204 B(y,2a) @
) — p(x)
<tim | (A’“f@ z) “f@)’) dz dy = lim I,.
e—0 a e—0

220 B(0,2cx)

Since u,, is continuously differentiable, we have

1 _ p(z)
ne § ) (el ),
2204 B(0,2ar) 0 @

1 p(z)
< | 1| (AS2[VuE(y —t:v)]dt) dz dy.
2204 B(0,20) ~ 0
Then, it follows by Jensen’s inequality that
1
In< || | @\Vuly - ta))?'™) da dt dy
2204 0 B(0,2c)
N p(x)
= S S S (2)\‘ S Vu(y —tx — 2)pe(2) dzD dx dy dt
0 224, B(0,2cx) B(0,¢)
1 S\ 2
<\ | | el dzdedt < Cs|ACL V] <]<[V> (2a)",
0 B(0,2a) B(0,¢)
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for some positive constants C7, Cy and C3, where ) denotes the measure
of the unit sphere in RV and p, is defined by

- {p— if ARG V()| < 1,
P<= 00 it DY) > 1
To justify (x) we recall that in (25, differentiation and mollification com-

mute for § < ag. Therefore, lim,_,o I, = 0. So, we conclude immediately
that SQQ |pa(y)|dy — 0 as a — 0. Consequently, for almost every zy € (2,
@0

we get ¢q, (xg) — 0 as n — oo, for a subsequence (), with a, — 0 as
n—00. m

4. Functional dependence on z and Vu. Let {2 be a bounded do-
main of RY and f: 2 x RN — R a Carathéodory function satisfying

(4.1) ()| < £(2)k([€])

for some nondecreasing function k : R — R and some ¢(-) € L*(£2). Now,
we consider the continuous functional .J : WhP()(£2) — R defined by

(4.2) J(u) = | f(z, Vu()) da.
Q
DEFINITION 4.1. For each real u, we define £, as the level set of J,
ie., £, = {u e WPO(0) : J(u) = u}, and E:’ for the closure of £, in
DEFINITION 4.2. A functional .J : W'P()(2) — R is called weakly lower
semicontinuous at a level set £, if J(u) < p for all u € Z‘;.

THEOREM 4.3. Let J : W'P0)(2) = R be a continuous functional de-
fined as in with the Carathéodory function f satisfying . If J is
weakly lower semicontinuous at a non-void level set L,, and if p is not an
extreme value of J, then f(x,&) is convex in & for almost all x € (2.

Proof. Assume that the real p is not an extreme value of J. We shall

show that
f(@, A8+ (1= 2§ < Af(2,8) + (1= AN f(2, &)

forall A € [0,1], all &, &* € RY and almost every x € £2. We can assume that
1 = 0 and that in Wl’p(')(ﬂ) there are two functions @1 and a@» such that,
J(a1) < —dp and J(az) > do, for some g > 0. Let xy be a Lebesgue point
of f(x,€) for all £ € QN. We can assume that xq = 0. Using the continuity
of the functional J and Theorem there is a ball B(0, Rg) C {2 and there
are functions @, u; and Uy (see [L]) such that

(43) Vu=Vu; =Vuy =0 on B(O, Ro),
7 7 1
(4.4) J(ﬂl) < g&o, J(ﬂg) > §60 and |J(ﬂ)| < g(so



170 E. Azroul et al.

Furthermore, for each function @ satisfying |J(@)| < L&y, there is a number
t; € [0,1] with ¢ = i(a) € {1,2} such that the function ¢ = @+ t;(u; — @) lies

in the level set Lo, i.e., J(€) = u=0. We fix A € [0,1]NQ and &, £* € QY.
As in [L], we recall that
gn(z) = ga(nzy) — A in L°°(£2) weak-star,

1 —gp(x) =1 =X in L°(f2) weak-star,

where
1 if0<z <A,

:L‘:
9 () {O fd<z<l.

We also define the sequence of functions @, (z) = £* -z + Ség—g*)-x gxa(nt) dt.
This sequence has the properties

Vion(z) =&+ (€ — €)ga(n(§ — &) - @),

45
(4.5) Gp — Qo in WP ().
Indeed,
Pp() (W = | (wn(z) — o (2))P™ da
2
5*)I Ps
SS( S ga(nt) dt — (g—g*).x) dz,
2
where ) (€€
) :{p+ if [ §y* " ga(nt)dt = M€ —€%) - a] > 1,
pm ST () di — A€~ €) x| < 1.
Therefore,
€€z
~ ~ . % Ds
Tim_py(y(@n —Bo) < lim | ( é ga(nt) dt — A€~ &) -z)" dz <0,

In the same manner and by using the dominated convergence theorem, we
obtain lim ppw(VoAJn — V&p) = 0. Finally, we conclude that &, — @ in
whr) ().

Now, let ¢ : R — R be a C*°-function with support in the interval |—1, 1]
and ¢ (t) = 1 for |t| < 1/2. Defining wgr(x) = ¥ (|z|/R)wo(x) for R > 0, we

have
|z

Vn(e) = () st + o ) V@)
Moreover (see |Ll, Proposition 3.1}),
(4.6) [Vwgr(z)| <C  in (2,
(4.7) S f(z,Vog(x))dr -0 as R— 0.
B(0,R)
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Note that is used to prove ([4.7)). Next, we consider the sequence @y (+)
in a ball B(0,r), say. We shall show that it is possible to alter each element
of this sequence in such a manner that it coincides with the limit Wy(-) at
the boundary. The proposition below is a generalization of Proposition 3.2
in [L] to the case of Sobolev spaces with variable exponent. m

PROPOSITION 4.4. There is a sequence (ay)n in WP (82) satisfying;

(a) a ( = Wo(@) = (A + (1 = A)E") - in OB(0,7),

(b) an —@n — 0 in wie( )(Q) asn — 0,

(¢) an — Wy in wip( )(Q),

(d) HvanHoo +[[Vin|leo < C,

(e) |S (a: Vi, (x))dx — S BO.) f(z,Vay(x))dz] = 0 as n — oo,
()

f S (:1: Vap(z))dx — 0 uniformly with respect to n.

Proof. Let w, be a C*°-function with support in [—1, 1] such that w,(t)
=1 for all |t| <1 — € and |w.(t)| < 2/e for all t. Define we(x) = we(|z|/T)
and an, (z) = ¢p(x)+we(x)(Cn(z) —Co(x)). We have the following inequalities
(see [Li proof of Proposition 3.2]):

(W8 [9((e) ~ @)1 — wela)) < Crrlle’] + EN — wela),
(19) @n() — ()| [Vere(@)] < O ™) Xaupp(vi

with C] is a positive constant. We have

pp(')(|a’"v€ - /C\n’) + pp(~)(|v(an,€ - En)D
- S |an,e(x) — En(x)|p(x) dx + S |t () — En(:c)|p(”") de

Q\E(O,T’) E(O,T)

+ | V(ane@) = E@)PDde+ | [V(ane(z) — (@) P da
\BOr) B(o,r)

= | @@ PP de | (1 - w (@) @) — (@)@ da

2A\B(0,r) Bow)

+ | V@) - a@)P) da
2\B(0,r)

+ |V = we(@) @) — 2 ()P da.
B(0,r)

Since 1 — we(z) = 0 a.e. z € B(0,r), and &, — ¢ in W) (£2), one has
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| [en(@) - G(@) P da
2\B(0,r)
+ | V@) = a@)P de -0 asn— oo
2\B(0,r)

So, we conclude that

(4.10) pp(~)(’ane Cn‘)"‘pp (IV(an,e —cn)l)
<O +C; | (9@ @)1 - w0 da
B(0,r)

for some positive constant C>. Now, by the definition of w., we obtain

0 in 2\ B(0,7),

we(z) =<1 in B(0,(1 —¢)r),

we(|z|/r) in B(0,r)\ B(0,(1—€)r),

which implies that

co(x) — en(x) in 2\ B(0,r),
Ane —Cp(xz) =14 0 in B(0, (1 —e€)r),
(1 = @e(|z|/r))(@(z) — Eu(x)) in B(0,r)\ B(0, (1 —€)r)
and
V(an,e(x) —Cn(z))
V(@(2) — () in 2\ B(0, 1),
0 in B(0,(1 —¢)r),

V(we(|z|/r))(co(x) — Cn(x))
+ (1 = we(|z]/r))V(@(z) — u(x)) in B(0,r)\ B(0,(1 - e€)r).
Hence, for n large enough, we have the estimate
Pp(~)(|ane Cnl) + Pp() (|V(an€ cn)l)
<SOO+C | (V@) — 2 @)1 —wd@)))" do
B(0,r)\B(0,(1-¢)r)
< O(e) + Co(O(C3n™) /e) [B(0,7) \ B(0, (1 — €)r)],

with C3 a positive constant. Selecting €, such that O(n~!)/e, = 1, this
implies that O(e,) = O(n~1) and ¢, — 0 as n — oo. Then we conclude

pp(~)(‘an,6 - Cn( )|) + Pp(-) (|v(an € — Cn(l’))D
< O(n™h) + Co(C30(n™1) /e) [B(0,7) \ B(0, (1 — €)r)],

which converges to 0 as n — oco. We define a,, = ay, ¢, and we get a, — ¢,
— 0 in W'P0)(2) as n — oo, which gives (b), and consequently, we get,
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an — o — 0 in lep(')(Q) as n — 0o. And by the definition of a,, we get
easily the properties (a), (d) and (f). Now, we are able to complete the proof
of Theorem 4.1. For R < Ry and r = R/2, we define the sequence

u(x) for z € 2\ B(0, R),

Unp(x) = < u(z) + cr(x) for x € B(0,R)\ B(0,r),
u(x) + an(xz) for x € B(0,r),
which converges in TW12( )( ) to
u(z) for x € 2\ B(0, R),
up(z) = {u(x) +cp(z) for z € B(0,R).

Indeed, for x € B(0,7) we have

o) (i — @+ ) = | (an(@) —2r(@)"™ do = | (an(x) =2o(2))"") da.
B(0,r) B(0,r)

Since a,, — ¢ in WP()(£2), we conclude that lim,_,q Pp(y(Un —Cr) = 0.
Therefore, @, — ug in WHP0)(£2). Due to , and Proposition
(see also [L]), we have for R > 0 small enough |J(u,)| < %50 for all
n € N. Hence, for any n, we find ¢, € [0,1] and 4, € {1,2} such that for
Up 1= Up + tn (W, — Up), we have J(u,) = 0. Choosing a subsequence such
that t, — to and i, = i € {1,2}, we have u, — ug in W'P0)(£2). The
lower semicontinuity of J at the level set L, gives J(ug) < 0. By using the
continuity of .J with respect to the strong topology of WhP()(£2), we get

Jim J(u + ty(w;, —u)) = J(u+to(u; —u)).

And by construction, one has f(x, V(@ + t,(u; —w))) = f(z,0) in B(0, R),
yielding

lim S f(z, Vuy(x))dx > S f(z, Vuo(z)) dz.

n—oo
B(0,R) B(0,R)

Since u, = up in B(0, R) \ B(0,r) and r = R/2, we finally get

| f@Xx+@-N)de= | f(z, Vu(z))ds

B(0,r) B(0,r)
< lim S f(z, Vup(z)) dz

n—00
B(0,r)

= lim S f(z,Vay(z))dz

n—oo
B(0,R)

=x | f@de+(1-X) | f(2,&)dz.

B(O,T) B(O,’I‘)
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Since the above inequality can be obtained for all balls B(0,7) with radius
r < R/2, we conclude that f(zg, A+ (1—N)E") < Af(zo,&)+(1—A)f(zo,E&")
for all A € [0,1]NQ and all £,¢* € QV. It then follows by the continuity
of f(z,&) with respect to £ that the above inequality holds for all A € [0, 1]
and all £,&* € RY.

[ZQF]
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