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A framed f-structure on the tangent bundle
of a Finsler manifold

by Esmaeil Peyghan (Arak) and Chunping Zhong (Xiamen)

Abstract. Let (M,F ) be a Finsler manifold, that is,M is a smooth manifold endowed

with a Finsler metric F . In this paper, we introduce on the slit tangent bundle gTM a
Riemannian metric eG which is naturally induced by F , and a family of framed f -structures
which are parameterized by a real parameter c 6= 0. We prove that (i) the parameterized
framed f -structure reduces to an almost contact structure on IM ; (ii) the almost contact
structure on IM is a Sasakian structure iff (M,F ) is of constant flag curvature K = c;
(iii) if S = yiδi is the geodesic spray of F and R(·, ·) the curvature operator of the
Sasaki–Finsler metric which is induced by F , then R(·, ·)S = 0 iff (M,F ) is a locally flat
Riemannian manifold.

1. Introduction. Recently, the geometry of the tangent bundle of a
smooth manifold attracts some people’s interest [BF, O1, O2, OP]. As is
well known, a Riemannian metric g on a smooth manifold M gives rise to
several Riemannian metrics on the tangent bundle TM . The best known
example is the Sasaki metric gS , which was first introduced and studied
in [S]. Although the Sasaki metric gS is naturally induced by a Riemannian
metric g on M , it is very rigid. For example, TM endowed with the Sasaki
metric gS is not locally symmetric unless the metric g is flat [K]. Moreover,
the Sasaki metric gS is not a good metric in the sense of [B] since its Ricci
curvature is not constant, that is, the Sasaki metric gS is generally not an
Einstein metric.

To overcome this defect, V. Oproiu and his collaborators [O1, O2, OP]
constructed on TM a family of Riemannian metrics with respect to which
TM is a locally symmetric Riemannian manifold and has constant Ricci
curvature (or is an Einstein manifold). It is natural to ask whether we can
construct some nice metrics on T̃M under the condition that M is endowed
with a Finsler metric. Recently, using the Sasaki–Finsler metric on the tan-
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gent bundle of a Finsler manifold, M. Anastasiei [A1] showed that the indi-
catrix bundle of a Finsler manifold carries a contact structure. A. Bejancu
and H. R. Farran [BF] proved that a Finsler manifold (M,F ) is of constant
curvature K = 1 if and only if the horizontal Liouville vector field S = yiδi
(also called the geodesic spray field associated to F ) is a Killing vector field
on the indicatrix bundle IM of (M,F ).

Let (M,F ) be a Finsler manifold, i.e., M is a smooth manifold and F

is a Finsler metric on M . Denote T̃M the slit tangent bundle of M , i.e.,
the complement of the zero section in TM . In this paper, we introduce the
following lift metric G̃ on T̃M (cf. Section 3):

(1.1) G̃ = Gijdx
idxj +Hijδy

iδyj

where
Gij =

1
β
gij +

v

αβ
yiyj , Hij = βgij + wyiyj ,

α and β are constants, and v and w are nonnegative functions of τ = F 2.
We construct a parameterized framed f -structure on T̃M . When re-

stricted to the indicatrix bundle IM of (M,F ), the framed f -framed struc-
ture reduces to an almost contact structure. We prove that the almost con-
tact structure on IM is a Sasakian structure if and only if (M,F ) is of
constant flag curvature K = c 6= 0.

The main results of this paper are (cf. Theorems 4.9, 5.2, 5.4, 5.5 and
6.4 for details):

Theorem 1.1. Let G̃, f̃ , (ξ̃a), (η̃a), a = 1, 2, be defined respectively
by (3.6), (4.7), (4.1) and (4.2). Then the ensemble (f̃ , (ξ̃a), (η̃a)), a = 1, 2,
provides a framed f -structure on T̃M if and only if

(1.2) G̃ =
(

1
β
gij +

βτ − 1
βτ

yiyj

)
dxidxj +

(
βgij +

1− βτ
τ2

yiyj

)
δyiδyj .

Theorem 1.2. Let (f̃ , (ξ̃a), (η̃a)), a = 1, 2, be the framed f -structure
given by Theorem 4.8. Then the triple (f̃ , ξ̃1, η̃

1) defines an almost contact
structure on IM , that is,

η̃1(ξ̃1) = 1, f̃(ξ̃1) = 0, η̃1 ◦ f̃ = 0,

f̃2 = −I + η̃1 ⊗ ξ̃1,

f̃3 + f̃ = 0, rank f̃ = 2n− 2.

Theorem 1.3. Let (M,F) be a Finsler manifold endowed with the Chern–
Rund connection ∇. Let also c 6= 0 be a parameter and
(1.3)

G̃ =
√
|c|
[
gij+

(
1√
|c|
−1
)
yiyj

]
dxidxj+

[
1√
|c|
gij+

(
1− 1√

|c|

)
yiyj

]
δyiδyj
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be the Riemannian metric on IM . Then (IM, f̃ , ξ̃1, η̃
1, G̃) is a contact Rie-

mannian manifold.

Theorem 1.4. Let (M,F) be a Finsler manifold endowed with the Chern–
Rund connection ∇. Let also c 6= 0 be a parameter and
(1.4)

G̃ =
√
|c|
[
gij+

(
1√
|c|
−1
)
yiyj

]
dxidxj+

[
1√
|c|
gij+

(
1− 1√

|c|

)
yiyj

]
δyiδyj

be the Riemannian metric on IM . Then (IM, f̃ , ξ̃1, η̃
1, G̃) is a Sasakian

manifold if and only if (M,F ) is of constant flag curvature K = c.

Theorem 1.5. Let (M,F ) be a Finsler manifold, S = yiδi be the geodesic
spray field of F and R(·, ·) be the curvature operator of the Sasaki–Finsler
metric

G̃S = gijdx
idxj + gijδy

iδyj .

Then
R(X,Y )S = 0 ∀X,Y ∈ X (TM)

if and only if (M,F ) is locally a flat Riemannian manifold.

The organization of this paper is as follows. In Section 2, we fix some
definitions and notation, and introduce the Chern–Rund connection ∇ of
(M,F ). In Section 3, we introduce a Riemannian metric G̃ on the slit tan-
gent bundle T̃M , and define an almost complex structure F̃ on T̃M . In
Section 4, we first define two vector fields ξ̃1, ξ̃2 and two 1-forms η̃1, η̃2 on
T̃M , and give some basic properties of these objects. Then we prove that
there is a framed f -structure on T̃M if and only if τ(β + wτ) = 1. In Sec-
tion 5, we prove that the framed f -structure on T̃M naturally induces an
almost contact structure (f̃ , ξ̃1, η̃

1) on the indicatrix bundle IM such that
(IM, f̃ , ξ̃1, η̃

1, G̃) is a contact Riemannian manifold. Furthermore, we prove
that (IM, f̃ , ξ̃1, η̃

1, G̃) is a Sasakian manifold if and only if (M,F ) is of con-
stant flag curvature K = c 6= 0. In Section 6, we prove that R(·, ·)S = 0
if and only if (M,F ) is a locally flat Riemannian manifold, and prove that
IM with the contact Riemannian metric structure (f̃ , ξ̃1, η̃

1, G̃S) is locally
isometric to En × Sn−1(4) for n > 2 and flat for n = 2 if the Finsler metric
F comes from a locally flat Riemannian metric on M .

2. Preliminaries. In this section we fix some definitions and notation,
and introduce the Chern–Rund connection ∇ of (M,F ).

Suppose M is an n-dimensional C∞ manifold with local coordinates
(x1, . . . , xn). Denote by TxM the tangent space at x ∈M and π : TM →M
the tangent bundle of M . Let (x1, . . . , xn, y1, . . . , yn) be the induced local
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coordinates on TM and X (T̃M) be the set of sections of the tangent bundle
T T̃M of T̃M .

Definition 2.1. A Finsler metric on M is a function F : TM → [0,∞)
such that

(i) F is C∞ on T̃M ;
(ii) F is positively 1-homogeneous on the fibers of TM , i.e., F (x, λy) =

λF (x, y) for λ > 0;
(iii) for each y ∈ T̃xM , the quadratic form gy : TxM × TxM → R de-

fined by gy(u1, u2) := gij(y)ui1u
j
2 is positive definite, i.e., the Finsler

fundamental tensor

gij(y) :=
1
2
∂2F 2

∂yi∂yj

is positive definite on T̃M .

We denote by (gij) the inverse matrix of (gij), i.e., gijgik = δkj .

Let x ∈ M and denote by Fx the restriction of F to the fiber TxM . To
measure the non-Euclidean features of Fx, define Cy :TxM×TxM×TxM→R
by Cy(u1, u2, u3) := Cijk(y)ui1u

j
2u
k
3 where

Cijk(y) :=
1
2
∂gij
∂yk

.

By the 1-homogeneity of F , it is easy to check that

(2.1) Cijk(y)yi = Cijk(y)yj = Cijk(y)yk = 0.

The family C := {Cy}y∈gTM is called the Cartan torsion of (M,F ). Using
the Cartan torsion C, one can define the mean Cartan torsion Iy : TxM → R
by Iy(u) := Ii(y)ui, where Ii(y) := gjkCijk(y). It is well known that I = 0 if
and only if F comes from a Riemannian metric on M .

Let π∗TM be the pull-back tangent bundle over T̃M . It is well known
[CS] that π∗TM admits a unique linear connection∇ called the Chern–Rund
connection, which is torsion free and almost metric compatible. In the fol-
lowing we shall recall the connection coefficients and curvature components
of ∇.

First, using the Finsler fundamental tensor gij and the Cartan tensor Cijk
associated to F , one defines the tensor Cijk := gisCsjk, which is actually
the vertical connection coefficients of the Cartan connection of (M,F ). If
we define the formal Christoffel symbols γkij of the second kind of F by

γkij =
1
2
gkl
(
∂gjl
∂xi

+
∂gil
∂xj
− ∂gij
∂xl

)
,
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then there is a canonical nonlinear connection on T̃M , which is locally char-
acterized by its connection coefficients N i

j , i.e.,

N i
j := γijky

k − Cijkγkrsyrys.

We denote by Gi := 1
2γ

i
jky

jyk the spray coefficients of F and by Gijk :=
∂2Gi/∂yj∂yk the Berwald connection coefficients of F . The connection co-
efficients Γ kij of the Chern–Rund connection ∇ are given by (see [CS])

Γ kij(x, y) = 1
2g
kl[δi(gjl) + δj(gil)− δl(gij)];

here and in the following we denote ∂̇j := ∂/∂yj and δi := ∂/∂xi−N j
i ∂/∂y

j .
It is clear that

(2.2) Γ kij = Γ kji, yiΓ kij = Nk
j .

Note that {δi, ∂̇i} is the natural local frame on T̃M , and its dual coframe
is {dxi, δyi}, where we denote δyi = dyi + N i

jdx
j . In terms of the natural

local frame {dxi, δyi} on T̃M , the connection 1-form of ∇ is ωj i = Γ ijkdx
k,

and the curvature 2-form of ∇ is

Ωj
i = dωj

i − ωjk ∧ ωki.
More precisely [CS],

Ωj
i = 1

2R
i
j kldx

k ∧ dxl + P i
j kldx

k ∧ δyl,
where

R i
j kl = δk(Γ ijl)− δl(Γ ijk) + Γ iksΓ

s
jl − Γ sjkΓ ils,(2.3)

P i
j kl = −∂̇l(Γ ijk).(2.4)

It is clear that

R i
j kl +R i

j lk = 0,(2.5)

R i
j kl +R i

k lj +R i
l jk = 0,(2.6)

P i
j kl = P i

k jl.(2.7)

Denote

(2.8) Rikl := yjR i
j kl, Likl := −yjP i

j kl.

Clearly,

(2.9) Rikl = −Rilk, Likl = Lilk, Likly
k = 0,

and it is easy to check that (cf. [CS])

(2.10) Rikl = δk(N i
l )− δl(N i

k), Likl = Gikl − Γ ikl.
Set

Rjikl := gisR
s
j kl, Rikl := gisR

s
kl, Rik := Rikly

l, Rij := gimR
m
j .
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Clearly,

(2.11) yjRjikl = Rikl, ylRikl = −ylRilk = Rik

and it is easy to check that (cf. [CS])

(2.12) Riky
k = 0, Rij = Rji.

The flag curvature of the Chern–Rund connection ∇ associated to F is a
geometrical invariant, which generalizes the sectional curvature in Rieman-
nian geometry. Let x ∈M and 0 6= y ∈ TxM . Then V := V i ∂

∂xi is called the
transverse edge. The flag curvature is obtained by carrying out the following
computation at the point (x, y) ∈ T̃M , and viewing y and V as sections of
π∗TM :

K(y, V ) :=
RikV

iV k

g(y, y)g(V, V )− [g(y, V )]2
.

If K(y, V ) is independent of the transverse edge V , i.e., there is a scalar
function λ(x, y) on T̃M such that K(y, V ) = λ(x, y), then (M,F ) is called
of scalar flag curvature. If furthermore λ(x, y) is constant on T̃M , then the
Finsler manifold (M,F ) is called of constant flag curvature.

A framed f -structure is a natural generalization of an almost contact
structure. It was introduced by S. I. Goldberg and K. Yano [GY]. We recall
its definition following [MR].

Definition 2.2. Let M̃ be a (2n + s)-dimensional manifold endowed
with an endomorphism f of rank 2n of the tangent bundle satisfying f3+f =
0. If there are vector fields (ξb) and 1-forms ηa (a, b = 1, . . . , s) on M̃ such
that

(2.13) ηa(ξb) = δab , f(ξa) = 0, ηa ◦ f = 0, f2 = −I +
s∑

a=1

ηa ⊗ ξa,

where I is the identity automorphism of the tangent bundle, then M̃ is said
to be a framed f -manifold.

Let M̃ be a (2n − 1)-dimensional contact Riemannian manifold with a
contact metric structure (f, ξ, η, g) and R(·, ·) be the curvature operator of
the Riemannian metric g. It is well-known that the condition R(·, ·)ξ = 0 has
strong implications for a contact metric manifold, namely that M̃ is locally
the product of Euclidean space En and a sphere of constant curvature +4.
In [B1] and [B2], D. E. Blair proved the following theorem.

Theorem 2.3. A contact metric manifold M̃2n−1 satisfying R(·, ·)ξ = 0
is locally isometric to En × Sn−1(4) for n > 2 and flat for n = 2.
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3. A Riemannian metric on T̃M . In this section we shall introduce
a Riemannian metric G̃ and an almost complex structure F̃ on T̃M .

Let v : [0,∞)→ R be a smooth function. Then it makes sense to consider
the function v(τ), where τ := F 2 is defined on TM and smooth on T̃M . We
define a symmetric M -tensor Gij on T̃M such that

(3.1) Gij :=
1
β
gij +

v

αβ
yiyj ,

where α, β are real constants and yi = gijy
j . It is easy to check that the

matrix (Gij) is positive definite on T̃M if and only if α, β > 0, α+ 2τv > 0.
Let (Hkl) be the inverse matrix of (Gij), i.e., GijH ik = δkj . Then

Hkl = βgkl + wykyl,(3.2)

w = − βv

α+ τv
.(3.3)

The components Hkl define a symmetric M -tensor on T̃M . It is easy to
see that if the matrix (Gij) is positive definite, then so is (Hkl). Denote
by Hij(x, y) the symmetric M -tensor field of type (0,2) obtained from the
components Hkl by lowering the indices, i.e.,

(3.4) Hij = gikH
klglj = βgij + wyiyj .

We also need the following M -tensor fields on TM obtained by usual alge-
braic tensor operations:

(3.5)


Gkl = gkiGijg

jl =
1
β
gkl +

v

αβ
ykyl,

Gik = Gihghk = Gkhg
hi =

1
β
δik +

v

αβ
yiyk,

H i
k = H ihghk = Hkhg

hi = βδik + wyiyk,

where (H i
k) is the inverse matrix of (Gik), i.e., H i

kG
j
i = δjk.

We introduce the Riemannian metric

(3.6) G̃ = Gijdx
idxj +Hijδy

iδyj

on the slit tangent bundle T̃M . Equivalently,

G̃(δi, δj) = Gij , G̃(∂̇i, ∂̇j) = Hij , G̃(δi, ∂̇j) = G̃(∂̇i, δj) = 0.

Now we define an endomorphism F̃ : X (T̃M)→ X (T̃M) such that

(3.7) F̃ (δi) = −Gki ∂̇k, F̃ (∂̇i) = Hk
i δk.

It is easy to check that F̃ 2 = −I, where I is the identity endomorphism on
X (T̃M). Thus F̃ is an almost complex structure on T̃M [PT].
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4. A framed f-structure on T̃M . In this section we shall prove that
there is a framed f -structure on T̃M , which is parameterized by a real
parameter. We do this by defining a tensor field f̃ of type (1, 1) on T̃M , and
obtain a necessary and sufficient condition for f̃ to be a framed f -structure
on T̃M .

As is well known, there are two remarkable vector fields defined on T̃M .
One is the vertical Liouville vector field C = yi∂̇i, which is globally defined
on T̃M . The other is the horizontal Liouville vector field S = yiδi (also
called the geodesic spray field of F ).

Now we define the vector fields ξ̃1, ξ̃2 and 1-forms η̃1, η̃2 on T̃M respec-
tively by

ξ̃1 := (β + wτ)S, ξ̃2 := C,(4.1)

η̃1 := yidx
i, η̃2 := (β + wτ)yiδyi.(4.2)

Proposition 4.1. Let G̃ be defined by (3.6) and F̃ be defined by (3.7).
Then

(4.3) G̃(F̃ (X), F̃ (Y )) = G̃(X,Y ) for X,Y ∈ X (T̃M).

Lemma 4.2. Let F̃ be defined by (3.7) and ξ̃1, ξ̃2 be defined by (4.1).
Then

(4.4) F̃ (ξ̃1) = −ξ2, F̃ (ξ̃2) = ξ̃1.

Proof. This follows immediately from (3.7)–(4.2).

Lemma 4.3. Let F̃ be defined by (3.7) and η̃1, η̃2 be defined by (4.2).
Then

(4.5) η̃1 ◦ F̃ = η̃2, η̃2 ◦ F̃ = −η̃1.

Proof. It is sufficient to check (4.5) with respect to the adapted frame
{δi, ∂̇i} on T̃M . In fact,

η̃1 ◦ F̃ (δi) = 0 = η̃2(δi),

η̃1 ◦ F̃ (∂̇i) = η̃1(Hk
i δk) = Hk

i yk = (β + wτ)yi = η̃2(∂̇i)

η̃2 ◦ F̃ (δi) = −yi = −η̃1(δi), η̃2 ◦ F̃ (∂̇i) = 0 = η̃1(∂̇i).

Lemma 4.4. Let G̃ be defined by (3.6) and η̃1, η̃2 be defined by (4.2).
Then

(4.6) η̃1(X) = G̃(X, ξ̃1), η̃2(X) = G̃(X, ξ̃2) for X ∈ X (T̃M).

Proof. With respect to the adapted frame {δi, ∂̇i} on T̃M , we have
η̃1(δi) = yi and

G̃(δi, ξ̃1) = (β + wτ)
(

1
β
gij +

v

αβ
yiyj

)
yj =

αβ + βτv + wτ(α+ τv)
αβ

yi = yi,
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where in the last equality we use (3.3). Thus G̃(δi, ξ̃1) = η̃1(δi). It is clear
that G̃(∂̇i, ξ̃1) = 0 = η̃1(∂̇i). Therefore η̃1(X) = G̃(X, ξ̃1). Similarly we can
prove η̃2(X) = G̃(X, ξ̃2).

Lemma 4.5. Let ξ̃1, ξ̃2 be defined by (4.1) and η̃1, η̃2 be defined by (4.2).
Then

η̃a(ξ̃b) = (β + wτ)τδab , a, b = 1, 2.

Proof. In fact, it is easy to check that

η̃1(ξ̃1) = (β + wτ)τ, η̃1(ξ̃2) = 0,

η̃2(ξ̃2) = (β + wτ)τ, η̃2(ξ̃1) = 0.

Using the almost complex structure F̃ , we define a new tensor field f̃ of
type (1, 1) on T̃M by

(4.7) f̃ = F̃ + η̃1 ⊗ ξ̃2 − η̃2 ⊗ ξ̃1.

Proposition 4.6. The tensor field f̃ satisfies

f̃(ξ̃1) = [(β + wτ)τ − 1]ξ̃2, f̃(ξ̃2) = [1− (β + wτ)τ ]ξ̃1,(4.8)

η̃1 ◦ f̃ = [1− (β + wτ)τ ]η̃2, η̃2 ◦ f̃ = [(β + wτ)τ − 1]η̃1,(4.9)

f̃2 = −I + [2− (β + wτ)τ ](η̃1 ⊗ ξ̃1 + η̃2 ⊗ ξ̃2).(4.10)

Proof. Equalities (4.8) follow from Lemmas 4.2 and 4.5; (4.9) follows
from (4.8) and Lemma 4.5; and (4.10) follows from (4.8).

Proposition 4.7. The Riemannian metric G̃ satisfies

G̃(f̃(X), f̃(Y )) = G̃(X,Y )− [2− (β + wτ)τ ][η̃1(X)η̃1(Y ) + η̃2(X)η̃2(Y )]

for X,Y ∈ X (T̃M).

Proof. By Lemmas 4.4 and 4.5, we have

(4.11) G̃(ξ̃1, ξ̃1) = (β + wτ)τ = G̃(ξ̃2, ξ̃2), G̃(ξ̃1, ξ̃2) = 0.

From (4.11) and Lemmas 4.3 and 4.4 we get

G̃(f̃(X), f̃(Y )) = G̃(F̃ (X), F̃ (Y )) + G̃(F̃ (X), ξ̃2)η̃1(Y )

− G̃(F̃ (X), ξ̃1)η̃2(Y ) + G̃(ξ̃2, F̃ (Y ))η̃1(X)

+ η̃1(X)η̃1(Y )G̃(ξ̃2, ξ̃2)− η̃2(X)G̃(ξ̃1, F̃ (Y ))

+ η̃2(X)η̃2(Y )G̃(ξ̃1, ξ̃1)

= G̃(X,Y ) + η̃2(F̃ (X))η̃1(Y )− η̃1(F̃ (X))η̃2(Y )

+ η̃2(F̃ (Y ))η̃1(X) + η̃1(X)η̃1(Y )(β + wτ)τ

− η̃2(X)η̃1(F̃ (Y )) + η̃2(X)η̃2(Y )(β + wτ)τ

= G̃(X,Y )− [2− (β + wτ)τ ][η̃1(X)η̃1(Y ) + η̃2(X)η̃2(Y )].
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Theorem 4.8. Let G̃, f̃ , (ξ̃a), (η̃a), a = 1, 2, be defined respectively
by (3.6), (4.7), (4.1) and (4.2). Then the ensemble (f̃ , (ξ̃a), (η̃a)), a = 1, 2,
provides a framed f -structure on T̃M if and only if

τ(β + wτ) = 1.

Proof. Let (f̃ , (ξ̃a), (η̃b)) be a framed f -structure on T̃M . Then by Defi-
nition 2.2, we have f̃(ξ̃1) = f̃(ξ̃2) = 0. Thus by (4.8) we get 1−(β+wτ)τ = 0.
Conversely, if τ(β+wτ) = 1, then using Lemma 4.5 and Proposition 4.6 we
obtain

η̃a(ξ̃b) = δab , f̃(ξ̃a) = 0, η̃a ◦ f̃ = 0, a, b = 1, 2,(4.12)

f̃2 = −I + η̃1 ⊗ ξ̃1 + η̃2 ⊗ ξ̃2.(4.13)

In order to complete the proof, we need to prove f̃3 + f̃ = 0 and to show
that f̃ is of rank 2n− 2. It follows from (4.12) and (4.13) that

f̃3(X) = −f̃(X) ∀X ∈ X (T̃M).

Now we need to show that Ker f̃ = span{ξ̃1, ξ̃2}. The inclusion span{ξ̃1, ξ̃2}
⊆ Ker f̃ follows from the second equation in (4.12). Now let X ∈ Ker f̃ .
Then f̃(X) = 0 implies that

F̃ (X) + η̃1(X)ξ̃2 − η̃2(X)ξ̃1 = 0.

Thus
F̃ 2(X) = η̃1(X)F̃ (ξ̃2)− η̃2(X)F̃ (ξ̃1).

Since F̃ 2 = −I, it follows from Lemma 4.2 that

X = −η̃1(X)ξ̃1 − η̃2(X)ξ̃2,

that is, X ∈ span{ξ1, ξ2}.
Note that the condition τ(β + wτ) = 1 in Theorem 4.8 implies that

(4.14) v =
α(βτ − 1)

τ
, w =

1− βτ
τ2

.

Thus the functions v and w are related by

(4.15) v = −ατw.
Now if we substitute (4.14) into (3.1) and (3.4), we can restate Theorem 4.8
as follows:

Theorem 4.9. Let G̃, f̃ , (ξ̃a), (η̃a), a = 1, 2, be defined respectively
by (3.6), (4.7), (4.1) and (4.2). Then the ensemble (f̃ , (ξ̃a), (η̃a)), a = 1, 2,
provides a framed f -structure on T̃M if and only if

(4.16) G̃ =
(

1
β
gij +

βτ − 1
βτ

yiyj

)
dxidxj +

(
βgij +

1− βτ
τ2

yiyj

)
δyiδyj .
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Corollary 4.10. Assume that (f̃ , (ξ̃a), (η̃a)), a = 1, 2, provides a framed
f -structure on T̃M . Then

G̃(f̃(X), f̃(Y )) = G̃(X,Y )− η̃1(X)η̃1(Y )− η̃2(X)η̃2(Y )

for X,Y ∈ X (T̃M).

Proof. This follows from Proposition 4.7 and Theorem 4.8.

Now let the framed f - structure on T̃M be given by Theorem 4.8. Using
(4.7), we can get the local expression of f̃ as follows:

f̃(δi) = − 1
β

(
δki −

1
τ
yiy

k

)
∂̇k,(4.17)

f̃(∂̇i) = β

(
δki −

1
τ
yiy

k

)
δk.(4.18)

If we set φ(X,Y ) := G̃(f̃(X), Y ) for X,Y ∈ X (T̃M), and use (4.17) and
(4.18), we have

φ(δi, ∂̇j) = G̃(f̃(δi), ∂̇j) = −gij +
1
τ
yiyj ,(4.19)

φ(∂̇i, δj) = G̃(f̃(∂̇i), δj) = gij −
1
τ
yiyj ,(4.20)

φ(δi, δj) = φ(∂̇i, ∂̇j) = 0.(4.21)

Using (4.19)–(4.21) we get φ(X,Y ) = −φ(Y,X). Thus φ is a 2-form on T̃M .
On the other hand, by using (4.2) we obtain

(4.22) dη̃1(δi, ∂̇j) = δiη̃
1(∂̇j)− ∂̇j η̃1(δi) = −∂̇jyi = −gij .

Similarly we obtain

(4.23) dη̃1(∂̇i, δj) = gij , dη̃1(δi, δj) = dη̃1(∂̇i, ∂̇j) = 0.

Relations (4.19)–(4.23) give us the following equality on T̃M :

(4.24) φ = dη̃1 +Ω, where Ω =
1
τ
yiyjdx

i ∧ δyj .

5. Almost contact structure on the indicatrix bundle. In this sec-
tion we assume that the framed f -structure on T̃M is given by Theorem 4.8.
In this case,

ξ̃1 =
1
τ
S, η̃2 =

1
τ
yiδy

i.

We shall prove that when we restrict the framed f -structure to the indicatrix
bundle IM , we get a parameterized contact structure on IM . Moreover,
we prove that the parameterized contact structure on IM is a Sasakian
structure if and only if (M,F ) is of constant flag curvature K = c 6= 0.
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Let IM be the indicatrix bundle of (M,F ), i.e.,

IM = {(x, y) ∈ T̃M | F (x, y) = 1},

which is a submanifold of dimension 2n− 1 of T̃M .
Note that ξ̃2 is a unit vector field on IM since G̃(ξ̃2, ξ̃2) = 1. It is easy to

show that ξ̃2 is a normal vector field on IM with respect to the metric G̃.
Indeed, if the local equations of IM in T̃M are given by

(5.1) xi = xi(uγ), yi = yi(uγ), γ ∈ {1, . . . , 2m− 1},
then we have

(5.2)
∂F

∂xi
∂xi

∂uγ
+
∂F

∂yi
∂yi

∂uγ
= 0.

Since F is a horizontal covariant constant, i.e., ∂F
∂xi = Nk

i
∂F
∂yk we obtain

(5.3)
(
Nk
i

∂xi

∂uγ
+
∂yk

∂uγ

)
∂F

∂yk
= 0.

The natural frame field {∂/∂uγ} on IM is represented by

(5.4)
∂

∂uγ
=
∂xi

∂uγ
∂

∂xi
+
∂yi

∂uγ
∂

∂yi
=
∂xi

∂uγ
δi +

(
Nk
i

∂xi

∂uγ
+
∂yk

∂uγ

)
∂

∂yk
.

Thus by (5.3) and the condition τ(β + wτ) = 1, we have

(5.5) G̃

(
∂

∂uγ
, ξ̃2

)
=

1
F

(
Nk
i

∂xi

∂uγ
+
∂yk

∂uγ

)
∂F

∂yk
= 0,

where we use the equality yk/F = ∂F/∂yk. Therefore ξ̃2 is orthogonal to
vectors that are tangent to IM . It is clear that the vector field ξ̃1 = (1/τ)yiδi
is tangent to IM since G̃(ξ̃1, ξ̃2) = 0.

Lemma 5.1. Let the framed f -structure be given by Theorem 4.8. Then
restricting to IM we have

ξ̃1 = yiδi = S, η̃2 = 0, f̃(X) = F̃ (X) + η̃1(X)ξ̃2 for X ∈ X (IM).

Proof. It is clear since τ = F 2 = 1 on IM and η̃2(X) = G̃(X, ξ̃2) = 0.
This completes the proof.

Note that Corollary 4.10 and Lemma 5.1 implies the following theorem:

Theorem 5.2. Let the framed f -structure be given by Theorem 4.8. Then
the triple (f̃ , ξ̃1, η̃

1) defines an almost contact structure on IM , that is,

η̃1(ξ̃1) = 1, f̃(ξ̃1) = 0, η̃1 ◦ f̃ = 0,

f̃2 = −I + η̃1 ⊗ ξ̃1,

f̃3 + f̃ = 0, rank f̃ = 2n− 2.
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Note that τ = 1 on IM , thus by (1.2) we have

(5.6) G̃ =
1
β

[gij + (β − 1)yiyj ]dxidxj + [βgij + (1− β)yiyj ]δyiδyj .

By Corollary 4.10, we have

Theorem 5.3. Let G̃ be the Riemannian metric given by (1.2). Then

G̃(f̃(X), f̃(Y )) = G̃(X,Y )− η̃1(X)η̃1(Y ) for X,Y ∈ X (IM).

One can check that {δi, f̃(δj)}, j = 1, . . . , n − 1, is a local frame on a
neighborhood U of the point (x, y) = (x1, . . . , xn, y1, . . . , yn) ∈ IM with
yn 6= 0. Since points like (x, 0) are not in IM , one may always consider
such a local frame. Let φ(X,Y ) = G̃(f̃(X), Y ) be the 2-form associated
to the almost contact structure (f̃ , ξ̃1, η̃

1, G̃) on IM . By using (4.24) we
have φ = dη̃1 + Ω, where Ω = 1

τ yiyjdx
i ∧ δyj . Now we show that Ω is

zero on IM . Since {δi, f̃(δj)}n−1
j=1 is a local frame on a neighborhood U of

(x, y) = (x1, . . . , xn, y1, . . . , yn) ∈ IM with yn 6= 0, it is sufficient to prove
Ω(δi, f̃(δj)) = Ω(δi, δj) = Ω(f̃(δi), f̃(δj)) = 0. By the definition of Ω, it is
easy to see that Ω(δi, δj) = Ω(f̃(δi), f̃(δj)) = 0. But from (4.17) we obtain

Ω(δi, f̃(δj)) = − 1
β

(δkj − yjyk)Ω(δi, ∂̇k)

= − 1
β

(δkj − yjyk)yiyk = − 1
β

(yiyj − yjyi) = 0.

Therefore Ω(X,Y ) = 0 for all X,Y ∈ X (IM) and consequently by using
(4.24) we deduce that φ(X,Y ) = dη̃1(X,Y ) for all X,Y ∈ X (IM). Substi-
tuting β = 1/

√
|c| with c 6= 0 a constant into (1.3), we obtain the following

theorem.

Theorem 5.4.Let (M,F ) be a Finsler manifold endowed with the Chern–
Rund connection ∇. Let also c 6= 0 be a parameter and
(5.7)

G̃ =
√
|c|
[
gij+

(
1√
|c|
−1
)
yiyj

]
dxidxj+

[
1√
|c|
gij+

(
1− 1√

|c|

)
yiyj

]
δyiδyj

be the Riemannian metric on IM . Then (IM, f̃ , ξ̃1, η̃
1, G̃) is a contact Rie-

mannian manifold.

Let (f̃ , ξ̃1, η̃
1) be the contact structure on IM and N ef be the Nijenhuis

tensor field of f̃ . The contact structure (f̃ , ξ̃1, η̃
1) is called normal if N :=

N ef + 2dη̃1 ⊗ ξ̃1 = 0, and Sasakian if it is normal and φ = dη̃1.
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Note that if dη̃1(δi, δj) = 0, then N(δi, δj) = N ef (δi, δj). By the definition
of Nijenhuis tensor field we have

N ef (δi, δj) = [f̃(δi), f̃(δj)]− f̃ [f̃(δi), δj ]− f̃ [δi, f̃(δj)] + f̃2[δi, δj ].

By a direct calculation one gets

[f̃(δi), f̃(δj)] =
1
β2

(yiδkj − yjδki )∂̇k,

f̃2[δi, δj ] = (Rkij −Rtijytyk)∂̇k,

f̃ [f̃(δi), δj ] + f̃ [δi, f̃(δj)] = 0.

Thus we obtain

N(δi, δj) = Nf̄ (δi, δj) =
[

1
β2

(yiδkj − yjδki ) +Rkij −Rtijytyk
]
∂̇k.

Therefore N(δi, δj) = 0 is equivalent to

(5.8)
1
β2

(yiδkj − yjδki ) +Rkij −Rtijytyk = 0.

Contracting (5.8) with gkl we get

(5.9) Rlij = Rtijy
tyl −

1
β2

(yigjl − yjgil).

Since Rtijytyj = Rtiy
t = 0, thus the flag curvature K(y, V ) of (M,F ) is

K(y, V ) =
RliV

lV i

(gli − ylyi)V lV i
=
− 1
β2 (yiyl − gil)V lV i

(gli − ylyi)V lV i
=

1
β2
.

Note that the vanishing of N(δi, δj) also implies the vanishing of N(f̃(δi),
f̃(δj)) and N(δi, f̃(δj)). Thus if we take β = 1/

√
|c| with c 6= 0 a constant,

we obtain the following theorem.

Theorem 5.5.Let (M,F ) be a Finsler manifold endowed with the Chern–
Rund connection ∇. Let also c 6= 0 be a parameter and
(5.10)

G̃ =
√
|c|
[
gij+

(
1√
|c|
−1
)
yiyj

]
dxidxj+

[
1√
|c|
gij+

(
1− 1√

|c|

)
yiyj

]
δyiδyj

be the Riemannian metric on IM . Then (IM, f̃ , ξ̃1, η̃
1, G̃) is a Sasakian

manifold if and only if (M,F ) is of constant flag curvature K = c.

If c=±1, then using (1.3) we get the following Sasaki–Finsler metric G̃S ,
which was also studied in [BF]:

(5.11) G̃S = gijdx
idxj + gijδy

iδyj .

Thus by Theorem 5.5 we have
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Corollary 5.6. Let (M,F ) be a Finsler manifold endowed with the
Chern–Rund connection ∇. Then (IM, f̃ , ξ̃1, η̃

1, G̃S) is a Sasakian manifold
if and only if (M,F ) is of constant flag curvature K = ±1.

6. The Riemannian curvature of G̃S. In this section, we shall give an
application of the Sasaki–Finsler metric (5.11), which is the special case of G̃,
i.e., β = 1 and τ = 1. We first derive the curvature R(X,Y )S for X,Y ∈
X (T̃M), where R(·, ·) is the curvature operator of the Sasaki–Finsler metric
(5.11) and S = yiδi is the geodesic spray field of F . Using the local formula
for R(X,Y )S, we show at the end of this section that IM endowed with
the contact Riemannian metric structure (f̃ , ξ̃1, η̃

1, G̃S) is locally isometric
to En × Sn−1(4) for n > 2 and flat for n = 2 if the Finsler metric F comes
from a locally flat Riemannian metric on M .

If we denote by gjk;l := δl(gjk)− gskGsjl− gjsGskl the horizontal covariant
derivative of gjk with respect to the Berwald connection of (M,F ), then we
have

Lemma 6.1 ([A2], [BF]). In terms of the adapted frames {δi, ∂̇i} on T̃M ,
the Levi-Civita connection D associated to the Sasaki–Finsler metric G̃S is
given by

Dδkδj = Aij;kδi +Aijk∂̇i,

Dδk ∂̇j = Bi
j;kδi +Bi

jk∂̇i,

D∂̇k
∂̇j = Eij;kδi + Eijk∂̇i,

where

Aij;k = Γ ijk, Aijk = −
(
Cijk + 1

2R
i
jk

)
,(6.1)

Bi
j;k = Cijk + 1

2g
ilRjlk, Bi

jk = Γ ijk,(6.2)

Eij;k = −1
2g
ilgjk;l, Eijk = Cijk.(6.3)

Theorem 6.2. In terms of the adapted frame {δi, ∂̇i}, the curvature op-
erator R(·, ·)S of the Levi-Civita connection D associated to the Sasaki–
Finsler metric G̃S is given by

R(δi, δj)S =
(

1
2(RsjC

k
si −RsiCksj) + 1

4g
kt(RstiRsj −RstjRsi)(6.4)

−Rkij − 1
2g
ktRl ijRlt

)
δk + 1

2(Rkj|i −R
k
i|j)∂̇k,

R(∂̇i, ∂̇j)S = 1
2

{
gklys[∂̇i(Rjls)− ∂̇j(Rils)]− (C lki Rjl − C lkj Ril)(6.5)

+ 1
2g
tlgkr(RjlRirt −RilRjrt)

}
δk

− 1
2(RjlLlki −RilLlkj )∂̇k,
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R(δi, ∂̇j)S =
(
−Lkji + 1

2g
klRjl|i − 1

4R
s
ig
klgrjL

r
sl − 1

2g
ktRltL

l
ij(6.6)

− 1
4g
ktRliL

l
jt

)
δk −

[
Ckji + 1

2y
l∂̇j(Rkil) + 1

2RjlC
lk
i

+ 1
4g
tlRjlR

k
ti + 1

2R
s
iC

k
sj

]
∂̇k.

Proof. Note that ∇ is torsion free and ξ̃1 = S = ykδk. Thus by using
Lemma 6.1 we get

(6.7) DδjS = 1
2R

k
j ∂̇k

and

(6.8) D[δi,δj ]S =
(
Rkij + 1

2R
l
ijg

ktRlt
)
δk.

Since R(δi, δj)S = DδiDδjS −DδjDδiS −D[δi,δj ]S, we get

R(δi, δj)S = 1
2δi(R

k
j)∂̇k + 1

2R
s
j

[(
Cksi + 1

2g
ktRsti

)
δk + Γ ksi∂̇k

]
− 1

2δj(R
k
i)∂̇k − 1

2R
s
i

[(
Cksj + 1

2g
ktRstj

)
δk + Γ ksj ∂̇k

]
−
(
Rkij + 1

2R
l
ijg

ktRlt
)
δk.

It is clear that

1
2 [δi(Rkj) +RsjΓ

k
si − δj(Rki)−RsiΓ ksj ] = 1

2(Rkj|i −R
k
i|j)

and

1
2R

s
j

(
Cksi + 1

2g
ktRsti

)
− 1

2R
s
i

(
Cksj + 1

2g
ktRstj

)
−
(
Rkij + 1

2R
l
ijg

ktRlt
)

= 1
2(RsjC

k
si −RsiCksj) + 1

4g
kt(RstiRsj −RstjRsi)−Rkij − 1

2g
ktRl ijRlt.

Thus we obtain (6.4).
Next we prove (6.5). It is easy to check that

(6.9) D∂̇j
S = δj + 1

2g
ilRjlδi.

Thus

D∂̇i
D∂̇j
S = Dδj ∂̇i + [∂̇i, δj ] + 1

2 ∂̇i(g
tlRjl)δt + 1

2g
tlRjl{Dδt ∂̇i + [∂̇i, δt]}

=
[
Ckij + 1

2g
klRilj + 1

2 ∂̇i(g
klRjl) + 1

2g
tlRjl

(
Ckit + 1

2g
krRirt

)]
δk

−
(
Lkij + 1

2g
tlRjlL

k
it

)
∂̇k

=
[
Ckij + 1

2(gklRilj − C lki Rjl + gkl∂̇i(Rjl)) + 1
4g
tlgkrRjlRirt

]
δk

−
(
Lkij + 1

2RjlL
lk
i

)
∂̇k,
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where we denote C lki := gltCkti and Llki := gtlLkit. Therefore,

R(∂̇i, ∂̇j)S = 1
2

{
gkl(Rilj −Rjli)− (C lki Rjl − C lkj Ril)

+ gkl[∂̇i(Rjl)− ∂̇j(Ril)] + 1
2g
tlgkr(RjlRirt −RilRjrt)

}
δk

− 1
2(RjlLlki −RilLlkj )∂̇k

= 1
2

{
gklys[∂̇i(Rjls)− ∂̇j(Rils)]− (C lki Rjl − C lkj Ril)

+ 1
2g
tlgkr(RjlRirt −RilRjrt)

}
δk − 1

2(RjlLlki −RilLlkj )∂̇k.

Now we prove (6.6). It follows from (6.7) and (6.9) that

R(δi, ∂̇j)S = Dδi

(
δj + 1

2g
tlRjlδt

)
− 1

2D∂̇j
(Rki∂̇k)−GljiD∂̇l

ξ̃1

= Γ kjiδk −
(
Ckji + 1

2R
k
ji

)
∂̇k + 1

2δi(g
klRjl)δk

+ 1
2g
tlRjl

[
Γ ktiδk −

(
Ckti + 1

2R
k
ti

)
∂̇k
]
− 1

2 ∂̇j(R
k
i)∂̇k

− 1
2R

s
i

(
−1

2g
klgsj;lδk + Cksj ∂̇k

)
−Gkjiδk − 1

2G
l
ijg

ktRltδk.

Since δi(gst) = grtΓ
r
si + gsrΓ

r
ti, we have

δi(gklRjl) = −gksgltδi(gst)Rjl + gklδi(Rjl)

= −(gksΓ lsi + gltΓ kti)Rjl + gklδi(Rjl).

Thus

R(δi, ∂̇j)S =
[
Γ kji − 1

2(gksΓ lsi + gltΓ kti)Rjl + 1
2g
klδi(Rjl) + 1

2g
tlRjlΓ

k
ti

+ 1
4R

s
ig
klgsj;l −Gkji − 1

2G
l
ijg

ktRlt
]
δk

−
[(
Ckji + 1

2R
k
ji

)
+ 1

2RjlC
lk
i

+ 1
4g
tlRjlR

k
ti + 1

2 ∂̇j(R
k
i) + 1

2R
s
iC

k
sj

]
∂̇k

=
(
−Lkji + 1

2g
klRjl|i − 1

4R
s
ig
klgrjL

r
sl

− 1
2g
ktRltL

l
ij − 1

4g
ktRliL

l
jt

)
δk

−
[
Ckji + 1

2y
l∂̇j(Rkil) + 1

2RjlC
lk
i + 1

4g
tlRjlR

k
ti + 1

2R
s
iC

k
sj

]
∂̇k.

Theorem 6.3. Let (M,F ) be a Finsler manifold and R(·, ·)S be the
curvature operator of the Sasaki–Finsler metric

G̃S = gijdx
idxj + gijδy

iδyj .

Then
R(X,Y )S = 0 ∀X,Y ∈ X (TM)

if and only if (M,F ) is a locally flat Riemannian manifold.

Proof. Let (M,F ) be a locally flat Riemannian manifold. Then

Cijk = 0, Rij = 0, Rijk = 0, Rijk = 0, Rij = 0, Lkji = 0.
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Thus using (6.4)–(6.6), we obtain

R(δi, δj)S = R(∂̇i, ∂̇j)S = R(δi, ∂̇j)S = 0,

which implies that R(X,Y )S = 0 for all X,Y ∈ X (TM). Conversely, if
R(X,Y )S = 0 then by using (6.6) we obtain

(6.10) Ckji + 1
2y

l∂̇j(Rkil) + 1
2RjlC

lk
i + 1

4g
tlRjlR

k
ti + 1

2R
s
iC

k
sj = 0.

Contracting (6.10) with yj we get yjyl∂̇j(Rkil) = 0. Since Rkil is homoge-
neous of degree 1 with respect to y, it follows that ylRkil = 0, or equivalently
Rki = 0. So Rjl = 0. Furthermore, by (2.50) of [CS],

Rikl = 1
3 [∂̇l(Rik)− ∂̇k(Ril)] = 0.

Consequently, by (6.10) we get Ckji = 0, which implies that F comes from a
Riemannian metric on M and (M,F ) is locally flat.

From Theorems 6.3 and 2.3 we have following theorem

Theorem 6.4. The (2n − 1)-dimensional manifold IM with the con-
tact Riemannian metric structure (f̃ , ξ̃1, η̃

1, G̃S) is locally isometric to En×
Sn−1(4) for n > 2 and flat for n = 2 if the Finsler metric F comes from a
locally flat Riemannian metric on M .
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