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Uniqueness theorems for meromorphic functions
concerning fixed points

by X1U-QING LIN (Ningde) and WEI-CHUAN LIN (Fuzhou)

Abstract. This paper is devoted to the study of uniqueness of meromorphic functions
sharing only one value or fixed points. We improve some related results due to J. L. Zhang
[Comput. Math. Appl. 56 (2008), 3079-3087] and M. L. Fang [Comput. Math. Appl. 44
(2002), 823-831], and we supplement some results given by M. L. Fang and X. H. Hua
[J. Nanjing Univ. Math. Biquart. 13 (1996), 44-48] and by C. C. Yang and X. H. Hua
[Ann. Acad. Sci. Fenn. Math. 22 (1997), 395-406].

1. Introduction and main results. In this paper, a meromorphic
function always means a function which is meromorphic in the whole complex
plane. Let f(z) be a nonconstant meromorphic function. We shall use the
standard notations of Nevanlinna’s value distribution theory such as T'(r, f),
N(r, f), N(r, f) and m(r, f) (see [10, 14]). The notation S(r, f) stands for
any quantity satisfying

S(r, f) = ofT(r, f)}

as r — 400, possibly outside a set of finite linear measure. A meromorphic
function «a(z) is called a small function of f(z) provided that T'(r,«a) =
S(r, f). As usual, we say that two meromorphic functions f and g share the
small function a IM (ignoring multiplicity) when f(z) —a(z) and g(z) —a(z)
have the same zeros. If f(z) — a(z) and g(z) — a(z) have the same zeros
with the same multiplicity, then we say that f and g share o CM (counting
multiplicity). In particular, when «a(z) = z, we also say that f and g have
the same fized points if f and g share z CM.

Let p be a positive integer, and let a € CU{oo}. We denote by N, (r, ﬁ)
the counting function of the zeros of f—a, where an a-point with multiplicity
m is counted m times if m < p and p times if m > p.

Hayman [9], Clunie [4] and Chen and Fang [3] proved the following result.
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THEOREM A. Let f be a transcendental meromorphic function, and
n > 1 an integer. Then f"f' =1 has infinitely many zeros.

Fang and Hua [7] and Yang and Hua [13] obtained a unicity theorem
corresponding to the above result.

THEOREM B. Let f and g be nonconstant meromorphic functions, and
n > 11 an integer. If f™f" and g"g’ share 1 CM, then either f(z) = c1e%* and
g(2) = coe™%, where c1, ca and ¢ are constants satisfying (cico)"t1c? = —1,
or f(z) = tg(z) for a constant t such that t" ! = 1.

On the other hand, concerning the value distribution of differential poly-
nomials in f, Hennekemper [8], Chen [2] and Wang [12] proved the following
theorem.

THEOREM C. Let f be a transcendental entire function, and let n,k be
positive integers with n > k+ 1. Then (f”)(’“) =1 has infinitely many zeros.

Fang [6] proved the following unicity theorem corresponding to the above
result.

THEOREM D. Let f and g be nonconstant entire functions, and let n, k
be positive integers with n > 2k + 4. If (f*)*) and (¢™)*) share 1 CM, then
either f(z) = c1e® and g(z) = cae™“*, where c1, ca and ¢ are constants
satisfying (—1)*(c1c2)™(ne)* =1, or f(z) = tg(z) for a constant t such that
th = 1.

Naturally, one can ask whether there exist results for meromorphic func-
tions corresponding to Theorems C and D respectively. Recently, a result
similar to Theorem D appeared in [I, Theorem 2|; unfortunately, the proof
there contains an incorrect detail. (See the final section in [I5].)

In [15], Zhang obtained the following result concerning fixed points of
differential polynomials for entire functions.

THEOREM E. Let f and g be nonconstant entire functions, and let n,k
be positive integers with n > 2k +4. If (f")*) and (¢")*® share = CM, then
either

(1) k =1, f(z) = c1e%” and g(2) = coe ", where ¢1, ¢z and ¢ are
constants satisfying 4(c1c2)"(nc)? = —1, or
(2) f=tg for a constant t such that t" = 1.

In this paper, we get the following theorems for meromorphic functions
improving Theorems D, E and C, which are of interest in themselves. Also
we supplement Theorem B.

THEOREM 1.1. Let f and g be nonconstant meromorphic functions, and
let n, k be positive integers. Suppose that (f™)*) and (¢")*) share 1 CM.
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(1) If N(r, f) # S(r, f) and n > 3k +8 then f = tg for a constant t such
that t" = 1.

(2) If f # o0 andn > %k—i—fﬁ, then either f(z) = c1e® and g(z) = coe™,
where c1, ¢y and ¢ are constants satisfying (—1)*(cic2)™(ne)* = 1,
or f(z) =tg(z) for a constant t such that t" = 1.

COROLLARY. Let g be a nonconstant meromorphic function and f be an
entire function, and let n,k be positive integers such that n > %k: + 6. If
(fM*) and (") %) share 1 CM, then either f(z) = c1e® and g(z) = coe,
where ¢y, ca and ¢ are constants satisfying (—1)F(crca)™(ne)?* =1, or f(2) =
tg(z) for a constant t such that t" = 1.

THEOREM 1.2. Let f and g be nonconstant meromorphic functions, and
let n, k be positive integers. Suppose that (f7)*) and (¢g")*) share = CM.

(1) If N(r, f) # S(r, ) and f has infinitely many poles, and if n > 3k+8,
then f =tg for a constant t such that t™ = 1.

(2) If N(r, f) = S(r, f) and f has finitely many poles, and if n > 2k + 4
and g # oo, then the conclusion of Theorem E holds.

In order to prove the above results, we shall first prove the following two
theorems.

THEOREM 1.3. Let f be a transcendental meromorphic function, and let
n, k be positive integers. If either

(i) k>2andn>2, or
(i) k=1andn>1,

then (f™)®) = 1 has infinitely many zeros.

THEOREM 1.4. Let f be a transcendental meromorphic function, and n, k
be positive integers with n > k 4+ 2. Then (f”)(k) has infinitely many fixed
points.

2. Lemmas. For the proof of our results, we need the following lemmas.

LEMMA 2.1 (see [16,[11]). Let f be a nonconstant meromorphic function,
and p, k be positive integers. Then

2.1) Ny, 1/f®) < T(r, fB) = T(r, f) + Npsro(r, 1/£) + S(r, f),
(2.2)  Np(r,1/f%)) < Npy(r, 1/) + kN(r, f) + S(r, f),
N(r,1/f®)) < N(r,1/f) + kN(r, f) + S(r, f).

LEMMA 2.2 (see [9]). Let f be a nonconstant meromorphic function andn
be a positive integer. Suppose P(f) = anf"+an_1f" 14 -+a1f+ag, where
a; are meromorphic functions such that T(r,a;) = S(r, f) (i = 0,1,...,n)
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and a, Z0. Then
T(r, P(f)) =nT(r,f)+ S(r, f).

LEMMA 2.3 (see [10]). Let f be a nonconstant meromorphic function.
Then for each positive integer k,

- (5) 5200
L)) ()

where Py_o(f'/f) is a polynomial in f'/f and its derivatives with constant
coefficients and of total degree < k — 2.

LEMMA 2.4 (see [I0]). Suppose that f is a monconstant meromorphic
function and k is a positive integer. Then

T(r,f) < N(r, f) +N<7‘, }) —|—N(7"7 f(k)l1> — N<r, f(k1+1)> + S(r, f).

LEMMA 2.5 (see [12]). Suppose that f is a transcendental meromorphic
function, k > 3 is an integer and € > 0. Then

(k—2)N(r, f)+ N(r,1/f) < 2N, 1/f) + N, 1/fE) 4 eT(r, f) + S(r, f).

LEMMA 2.6 (see [14, [13]). Let F' and G be nonconstant meromorphic
functions. If F' and G share 1 C'M, then one of the following three cases
holds:

(i) T(r,F) < Na(r,1/F) + Nao(r,1/G) + Na(r, F) + Na(r,G) + S(r, F)
+ S(r,G), the same inequality holding for T(r,G);
(ii) F =G;
(i) FG = 1.

LEMMA 2.7 (see [I0]). Suppose that f is a nonconstant meromorphic
function, and k > 2 is an integer. If

N(r,f)+N(r,1/f)+ N(r,1/f®) = S(r, £/ f),

then f = e®** where a # 0 and b are constants.

LEMMA 2.8. Suppose f and g are nonconstant meromorphic functions,
and n,k are positive integers. Let F' = (f”)(k),G = (g”)(k), and suppose
there exists a nonzero constant ¢ such that F = G + c.

(i) If N(r, f) = S(r, f), then n < 2(k + 1).
(ii)) If N(r,f) # S(r, f), thenn < 3(k+1).
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Proof. By the second fundamental theorem, we get

(23)  T(rF) <N F)+ Nr1/F) + N<r, = L C) +S(r, F)

=N(r,F)+N(r,1/F)+N(r,1/G) + S(r, F).
Applying (2.2) to the function ¢g" for p = 1, we get
(2.4) N(r,1/G) < kN(r,g) + Niya(r,1/g") + S(r, g)
<kN(r,g)+ (k+1)N(r,1/g) + S(r, 9).
By Lemman and applying (2.1) to the function f™ for p = 1, we get
(2.5) nT(r, ) T(r, f*)+5(r, f)
T(r, (f")¥) = N, 1/(f")*)) + Ny (r, 1/ ) + S(r, f)
T(r,F) = N(r,1/F) + (k+1)N(r,1/f) + S(r, f).
It follows from ( 3)—(2.5) that
nT(r, f) < N(r, f) + kN(r,g) + (k + 1)N(r,1/g) + (k + 1)N(r, 1/ f)
+ S(r, f)+ S(r,g).
Similarly,
nT(r,9) < N(r,g) + kN(r, f) + (k + 1)N(r,1/f) + (k + 1)N(r,1/g)
+ S(r, f)+ S(r,g).

The above two inequalities yield

n(T'(r, f)+T(r,g))
< (k+1)(N(r, f) +
+S(r, f) +5(r,g
< (k+1)(N(r, f) +
+ S(r, f)+S(r,g).

From this and the condition F' = G+ ¢, we easily obtain the desired result. =

N(r,g)) +2(k + )(N(r,1/f) + N(r,1/g))
)
N(r,g)) +2(k+1)(T(r, f) + T(r,g))

LEMMA 2.9. Let f and g be nonconstant meromorphic functions, and let
n, k be positive integers. If (f")*) = (")), and either

(i) N(r,f)=S(r,f) andn > 2(k+1), or
(it) N(r, f) # S(r, f) and n > 3(k + 1),
then f =tg, wheret is a constant satisfying t" = 1.
Proof. Since (f™)*) = (¢")¥) by integration we get
() = (@)D +

where ¢j_1 is a constant. If ¢ # 0 and either (i) or (ii) holds, then applying
Lemma 2.8 we always get a contradiction. Hence ¢;_; = 0. Repeating the
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same process k — 1 times, we arrive at
ff=g"
Thus f = tg, where t is a constant satisfying " = 1. =

LEMMA 2.10. Let f and g be transcendental meromorphic functions with
finitely many poles, and let n, k be positive integers with n > 2k + 2. If

(2.6) (fME (g™ = o(2),
where p(2) = 22 or p(z) = 1, then:
(i) f#0, g#0;
(ii) f = e*/P and g = €°/Q, where o, 3, P,Q are polynomials and
«, B # const;

(iii) if g # oo, then f = e*/P and g = ce™®, where ¢ is a nonzero
constant and o, P are given by (ii).

Proof. In fact, suppose that f has a zero zg with multiplicity m. Then
2o must be a zero of (f)*) with multiplicity nm — k. Since nm —k > n—k
> 2 and degp < 2, by (2.6) we deduce that zp must be a pole of g (with
multiplicity g, say), thus (nm — k) — (ng+ k) < 2, i.e., n(m — q) < 2k + 2.
This is impossible since n > 2k + 2. So f # 0, similarly g # 0, and (i) holds.

Now we may suppose that
oo(2) B(2)

f(z) = W? 9(z) = m,

where «, 3 are nonconstant entire functions and P, () are polynomials.

(2.7)

First we consider the case when k > 2. From (2.6) and the assumption,

N(r, 1/(fM®) = N(r, (¢") ) /) < N(r, (¢")*)) + N(r,1/) = O(log ),
which yields
(2.8) N 1/f™) + N, f*) + N(r, 1/(f"®)) = O(log 7).
Noting that

(29) T(T, (fn)//fn) = T(ﬁ nf//f) = T(Ta n(o/ - P//P))v

if v is a transcendental entire function, by (2.8), (2.9) and applying Lem-
ma we get f = e¥ TP where a # 0 and b are constants, which con-
tradicts (2.7). Hence a must be a polynomial, and similarly g is also a
polynomial.

Now we consider the case when k£ = 1. Using the theorem on the charac-
teristic and the order, we know that o(f) = o(f") = o((f™)*)), where o(f)
denotes the order of f (see [14, Theorem 1.21 and Corollary|). Now in view
of (2.6) and (2.7) we see that o and 3 are either both transcendental entire
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functions or both polynomials. From (2.6) and (2.7), we get

(2.10) n2e"A) (o) — P'/P)(B — Q'/Q) = (PQ)".

It follows that both o/ — P'/P and ' — @Q'/Q have only finitely many zeros
and poles. If o and ( are transcendental entire functions, set

P mn Q' hs
2.11 == 2= 2,
(211) e
where J, v are nonconstant entire functions, and h; (i = 1,2, 3,4) are nonzero
polynomials. From this and (2.10), we have
n2e" T hy = (PQ)"hshagp.

Thus e™@t8)+0+7 = const. Differentiating this yields

(2.12) n(e +4)+8++" =0.
Substituting (2.11) into (2.12), we get

P h /
(2.13) ( +h—; 5>+6’:— (g h4 )—7’.
Since T'(r,6') = S(r,e®) and T(r,y') = S(r,e?), (2.13) implies that
(2.14) S(r,e?) = S(r,eY) =: S(r).
Let

w:—n<P+g> (0" ++).

Then T'(r,w) = S(r) by (2.14), and (2.13) can be written as
hg o7 — w

h
Ll e = =
h2 h4 n
If w # 0, by the second fundamental theorem and the above equality, we get

T(r, 65) = T(r, ha > + S(r)
w
A N 1
§N<r,h2 >+N T+ +N |7 +5(r)
w 2166 D1 es
) ho _ 1
w w n
1
=N T,E +S(T):S(T),
hy

w

which is a contradiction by (2.14). Therefore w = 0, i.e.,

(2.15) Led 4 e =
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This together with (2.11) yields

Since a, 3 are entire functions, the above equality shows o/ + 3 = 0. It
follows from this and (2.12) that ¢’ ++' = 0. This and (2.15) imply that
both § and ~ are constants, which contradicts (2.11). Hence o and [ are
polynomials, and (ii) is proved.

If g # oo, then from (i) and (ii), we have

(2.16) f=e¥/P, g=¢é

where a, (3, P are polynomials and «, 3 % const.
By (2.16) and applying Lemmato the function f™ and g™ respectively,
we get

(fn)(k) = Rl(a/7a/,7"'7a(k)7p)ena7 (gn)(k) = R2(ﬁ/7ﬁ/,7"'7/8(k))enﬁ7
where Ry is a differential polynomial in o/,a”,...,a™ with coefficients
which are rational functions in P and its derivatives, and Rs is a differential

polynomial in #,8”, ..., 3% with constant coefficients. Obviously, R; is a
rational function and Ry is a polynomial. Together with (2.6) this yields

Ry Rpe" ) = o,

so a + = const. From this and (2.16), we get (iii) immediately, which
completes the proof of Lemma [2.10] =

LEMMA 2.11 (see [5]). Suppose that f is a nonconstant meromorphic
function, and k > 2 is an integer. If ff*) #£ 0, then f = €T or f =
(Az+B)™™, where a (#0), b, A (#0), B are constants and m is a positive
integer.

LEMMA 2.12 (see [13]). Let f and g be nonconstant meromorphic func-
tions and n > 6. If f"f'g"g" = 1, then g = c1e* and f = coe” %%, where
c1, co and c are constants and (cica)"t1e? = —1.

3. Proofs of results

Proof of Theorem [1.3 Set F = f™. First, we consider the case when
k > 2. By Lemmas [2.2) and [2.4] we have

nT(r,f)=T(r,F)+ S(r, f)
< N(r,F)+ N(r,1/F)

1 1
"‘N(T’, _F(k)l) — N(T, W) +S(T, f)
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On the other hand, applying Lemma [2.5 we get

(k—1)N(r,F)+ N(r,1/F)
< 2N(r,1/F)+ N(r,1/F**D) £ cT(r, F) + S(r, F),

for any given positive number €. The above two inequalities give

(n—&)T(r, f) < 2N<r, ;) 4 N(r, F(k)l_1> + S0, f)

= 2N<r, }) +N(r, Wi)_l) +5(r, f)-

From this, we see that (f")*) — 1 has infinitely many zeros when n > 2.
Next, we suppose that k = 1. Then (f™)*) = nf"=1f’ from this and by
Theorem A, we can easily obtain the desired result.
This completes the proof of Theorem

Proof of Theorem[I.4] Since f is a transcendental meromorphic function,
by the second fundamental theorem for small functions, we have

— 1 — 1
T(r, (f")(k)) < N<7‘, (fn)(k)) —+ N<r, 7(1*11)(1@) - z>
+ N (fM®) + 5, (M)
_ N(r, (fnl)(k)) + N(r, W) LN, f) + S(r, f).
Applying Lemma 2.1 to the function f™ with p =1, we get
N(r,1/(fW) T, (f)) = T, £ + Niwa (. 1/ ) + S(r, f)-
From Lemma and the above two inequalities, we deduce that

TLT(T’, f) S N<T’ (‘f”l)(:}t)_z> +N(T7f> +Nk+1 (Ta f:-ln> +S(?“,f)

< N(r, (fn)(}c)_z) +N(r, f)+ (k+ 1)N<r, }) +S(r, f)

<(k+2)T(r,f) —i—N(r, + S(r, f)-

1
7o)
This shows ( f”)(k) has infinitely many fixed points when n > k 4+ 2, which
completes the proof of Theorem [T.4]

Proof of Theorem[I.3. Set
(3.1) F=("®/z  G=(g"")/z

The condition that (f*)®*) and (¢™)*) share z CM implies that F' and G
share the value 1 CM, and by Theorem we see that either both f and g
are transcendental meromorphic functions or both are rational functions.
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Next we consider the following two cases:

CASE 1: N(r, f) # S(r, f). Since f has infinitely many poles, we know
that both f and ¢ are transcendental meromorphic functions. Applying
Lemma [2.6] to F' and G, it follows that there are three subcases to consider.

SUBCASE 1:
(3.2) T(r,F) < No(r,1/F) + No(r,1/G)
+ No(r, F) + Nao(r,G) + S(r, F) + S(r,G).
Obviously,

NQ(T7 F) < 2N(T7 f) + S(Tv f)v NQ(Tv G) < 2N(T79) + S(Ta g)'
By Lemma 2.1, we have
NQ(T, 1/F) < T(rv F) - nT(rv f) + Nk+2(7'7 1/fn) + S(Ta f)7
No(r,1/G) < kN(r,g) + Niya(r,1/g™) + S(r, g).
Combining (3.2) and the last four inequalities, we obtain
nT(r, f) < Nk+2(rv l/fn) + Nk+2(r7 1/gn) + (k + 2>N(T, g)
+2N(r, f) + S(r, ) + S(r,g)
< (k+2)(N(r,1/f) + N(r,1/9)) + (k +2)N(r,g)
+2N(r, f) + S(r, f) + S(r, ).
Similarly,
nT(r,g) < (k+2)(N(r,1/f) + N(r,1/9)) + (k +2)N(r, f)
+2N(r,g) + S(r, f) + S(r,g).

The above two inequalities yield

(3.3) n(T(r, f) +T(r.g)) < (2k + 4)(N(r,1/f) + N(r,1/g))

+(k+4)(N(r. f) + N(r,9)
+5(r, f) +5(r,9),

which contradicts the assumption n > 3k + 8.
SUBCASE 2: FG =1, i.e.,
(3.4) (F) 8 (g ® = 22,
By an argument similar to the proof of (i) in Lemma we have

(3.5) J#0, g#0.
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This together with (3.4) yields

The above two inequalities yield
(3.6) N(r, f) + N(r,g) = S(r, f) + 5(r, 9).

Also (3.4) implies S(r, (f*)*)) = S(r, (¢™)*), thus S(r, f) = S(r,g). By
(3.6) this shows that N(r, f) = S(r, f), a contradiction too.

SUBCASE 3: F = G, ie., (fY)® = (¢")*®). Then by Lemma we

obtain f = tg for a constant t.

CASE 2. N(r,f) = S(r, f). First, we suppose that f and g are tran-
scendental meromorphic functions. Similar to Case 1, using Lemma [2.6] if
(3.2) holds, we can get (3.3), which together with the condition g # co and
n > 2k + 4 yields a contradiction. Next we only consider the following two
subcases:

SUBCASE 1: FG =1, i.e.,

(3.7) (f B (gM)*F) = 22,
By assumption and Lemma [2.10, we have
(3.8) f=eY/P, g=ce

where a (# const) and P are polynomials of degree d (> 0) p respectively,
and c is a nonzero constant.
Applying Lemma 2.3] to the function f™, we obtain

(39) (MW ="+ e T e T e Hya(7)]

where

v=(")/f"=n(Pd = P)/P, c1=k(k—1)/2, cx=k(k—1)(k—2)/6
and Hj_o(7) is a differential polynomial in v with constant coefficients and
of total degree < k — 2. By computing, we have

Po/ — Pk R
ki( o ) ::P—Z, deg Ry =k(p+d—1);

k=2 1 k2 (PO/ o Pl)k_2(P2Oé” —_ pp" +Pl2) o R1

deg Ry < (k—2)(p+d—1)+(2p+d—2)=k(p+d—1)—d;

W =n
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3 3 (Pa’ . P/)k—3(P3a/// _ P2P/// 4 3PP P — 2P’3) ' RQ
YN =m o = i
deg Ry < (k—3)(p+d—1)+Bp+d—3)=k(p+d—1)— 2d;
etc. From these and (3.9), we see that
n n R
(3.10) (W = 2
where R is a polynomial of degree k(p + d — 1). Similarly,
(g™ = g"Q,

where @ is a polynomial of degree k(d — 1). This together with (3.7), (3.8)
and (3.10) yields

eha L gmna RQ — 22
pntk

Hence, we have

k(p+d—1)+k(d—1)=(n+k)p+2,
ie.,
(3.11) 2%(d — 1) — 2 = np.
On the other hand, considering g # oo, f # 0, by (3.7) and (3.10), we see that
R/(P* - 22) has no zeros, thus deg R < deg(P*22), therefore k(p +d — 1) <
kp+ 2, ie.,
(3.12) k(d—1) < 2.
Combining (3.12) and (3.11), we get np < 2, so p = 0; then by (3.11), we
have k = 1 and d = 2, and from (3.7) and (3.8) we easily deduce that

f(2) = e, g(z) = e,

where c1, co and ¢ are constants satisfying 4(cic2)"(nc)? = —1.

SUBCASE 2: F = G, ie., (f)® = (4)*). By Lemma we get f = tg,
where ¢ is a constant satisfying ¢ = 1.

Next, we consider the case when f and g are rational functions. By the
condition N(r, f) = S(r,f) and g # oo, we see that both f and g are
polynomials. Then there exists a nonzero constant ¢ such that
(3.13) (1™ =z =c((g"™ - 2).

If ¢ # 1, taking derivatives on both sides of (3.13) gives
(fn)(k—i-l) _ C(gn)(k—‘rl) +1—c.
By Lemma and the above equality, we get n < 2(k+ 1), a contradiction.
Hence ¢ = 1, and (3.13) shows (f*)*) = (¢")*). Applying Lemmam7 we
obtain f = tg, where t is a constant satisfying ¢t = 1.
This completes the proof of Theorem
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Proof of Theorem[I.1] Set
(3.14) =MW, a=@H".
Then F and G share 1 CM, and by Theorem[I.3] we see that either both f and

g are transcendental meromorphic functions or both are rational functions.
We consider the following two cases:

CASE 1: N(r, f) # S(r, f). By an argument similar to the proof of The-
orem we get F =G, ie., (f*)® = (¢")*). From Lemma we obtain
f = tg, where t is a constant satisfying t" =

CASE 2: f # co. Applying Lemma 2.6/ to F and G, it follows that there
are three subcases to consider.

SUBCASE 1:
T(r,F) < No(r,1/F) + Na(r,1/G) + Na(r, F) + Na(r,G)
+ S(r, F)+ S(r,G).
Similar to the proof of Theorem we get
(3.15) nT(r, f) < (k+2)(N (r 1/f)+N(r,1/9)) + (k+2)N(r,g)
+2N(r, f) + S(r, f) + S(r,g)
and
(3.16)  nT(r,g) < (k+2)(N(r,1/f) + N(r,1/g)) + (k + 2)N(r, f)
+2N(r,g) + S(r, f) + S(r,g).
If T(r, f) <T(r,g), since f # oo, from (3.16) we get
nT(r,g) < (k+2)(T(r, f) +T(r,g)) + 2T (r,g) + S(r,g)
< (2k+6)T(r,g) + S(r,g),

which contradicts the assumption n > %k + 6.
If T(r,g) <T(r, f), then (3.16) gives

nT(r,g) < (k+2)(T(r, f) + T(r,g)) + 2T (r,g) + S(r, f).
Thus

k+2
(3.17) T(r,g) < m

On the other hand, (3.15) gives
nT(r,f) < (k+2)(T(r,f) + T(r,g)) + (k+2)T(r,g) + S(r, f).
From this and (3.17), we get

T(r, f)+S(r, f).

2(k +2)?

= (k+2)7(r. f) < 2(k4+2)T(r,9) + 50 ) < s

T(r, f)+5(r, f),
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which implies
2(k +2)?
n—(k+4)
so [n— (k+3)]* < 2k%+ 8k +9 < (3k + 3)2, which contradicts n > 2k + 6
too.

SUBCASE 2: F = G, ie., (f1)® = (¢m)*). By Lemma we obtain
f =tg, where t is a constant satisfying " = 1.

n—(k+2)<

SUBCASE 3: FG =1, i.e.,
(3.18) (fH® - (gMW =1.

By Lemma [2.12] we only need to consider the case k > 2. Since f # oo,
from (3.18) we have (¢g")*) # 0. On the other hand, similar to the proof of
(i) in Lemma we get f # 0, g # 0, and then ¢g"(g")*) # 0. Applying
Lemma we obtain g = e¥**? or g = (Az + B)™™, where a (£ 0), b, A
(# 0), B are constants, and m is a positive integer. If g = (Az+ B)™"™, then
both f and g are rational functions. Assuming f # 0 and f # oo, we get
f = const, a contradiction. Hence g = e%**?. Together with (3.18), we see
that o(r, f) = o(r,g) = 1, where o(r, f) denotes the order of f. Again noting
f # 0 and f # oo, we have f = €%, where « is a polynomial of degree 1.
From these and (3.18), we easily get f(z) = c1e® and g(z) = coe™“*, where
c1,c2 and c are constants satisfying (—1)*(cic2)™(nc)? = 1.
This completes the proof of Theorem [I.1]
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