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Positive solutions to a singular fourth-order
two-point boundary value problem

by QINGLIU YAO (Nanjing)

Abstract. This paper studies the existence of multiple positive solutions to a nonlin-
ear fourth-order two-point boundary value problem, where the nonlinear term may be sin-
gular with respect to both time and space variables. In order to estimate the growth of the
nonlinear term, we introduce new control functions. By applying the Hammerstein integral
equation and the Guo—Krasnosel’skii fixed point theorem of cone expansion-compression
type, several local existence theorems are proved.

1. Introduction. This paper studies the positive solutions of the fol-
lowing nonlinear fourth-order two-point boundary value problem:

(P1) {u“’(t) = h(®)f(t,ut) +C(Hu(t), 0<t<1,
u(0) = 4/'(0) = u(1) =u"(1) = 0.
Here, the function u* is called a positive solution of (P1) if u* is a solution
of (P1) and u*(t) > 0, 0 < t < 1. In mechanics, problem (P1) models the
deflection of an elastic beam rigidly fixed on the left and simply supported
on the right.
Throughout this paper, 0 < a < 5 < 1, ¢(t) = %t2(1 —t) and

(H1) h € L'[0,1] is a nonnegative function and Sg h(t)dt > 0.

(H2) f:[0,1] x [0,+00) — [0,400) is a continuous function.

(H3) ¢ :(0,1) x (0,400) — [0,400) is continuous and, for every pair of
positive numbers 0 < 71 < ro, there exists a nonnegative function
jrz € L'0,1] N C(0,1) such that ¢(t,u) < jr2(t) for 0 <t <1 and
r1q(t) < u < ro.

Thus, we allow the nonlinear term h(t) f(t,u) + ((t,u) to be singular in
the time variable at ¢t = 0, ¢t = 1 and in the space variable at u = 0. In this
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paper, the functions f(¢,u) and ((t,u) are called the continuous part and
singular part of problem (P1) respectively.
A typical example is

(P2) {u(4)(t) = yul(t) + 7 0<t<l,

u(t)’
u(0) = v/(0) = u(1) = u"(1) = 0,
where A\, 7, 7, n are positive constants. In problem (P2), the nonlinear term
yu* +n/u” is singular at u = 0.

When ((t,u) = 0 and h(t) = 1, the existence and multiplicity of solutions
and positive solutions of problem (P1) have been studied by several authors
(see [T, 2, Bl [6, @O-11]). Very recently, we proved in [II] the following local
existence theorem.

THEOREM 1.1. Assume that h(t) = 1, ((t,u) = 0 and there exist positive

numbers a < b such that one of the following conditions is satisfied:
(a1) p(a) < 48a, Y(0) > grr—sp) s —3a]-
(a2) ¥(a) > grirap)eszay: ©(b) < 480.

Then problem (P1) has a positive solution u* € K such that a < ||u*| <.

In Theorem 1.1, we introduced the following control functions and cone:
o(r) =max{f(t,u) : 0 <t <1,rq(t) <u<r},
$(r) =min{f(t,u) ra <t < B, rq(t) <u<r},
K ={ueC0,1]: u(t) > [lullq(t), 0 <t <1},

where [|u|| = maxg<¢<i |u(t)| is the norm in the Banach space C|0, 1]. Geo-
metrically, ¢(r) is the maximal height of f(¢,u) on the swallow-tailed domain
{(t,u) : 0 <t <1, rq(t) <u<r}, and ¢(r) is the minimal height of f(¢,u)
on the domain {(t,u) : a <t < 3, rq(t) < u < r}. We will also use these
symbols in this paper.

The solvability of other singular boundary value problems has been ex-
tensively discussed in the literature in the past ten years: see for example
[3, 4L [7, 8, [12]. However, to the best of our knowledge, the existence of pos-
itive solutions has not been studied previously when the problem (P1) has
singular nonlinear term with respect to the space variable.

The purpose of this paper is to extend Theorem 1.1 to the general singu-
lar problem (P1) under the assumptions (H1)—(H3). In order to achieve this
aim, we will construct new control functions defined on the swallow-tailed
domain {(¢,u) : 0 <t <1, rq(t) < wu < r}. By using new control functions,
we will consider not only the height of the continuous part f(¢,u), but also
the integral of the singular part (¢, u). By applying the Guo—Krasnosel’skii
fixed point theorem of cone expansion-compression type, we will prove the
existence of finitely and infinitely many positive solutions for problem (P1).
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Furthermore, we will verify the existence of one and two positive solutions
for problem (P2). Finally, we will illustrate that our method is different
from ones in [3, 4 [7, 8, 12] by two examples. In particular, we will give an
example with infinitely many positive solutions.

2. Preliminaries. It is easy to check that K is a cone of nonnegative
functions in C10,1]. Write Kri,re] = {u € K :r1 < ||ul] < ra}.
Let G(t,s) be the Green function of the homogeneous linear problem
u® () =0, 0<t<1, u(0)=1u(0)=u(l)=u"(1)=0.
From [2], the exact expression of G(t, s) is
Glt.s) Sl =1)sB1l—s)—(1-t)*3-s), 0<s<t<1,
) S =
St 1—s)3(1—-t)—(1—-5)2B-1)], 0<t<s<L
Obviously, G : [0,1] x [0,1] — [0, 1] is continuous and G(t,s) > 0 for 0 <
t,s < 1.
Let H(s) = +s*(1 — s). By Lemma 2.1 in [11], we have
LEMMA 2.1. q(t)H(s) < G(t,s) < H(s) for 0 <t,s <1.
Define the operator 1" as follows:
1

(Tu)(t) = SG(t, $)[h(s)f(s,u(s)) +C(s,u(s))]ds, 0<t <1, ue K\{0}.
0
LEMMA 2.2. T : K[r1,rs] — K is a completely continuous operator for
any 0 < r; <ro.
Proof. Let j;2(t) be as in (H3) and
C(t,rig(t), 0<t<1,0<u<rq(),
§(t7u) = g(t, u)? 0<t<1, TlQ(t) <u <7y,
¢(t,ra), 0<t<l, ro<u<—+oo;

(Thu)(t) = \G(t,s)h(s)f(s,u(s))ds, 0<t<1,

(Tou)(t) = \ G(t, s)C (s, u(s)) ds, 0<t<l1.

Ot = O ey

Obviously, ¢ : (0,1) x [0, +00) — [0, +00) is continuous and ((t,u) < Jr2(t),
(t,u) € (0,1) x [0, +00). By the Arzela—Ascoli theorem, 77,75 : K — C[0, 1]
are completely continuous operators.

If u € Kry,ro], then r < ||lul| <7y and rig(t) < wu(t) <rgfor0<t<1.
So, for any u € K|ry, 2], Tu = Tyu+ Thu. Therefore, T : K[ri,r2] — C[0, 1]
is completely continuous.
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On the other hand, by Lemma 2.1, for 0 <t <1,

1

(Tu)(t) = | G(t, 5)[P(s) f (s, uls)) + ((5,u(s))] ds
0
1

> () | H(s)[h(s) f(s,u(s)) + (s, uls))] ds
0

> q(t) max | G(t, 5)[h(s) (s, u(s)) + ((s,u(s))] ds = | Tullg(t).
==
Hence, T': K[ry,1m3] — K.

LEMMA 2.3 (Guo—Krasnosel’skii). Let X be a Banach space, and K be
a cone in X. Assume (2, 2o are bounded open subsets of K with 0 € {1 C
21 C (29, and F : 25\ {1 — K is a completely continuous operator such
that either

(1) [|F(2)| < ||z|| for = € 0621 and ||F(x)| > ||z|| for x € 0§23, or
@) [IF(@)] > o] for z € 02 and ||F@)] < |z for = € 82,

Then F has a fized point in (29 \ £27.

In this paper, we use the following constants:

Direct computations give

17 — 122 1
M=G@2-v22-V2)= 3 ~101.9117’
1

m = G(a, f) = 0*(1 - B)[B(3 — a)(2 - B) — 20].

If h(t) =1, then

1 117 +115v/33 1

A=— 21— —2t) = ~
18 ax (1 -1 - 20) 106608 252.8315’

B33(4 —38) — (4 — 3a) 2
486 ’ 3

2

3

16 max{o*(1 — &), (1 — B)}[3°(4 — 38) — a®(4 — 30)]
243 ’
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For r > 0, let

max{((t,u) : rq(t) <u < r}dt,

1
§
B
Smm{c (t,u) :rq(t) <wu <r}dt.
(0%
Geometrically, max{((t,u) : rq(t) < u < r} is the maximal height of the
singular part ((¢,u) on the set {(t,u) : 0 <t < 1, rq(t) < u < r}, and
w(r) is the integral of the maximal height function on [0,1]. For v(r), the
geometric meaning is similar.

In order to study the singular problem (P1), we introduce the following
two control functions:

Ap(r) + Mp(r), — By(r) +mu(r).

We will use them to estimate the growth of the nonlinear term h(t) f (¢, u) +
((t,u) on the swallow-tailed domain

{(t,u) :0<t <1, rq(t) <u<r}.

3. Main results. We obtain the following local existence theorems.

THEOREM 3.1. Suppose that there exist positive numbers a < b such that
one of the following conditions is satisfied:

(b1) Agp(a) + Mpu(a) < a, Byp(b) + mv(b) > b.
(b2) Bi(a) + mu(a) > a, Ag(b) + Mp(b) < b,

Then problem (P1) has a positive solution u* € K such that a < ||u*|| < b.
Proof. We prove only the case (bl). The proof of the case (b2) is similar.
Let 2(r) ={u € K : |Ju|| < r}. Then Kla,b] = £2(b) \ £2(a).

If u € 902(a), then aq(t) < wu(t) <afor 0 <t < 1. Thus f(t,u(t)) < ¢(a)
for 0 <t <1 and Sl C(t,u(t))dt < u(a). It follows that

[ Tu]| = OrggngG (s, u(s)) + C(s, u(s))] ds
' 1
< max |G(t,s s, u(s)) ds + max | G(t, 5)((s, u(s)) ds
-0 -0
1 1
< ¢(a) max G (t,5)h(s)ds + M| ((s,uls)) ds
- 0 0

< Ap(a) + Mp(a) < a = Jul.
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If u € 002(b), then bq(t) < u(t) < bfor 0 <t < 1. Thus f(t,u(t)) > ¥(b)
for « <t < 3 and X’G C(t,u(t))dt > v(b). Applying Lemma 2.1, we obtain

B
7l 2 s |Gt )[R (s, u(5)) + Lo )] ds
; g
> oz SX S G(t,s)h(s)f(s,u(s))ds + aréltl;lﬁs G(t,s)((s,u(s))ds
) B ’ B
> (b) ax q(6) | H()A(s) ds -+ min_Glt,9) [ Gls,uls) ds

> B() +mu(s) > b= |lul.
By Lemmas 2.2 and 2.3, there exists u* € K]la,b] such that Tu* = u*.
In other words, u* € K, a < ||u*|| < b and
1
u(8) = | Gt 5)[(s) £ (5, w7(5)) + (5w ()] ds, 0=t <1
0

Direct checks give

() (8) = h(e) f(t,u* (1) + S, u* (), 0<t<1,
and u*(0) = u*(1) = (u*)’(0) = (u*)”(1) = 0. Therefore, u* is a solution of
problem (P1). Since u*(t) > aq(t) > 0, 0 < t < 1, u* is a positive solution. m

THEOREM 3.2. Assume that there exist positive numbers a < b < ¢ such
that one of the following conditions is satisfied:

(cl) Ap(a) + Mu(a) < a, By(b) +mu(b) > b, Ap(c)+ Mu(c) <c
(c2) By(a) +mv(a) > a, Ap(b) + Mu(b) < b, Bi(c) +mr(c) > ¢

Then problem (P1) has positive solutions uj,us € K such that a < Hu’{” <
b < JJusl| <e.

Proof. By the assumptions (H1)—(H3), we can prove that ¢, v, u, v
(0, +00) — [0,400) are continuous.

If By(b) + mv(b) > b, then there exist a < by < b < ba < ¢ such that
B(b1) +mu(by) > by and Bi(ba) +mu(by) > by. By Theorem 3.1, problem
(P1) has positive solutions uj,us € K satisfying a < [Juj|| < b1 <b < by <
||uz|| < c. Similarly, we can prove the case (c2). =

Generally, we have the following theorem on existence of n positive so-
lutions, where [c] is the integer part of c.

THEOREM 3.3. Assume that there exist positive numbers a1 < --- <
an+1 Such that one of the following conditions is satisfied:
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(d1) Ap(agk—1) + Mu(agg—1) < agg—1 for k = 1,...,[(n+2)/2] and
Bi(asgk) + mv(agr) > agx for k=1,...,[(n+1)/2].
(d2) Bip(agk—1) + mv(agg—1) > agp—1 for k = 1,...,[(n+2)/2] and
Ap(agg) + Mp(agy) < agy for k=1,...,[(n+1)/2].

Then problem (P1) has positive solutions uj, € K, k = 1,...,n, such that
ap < HUZH < Af41-

REMARK 3.1. If {(t,u) = 0 and h(t) = 1, then u(r) = v(r) = 0 for any
r > 0, and . s
1 B°(4 —303) — a’(4 — 3a)
A< —, BZ< .
< 48’ - 486

From this, we see that Theorem 1.1 is a simple corollary of Theorem 3.1.

4. Results concerning growth limits. In this section, we study some
cases involving the growth limits of the nonlinear term. Let

@, = lim 1(1)11"g0(7")/7"7 P = liminfgp(r)/r,
Py = limsupy(r)/r, 1., = limsup(r)/r,

r—+0 r—+too
By = llirgglfu(r)/r, Mo = 17}1_{1#{.1(? pu(r)/r,
vo = limsupv(r)/r, Te = limsupv(r)/r.

r— r—+00

THEOREM 4.1. Assume that one of the following conditions is satisfied:

(e1) Ap,+ My, <1 and By, +mve > 1.
(e2) By +mug>1and Ap +Mp__ <1.

Then problem (P1) has a positive solution u* € K.

Proof. We prove only the case (el).

Since Ap,+Mp, <1, thereis a > 0 such that Ap(a)/a+Mp(a)/a < 1.
Thus, Ap(a) + Mu(a) < a.

Since By, +mVs > 1, there is b > a such that By (b)/b+muv(b)/b > 1.
Thus, By (b) + mv(b) > b.

By Theorem 3.1, the proof is complete. »

THEOREM 4.2. Assume that the following conditions are satisfied:

(f1) There exist ¥, L > 0 such that ((t,u) > L for (t,u) € [a, 8] x (0,7].

(f2) Timy oo maxo<i<y f(t,u)/u < A7L

(f3) There exists ro > 0 and a nonnegative function J,, € L'[0,1] such
that

C(t,u) < Jp(t), (t,u) € (0,1) x [ro, +00).
Then problem (P1) has a positive solution u* € K.
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Proof. By (f1), for any 0 < r < 7, v(r) > SgZdt = L(B — «a). Thus,
Vo = vy = +00. Let j2(t) be as in (H3). By (3), for any r > rq, we have

C(tu) < Gao(t) + Jn (), 0<t<1,rq(t) <u<r.
Thus,u(r)_g 27"()()clt—i-s Jro(t) dt < +oo and p_ =T, = 0.
Let

1 _1 .
=3l Ll g e/l

By (£2), € > 0 and there exists r; > 0 such that

Jfax fltu) < (A7 —2e)u, u€ [r1,+oo).

Let
roy = max{r; + 1,6} max{org?é{l flt,u):0<u<r}}

Then, for any r > ro,
< t 0<u<
plr) < max{max f(tu):0 < u <7)

< max{orgtaglf(t,u) 0<u<mr}+ max{org%xl fltu):r <u<r}

<erg+ (A7 —20)r < (A7 — o).
S0, 9 < Poo < AL
Therefore, By, + mvy = +oo > 1 and Agoo + Mp_ < 1. By Theorem
4.1(e2), the proof is complete. m
Similarly, we have the following multiplicity result.
THEOREM 4.3. Assume that one of the following conditions is satisfied:
(81) Ap,+Mp, <1, Ap +Mp_ <1 and there exists d > 0 such that
By( )+ ml/(d) > ci
(g2) By +mvg > 1, By, +mUs > 1 and there exists d > 0 such that
Ap(d) + Mp(d) < d.
Then problem (P1) has positive solutions uj,us € K such that 0 < ||u}]| <
d < Jlusl|
Furthermore, we have the following result on the existence of infinitely

many positive solutions.

THEOREM 4.4. Assume that Ap +Mp_ <1 and Bt + mUs > 1.
Then problem (P1) has a sequence of positive solutions uy, k = 1,2,...,
such that ||uj|| — 4o0.

Proof. By assumption, there exist sequences of positive numbers a; —
400, by — 400 such that

Ap(ar) + Mpu(ar) < ag, Bi(by) + mu(by) > by.
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Without loss of generality, we can assume that a1 < b; < ag < by < --- <
ap < by < ---. By Theorem 3.3, for each k = 1,2,..., there exists a positive
solution uy € K with aj < |[uy| < by. w

5. On problem (P2). In this section, we use the notation of prob-
lem (P2).
Let
h(t)=1,  fltu) = flu) =yud,  ((tu) = ((u) =n/u’.

If 0 < 71 < rg, then

Let 0 <7< 1/2 and
: n
r2 t — =t .
0= f@F ~ B - o7
Then j/2 € L'[0,1] N C(0,1). This shows that condition (H3) is satisfied if
0<7<1/2
THEOREM 5.1. Assume that one of the following conditions is satisfied:

(h1) 0<A<1,0<7<1/2

(h2) A=1,0<7<1/2 and v < A™L.

Then problem (P2) has a positive solution u* € K.

Proof. We have ((u) > n for 0 < u < 1, and ((u) < nfor 1 < u <
+o0. If (h1) holds, then lim, ;o f(u)/u = 0 < A~Y; if (h2) holds, then
lim, o0 f(u)/u =~ < A~L. By Theorem 4.2, problem (P2) has a positive
solution u* € K. m

THEOREM 5.2. Assume A >1and 0 <7 < 1/2.

(j1) Let n > 0 be fized. Then problem (P2) has two positive solutions

whul € K for any 0 <~ < ﬁ [2;;1(4-1;72]\7/—[)]&_1)/(14_7)-

(j2) Let v > 0 be fized. Then problem (P2) has two positive solutions

uj,uy € K for any 0 <n < 2;1(.1;12\;) [ﬁJ(l—H)/(A_l).

Proof. Obviously, Bgo + myy = +oo > 1 and By +my,, =400 > 1.
If n > 0 is fixed, let

31+TnM 1/(1+47) 3T M a
a=|———— >0, s0 ——— = —.
27(1 —27) 27a™(1—-27) 3
Direct computations give ¢(a) = ya* and
1 1 1
ndt 3™ ¢ dt 3™n
pla) = (S) (S) 2at2(1 ~ 27a" [S) t2r  27q7(1 —271)°
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Therefore,
3TnM
A Mpy(a) < Aya® + ———"———.
¢(a) + Mp(a) < Aya™ + 2rar(1 —27)
Let
N = L M B/t — 1 so Av*a* = a
2A | 3tTpM 2Aa 1’ 2
It follows that, for any 0 < v < ~*,
3™ M
Ap(a) + Mp(a) < Aya* + o2 < 24 0 <,

27a™(1—27) — 2 3
By Theorem 4.3(g2), the conclusion (j1) is proved.
If v > 0 is fixed, then choose

T 1Y/ a
= |7 Avya* = —.
a 54| , s0 Ayt =g
Let
2(1—27)[ 1 (3F/-D 37 M a
nt = , S0 —— =
3HTM | 2Ay] 27a7(1—-21) 3
It follows that, for any 0 < n < n*,
3'nM
Ap(a) + Mp(a) < Aya® + B LR

27ar(1—27) — 2 ' 3
By Theorem 4.3(g2), the conclusion (j2) is proved. m

6. Two examples. In this section, we illustrate our improvements by
two examples.

ExaMPLE 6.1. The example shows that our method is different from
those used in [8HIZ2].
Consider the fourth-order boundary value problem

u®(t) = (1 4 sinu(t)) [ 3 t(;t(f)t) + - i(t)], 0<t<l,

u(0) = u/(0) = u(l) =u"(1) = 0.

In this problem h(t) = 1//t(1 — t), f(t,u) = f(u) = (1+sinu) Ju, ((t,u) =
C(u) = (1 +sinu)//u. So assumptions (H1)—(H3) are satisfied and ((u) is
singular at u = 0.

We have ((u) > 1 for 0 < u < 1, {(u) < 2 for 1 < u < +o00, and
limy 400 f(u)/u = 0. By Theorem 4.2, the problem has a positive solution
u* e K.

If u=(2k + 1)7, then f(u) = {(u) = 0. So infys,[h(t)f(u) + {(u)] =0
for any r > 0 and 0 < ¢ < 1. Moreover, ((u) is not nonincreasing in wu.
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Therefore, the conclusion cannot be derived by applying the methods in [3]
4,7, [8, 12].

EXAMPLE 6.2. The example shows that the existence of infinitely many
positive solutions is possible.
Let a = %, 6 = %, C = BS}E%. Consider the fourth-order boundary

value problem
u®(#) = C max{0, sin v/max{0, lnu(D)Fhu(t) + — i(t), 0<t<l,
u(0) =4/'(0) = u(1l) =" (1) = 0.

In this problem h(t) = 1, f(t,u) = f(u) = C max{0, sin y/max{0, Inu}}u,
¢(t,u) = ¢(u) = 1//u. So assumptions (H1)—(H3) are satisfied and ((u) is
singular at v = 0.

1
15.6253 "

Let g = min1/2§t§2/3 q(t) = % Then o > 675# ~
For arbitrary k£ =1,2,..., we have

sinVInu > 0, f(u) >0, o (2km)? <u< e[(2k’+1)7r}2,
sinvVinu <0, flu)=0, @D <y < [2E+2)m)?
Since o> e~ 5™, we have oe2+18)™ > ¢(2kt+16)7 g
el > 2kt 15)m]?
Hence, we get
o(el@H7*) = ' max{max{0, sin y/max{0, In} }u : 0 < u < |27}

= Cmax{sin Vinuu : e <y < @Dy
< Cel@kDm?

w(e[2k+%w]2) > C'min{sin Vlnuu : el R < o < 6[(2k+%)”]2}

> (C'sin ln(e[(2k+%)”12) . el @+ 1)

> Coel@Erim? g ™
el CO’G 16 Sin 16
It follows that
_ Cel@ktD]? . C
oo < i om0 S O
— Coel@k+15)m? ¢jp = r 13
> i 16 _ . _ ‘
Voo 2l o2+ E)m]? Cosine =155

Obviously, p, =0 and Vs = 0.

Therefore, Ap_+Mpu =0 < 1and By +mUs = % > 1. By Theorem
oo oo
4.4, the problem has a sequence of positive solutions vy, k =1,2,..., such
that |luy| — +oo.
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