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A framed f-structure on the tangent bundle
of a Finsler manifold

by ESMAEIL PEYGHAN (Arak) and CHUNPING ZHONG (Xiamen)

Abstract. Let (M, F) be a Finsler manifold, that is, M is a smooth manifold endowed
with a Finsler metric F'. In this paper, we introduce on the slit tangent bundle TM a
Riemannian metric G which is naturally induced by F', and a family of framed f-structures
which are parameterized by a real parameter ¢ # 0. We prove that (i) the parameterized
framed f-structure reduces to an almost contact structure on IM; (ii) the almost contact
structure on I'M is a Sasakian structure iff (M, F') is of constant flag curvature K = ¢;
(ili) if S = y'd; is the geodesic spray of F' and R(-,-) the curvature operator of the
Sasaki—Finsler metric which is induced by F, then R(:,-)S = 0 iff (M, F) is a locally flat

Riemannian manifold.

1. Introduction. Recently, the geometry of the tangent bundle of a
smooth manifold attracts some people’s interest [BEL [O1) [O2] [OP]. As is
well known, a Riemannian metric ¢ on a smooth manifold M gives rise to
several Riemannian metrics on the tangent bundle TM. The best known
example is the Sasaki metric gg, which was first introduced and studied
in [S]. Although the Sasaki metric gg is naturally induced by a Riemannian
metric g on M, it is very rigid. For example, TM endowed with the Sasaki
metric gg is not locally symmetric unless the metric g is flat [K]. Moreover,
the Sasaki metric gg is not a good metric in the sense of [B] since its Ricci
curvature is not constant, that is, the Sasaki metric gg is generally not an
Finstein metric.

To overcome this defect, V. Oproiu and his collaborators [O1] [02] [OP]
constructed on T'M a family of Riemannian metrics with respect to which
TM is a locally symmetric Riemannian manifold and has constant Ricci
curvature (or is an Einstein manifold). It is natural to ask whether we can
construct some nice metrics on TM under the condition that M is endowed
with a Finsler metric. Recently, using the Sasaki-Finsler metric on the tan-
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gent bundle of a Finsler manifold, M. Anastasiei [Al] showed that the indi-
catrix bundle of a Finsler manifold carries a contact structure. A. Bejancu
and H. R. Farran [BF] proved that a Finsler manifold (M, F') is of constant
curvature K = 1 if and only if the horizontal Liouville vector field S = y'd;
(also called the geodesic spray field associated to F') is a Killing vector field
on the indicatrix bundle IM of (M, F).

Let (M, F) be a Finsler manifold, i.e., M is a smooth manifold and F
is a Finsler metric on M. Denote TM the slit tangent bundle of M, i.e.,
the complement of the zero section in T'M. In this paper, we introduce the
following lift metric G on T'M (cf. Section 3):

(1.1) G= Gijdl‘idﬂi‘j + Hijdyiéyj
where
1 v
Gij = 5%+ oYY H;j = Bgij + wyiy;,

a and 3 are constants, and v and w are nonnegative functions of 7 = I’ 2,

We construct a parameterized framed f-structure on T'M. When re-
stricted to the indicatrix bundle IM of (M, F'), the framed f-framed struc-
ture reduces to an almost contact structure. We prove that the almost con-
tact structure on IM is a Sasakian structure if and only if (M, F) is of
constant flag curvature K = ¢ # 0.

The main results of this paper are (cf. Theorems and
for details):

THEOREM 1.1. Let G, f, (Ea), ("), a = 1,2, be defined respectively
by B6), @7, ET) and @2). Then the ensemble (f, (€.), (7)), a = 1,2,

provides a framed f-structure on TM if and only if

~ 1 T—1 L 1-— 067 S
(1.2) G= (5% + ﬂmyiyj>d:cldw’ + (ﬂgij + Tfyiyj>5y’5yj-

THEOREM 1.2. Let (f, (&), (%)), a = 1,2, be the framed f-structure
given by Theorem . Then the triple (f,&1,1") defines an almost contact
structure on IM, that is,

771(51):1’ f(gl) :07 ﬁlof:(]’
P=-I+7 o4,
f3+f=0, rankf=2n-—2.

THEOREM 1.3. Let (M, F) be a Finsler manifold endowed with the Chern—
Rund connection V. Let also ¢ # 0 be a parameter and
(1.3)

~ 1 T 1 o
G =/l [gij + ( - 1>yiyj:| da'da’ + [91‘]“" (1 - )yz‘yg} 0y' oy’
lc] el Vel
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be the Riemannian metric on IM. Then (IM, f,gl,ﬁl, é) is a contact Rie-
mannian manifold.

THEOREM 1.4. Let (M, F) be a Finsler manifold endowed with the Chern—
Rund connection V. Let also ¢ # 0 be a parameter and

(1.4)

~ 1 o 1 1 o

G =/l [gij + < - 1) yiyj} dz'dx! + [Qij + (1 - ) yi@/j] dy' oy’
Vel Vel Vel

be the Riemannian metric on IM. Then (IM,J?,gl,ﬁl,CNJ) is a Sasakian

manifold if and only if (M, F) is of constant flag curvature K = c.

THEOREM 1.5. Let (M, F) be a Finsler manifold, S = y'6; be the geodesic
spray field of F' and R(-,-) be the curvature operator of the Sasaki—Finsler
metric

Gs = gijdx'dz’ + g;;0y' oy’ .
Then
RX,Y)S=0 VXY e€X(TM)

if and only if (M, F) is locally a flat Riemannian manifold.

The organization of this paper is as follows. In Section 2, we fix some
definitions and notation, and introduce the Chern—Rund connection V of
(M, F). In Section 3, we introduce a Riemannian metric G on the slit tan-
gent bundle TJ\VL and define an almost complex structure Fon TM. In
Section 4, we first define two vector fields &§;,&2 and two 1-forms n',n% on
TM, and give some basic properties of these objects. Then we prove that
there is a framed f-structure on T'M if and only if 7(8 + w7) = 1. In Sec-
tion 5, we prove that the framed f-structure on T™ naturally induces an
almost contact structure (f,&1,7') on the indicatrix bundle IM such that
(IM, 1, 51,77 G) 1s a contact Riemannian manifold. Furthermore, we prove
that (I M, f §1, 0, G) is a Sasakian manifold if and only if (M, F) is of con-
stant flag curvature K = ¢ # 0. In Section 6, we prove that R(-,-)S = 0
if and only if (M, F) is a locally flat Riemannian manifold, and prove that
IM with the contact Riemannian metric structure (.]?, 51, n, C~¥5) is locally
isometric to E™ x S"~1(4) for n > 2 and flat for n = 2 if the Finsler metric
F' comes from a locally flat Riemannian metric on M.

2. Preliminaries. In this section we fix some definitions and notation,
and introduce the Chern-Rund connection V of (M, F').

Suppose M is an n-dimensional C°° manifold with local coordinates
(x',...,2"). Denote by T, M the tangent space at + € M and 7w : TM — M
the tangent bundle of M. Let (z',..., 2", y',...,4") be the induced local
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coordinates on T'M and X (fz\?) be the set of sections of the tangent bundle
TTM of TM.

DEFINITION 2.1. A Finsler metric on M is a function F' : TM — [0, c0)
such that

(i) Fis C> on TM;

(ii) F is positively 1-homogeneous on the fibers of TM, i.e., F(x, \y) =
AF(z,y) for A > 0;

(iii) for each y € 1/“33\]\/4 , the quadratic form g, : T, M x T, M — R de-
fined by gy (u1,u2) == gij (y)ulluj2 is positive definite, i.e., the Finsler
fundamental tensor

1 0°F?
9ij(y) == ) W
is positive definite on TM.
We denote by (g¥/) the inverse matrix of (g;;), i.e., gijg"* = (5;?.

Let z € M and denote by F, the restriction of F' to the fiber T, M. To
measure the non-Euclidean features of F, define C,: T, M xT, M xT, M —R

by Cy(u1,u2,u3) = Cijr(y)uiujul where

1 8gij
Cij(y) = 2 ok
By the 1-homogeneity of F', it is easy to check that
(2.1) Cigk()y" = Cizi(y)y’ = Cijr(y)y" = 0.
The family C := {Cy}yem is called the Cartan torsion of (M, F'). Using

the Cartan torsion C, one can define the mean Cartan torsion L, : T,M — R
by I,(u) == Ii(y)u’, where I;(y) := ¢"*Cyjr(y). It is well known that I = 0 if
and only if F' comes from a Riemannian metric on M.

Let 7*T'M be the pull-back tangent bundle over TM. It is well known
[CS] that 7*T'M admits a unique linear connection V called the Chern—Rund
connection, which is torsion free and almost metric compatible. In the fol-
lowing we shall recall the connection coeflicients and curvature components
of V.

First, using the Finsler fundamental tensor g;; and the Cartan tensor Cjj,
associated to F', one defines the tensor C”jk = ¢"*Cs;, which is actually
the vertical connection coefficients of the Cartan connection of (M, F). If
we define the formal Christoffel symbols 'ykij of the second kind of F' by

1 (995  Ogu  0Ogij
29 \ 0z T 027 92l )

kE _
Yij =
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then there is a canonical nonlinear connection on TM , which is locally char-
acterized by its connection coefficients N}, i.e.,

Ni=7" 59" = C' sy Y
We denote by G* := %fyijkyjyk the spray coefficients of F' and by Gij,C =

902G /0y 0y* the Berwald connection coefficients of F. The connection co-
efficients I ’zj of the Chern-Rund connection V are given by (see [CS])

i@, y) = 39" [8i(g50) + 8 (9ir) — ou(gi;));
here and in the following we denote 9; := 8/9y’ and &; := 9/dx" — Nijé?/(?yj.
It is clear that
(2.2) 'y =T1%, y'T%;=N/.
Note that {d;, i} is the natural local frame on m, and its dual coframe
is {dz',0y'}, where we denote dy' = dy' + Nidz’. In terms of the natural

local frame {dz*, 0y} on T—J\VL the connection 1-form of V is wj«i = Fijkdxk,
and the curvature 2-form of V is

.jS = dwji - wjk A wki.
More precisely [CS],
2" = IR} yda® A dal + Pylyda® A Sy

where

(2.3) Ry = 0(Iy) = 0i(I) + Iy % = T,
(2-4) szkl = —8;( ij)-

It is clear that

(2.6) R+ Ry + Ry, =0,

(2.7) Pl =P

Denote

(2.8) Ry = ijjiklv L'y = _yijikl'
Clearly,

(2.9) Ry=—-Ry, Ly=Ly, L'uy=0,
and it is easy to check that (cf. [CS])

(2.10) Ry =6c(N}) = 6i(N}), L'y =G'ry— Iy
Set

Rji = gisR;%, Rim = gisR%, R} :=R'yy', Rij=gmR";.
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Clearly,

(2.11) Y Rk = R, y'Rirt = —y' R = Riy
and it is easy to check that (cf. [CS])

(2.12) Ry" =0, Rij=Rj.

The flag curvature of the Chern—Rund connection V associated to F'is a
geometrical invariant, which generalizes the sectional curvature in Rieman-
nian geometry. Let x € M and 0 #y € T, M. Then V := V* 8?& is called the
transverse edge. The flag curvature is obtained by carrying out the following
computation at the point (z,y) € TM, and viewing y and V as sections of

T M:

R ViVk
9y, »)g(V.V) = [g(y, V)]**
If K(y,V) is indepefn\d/ent of the transverse edge V, i.e., there is a scalar
function A(z,y) on TM such that K(y,V) = A(z,y), then (M, F) is called

of scalar flag curvature. If furthermore A(z,y) is constant on T™ , then the
Finsler manifold (M, F) is called of constant flag curvature.

K(y,V):=

A framed f-structure is a natural generalization of an almost contact
structure. It was introduced by S. I. Goldberg and K. Yano [GY]. We recall
its definition following [MR].

DEFINITION 2.2. Let M be a (2n 4 s)-dimensional manifold endowed
with an endomorphism f of rank 2n of the tangent bundle satisfying f,i +f=
0. If there are vector fields (&) and 1-forms n® (a,b =1,...,s) on M such
that

(2'13) Ua(fb) :51(717 f(ga) =0, naof:(), f2: _I+Z77a®fa7
a=1

where [ is the identity automorphism of the tangent bundle, then M is said
to be a framed f-manifold.

Let M be a (2n — 1)-dimensional contact Riemannian manifold with a
contact metric structure (f,&,n,g) and R(-,) be the curvature operator of
the Riemannian metric g. It is well-known that the condition R(-, )¢ = 0 has
strong implications for a contact metric manifold, namely that M is locally
the product of Euclidean space E™ and a sphere of constant curvature +4.
In [BI] and [B2], D. E. Blair proved the following theorem.

THEOREM 2.3. A contact metric manifold M2l satisfying R(-,- )¢ =0
is locally isometric to E™ x S"~Y(4) for n > 2 and flat for n = 2.
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3. A Riemannian metric on 7M. In this section we shall introduce
a Riemannian metric G and an almost complex structure FonTM.

Let v : [0,00) — R be a smooth function. Then it makes sense to consider
the function v(7), where 7 := F? is defined on TM and smooth on TM. We

define a symmetric M-tensor G;; on TM such that
1 v
(3.1) Gij 1= 395 + agVY
where «, 3 are real constants and y; = gijyj. It is easy to check that the

matrix (Gj;) is positive definite on TM if and only if , 8 > 0, + 270 > 0.
Let (H*) be the inverse matrix of (Gj;), i.e., Gi; H* = 6;53. Then

(3.2) HM = Bgk + wyky!,
(3.3) we P
a+TU

The components H* define a symmetric M-tensor on TM. It is easy to
see that if the matrix (G;;) is positive definite, then so is (H*). Denote
by H;j(x,y) the symmetric M-tensor field of type (0,2) obtained from the
components H* by lowering the indices, i.e.,

(3.4) Hyj = giH" g1 = Bgij + wyiy;.

We also need the following M-tensor fields on T'M obtained by usual alge-
braic tensor operations:

. . 1 v
le — gsz Agjl — 7gkl + 7ykyl,
Y B ﬁ

Hj = H"gp, = Hkhghi = B0}, + wy'y,

where (H}) is the inverse matrix of (G}), i.e., H,?CGg = (5%.
We introduce the Riemannian metric

(3.6) G = Gijda'da’ + Hyjoy' oy’
on the slit tangent bundle TM. Equivalently,
G(8i,6)) = Gijy G091, 05) = Hyj, G(6;,05) = G(9;,65) =0
Now we define an endomorphism F : X (TM ) — X (fz\?) such that
(3.7) F(8) = -Gk,  F(8;) = HF6y.

It is easy to check that F' F2 = —1I, where [ is the identity endomorphism on
X(TM). Thus F is an almost complex structure on TM [PTJ.
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4. A framed f-structure on @ . In this section we shall prove that
there is a framed f-structure on T'M, which is parameterized by a real
parameter. We do this by defining a tensor field f of type (1,1) on T M, and
obtain a necessary and sufficient condition for fto be a framed f-structure
on T'M. -

As is well known, there are two remarkable vector fields defined on T'M.
One is the vertical Liouville vector field C = y'8;, which is globally defined
on TM. The other is the horizontal Liouville vector field S = 4'6; (also
called the geodesic spray field of F).

Now we define the vector fields El, 82 and 1-forms 7', 7% on T™ respec-
tively by

(4.1) &= (B+wr)S, &:=C,
(4.2) = yda’, 7 = (B 4 wr)y0y'.

PROPOSITION 4.1. Let G be defined by (3.6) and F be defined by (3.7).
Then

(4.3) G(F(X),F(Y))=G(X,Y) forX,Y € X(TM).

LEMMA 4.2. Let F be defined by (3.7) and 81,52 be defined by (4.1)).
Then

(4.4) F(&)=-6&, F(&) =&
Proof. This follows immediately from (3.7)—(4.2). =

LEMMA 4.3. Let F be defined by (13.7) and m1,m2 be defined by (4.2).
Then

(4.5) FoF =7 ifoF=-i.
Proof. 1t is sufficient to check (4.5) with respect to the adapted frame
{6;,0;} on TM. In fact,
7o F(6;) = 0=1(5),
7' o F(0;) = 7' (Hf'oy) = HEyx = (8 + wr)y; = 7°(0;)
7o F(6)=—yi=—7'(6), T oF@)=0=70"(0)
LEMMA 4.4. Let G be defined by (3.6) and 11,72 be defined by (4.2).
Then
(4.6)  FY(X)=G(X,&), PX)=G(X,&) for X € X(TM).
Proof. With respect to the adapted frame {51,61} on m, we have
n*(6;) = y; and

G(8:,&1) = (B +wr) (;gz’j + a%yz‘yj

> i af+B1v+wr(a+ Tv)
Yy = Yi = Yi,
af
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where in the last equahty we use . Thus G(éz,ﬁl) 7t(8;). Tt is clear
that G(@l,ﬁl) =0= 7). Therefore (X)) = G(X,&). S1m11arly we can
prove 7?(X) = (X fg) .

LEMMA 4.5. Let &1,& be defined by [@.1) and 7,52 be defined by ([4.2).
Then

(&%) = (B+ wr)Tél,  a,b=1,2.
Proof. In fact, it is easy to check that

7)) = B+wr)r,  7(&) =0,

(&) = (B+wr)r, 7(&)=0.m

Using the almost complex structure F , we define a new tensor field fvof
type (1,1) on TM by

(4.7) f=F+7'0&-7®&.
PROPOSITION 4.6. The tensor field f satisfies
48)  f&) =1B+wn)r—1&, f(&)=[1-(B+wn),
(4.9) 7o f=[—(B+rwnri®, 7o f=[(B+wr)r -1,
(4.10) P=—I+2-B+un)r)@ @& +7 &)
Proof. Equalities follow from Lemmas and follows
from and Lemma and follows from . =

PROPOSITION 4.7. The Riemannian metric G satisfies
G((X), [(¥)) = G(X,Y) = [2—= (8 + wr)r][i (X)7" (V) + (X )R (V)]
for X,Y € X(TM).
Proof. By Lemmas 4.4 and 4.5, we have
(411)  Gn&) = (Btwn)r= é(é},é), G(é1, &) =0
From and Lemmas and |4.4] we get

G(f(X), f(Y) = G(F(X), F( )+ GF(X), &) (V)

— G(F(X),6)A(Y) + G (&, F(Y))i' (X)
+ 7N (X)) G (&, &) — T (X)G(E, F(Y))
+ P (X)P(YV)G(E,6)

= G(X,Y) + P (FX)T(Y) = T (F(X)i*(Y)
+P(FE)THX) + 7 (X)FH(YV)(8 + wr)T
—PX)FFY) +PX)FP(Y)(B +wr)r

=G(X,Y) = [2— (B+wr)r][7(X)F' (V) + P2(X)F*(Y)]. =
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THEOREM 4.8. Let G, f, (5,1), M), a = 1,2, be defined respectively

by B-0), (7). @EI) and [E2). Then the ensemble (f, (), (7)), a = 1,2,

provides a framed f-structure on TM if and only if
(8 + wt) = 1.

Proof. Let (f, ({a) G )) be a framed f- structure on TM. Then by Defi-

nition 2.2, we have f(&1) = (&) = 0. Thus by ([£.8) we get 1—(3+wr)T = 0.
Conversely, if 7(8+w7) = 1, then using Lemma“ 4.5 and Proposition we
obtain

(4.12) (&) =08, f(€) =0, tof=0, ab=12,
(4.13) P=-I+7'0&+7 06

In order to complete the proof, we need to prove f3 + f = 0 and to show
that f is of rank 2n — 2. It follows from and (| - ) that

PX)=-fX) vXxe X(TM)
Now we need to show that Kerf = span{fl, 52} The inclusion span{gl, 52}

C Ker f follows from the second equation in . Now let X € Ker f
Then f(X) = 0 implies that

F(X) + 7' (X)& - 77 (X)& = 0.

Thus B o o
F2(X) =71 (X)F (&) — TP (X)F(&).
Since F? = —1, it follows from Lemma 4.2 that
X =-7'(X)& - P’ (X)é,
that is, X € span{{;,&2}. =
Note that the condition 7(4 + w7) = 1 in Theorem [4.8| implies that

:a(ﬂr—l) wzl—ﬂT

4.14

(4.14) —. =
Thus the functions v and w are related by

(4.15) v =—aTw.

Now if we substitute (4.14]) into (3.1)) and (3.4)), we can restate Theorem 4.8

as follows:
THEOREM 4.9. Let G, f, (Ea), ("), a = 1,2, be defined respectively

by (B6), (@), @) and [@2). Then the ensemble (f, (), (7)), a = 1,2,

provides a framed f-structure on T M if and only if

(4.16) G = (ﬁ gij + ﬁﬂ yzy]>dx da’ + (ﬂgi]’ + Tf?h%) dy'oy’.
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COROLLARY 4.10. Assume that (f,(£.), (%)), a = 1,2, provides a framed
f-structure on TM. Then

G(f(X), F(V)) = G(X,Y) =7 (X)i" (V) = P (X)iP(Y)
for XY € X(TM).
Proof. This follows from Proposition [1.7] and Theorem 4.8. =

Now let the framed f- structure on TM be given by Theorem {4 . 8 Using
, we can get the local expression of f as follows:

(4.17) F6) = —; (55 - iyz’yk> s
(4.18) F(&) = 5(55 - iyiyk>5k~

If we set ¢(X,Y) = G(f(X),Y) for X,Y € X(TM), and use (4.17) and
(4.18), we have

1

(4.19) $(6:,05) = G(f(0:),9;) = —gij + —YiYs;
(420 8(05,65) = G(F().65) = g5 — vy,

(4.21) $(0:,87) = ¢(0;,0;) = 0

Using |D1) we get ¢(X,Y) = —¢(Y, X). Thus ¢ is a 2-form on TM.
On the other hand, by using (4.2]) we obtain

(4.22) dii' (8:,0) = 617" (95) — 9;1'(61) = =Dy = —gij-

Similarly we obtain

(4.23) it (9i,6;) = gijs  di*(6;,6;) = dif* (0;,9;) = 0

Relations |)|) give us the following equality on TM:

1 A :
(4.24) ¢ =dnt + 2, where 2= —yyjdx’ A 8y’
T

5. Almost contact structure on the indicatrix bundle. In this sec-
tion we assume that the framed f-structure on TM is given by Theorem
In this case,

s _ 1 —» 1 i
G =-S5 10 =_ydy"
T T
We shall prove that when we restrict the framed f-structure to the indicatrix
bundle TM, we get a parameterized contact structure on I'M. Moreover,
we prove that the parameterized contact structure on IM is a Sasakian
structure if and only if (M, F) is of constant flag curvature K = ¢ # 0.
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Let IM be the indicatrix bundle of (M, F), i.e.,
IM = {(z,y) € TM | F(z,y) = 1},

which is a submanifold of dimension 2n — 1 of 7:]\\//{ N
Note that & is a unit vector field on IM since G(§2,&2) = 1. It is easy to

show that £~2 is a normal vector field on IM with respect to the metric G.
Indeed, if the local equations of IM in T'M are given by

(5.1) o =2'(), Yy =y'(u), ye{l,...,2m—1},
then we have

OF 0x' OF 0y B
(52) ox' duY * oyt our 0

Since F' is a horizontal covariant constant, i.e.

ozt Oy 8F
k

(5:3) <Ni o + 8u7> Oyk
The natural frame field {90/0u”} on IM is represented by

0 ozt 0 oyt 0 oz’ 5 <N’“ ox'  oyF > 0

, a - Nk8 - we obtain

oyk”

4) == , 9 .
(54) ouY  OuY Oxt + ouY 9yt OuY N ouy  uY

Thus by (5.3) and the condition 7(5 4+ w7) = 1, we have

~( 0 ~ 1 ort  oyF\ oOF
5.5 G| =— = —_( Nk -0
(5:5) <8u7’§2> F( P T 8u7> oyk 7
where we use the equality y./F = OF/dy*. Therefore {2 is orthogonal to

vectors that are tangent to IM. It is clear that the vector field & = (1/7)y'6;
is tangent to IM since G(&1,&2) = 0.

LEMMA 5.1. Let the framed f-structure be given by Theorem [L.8. Then
restricting to IM we have

G=y6=8 =0, fX)=FX)+7'(X)& for X € X(IM).
Proof. Tt is clear since 7 = F2 = 1 on IM and 72(X) = G(X, &) = 0.
This completes the proof. m
Note that Corollary [4.10] and Lemma [5.1] implies the following theorem:

THEOREM 5.2. Let the framed f-structure be given by Theorem[4.8l Then
the triple (f 51, 1Y defines an almost contact structure on IM, that is,
7)) =1 f@)=0, #'of=0,
PP=-I+i'®4,
f3+f=0, rankf=2n—2.
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Note that 7 =1 on IM, thus by (1.2)) we have
~ 1 o L
(56) G= B[gij + (B = Dyiy;ldz'da? + [Bgi; + (1 — B)yiy;]0y' oy’
By Corollary we have

THEOREM 5.3. Let G be the Riemannian metric given by . Then
G(f(X),f(Y) = GX,Y) =T (X)F'(Y) for X,Y € X(IM).

One can check that {(5¢,f(5j)},j =1,...,n—1, is a local frame on a
neighborhood U of the point (x,y) = (x!,..., 2% y',...,y") € IM with
y™ # 0. Since points like (z,0) are not in IM, one may always consider
such a local frame. Let ¢(X,Y) = G(f( (),Y) be the 2-form associated

to the almost contact structure (f &, G) on IM. By using we
have ¢ = dn' + £2, where 2 = yzy]d:c A 8yl. Now we show that 2 is

zero on IM. Since {6;, f(5 ) "_1 is a local frame on a neighborhood U of
(v,y) = (z1,... 2 ,y,...,y)EIMwithy"#O, it is sufficient to prove
0263, F(65)) = 2(6:,8;) = 2(Ff ( 2, ( i) = 0. By the definition of £, it is

easy to see that £2(d;,6;) = £2(f F(5:), f(5 )) = 0. But from lb we obtain

0253, f(65)) = - (0% — y;uF)02(6:, 01
= —;@C — y v iy = —;(yiyj —y;ui) = 0.

Therefore 2(X,Y) = 0 for all X,Y € X(IM) and consequently by using
(4.24) we deduce that ¢(X,Y) = dij*(X,Y) for all X,Y € X(IM). Substi-
tuting 5 = 1/4/|c| with ¢ # 0 a constant into (|1.3)), we obtain the following
theorem.

THEOREM 5.4. Let (M, F') be a Finsler manifold endowed with the Chern—
Rund connection V. Let also ¢ # 0 be a parameter and

(5.7)

~ 1 o 1 1 o
G =] [gﬂr <—1> yzy} dz'dx? + [gﬂr <1—)yiy'] dy' oy’
T\ ’ Ve Vel /™

be the Riemannian metric on IM. Then (IM, f,é,ﬁl, é) is a contact Rie-
mannian manifold.
Let (f, El, ') be the contact structure on IM and N]-; be the Nijenhuis

tensor field of ]7 The contact structure (f, 51,771) is called normal if N :=
N]—;—i— 2dn' ® &1 = 0, and Sasakian if it is normal and ¢ = dn.
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Note that if di*(6;,6;) = 0, then N (&;, ;) = N#(d;,9;). By the definition
of Nijenhuis tensor field we have
N70:,0;) = [£(8:), ()] = F1F(0), 03] = f10i, F(87)] + f2[0s, 8]
By a direct calculation one gets

76, F5,)] = ;2@,.55 08,

F210:, d;] = (sz’j — Ruijy'y*) o,
FIF(:),05] + Floi, £(8;)] = 0.
Thus we obtain

N(8:,65) = Nj(5:,0;) = | =5 (4i6} — y;07) + RY; — Reijy'y™ | k.

1
32
Therefore N(d;,0;) = 0 is equivalent to

(5.8) (yid —y;67) + RY; — Rejy'y* = 0.

1
#?
Contracting (5.8) with gg; we get

1
(5.9) Riij = Ruijy'yr — @(yz‘gﬂ = Y;9i1)-
Since Ryijy'y’ = Ruy' = 0, thus the flag curvature K(y, V) of (M, F) is
O ORVYVE W gV
(qi — yy)) VIV (gii — yy)) VIV B
Note that the vanishing of N (d;, ¢;) also implies the vanishing of N (f(8:),

f(05)) and N (0;, f(6;)). Thus if we take 5 = 1/4/|c| with ¢ # 0 a constant,

we obtain the following theorem.

THEOREM 5.5. Let (M, F') be a Finsler manifold endowed with the Chern—
Rund connection V. Let also ¢ # 0 be a parameter and

(5.10)

~ 1 S 1 1 o

G = /|| [gij + ( — 1> yiyj] dx'dx? + |:gij + <1 — ) yiyj:| dy' oy’
|c| c| Vel

be the Riemannian metric on IM. Then (IM,f,gl,ﬁl,é) is a Sasakian
manifold if and only if (M, F) is of constant flag curvature K = c.

If c=41, then using 1' we get the following Sasaki—Finsler metric és,
which was also studied in [BF]:

(5.11) Gg = gijdxid:nj + gijéyiéyj.
Thus by Theorem [5.5] we have

K(y,V)
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COROLLARY 5.6. Let (M, F) be a Fmsler manifold endowed with the

Chern—Rund connection V. Then (IM, f 51, 0, Gs) s a Sasakian manifold
if and only if (M, F) is of constant flag curvature K = +1.

6. The Riemannian curvature of és. In this section, we shall give an
application of the Sasaki-Finsler metric , which is the special case of G,
ie., 3 =1and 7 = 1. We first derive the curvature R(X,Y)S for X,Y €
X (f]\?), where R(-,-) is the curvature operator of the Sasaki-Finsler metric
and S = 4'; is the geodesic spray field of F. Using the local formula
for R(X,Y)S, we show at the end of this section that /M endowed with
the contact Riemannian metric structure (f, El, n, és) is locally isometric
to E™ x S"71(4) for n > 2 and flat for n = 2 if the Finsler metric F' comes
from a locally flat Riemannian metric on M.

If we denote by gjr. := 61(gjk) — gsijl — gjsG7; the horizontal covariant
derivative of g;;, with respect to the Berwald connection of (M, F), then we
have

LEMMA 6.1 ([A2], [BE]). In terms of the adapted frames {5;,;} on TM,
the Levi-Civita connection D associated to the Sasaki—Finsler metric Gg is
given by

ngéj = Aé;kéi + Aj-kéi,
D(;kéj = Bé;kéi + Bjké')i,

where

(6.1) Jk_FZ ik =—(Cix + 3R,
(6.2) Bl =Clh+ 59"Ruye, Bl =T",
(6.3) =390kt Bl = Ch.

THEOREM 6.2. In terms of the adapted frame {0;, 81}, the curvature op-
erator R(-,-)S of the Levi-Civita connection D associated to the Sasaki—

Finsler metric Gg is given by

(6.4) R(6:,6;)S = (3(R*,CE — R*,CE) + 19" (Rt R*; — Rsth“’T)

iCs)
—R";-j—— MR, th)aw (R*;j; — B0k,
(6.5)  R(0:,0)S = +{g"y*[0i(Rjus) — 0;(Ras)] — (CF Ry — CIFRy)
+ 39" 9" (RjiRirt — RuRjrt) } 01
— S(RULYF — RyL oy,
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(6.6)  R(6:;,0))S = (=L*; + 39" Rjyi — 1R%9" 90 L7 — 56" BuLi;
- %gktRliLljt)‘sk - [C]kl + %yléj(Rku) + %lecfk
+ 1g" Ry RN, + LR%,CE 0.

i8]

Proof. Note that V is torsion free and §~1 = S = 4*6;. Thus by using
Lemma [6.1] we get

(6.7) Ds,S = R0,
and

Since R(d;, 5j)8 = DgiD(;jS — D(;jD(;iS — D[(;i’(;j}s, we get
R(5:,6;)S = 36i(R*)) 0k + $R*;[(CL + 56" Roti) 01, + T'"%,01]
— 36, (R%)0, — $R%[(CE + 39" Ras) 61 + T, 0
= (RBY + 3R ;9" Rur) O
It is clear that
316:(RY)) + R*;T%, — 6;(RY) — R%, %)) = L(RY,, — RY,))
and
1% (CGi+ 39" Ros) — 3R (Cgy + 36" Rg) — (R + 3R 9" Biy)
= L(R%CE — R*,0%) + 19" (R R, — Ratj R®) — RN — 29" R Ry

j sJ 1]
Thus we obtain ((6.4)).
Next we prove (|6.5)). It is easy to check that
(6.9) DajS = 5j + %g”Rﬂéi.
Thus

DyDyS = Ds,0; + 105, 05) + 39;(g" Rj1)d, + 29" Ry{ Ds,0; + [0:,6,]}
= [ij + 16" Ry + 10,(g" Ry) + 19" Ry (CL + 36" Rirt) | 0k
—(Li; + 59" RuL) O
= [CF + 5(g" Ry — CI* Ry + ¢™0i(Ry)) + 19" 9" Ryt Rirt 01
— (L5 + 5 RaLi*) O,
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where we denote C* := g*CE and LI¥ := g"' LY. Therefore,
R(9;,0;)S = ${g"(Ru; — Rjui) — (CY*Rj; — CIFRy)
+g"0i(Ry) = 0 (Ra)] + 59" 9" (Rt Rire — R Rjre) } 6
— (R L — Ry L) on
= H{g"10:(Ryus) — 0j(Rus)] — (CIF Ry — CYF Ry)
+ 29" 9" (RjiRire — RaRjrt) }ox — 3 (RuLY — Ry L) 0.
Now we prove . It follows from and that
R(5:,9;)S = Ds, (5 + 39" Rud:) — $D (R0k) — GliDy &
= I'%:6, — (CF + LR O + 36:(g" Rj1)oy,
+ 39" Ry [0 — (CF + SRY,) 0] — $0;(RY) 0k
— 1R% (39" gsju0k + CE0) — Ghiok — LGl 6" Ryy6y,.
Since 8;(gst) = grel"y; + gorI"y;, We have
8i(g™ Rji) = —g"°9"6i(gst) Ryt + ¢ 0i(Rj1)
= ("I + g" ") R + g™6:(Ry).
Thus
R(6;,0))S = [I'; — 5(¢" "y + ¢" I Rju + 59" 6i(Ru) + 59" R
+ 1R 9550 — G — 5G1;9" Rut b
= [(Ci + 3RY;) + 3 RaCl
+ 39" Ry RN + 30;(RY) + 3 R%CL] Ok
= (L% + 39" Ry — R0 9ri Ly
B %gktthLéj B %gktRliLljt)(;k
— [CF + 3410, (RE) + ARuClF + 19" Ry RY, + S R*,C% | Op. m
THEOREM 6.3. Let (M, F) be a Finsler manifold and R(-,-)S be the
curvature operator of the Sasaki—Finsler metric
C~¥5 = gijd:nidxj + gijdyiéyj.
Then
RX,)Y)S=0 VX,Ye€X(TM)
if and only if (M, F) is a locally flat Riemannian manifold.
Proof. Let (M, F) be a locally flat Riemannian manifold. Then

=0, R,;=0, R, =0 Ryj=0, Ry;=0L§=0.
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Thus using 7, we obtain

R(8;,0;)S = R(9;,0;)S = R(6;,05)S =0,
which implies that R(X,Y)S = 0 for all X,Y € X(T'M). Conversely, if
R(X,Y)S = 0 then by using we obtain

(6.10) Cli + 5y'05(RY) + §RuClF + 19" R RN, + S R*,CY = 0.

Contracting (6.10) with ¢/ we get 3 yléj (Rkﬂ) = 0. Since Rkil is homoge-
neous of degree 1 with respect to y, it follows that yZRkﬂ = 0, or equivalently
R¥, = 0. So Rj; = 0. Furthermore, by (2.50) of [CS],

Rikl = %[8l(Rik) - 3k(Riz)] = 0.

Consequently, by (6.10)) we get C]]i“l- = 0, which implies that F' comes from a
Riemannian metric on M and (M, F) is locally flat. m

From Theorems [6.3] and [2.3] we have following theorem

THEOREM 6.4. The (2n — 1)-dimensional manifold IM with the con-

tact Riemannian metric structure (f, &,1, és) 18 locally isometric to E™ X
S"=1(4) for n > 2 and flat for n = 2 if the Finsler metric F comes from a
locally flat Riemannian metric on M.
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