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Harmonic mappings onto parallel slit domains

by MICHAEL DORFF (Provo, UT), MARIA NowAK (Lublin)
and MAGDALENA WOLOSZKIEWICZ (Lublin)

Abstract. We consider typically real harmonic univalent functions in the unit disk
D whose range is the complex plane slit along infinite intervals on each of the lines = =+ ib,
b > 0. They are obtained via the shear construction of conformal mappings of D onto the
plane without two or four half-lines symmetric with respect to the real axis.

1. Introduction. Let S be the class of functions f that are univalent
sense-preserving harmonic mappings of the unit disk D = {z : |z| < 1} and
satisfy f(0) =0 and £,(0) > 0. Next let S% be the subclass of Sy consisting
of f with fz(0) = 0. Since harmonic mappings in S% are not determined
by their image domains, many authors have studied subclasses of S% con-
sisting of functions mapping D onto a specific simply connected domain {2.
In particular, in [6] Hengartner and Schober considered the case of {2 being
the horizontal strip {w : [Imw| < 7/4}. Later Dorff |2] considered the case
of {2 being an asymmetric vertical strip, and Livingston [7] considered the
case of {2 being the plane C slit along the interval (—oo,al, a < 0. Also
Livingston [8], and Szapiel and Grigoryan [5] studied the case when 2 is
C\ (—o00,a] Ub,o0).

Here we consider the case when a simply connected domain 2 is the plane
slit along infinite intervals on each of the lines x + ib with some b > 0. Let
Sfl(ID), ) C S’?{ be the class of harmonic typically real functions f mapping
the disk D onto 2. Since the domain {2 is convex in the horizontal direc-
tion, as in the cases mentioned above, the shear construction introduced by
Clunie and Sheil-Small can be applied. In our case the so-called conformal
preshear @) is typically real and maps the disk onto the plane without two or
four half-lines symmetric with respect to the real axis. In the next section we
study the properties of the function () and, in particular, we find the preim-
ages of horizontal lines Im@Q) = a. We also define a family F of harmonic
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mappings such that S&(D, 2) C F. We discuss properties of functions from
the family F and present several examples of harmonic functions from F.

2. Conformal preshear. We start with the following

LEMMA 2.1. For A,B >0 and c € [-2,2], the function Q(z) defined by

1+ 2 z
2.1 = Al B
(2.1) Q) Ogl—z+ 1+ cz+ 22

18 a univalent map of D onto a domain convex in the direction of the real
axis.

Proof. We will show that iQ(z) maps D onto a domain convex in the
direction of the imaginary axis. By the result of Royster and Ziegler [9], it
suffices to show that there are numbers p € [0,27), v € [0, 7], such that

Re{e(1 —2cosye #z + e 2#22)Q'(2)} >0, zeD.

Choosing u = 0 and v € [0, 7] so that cosy = —¢/2 € [—1,1] implies that
the left-hand side of the last inequality is equal to

1 1— 22
1 (24 B
Re{( +cz—|—z)< 1—z2+ (1+cz+z2)2>}

2A B
<|1—z2|2+ ,1+Cz+zz|2)( |2[%)(1 4 |2]* + cRe(2))

So the result follows from the fact that ¢ € [-2,2]. »

We remark that in the case when A = 1 sin?a, B = cos® o, a € (0,7/2),
and ¢ = —2, Lemma 2.1 was proved in [4] where the authors also studied
classes of harmonic mappings obtained by shearing these functions.

A calculation shows that in the case of ¢ = 2 the image of the unit disk
under Q is

A 24 24+ B
2 ¢ p L )

(C\{x:l:A;i:xe {—log

while for ¢ = —2 the image is
Ar A, 2A 2A+B
(C\{x:l:QZ.aUE(—oo,QlogB— 1 ]}

In the case when ¢ € (—2,2) the function @) maps the unit disk onto the
complex plane minus four horizontal half-lines. In particular, if ¢ = 0, then
the resulting image is the C plane without the four symmetric half-lines

{xiA;i T <_m,_glog<%j\g> B B(2;4+B)]}
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and
{ Am [A <\/2A+B+\/B> B(2A+ B) >}
r+—1i:x € |=log + ,00 | ¢
2 2 V2A+B—- VB 2

Assume now that @ is given by (2.1) with ¢ = —2cos~, v € (0, 7). Then,
setting n = "7, we have

1+2z z
(2.2) Q(Z>:AIOgl—z+B(1—nz)(1—ﬁz)'

Our aim is now to study the preimages of the horizontal lines Im QQ = « > 0.

Using the transformation ¢ = ((z) = %fj we can write

¢ -1
4sin® 3 ((+icot3) (¢ —icotd)

Q(z) =Alog(+ B

We put ¢ = re? and consider the level curve

B sin 20
ImQ = A0 + —
4sin* 3 (r — 7°0t257/2) )2 + 4 cot? J cos? 0
B in 20
= A6 + — =«

)

4sin* 1 (r+ M)Z — 4 cot? I sin? @ B
where
0 < 6 < min{a/A,w/2}.

So, the equations of these level curves in polar coordinates can be written in
the form

cot? 2\ 2 Bsin 26
2 27 2
r— = — 4 cot” = cos” 0,
( r > 4(a — Af) sin* 7 2
or
cot? 2\ ? Bsin 26 vy
T+ 2) = + 4 cot? = sin? 6.
< r > 4(a — Af)sin 7 2
Consequently,
cot? 1 Btané
(2.3) r— 2 = +9cot L cosh an —— —
r 2 2(ac — Af) sin”

B sin 20
— +cot L L_Q—élcos?&,
2\ (a— Af)sin®~
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cot? I v Bcot 6
2.4 + —=2 =2cot - sinf +1
(24) " r Ohgsm \/2(a — Af)sin? v

Bsin?2
:cotl L,QQ—FZLSHPG.
2\ (v — Af)sin® v

We assume first that « > 7A/2 and show that preimage of Im Q) = « in
the z-plane is a Jordan curve passing through the point 7 and except for this
point lying in the upper half of D. It follows from that 6 € (0y,7/2),
where 6 satisfies the equation

Btan6 _1
2o — Af)sin®~
It follows from ([2.3) and (2.4) that

1 Bsin?2
(2.5) r=-cot 7< LGQ + 4sin% 0
22 (cv — AB) sin” v

+ &292 —400826’>,
(v — Af) sin”

where 6 € (6p,7/2). On the other hand,
(2.6) Re@ = Alogr
B (r— COt('Y/Q)) (r+ COt(:/Q)) + cos 20 (cot? 3 — 1)

r

4sin® J (r— 7°°t2$7/2) )2 + 4 cot? % cos? 0

It follows from the above that the first term in (2.6) is bounded and a
calculation gives that the second term is equal to

(2.7) (B cos 7y

2sin? ~
+ \/B+2(a—A9)sin2'ytan9\/B —2(a—Ac9)sin2'ycot0).

This shows that Re @) tends to £oo if # tends to 7/2, which means that the
preimage of the level curve Im () = « in the (-plane is a Jordan curve passing
through the point i cot(y/2) lying in the first quadrant except for this point
and our claim is proved.

Assume now that 0 < a < Aw/2. Then the preimage of the level curve
Im @ = « in the {-plane in polar coordinates is also given by , where
0 € (0p,/A). This implies that if 6 tends to a/A, then r tends to either 0
or co. Moreover, by the second term in the sum on the right-hand side
of equation is bounded for 6 € (6p, a/A). This means that the preimage
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of the level curve Im () = « in the (-plane is a regular line going from zero
to infinity which corresponds to a curve connecting 1 and —1 in the upper
half of D in the z-plane.

Finally we note that the preimage of an interval lying on the line Im w
= Ar/2 is a curve joining two boundary points of D where the derivative of
() vanishes.

We have already mentioned that in the case when ¢ = 2, -2, the func-
tion ) maps the unit disk onto the plane slit along two parallel horizontal
half-lines. In the manner used above but with less tedious calculations one
can show that in these cases preimages of the horizontal lines Im Q = « are
curves connecting 1 and —1 for 0 < a < An/2 and Jordan curves passing
through —1 (resp. 1) for a > Am/2.

3. The class SE(D, 2). Let 2 and SE(D, 2) be as in the Introduction
and assume that f € Sfl( ,§2). Next, let F' and G be functions analytic in
D satisfying

F(0)=G(0)=0, Ref(z)=ReF(z), Imf(z)=ImiG(z).
If
h=(F+iG)/2 and g¢g=(F—iGQ)/2
then
f=h+g and | (z)] <|W(2)|.

Moreover, the function h — ¢ = iG is univalent, convex in the horizontal
direction, and G(D) is C slit along one or two infinite rays on the vertical
lines x = +b. We also note that f is typically real if and only if iG = h — g

is typically real. So the image of D under G is symmetric with respect to
the real axis.

It follows from the above that

) 1+
iG(z) = Q(z) = Alog 1_2 +Bl+ci+z2’
where A, B > 0, ¢ € [-2,2]. We also note that A = 2b/7.
Consequently,
‘ () +9'(Q),,, / 0 !
F(z) = hz) + 9(2) = | 775 (W(C) — 9'(€) d¢ = }iG'(C) P(C) dC,
ViGEr )

where P is in the class P of functions analytic in D with P(0) = 1 and
Re P(z) > 0 for z € D.
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Thus

o= Re{§<1 o By ) PO

. 142 z
+zIm{Alog1_z—|—Bl+cz+Z2}.

Using the function
0 (2) = Al 1+z2 4B z
z)=Alo
A,Be 1> 1+cz+22

the last formula can be written in the form
z

(3.1) f(z) =Re| Q4 5 (OP(C)d¢ +iTmQa p o(2).

0
Now we define the family

z

F= {f J() = Re | Q5 o(OP(Q) d +iTm Qapo(2),

0
A,B>0,ce [—2,2],Pe73}.

So, we have
THEOREM 3.1. SE(D,2)C F.

The next theorem gives one of the properties of the family F that can
be proved using the method applied by Hengartner and Schober [6] and
Grigorian and Szapiel [5] and others. We include its proof for the reader’s
convenience.

THEOREM 3.2. For each f € F, every horizontal line has a non-empty
connected intersection with the image f(D).
Proof. Let f € F, f = h+g = Re(h+ g) +iIm(h — g). Let 2 =
Q (D). We consider the images of horizontal lines contained in {2 under the
function f o Q~. We observe that in the case when a # +b the entire line
{w=t+ia:t € R} is contained in 2 while {w =t+ib:t € R} NQ(D) are
finite or infinite intervals. Note first that
Im[f(Q7(t +ia))] = Im[Q(Q™'(t +ia))] = a,
so the function f o @~ maps horizontal lines into themselves. Moreover,
0 _ . 0 _ .
SUAQ (e i) = o [Re(F(Q (¢ + ic)]
= Re(Q'(Q7!(t +ia)) P(Q!(t +ia))(Q " (t +i)))
= Re(P(Q*(t +ia))) > 0.
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Thus the functions ¢ — Re(f o Q71(t + ia)) are strictly increasing for
each o € R. Therefore every horizontal line has a non-empty intersection
with f(D). =

In the next theorem we give some sufficient conditions for the contain-
ment of the entire horizontal lines Im z = o (o # £b) in f(D).

THEOREM 3.3. Assume that Q is given by with n = €7 and f is
defined by (3.1)). Let v € [0, 7). If the function P in is analytic at n
and Re P(n) > 0, then the half-plane {w : Imw > b} is contained in f(D).
If the function P is analytic at 7 and Re P(77) > 0, then the half-plane
{w : Imw < —b} is contained in f(D). Finally, if the function P is analytic
at 1 and —1, ReP(1) > 0 and Re P(—1) > 0, then the horizontal strip
{w : [Imw| < b} is contained in f(D).

Proof. Assume P is analytic at n and Re P(n) > 0. Consider the function

z

(32) F(z) = Q' QP d¢,

0
where @ is given by (2.2]). Then in a neighborhood of 7, when n # +1,

F'(z) = P()Q'(2) + <P’(n)(z o)+ P”2(77) (z=n)?+- >

><< L W )
m—m—m2 " 2=y ’

and when n? =1,

F(2) = P )+ (P =)+ 25— o)

2
(—2377 _ B + a_—1 +a +>
G=n3 (-m2 z-n " '
Thus the function w, defined by
BnP’
F(2) - P)Q) + 21 log(1 — 72) itn? £ 1,
wy(2) = § F(2) — P()Q(2) ,

~ B(P'(n) + nP" () log —— + 222D gy

1—nz 1—nz
is analytic at 1. Consequently, in the case % # 1,
F(2) = F(2) = wy(2) + wy(2)
_ __BnP'(n)(1 —nz)(1 —7z)log(1 —72)
=6 (P~ 2 S e 1 5) )

z
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and in the case n? =1,

B((P'(n) +nP"(n))log _12—% (1—nz)?
Fi = e o+ 2 )
+ wy(2).
Therefore,

F(2) = Q)(P(n) + o(1) + wy(2) as 2 — .
It follows from the work in Section 2 that the preimages I, of the lines
Imf(z)=ImQ(z) =a>b or Imf(z)=ImQ(z) =a < —b
are curves in D that approach 7 or 7, respectively. Since
Re f(z) = Re F(2),

we see that Re f(z) converges to £00 as z approaches n or 7 along I',.

Assume now that n = €7 with v € (0, 7). If the function P is analytic at
1 and —1, Re P(1) > 0, and Re P(—1) > 0, then wy(2) = F(2) — P(1)Q(2)
is analytic at 1 and w_1(z) = F(z) — P(—1)Q(z) is analytic at —1. This
means that Re f(z) = Re F'(z) behaves as Re @(z) near 1 and —1. Moreover,
we know from Section 2 that preimages of the lines

Im f(2) =ImQ(z) =«, where |a| <,

are curves in D connecting 1 and —1. So, our claim follows. The same con-
clusion can be drawn for the cases when n=1and n = —1.

COROLLARY 3.4. If f € F has dilatation w(z) = ¢'(z)/h'(z) such that
lw(z)] < C <1 for z € D, then the complement of f(D) consists of infinite
intervals lying on two parallel lines z = +ib.

For fixed A, B > 0, ¢ € [—2,2] let F(A, B, c¢) denote the subset of F with
@ = Qa,B,c. As we noted before, the class F(A, B, ¢) contains the harmonic
univalent maps of the disk D onto the plane slit along the horizontal lines
z = +ib, where b = mA/2. Now for fixed b > 0 (or equivalently A > 0) let

Fo)= |J FA,B

B>0, —2<c<2

and let SE(b) denote the class of typically real univalent harmonic mappings
of the disk D onto the plane slit along the horizontal lines z = +ib. We have
the following.

COROLLARY 3.5. Forb >0,
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Proof. Let f € F(b) be given by (3.1)) with some P € P. For an integer
n > 2 define P,(z) = P((1 —1/n)z) and set

fa(2) = Re§ Q'(Q)Pu(Q) dC +iTm Q(2).

0

By Theorem fn € SE(b) and the sequence {f,} converges locally uni-
formlyon D to f. m

The next theorem describes situations when functions f from the fam-
ily F have the property that the intersections of horizontal lines with f(DD)
are finite intervals.

THEOREM 3.6. Assume that Q is given by (2.2) with n =€, v € (0,7),

and f is defined by (3.1)). If the function P in is analytic at n (77) and
P(n) =0 (P(n) =0), then the intersection of every horizontal line Imw = «,
a>b (a< =b), with f(D) is a finite interval. Moreover, if the function P
is analytic at 1 and —1, and P(1) = P(—1) = 0, then the intersection of a
horizontal line Imw = « (|a| < b) with f(D) is a finite interval.

Proof. Assume that P is analytic at 7, P(n) = 0 and F is given by (3.2)).
Then in a neighborhood of 7,

BnP’
Py = DIy (2),
(n—=n)(z—=mn)
where wy, is analytic at 7. Consequently,
BnP’ 1
_ BuPn) oL
n=1 I E
with W), analytic at 7. It has been noted in [5, pp. 66-67| that nP’(n) < 0.
Hence in a neighborhood of 7,

F(z) + Why(2),

B /
')
2siny

1
Ref(z):ReF(z):Im< - ) + Re W, (2).
Now our claim follows from the properties of the set {z € D : Im f(z) = a}
for a@ > b. The other statement can be proved by observing that if P is ana-
lytic at 1 and —1, and P(1) = P(—1) =0, then F is analytic at 1 and —1. m

We note that the assertion of Theorem does not hold in the case
n = +1. In particular, if n = 1, P is analytic at 1 and P(1) = 0, then the
intersection of every horizontal line Imnw = « (a > b) with f(ID) is either
this line or a half-line {w : w = = +ia, © > x,} with some real z,. Indeed,
if
142 z

Q(z):Alogl_Z+B(1_Z>2
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and F' is defined by (3.2), then

_ 2BP/(1) / 1

where w is analytic at 1. Hence

F(z)

+w(2),

1
Re F(z) = 2BP'(1)Re T+ B(P'(1) + Re P"(1)) log Py +0(1)
z— z—
as D 3 z — 1. Using the transformation { = ((z) = %Z we can write

ReF(¢) = —BP'(1)Re¢+B(P'(1)+Re P"(1))log [C+ 1|+ O(1) as { — oo.

A calculation shows that the preimage of the level curve Im f=ImQ=a>b
in the (-plane can be written in the form

a— Af
(3.3) "= 2\/ Bsin 26’

where ¢ = re?, 6 € (0,7/2). It has been proved in [5] that P’(1) +Re P"(1)
< 0. We now show that if we assume additionally that P’(1)+Re P”(1) = 0,
then f(ID) contains the half-lines described above. Indeed, on the curve given

by (3.3]) we have

Re F(¢) = —BP/(1) - 2

o — Ab
Bsin20 - 6+00)
and our claim follows from the fact that

o — Af o — Af

lim 2 0= d li
92%1 Bsin20 oo an eﬂlwrilzf Bsin 20

Similar analysis can be used to show that if P'(1)4+Re P”(1) < 0, then f(D)
contains the whole horizontal lines Imw = o > b.

cosf = 0.

4. Examples. In this section we give examples of harmonic functions
from the family F. Our first example is a harmonic map of the unit disk onto
the complex plane slit along four horizontal half-lines that are symmetric
with respect to the real axis.

EXAMPLE 4.1. Let Q1 = Q1/4,1/20 and take P(z) = %. Then we
obtain

fi(z) = Re Fi(2) +iIlm Q4 (2)
o1 1412 1 =z 1 =z 1 z
— Re[ -1 - . -
Re( 16 Og<1—¢2)+41—z2 81+22+4(1+22)2>

il 11 1+ 2 +1 z
11m/| — 10 — .
198\1-22) Ta11 22

We will show that the function f; maps the unit disk onto the plane minus
four parallel slits given by {x £ i7/8 : |x| > 57/32}. We will use a similar
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argument to that applied by Clunie and Sheil-Small [I] for the so-called
harmonic Koebe function. Using the transformation ¢ = {(z) = HZ =+,
&> 0, we get

= 50) 1) 152

, 1¢2-1
—|—zIm< log(—|—4g2+1>

We observe that the transformation z — ((z) maps the part of the disk in
the first quadrant onto the exterior of the unit disk contained in the first
quadrant, and we note that the interval [0,4) is mapped onto the quarter of
the unit circle. If we put ¢ = re?, » > 1, 0 € [0,7/2), then we have

1 -1 1 1
Re fi(z) = 1 (i arctan 7"2 COS/; + 1 (7‘ - 7“> cos 0

1 1 (r —1/r)% 4+ 4(sin?6 4 1)

“(r—=)cost

T3 (T r) BV —1/r)2 + dcos20)2 )’
2 sin 260

r—1/r)?+4cos?6

Im f1(2) = <e+(

Now we consider the level curves
2sin 26

4.1 0 = .
(4.1) +(7‘—1/1")2—|—4cos2¢9 ¢ ¢>0

Since r > 1 and 0 € (0,7/2), we get

-1

1 tan 0
(4.2) r— - =2cosfy] -2

T C —

Let 6. € (0,7/2) be the number satisfying the equation tan, = ¢ — .. If
0 < ¢ < /2, we assume that 0, < 6 < ¢, while if ¢ > 7/2, we assume that
0. < 0 < 7/2. Fix ¢ > 0. Then the image of the level curve given in
under fy is

175 tan 6 1/2 5, tand 1/2
f]_(Z) = 8<2 arctan(c_e — 1> —+ cos 9(0—9 — 1)
1/c—0\%/tan6 8/2
+ = —1
2\ tané c—0

1 9 1 tan @ 1/2 c

c
= 0) +i-.
u(c, ) i
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If 0 < ¢ < m/2, then 8 € (6., c) and we find that

hm u(e,d) =0 and lim u(c,0) = co.

0—0F O0—c—
Similarly, if ¢ > 7/2, then 6 € (6., 7/2) and we have

lim u(c,0) =0 and lim (e, 0) = oc.
0—0F 0—m/27

Finally, if ¢ = 7/2, then 6 € (6.,7/2) and we have
hrn u(c,8) =0 and lim wu(c,0) = 51
0—07 0—m/2” 32

This means that the image under f; of the part of the disk in the first
quadrant is the first quadrant minus the half-line {x + in/8 : © > 57/32}.
Our claim follows from the symmetry.

In the next example we present a map onto the plane slit along two
horizontal half-lines symmetric with respect to the real axis.

EXAMPLE 4.2. Let fy be the harmonic shear of Q)2 = Q1/86/8—2 With
P(z) = (14 2?)/(1 — 2%). One can show that

fa(2) = Re Fy(2) +iIm Q2(2)

1 2(2—2+2%) 1+2 6 =z
—Re(: 22" 2TF) ) 4 imm( -1 S
e<2 <1—z>3<1+z>)“m( °g<1— )*8(1—@2)
It was shown in [3] that fo maps the disk onto the plane minus two half-lines
given by x £+ im/16, x < —1/4.

The following two examples illustrate Theorem [3.6]
EXAMPLE 4.3. Taking Q3 = Q14,120 and P(z) = (1 —22)/(1 + 2%) we

obtain
3t 1+1z 1 =z 1 z
= o Z
f3(2) Re( 8 (1—iz> 41+ 22 2(1+z2)2>

_I_
1 142
Tm (-1
i m<4 Og(l—z) 2 1+z2>

EXAMPLE 4.4. Let f4 be the shear of Q4 = Q14,120 With P(z) =
(1 —2%)/(1 + 2*). Then

1 1+iz 1 1+=2 1 =z
N Im (-1 L
fa(2) e( 2 Og(l—iz)) T m<4 0g(1 >+2 1+z2)

Images of concentric circles inside D under f3 and f; are shown in the figures
below.

Our final example is a harmonic map onto the right-half plane. This map
is connected with the note after Theorem [3.6]
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_ ™\

) -1 0

I—

M%U

-2

Fig. 1. Images of concentric circles inside D under f3.

S

Fig. 2. Images of concentric circles inside D under fs.

EXAMPLE 4.5. Let Q5 = Q1/4,1/2,—2 and take P(z) = (1 — 2%)/(1+ 2%).
Then

z
—R Im (-1 -
f5(2) e<1—z>+zm 1T T oy

is the harmonic map of the disk onto the half-plane Rew > —1/2.

VRS
—_

1+2 1 z )
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