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Gelfand transform for a Boehmian space
of analytic functions

by V. KARUNAKARAN and R. ANGELINE CHELLA RAJATHI (Madurai)

Abstract. Let H*°(D) denote the usual commutative Banach algebra of bounded
analytic functions on the open unit disc D of the finite complex plane, under Hadamard
product of power series. We construct a Boehmian space which includes the Banach algebra
A where A is the commutative Banach algebra with unit containing H°°(D). The Gelfand
transform theory is extended to this setup along with the usual classical properties. The
image is also a Boehmian space which includes the Banach algebra C'(A) of continuous
functions on the maximal ideal space A (where A is given the usual Gelfand topology).
It is shown that every F € C(A) is the Gelfand transform of a suitable Boehmian. It
should be noted that in the classical theory the Gelfand transform from A into C'(A) is
not surjective even though it can be shown that the image is dense. Thus the context of
Boehmians enables us to identify every element of C(A) as the Gelfand transform of a
suitable convolution quotient of analytic functions. (Here the convolution is the Hadamard
convolution).

1. Introduction. The theory of Gelfand transform is applicable to the
Banach algebra A containing the Banach algebra H*(D) of bounded an-
alytic functions in the open unit disc D with unit element added. If A
denotes the usual maximal ideal space of this algebra (or the non-trivial
complex homomorphisms on A), equipped with its Gelfand topology, then
the Gelfand transform is an injective continuous mapping of A onto a dense
subset of C'(A). Since the Gelfand transform is not surjective, it is inter-
esting to ask whether it is possible to define new objects whose Gelfand
transforms exhaust C(A). We answer this question affirmatively by con-
structing a Boehmian space (which are convolution quotients of elements
of H*(D)) and proving that every element of C(A) is indeed the Gelfand
transform of a suitable Boehmian. In fact we show that the Gelfand trans-
form can be extended as a linear, bijective, bicontinuous (in the delta sense)
map of one Boehmian space onto another. The required preliminaries are
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developed in Section 2 and the main theorem is proved in the final section.
Indeed we shall also give a necessary and sufficient condition on a Boehmian
for its Gelfand transform to represent an element of C'(A).

2. Preliminaries. Let R and C denote the usual real line and the com-
plex plane. For f,g € H®(D) with f(z) = > >7 jan2", g(z) = >0 bn2",
define

(f*xg)(z)= Zanbnz".
n=0
Let
B = {d) :D—C, analytic/qﬁ(z) = chz” with Z len| < oo}.
n=0 n=0

For fe H*®(D) we have || f||cc = sup,cp | f(2)| and hence if ¢p(2) =D ¢ 2"
€ B then ||¢]loc < Y02y len] < oo. This shows that B € H*(D). The

following results can be found in [Re], [CD], [SzZ.

LEMMA 2.1. H>®(D) is a Banach algebra under Hadamard convolution
(without unit) and if f,g € H*(D) then fxg € B C H>*(D).

THEOREM 2.2. The non-trivial complex homomorphisms on H*°(D) are
of the form 6, n=0,1,2,..., where 8, is defined by 5,(f) = f(0)/n!.

THEOREM 2.3. If E is the mazimal ideal space of H*(D) then E is a
locally compact Hausdorff space and the maximal ideal space A of A is the
one-point compactification of E.

THEOREM 2.4. The Gelfand transform @ : H*(D) — C(E) maps H>* (D)
onto a subset of Co(E) (which in turn is a subset of C(E)), where Cy(E) is
the space of all continuous complex functions on E vanishing at oo.

We shall prove the following result in respect of the theory of Gelfand
transform on A where A is the commutative Banach algebra containing
H*°(D) with unit. We first note that if A denotes the maximal ideal space of
A with its usual Gelfand topology then the Gelfand transform @ : A — C(A)
is given by &(f) = f, where f(h) = h(f), he Aand f € A.

THEOREM 2.5. The Gelfand transform @ : A — C(A) is an injective
continuous linear map with || f||so < || fllce for f € H®(D). Moreover, h € A
if and only if h = &, for somen =0,1,2,... or h = doo where doo(f, ) =
for all f € H®(D) and a € C. Further A is dense in C(A).

Proof. Using Theorem the required conclusions readily follow from
their analogs in the Gelfand theory of integrable functions except for the
denseness, which is an easy consequence of the Stone—Weierstrass theorem
(see [Rul). =
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We now start constructing the required Boehmian spaces. We recall that
(see [M1]) a Boehmian space is obtained using a base space G which is a
additive commutative semigroup and S a subsemigroup of G with a map
x: G x § — G satisfying

1. For f,ge S, fxg=gxfeSb.
2.If feGand g,h € S then (fxg)xh=fx(gx*h).
3.If f,ge Gand he Sthen (f+g)xh=(f*xh)+ (g*h).

We also need x (called a set of delta sequences) C SV (where N is the set of
natural numbers) satisfying

1. Forf,gGG, [f*¢n:g*¢n (n:172>-")7{¢n}€X] :>f:.g-
2. {Pn} {tn} € x = {Pn xVn} € x.

Consider the class A; of ordered pairs of sequences defined by

Av = A{{fi} {oe}) : fr € G, {dr} € x (k €N)}.
An element ({fi}, {¢r}) € A1 is said to be a quotient of sequences (also
denoted by 2) if
fexdr=fixor Vk,1eN.
Let A denote the set of all quotients of sequences in Aj.
Two quotients of sequences % and % are said to be equivalent (denoted
by J& ~ 25 if
fexr =g x¢r Vk,1eN.

It can be easily shown that ~ is an equivalence relation on A. The equiv-

alence class containing a quotient of sequence % is called a Boehmian and

is denoted by [é—’;] The set & of all such Boehmians is called a Boehmian
space.

We now observe that condition 1 for delta sequences ensures that G gets
embedded injectively in £ using the map f +— [%] for f € G and any

sequence {¢} € x.

DEFINITION 2.6. Let G be as above with a notion of convergence of
sequences. A sequence {x,} of Boehmians is §-convergent to a Boehmian x

(we write §-lim x,, = x or x, Spasn — o0) if there exists a delta sequence
{0k} such that z,, * 0, x * 6 € G for all k,n € N and x,, * § — = * 0}, as
n — oo in G for each k € N.

For a complete description of the construction of Boehmian spaces and
their properties we refer the reader to [M1]. There are also various other
types of construction of generalized quotient spaces which are studied in
detail in the literature (see [AM], [M2]). However we shall restrict ourselves
to the original construction described above.
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We now define two Boehmian spaces as follows. % is formed using
G=H>*D), S=B8B,

* being the Hadamard convolution and x ={{¢r} C B/ ¢r(z) = > o7y k2"
with i # 0 for all k,n, ¢, — 1 for each nas k — oo, and > ;7 |cni| < M,
where M is independent of k}. For example the sequence defined by ¢x(z) =
Yoo e /kan (k= 1,2,...) is a delta sequence. The second Boehmian
space %y is obtained by taking G = Co(E),S = B = {f : f € B},
x = {{or} | {¢r} is a delta sequence in %} and taking * to be point-
wise multiplication. (Note that here ~ refers to the Gelfand transform on
H>(D)). We also observe that C(A) can be identified in %, using the map

fe [%], as can be easily verified. Since the Boehmian space %; already
k

contains the Dirac delta (which is represented by [%] € %), it is not ne-
cessary for us to construct our Boehmian space using the Banach algebra A.
For this reason it is easy to see that the Banach algebra A can be identified
inside the Boehmian space #; using the continuous map

f* o+ agy
o) [P

Here the continuity is understood in the sense that f, — f asn — oo in G

implies x,, = [f”(;‘if’“] LA [%] in %,. Further it is easy to see that %

is larger than A using the following example. Consider f(z) = Y 7 nlz"
(whose radius of convergence is 0). This can be identified with [%] where

ar(2) =307, nle=/k2m and ok(2) =02, e~k yn,
Addition and scalar multiplication in the Boehmian spaces % and %>
are defined canonically. Moreover we can define convolution of two Boehmi-

[(‘k] |:.9k Jk‘ 9]{

In a similar way we can define the product of two Boehmians in %5. We
observe that the Gelfand transform theory which is available on A can be
extended to the Boehmian space %, and we can study the extended Gelfand
theory in this context. While in the classical case the Gelfand transform
maps A onto a proper subalgebra of C'(A), in our theory it is possible to show
that the extended Gelfand transform is a linear, bijective and bicontinuous
(in the delta sense) map of #; onto %s. In particular every element of C'(A)
can be viewed as the Gelfand transform of a suitable Boehmian. Thus the
framework of Boehmians enables us to realise the whole of C'(A) as the
Gelfand transforms of convolution quotients of H*°(ID). We shall give the
full details in the following section.
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3. Main results
DEFINITION 3.1. Let x = [%] € #. Then the Gelfand transform & of
x is defined as the Boehmian [(J;—’“] € B.
k

It is easy to see that & € %, and is well-defined. Further if z represents

(f,a) € A in the sense that x = [f*qb’:ﬁ%‘p’“] then & = [(fj;ﬂ] represents
k

f + «, which is nothing but the Gelfand transform of (f,«) € A, and there-

fore our definition is consistent with the classical definition of the Gelfand
transform on A.

DEFINITION 3.2. A bijective map @ from a Boehmian space %; onto a
Boehmian space % is said to be bicontinuous if z, LR xin %1 asn — oo
implies y, = P(xy,) LA y = ®(x) in By as n — oo and vice versa.

THEOREM 3.3. The Gelfand transform ® : %1 — HBa given by P(x) =27 is
linear, bijective and bicontinuous (in the delta sense). Moreover (zxy)" = 7.

Proof. 1t is obvious that @ is linear and we can also easily show that the
Gelfand transform is injective and that (z*y)" = ¢ for z,y € %;. We now
show that the Gelfand transform on Z; is surjective. Let y = [i—’“] € .

k
Fix {¢} € x (with ¢ (2) = > 07 dnrz™) and consider gi(2) = > 07 5 bpiz",
Where bnk = fk(én)¢k(5n) = fk(én)dnk We have |bnk’ S Mk|dnk| (Where
My, = suppcg | fr(h)] < 00). It is now easy to see that gi(z) € B for every
k=1,2,... and that

(Note that in view of Theorem every element of F is of the form 6,
n=20,1,2,...). Hence

y:[fk]:[fkﬁ)k]:[gk}:[ 9k r:
Pk Prr Prr, P * Py,
with x = [ ¢kik¢k] € %:. This completes the proof of the fact that @ is

surjective.

IS

We next claim that @ is continuous in the sense that z,, 2, x in %A, as
m — oo implies Zp, S g in Py as m — 00 (see Deﬁnition. Indeed we
can assume T, = [f;—?], T = [%] and fry, — fr in H*(D) as m — oo for
each £k = 1,2,.... Using the fact that the Gelfand transform is continuous
on A it follows that fkm — fk in Cyp(F) as m — oo for each k = 1,2,....

Since Z,, = [fg—;”}, T = [(J;—’;] we see that Z,, LR T in ABy as m — o0o. Thus &

is continuous. For the continuity of #~! we shall assume y,, — y as m — o0,
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where y,, = [ﬁf—km], Y= [%] € %, (note that @ is bijective), and show that

in%l,xmixasmﬁoo.

Our claim is that fi, * ¢ — fi * ¢ in H>*(D) as m — oo for each
k = 1,2,.... Indeed, by hypothesis, we have |ankm — ank| < € uniformly
for all n as m — oo for each fixed k, where fi(2) = Y07 ank2"™, fim(2) =
Yot g ankm 2" and ¢p(2) = > cpiz™. Hence

Sup |(frm * 01)(2) = (F % 0)(2)] <D ankm — Gkl [nk]
z n=0
<€ lennl <eM (say).
n=0

This shows that (z,, * ¢r) * ¢ — (z * @) * P as m — oo or equivalently
T S zin P as m — oo. Thus &1 is continuous. The proof of the theorem
is now complete. n

The above theorem in particular implies that given f € C(A) there
exists r = [%] € % such that © = [%] However it is also possible to
k
characterise the Boehmians whose Gelfand transforms represent functions
in C(A). We have the following.
THEOREM 3.4. Let x = [%] € By with fr(2) =Y .00 yankz" € H®(D).

Then T = [(J;—’“] represents [ € C(A) (in the sense that for = fk) if and
k

only if limy_.o0 anp = by, exists for each n € N and lim, ., b, = « exists

for some a € C.

Proof. Let fi, = féy in Co(E) and note that

]Ek((sn) = f(‘sn)ﬂgk(‘sn%
anpk = f((sn)cnk (ggk((sn) = an)a

lim lim a,; = lim f(0,) = f(0s) exists.
n—oo k—o00 n—oo

(Note that f is continuous on A and its Gelfand topology implies d,, — do
as n — 00).
Conversely assume that lim, o limg_,o0 anr = o exists. Define

on) ==

Thus f is defined for all h € A. Since ¢,1, # 0 for all k, n, we have ¢y (8,) # 0,
so f(dy,) is well defined on E. Being the quotient of two continuous functions,

for §, # 0o and f(d) = .
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f is continuous on E. Using the quotient property of [%], it also follows
that f(d,) is independent of k. In order to prove that f is continuous on A
we have to show that f(d,) — f(ds) as n — oo. Indeed,

f(8n) = lim_ fi(60)/ lim G (6n)
= klim apk  (since ¢ — 1 as k — oo for each n).

Now
lim f(9,) = lim lim apr = a = f(0s0).

n—oo n—oo k—oo
Thus f € C(A). This completes the proof of our theorem. m
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