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Abstract. The homogeneous quaternionic Kahler structures on the Alekseevskian
W-spaces with their natural quaternionic structures, each of these spaces described as a
solvable Lie group, and the type of such structures in Fino’s classification, are found.

1. Introduction. Quaternion-Kéhler manifolds have attracted much
attention since the classical papers by Wolf [W], Ishihara [I] and others to
the present day: see for instance [J] and [V], among many papers.

A quaternion-Kéahler manifold is said to be negative if it is complete
and has negative scalar curvature. Homogeneous quaternion-Kéahler spaces
admitting a simply transitive completely solvable Lie group of isometries
were classified by Alekseevsky [A] (see also de Wit and van Proeyen [WP]
and Cortés [Col). No other homogeneous negative quaternion-Kéahler spaces
are known. Alekseevsky conjectured in [Al p. 300] that the only homogeneous
negative quaternion-Kéahler manifolds are Alekseevskian spaces.

Homogeneous quaternionic Kéhler structures, i.e., the Sp(n)Sp(1) case
of Tricerri and Vanhecke [TV] homogeneous Riemannian structures, have
been studied in [BGO1, BGO2, [CGOTl, [CGO2 [CGS| [F]. Fino gave in [F,
Lem. 5.1] a representation-theoretical classification of such structures into
five basic geometric types QKy, ..., QKs. (We denote the type QK; & QK;
by QK;;, and so on.) A classification by real tensors was given in [CGS, Th.
1.1], and it was also proved that a connected, simply-connected and complete
homogeneous quaternion-Kéhler manifold of dim > 8, admitting a nonvan-
ishing structure in QK123 with nonzero projection to QKjs, is isometric to
the quaternionic hyperbolic space HH(n). Furthermore, a structure of type
QK134 on HH(n), corresponding to its description as a solvable Lie group,
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has been given in [CGS| Prop. 5.3]. Then, in [CGO1, Th. 3.4] and [CGO2|
Th. 5] it has been shown that the quaternion-Kéhler symmetric spaces of
dimension 8 or 12 furnish proper realisations of the types OKi34, QK135,
OK1345, OK12345. Fino’s classification has been extended to any signature
of the metric in [BGOIl, Th. 4.4], and the structures on rank-three Alek-
seevskian spaces, T(p), p > 0, endowed with their natural structure as
solvable Lie groups, have been found in [BGO2, Th. 3.1].

Negative quaternion-Kahler spaces appear in N = 2 supergravity. If
gravity is considered as a dynamical field, the holonomy group of the man-
ifold is a subgroup of Sp(n)Sp(1) and M is a negative quaternion-Kéhler
manifold (Bagger and Witten [BW]). Cecotti [Ce] proved that Alekseevskian
spaces naturally appear in the context of the c-map and that nonsymmetric
ones are related to Vinberg T-algebras as symmetric ones are related to Jor-
dan algebras. De Wit and van Proeyen [WP|] completed Alekseevsky’s clas-
sification by using supergravity considerations. That Alekseevskian spaces
do appear in three series, 7-, W-, V-spaces, was proved by Cortés [Col Th.
I1.28] with geometric arguments.

Our aim is to give the expression of the homogeneous quaternionic Kéhler
structures carried by the rank-four Alekseevskian spaces W(p,q), each of
them described as a solvable Lie group, and then their type in Fino’s clas-
sification. To this end, we make calculations which are crucially based on
the explicit description of the spaces W(p,q) as completely solvable Lie
groups with a left-invariant quaternionic Kéhler structure, given by Cortés
in [Co].

After some preliminaries in §2, we obtain Theorem giving the ho-
mogeneous quaternionic Kéhler structure corresponding to the description
of each space W(p, q) as a solvable Lie group. Theorem gives the type of
such structure, proving that it has nonzero components in each basic Fino

type.

2. Preliminaries. Ambrose and Singer [AS] proved that a connected,
simply-connected and complete Riemannian manifold (M, g) is Riemannian
homogeneous if and only if it admits a homogeneous Riemannian structure,
ie., a (1,2) tensor field S satisfying Vg = 0, VR = 0, VS = 0, where
V=vV-5 , V denotes the Levi-Civita connection and R the curvature
tensor of V. We write as usual Sxyz = g(SxY, Z). From Vg = 0 it follows
that the condition %g = 0 is equivalent to Sxzy = —Sxvyz.

Let (M, g,v?) be an almost quaternion-Hermitian manifold. Let J1, J2, J3
be a standard local basis of v® and let w,(X,Y) = ¢(J,X,Y), a = 1,2,3.
The differential 4-form 2 = 22:1 wq N wq is known to be globally defined.
The manifold is said to be quaternion-Kdhler if locally (cf. Ishihara [I])
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(2.1) VxJi =73(X)Jy — 73(X)J3, etc.,

for certain differential 1-forms 71,72 73 (‘etc.” denoting the equations ob-

tained by cyclically permuting 1,2, 3); or, equivalently, if V{2 = 0.

We shall consider negative quaternion-Kéhler manifolds of dimension
> 8. A quaternion-Kihler manifold (M, g,v3) of dimension > 8 is said to
be a homogeneous quaternion-Kdhler manifold if ([ACL p. 218], cf. [CGS,
Rem. 2.2]) it admits a transitive group of isometries. As a corollary to
Kiricenko’s Theorem [K], a connected, simply-connected and complete qua-
ternion-K#hler manifold (M, g, v3) is homogeneous if and only if there exists
a tensor field S of type (1,2) on M satisfying

(2.2) Vg=0, VR=0, VS=0, V=0,

where V = V — S. Such a tensor S is called a homogeneous quaternionic
Kahler structure on M. The equation V{2 = 0 is equivalent to conditions
similar to (2.1)).

Fino [E| Lem. 5.1] gave a representation-theoretical classification of ho-
mogeneous quaternionic Kahler structures into five basic geometric types,
which we denote by QK1,..., OKs.

Let (V,(,),q) be a quaternion-Hermitian vector space, i.e., a 4n-dimen-
sional real vector space endowed with an inner product (,) and a quater-
nionic structure q generated by suitable operators Ji, Jo, J3. Consider the
space of tensors T(V) = {S € ®@3V* : Sxyz = —Sxzy} and its vector
subspace

QK (V) ={S e @*V*: Sxyz = —Sxzy, 36% € V* such that S satisfies
SXJIYJIZ —Sxyvyz = 93(X)g(J2Y, J1Z) — 92(X)g(J3Y, J1Z), etc.}.

Any homogeneous Riemannian structure on M belongs to 7 (T, M) point-
wise, but homogeneous quaternionic Kéhler structures are pointwise in the
space QIC(T,M).

Consider the subspaces V and V of QK (V) consisting of elements ©
and T, respectively, such that Oxyz = Zizlaa(X)(JaY, Z), a* € V* and
Txsvi.z = Ixvz, a = 1,2,3. Then one has QK(V) = V &V, and each
element S € QK(V') decomposes as Sxyz = Oxyz + Txyz, where

3
(2.3) Oxyz = %Za“(X)(JaY, Z).
a=1
The classification by real tensors is ([CGS| Th. 3.15]) as follows: If n > 2, the
space QK (V') decomposes into the direct sum of the following Sp(n)Sp(1)-
invariant and irreducible subspaces:
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QK1 = {0 €V: Oxyz = Yo a(JaX){aY, Z), a € V*},
OKs ={0 €V :Oxyz="_ a%X)(J.Y, Z),

S8 _a%0J, =0, a% € V*},
QK3 ={TeV:Txyz = (X,Y)B(Z) — (X, Z)B(Y)

(2.4) + Y0 (X, JY)B(JaZ) — (X, JaZ)B(JaY)), B € V™,
oK, ={T ¢ )}:TXYZ:%(X(?Z Txyz+XJ %J ZZG’ TXJuY JuZ )
612(7) = 0},

OKs = {‘TG V: ng‘Txyz = 0}7

where ¢12(T)(Z) = Z?Zlﬂ'eiei z for any local orthonormal basis {e;} of V.

We now recall some definitions and results by Alekseevsky [A] (cf. [AC],
[Ca]). A quaternion-Kéhler manifold of nonzero scalar curvature is said to be
an Alekseevskian space if it admits a simply transitive, completely solvable
Lie group of isometries. An Alekseevskian space is simply-connected and
it can be regarded as a completely solvable Lie group with a left-invariant
metric. The corresponding metric Lie algebra with the quaternionic struc-
ture inherited from that of the manifold is a quaternion-Hermitian vector
space (s, (,),q), which is called a quaternionic or Alekseevskian Lie algebra.
A metric Lie algebra f with an orthonormal basis {G, H} and a complex
structure J is said to be a key algebra with root p if G = JH, [H,G] = uG,
i > 0. A metric Lie algebra § + ¢ with a complex structure J is said to be
an elementary Kdhlerian Lie algebra with root u if f = Span{G, H} is a key
subalgebra with root p and ady|, = %,u[, adgl, =0, [X,Y] = uw(JX,Y)G,
X,Y €. A representation U — Ty of a Lie algebra u with a complex struc-
ture J on a Euclidean space (g, (,)) with a complex structure J; is said to be
symplectic if it satisfies the two conditions given in [Al Def. 6.3]. If T,r =,
T is called nondegenerate. If T is a nondegenerate symplectic representation
of a key algebra f = Span{G, H} with root p on a space (g, (,),J1), then ¢
admits a weight decomposition r = ¢4 4+ r— such that

(2.5) - = Jiry, TG‘H =0, Tgl =-ph, Tl = :I:%,u[.

Any Alekseevskian algebra (s, (,),q), with q = Span{J, : a = 1,2,3},
contains a unique (up to scaling) one-dimensional quaternionic subalgebra s’
(i.e., a subalgebra s’ such that qs’ C s'), corresponding either to the complex
hyperbolic plane CH(2) or to the quaternionic hyperbolic line HH(1). In the
former case it is of the form s = u + Jou (orthogonal sum), and (u, Jy},) is
the so-called principal Kahlerian subalgebra of s. The Lie algebra u contains
a key subalgebra fo = Span{Go, Hp} with root 1 such that fo + Jofo is
the canonical one-dimensional quaternionic subalgebra of s, and the adjoint
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representation of s induces a representation of u on u™ = Jou. A Kéhlerian
Lie algebra (u,J), that is, a metric Lie algebra which corresponds to a
Kahlerian homogeneous space, is said to be admissible if u = g + up is a
direct orthogonal sum of a key algebra fo = Span{Gy, Hy} with root 1 and
a completely solvable Kahlerian Lie algebra ug. Write U= o(U) for each
U € u, and denote by J; and J the complex structures on u given by

(2.6) J1 = —gOJ(,Oil, j‘% = —J1|¥0, j|go =J; |’JO.

Then a representation U — Ty of such a Lie algebra u on a Euclidean
space U together with a vector space isometry ¢: u — u is said to be a
Q-representation if it satisfies the eight conditions (Q1-8) given in [Al Lem.
5.5 and Def. 5.3] (cf. also Cortés |[Col, Def. 1.8]).

If 5 is an Alekseevskian Lie algebra with principal Kéhlerian subalgebra
(u,J), then the representation of u on Jou induced by the adjoint represen-
tation of s is a Q-representation with ¢ = Jo|,: u — ut. Conversely, let
(T, ¢) be a Q-representation of an admissible Kéhlerian Lie algebra (u, J)
on the Euclidean vector space i = ¢(u) = fo + lp. Then a quaternionic
structure q = Span{.J, : a = 1,2,3} on the Euclidean vector space s = u+u
(orthogonal sum) is defined by

Ju=J, Jili=—-pJe7!,
Jlu=1p, Dlg=-¢ ', Js=Ji).
Let J be the complex structure on u defined as in (2.6]), and let @ denote the

Kihler form on i given by &(U, V) = (JU, V). Then the following conditions
define the structure of Lie algebra of s:

2.7)

(2.8) uis a subalgebra of s, adyly =Ty, [U,V]=a(U,V)Go,

forall U,V € u.

The rank of a solvable Lie algebra s is the dimension of a Cartan sub-
algebra of s. The rank of an Alekseevskian space S is the rank of its Alek-
seevskian Lie algebra s, which is proved to be at most 4. An admissible
Kahlerian Lie algebra u = fy + ug which admits a Q-representation de-
composes as a semidirect sum of elementary Kéahlerian Lie algebras, with
uo = > (fi + 1), that is, [fi + 1, fj +15] C §; + 5, ¢ > j, with symplectic
representation ady, |y; for i > j and commuting key algebras, [fi,f;] = 0, for
i # j (see [Col p. 134]). The rank of u = fo+ >, (fi+1;) coincides with the
number of key algebras of u. There are three types of admissible Kihlerian
Lie algebras, the first type corresponding to the case with smallest root 1.

3. Homogeneous quaternionic Kéahler structures on W(p,q).
Now we focus on the rank-four W-case. We shall make calculations essen-
tially based on the explicit description, found by Cortés [Col, of the spaces
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W(p,q), 0 < p < q, as completely solvable Lie groups with a left-invariant
quaternionic Kahler structure.

We recall that given Euclidean spaces z,y, z, a bilinear map ¢: Xz — y
is said to be isometric if (Y(X,2),v(X,2)) =(X,X){(Z,Z), X € x, Z € z.
Let r—,3_,9_ be Euclidean vector spaces. Every isometric map ¥: r— x
3— — p_ defines a Kéhlerian Lie algebra u(¢)) = (fo + ug, J) of type 1 and
rank 4 by means of a recipe given in [Al Prop. 9.3]. According to [Al Props.
9.2-9.4], there are two possibilities for Kahlerian Lie algebras u = u(v) of
type 1 and rank > 2 which admit a Q-representation. These two possibilities
originate the series of Alekseevskian W- and V-spaces, respectively. The W-
spaces correspond to the case r— = 0 (hence ¢ = 0), and u = u(p,q) =
u(q,p) is completely determined by the parameters p = dimy_ > 0 and
g = dim3_ > 0. Any such Lie algebra u has a unique Q-representation T’
and the corresponding Alekseevskian spaces are denoted by W(p, q). In this
case the set of rules of the aforementioned recipe reduces to:

1. The space ug is a semidirect sum ug = (f1 +r1) + f2 + f3 of elementary
Kahlerian key algebras with commuting Lie algebras with root 1.

2. The space r; admits a J-invariant decomposition r; = 1+ 3 such that
ady, |y, and ady,|; are nondegenerate symplectic representations with weight
decompositions ) =y +y_ and 3 = 34+ +3—, whereyy = Jy_ and 34 = J3_.
Furthermore, [f2,1] = [f3,3] = [9,3] = 0.

Let {Y;+},7=1,...,p,and {Zx4}, k =1,...,q, be orthonormal bases
of py and 34, respectively, and let Y;_ = JY;, Z;_ = JZ;,. Then, as
adg,up = 0 ([Al Lem. 4.6]) and adg,up = 0 ([Al (5.2)]), we have the Lie
brackets on u given in Table

Table 1. Lie brackets on u

Go Ho Gy Hi G» Hy Gs Hs Yy, Yy_  Zyy  Zy_
Go 0 -Go 0 0 0 0 0 0 0 0 0 0
Hy Go 0 0 0 0 0 0 0 0 0 0 0
G 0 0 0 -Gi O 0 0 0 0 0 0 0
H 0 0 Gi 0 0 0 0 0 Yy Yo i1Zuy iZu
G 0 0 0 0 0 -G» 0 0 0 0 0 Ziry
H, 0 0 0 0 G- 0 0 0 0 0 1wy — %2
G3 0 0 0 O 0 0 0 -Gs 0 Y 0 0
Hy 0 0 0 0 0 0 Gz 0 3Yp, —3Y;_ 0 0
Y;y 0 0 0 -1y, 0 0 0 -1V 0 en 0 0
;- 0 0 0 —-iy;_ 0 0 -Y4 3Y,- —6;;G1 0 0 0
Zke 00 0 —2Zky 0 —-1Zky O 0 0 0 0 S G1
Zhe 0 0 0 —iZko —Zny 32— O 0 0 0 —6wG1 O
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Furthermore, the Kéhlerian Lie algebra (u,J) has a unique Q-repre-
sentation on the Euclidean vector space u :% +1ug, T: u — End(u), where
~: u — u denotes the corresponding isometry of Euclidean vector spaces.

Consider the quaternion-Hermitian vector space (to(p,q),(,),q), where
the space w(p, q) = u+1u is a direct orthogonal sum, and q = Span{J, : a =
1,2,3} is the quaternionic structure on 1(p, g) defined by (2.7)). Then

(31) B = {Gi7Hi7}/jj+7Y:]'—7Zk+7Zk*7éivﬁi7%+7%—72k+72k7}7
for 0 <i<3,1<j<p, 1<k<gq,isan orthonormal basis of 1o(p, q).

Table 2. The action of Ja, a =1,2,3, on w(p, q)

Gi Hi Y. Y Zee Ze. Gi Hi Y. Y.  Zie Zn
J —Hi Gi Y, —Yi Zn. —Zny Hi —Gi =Y, Yy —Zn.  Ziy
o Gi Hi  Yie Yo Zne Zn. —Gi —Hi Yy —Yi. —Zny —Zi-
J3 i —Gi =Y Yy —Zp- Zpyw Hi -Gi Y- Y4 —Zp_  Zpt

Table 3. The complex structure Jond

Go Ho Gi i Vi Vo Zn Ze
J —H, G H —Gi -V, Vi —Zo Zus

The action of J,, a = 1,2, 3, on (p, q) = u+u is given in Table 2. More-
over, the vector space 1(p, q) has a structure of Lie algebra given by (2.8)),
with s = tv(p, q), where the complex structure J on 1 is defined by Ta
Hence, by the third condition in , the nonnull brackets of the elements
of u are

(3.2) [Ho, Go] = —[H,, Gy
:_[Y}+7}/}—] :_[ZkJerk*] =Go, 1=1,2,3.

If U cuand V €1, then by the second condition in (2.8), one has [U, V] =
TV, and the values of Ty/V are given in Tables |4 Where T:u— End(u)
is expressed in terms of the orthonormal basis {Gl, H,, Yj+, Y_7 Zk+, Zyo }
of u, from the conditions (Q1-8) of a Q-representation (cf. [Col, Prop. 2.1]).
Table [6] follows from the properties of a weight decomposition with respect
to a nondegenerate symplectic representation and the properties in [Al
Prop. 9.3].

The Lie algebra w(p, q) is 4-step solvable with dimg w(p, ¢) = 4(4+p+q),
and the corresponding simply-connected Lie group with left-invariant metric
is the Alekseevskian space W(p, q).

We have w(p,q)* = u* + u*. Let

B* = {’yz7 nz?£j+7£]_’ Ck+? Ck:_7;\y-/zﬂ ﬁz757+757_7 Zk+, zk:_}
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be the basis of (p, ¢)* dual to the basis (3.1f) of w(p, ¢), and denote by Sx
the 2-form defined by Sx (Y, Z) = Sxyz.

THEOREM 3.1. The homogeneous quaternionic Kahler structure S on
each rank-four Alekseevskian space W(p,q), 0 < p < q, which gives its de-
scription as the simply-connected solvable Lie group with Lie algebra w(p, q),
is given, in terms of the basis B* of wo(p,q)*, by

Sjweapte = Lizo? ® (F A0) = 3(11 @ (€ AT+ A

+y @A+ @ AgT)

+ 520G (ET A 0P+ A +9Y)
T (FTAE =) AWM —1?)
2Zk 1<’“+ @ (A 0P+ A G +97)
+ 5O (A=) + A =),

Swapze =37 ® AT = XA AT
+ 3P AET + 0 R AR
'O FAP =F AT +F AT+ AT
- (WA +F AR =7 AR
+FAT =P G AET)
— 37O AR+ AT +F AR
- 53 /\ﬁ3 . ZZZIEH /\Zkf)

+ 5 P_Et® (8% A (~1 +P) + 87 AG +F)

PO (ETAG =) -7 A - 7))
gzkzlc’” (¢ A (771 +i?) + AL +F2)
15 e (AR -7 - A - 72),

Sa, = 3(Ci oG An =T AY)

— Y (G AgT g ngT)

= Y (T AT = R Ak,
S, = 3G Ay + 7 Aq)

+ P (ET NG+ NGT)

+ 30 (KT AR + TR A CR)),
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Sg, =33 A+ Ayt + 7 AR+ 77 A0
VAR =AY =FP AP =AY,

Sig, = — 3@ A =" At +3 AR =7 A
VAP =P AP +F A =T AP,

Sgy = s (P A0+ A =F A0’ =7t AP
A+ PN =F At =P A
_ j:l(fjJr /\gjf _|_§jf /\§j+))7
+ A =P A+ A = Ant
=Y P (AT - Ag)),

Sa, =35 AP+ A = F A = Ay
_§2/\771_772/\71+:}73/\770+ﬁ3/\’70
=30 (AR + ¢ A,

Sgy= — 5N =P AP +F AP = A
+§2A,Yl_ﬁ2/\nl+§3/\70_ﬁ3/\n0
= Y h (CFE AR = P A gh),

Sy, = —3ia (P +FP) AL = (0 + ) AT
+ETAO ) €T A +0?),

Sy =3P (P -F)AET+ @ - ) A g™
+ETNR =) +ET A0 =),

Sz = =34 (B + ) AT =@ +7P) A

0 )

Sz, = 5ha (30 =F) A+ (0 = 7%) A CF
+ A=)+ AW =),
Proof. Consider the tensor field S on W(p,q), 0 < p < ¢, given by
(33) 2<SXY7 Z) = <[Xa Y]7Z> - <[Xa Z]aY> - <[Y7 Z]’X>
for X,Y,Z € w(p,q). Let V be the Levi-Civita connection on W(p, q) with

respect to the invariant metric defined by (,). Then V =V — S is the con-
nection on the Lie group W(p, q) for which every left-invariant vector field is
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parallel. Thus, conditions are satisfied and S is a homogeneous quater-
nionic Kahler structure. Moreover, the holonomy algebra of the connection
V is trivial, and then S provides the description of W(p, q) as a Lie group
(see [TV] p. 32, Egs. (1.79)]).

Table 4. The Q-representation T': u — End(u)

Go Hy G Hi

Go 0 0 0 0

Hy %éo %ﬁo %él %ﬁl

Gy —%(ﬁo+ﬁ1) %(éo-ﬁ-éﬂ %(ﬁo-i-Hl) _%(50"‘61)
H, %§1 %ﬁl %éo %ﬁo

G2 —%(Ho+ﬁ2) %(éo+é2) _%(ﬁS‘i‘ﬁl) —%(és—él)
H, %632 %HQ *%és %ﬁS

Gs —%(ﬁ0+ﬁ3) %(50-&-63) —%(H1+H2) %(61 —52)
Hs %és %H:), —%éz %I?Iz

Yt i Wit -1%- -3V
T -
B 17 e S1Ze 1%,
4 7. 14 L7 17

Table 5. The Q-representation T': u — End(u)
G> Ho G Hs

Go 0 0 0 0
Ho 1G, 1H, 1Gs 1 Hs
G1 *%(HerHa) %(éz — Ghs) *%(ﬁerH:s) *%(52*53)
mo 16, L, _1G, L,
G2 1(Ho + Ha) —%(60+G2 —%(ﬁ3+H1) %(éS_Gl)
H> 1Go 1H, e Yen 1
Gs _%(ﬁ1+H2) ~L(G1 - Go) +(Ho + Hs) —%(éo-i-és)
Hs e 1H, 1Go 1 Ho
Yit -1¥- iy -3Y;- -3V
Y- —3Y+ —3Y5- —3Y+ 3
Y A S IR
4 17, 17 37, g




Homogeneous quaternionic Kahler structures 239

Since (see (2.8))) we have [u,u] C u, [u,u] C u, [u,u] C u, and u and u are
orthogonal, from (3.3) we have

(3-4) Spvie =0 Sgyw =0, Sypw =0, S =0

Table 6. The Q-representation 7: u — End(u)

Vs Y- Zy Zw-

Go 0 0 0 0

G 0 0 0 0

H, 0 0 0 0

Gs 0 T 0 0

Hy Yo =3V 0 0

G 0 0 0 — it

Hs 0 0 1wy —LiZp_

Table 7. The Q-representation T': u — End(u)

17j'+ 373"— 2k'+ Dy
Yt Bj?jl(f[o-i-fh %Tj/(éo-i-él 0 0
+ H> + Hs) — G2+ Gs)
Yo =2(Go+ G 253" (o + Hy 0 0
+C~¥2—63) —ﬁ2—ﬁ3)
i 0 0 (s’“T’“'(HOJrfh (SI“T""/(C~7'0+C~TY1
+ﬁ2+ﬁ3) +éz—é3)
Zy— 0 0 —%Tkl(éo-f—él %Tk”(f]0+f]1
—éz-‘rés) _fb—ﬁ?ﬁ)

On account of (3.3), Table [1} and the equation S, = 0 in (3.4), one
obtains the nonzero values of Syyw for U, V and W in the orthonormal basis

B. In order to obtain S| .o \24., we use 3.2), (3.3)), the equation S, =0

in and Tables 4| to |7}, since [U, YN/] = Ty V. From , by using ,

Tables 4] to |7}, and the Squat~ion§ SQVWf Sy = 01in (3.4), we obtain the

values of Sy for each U = G, H;, Yji, Yy, Zpy, Zp—. m

4. The type of the structure on W(p,q). We now determine the
type of the previous structure S.

THEOREM 4.1. The homogeneous quaternionic Kdahler structure on each
rank-four Alekseevskian space W(p, q), given in Theorem has a nonzero
component in each basic Fino type.
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Proof. From the expression of S in Theorem and from Table [I] we
find that the forms a%, a = 1,2, 3, in (2.3]) corresponding to S are given by

3
Z,yz’ 7 Oé3 250.

=0

(4.1)

l\')\»—t

Hence, since S = © + T, where © is given by (2.3)), from (4.1)) and using
Table [1} it follows that the tensor field © on W(p, q) corresponding to S is
given by
(42) Il e {Sle Ant=F AT
DY A (AN R N T
+37 @ {Tio( AT +7 An
DY (AN N
— 3 @ { X AT+ AT
+ P (G AET I NG+ T (A + ¢t A

On the other hand, considering again that the structure decomposes as
S = ©+7, and the values of the 1-forms a® are those in (4.1)), we infer that
as, for instance,

S (A = AR}

) —
9
) = S (¢ AL+ AR
Y

3
> a(JoHy) = —1/2 # 0,
a=1

the component O of the structure S does not belong to QK ,.
From , the nonzero values of Oxyyz are those with X = Gy, G,
G, Gs, Go, Ho In particular one has the next nonzero values of type @ x xvy:

@GOGoHO = @GlGlHl = 9G2G2H2 = 9G3G3H3 = 1/47

o5 1/2.

(4.3) - B
GoGoHo = OfoHoH, =

Suppose next that @ € QK4. Then there would be a 1-form « as that in
expressions (2.4)), and in particular we would have
1/4 = Og,Gon, = a(Hp), 1/2= 96050]{0 = «a(Hy),

which is absurd. Hence © € QK12 \ { QK1 U QKs}.
Furthermore, as dim W(p, ¢) = 4(4+ p+ ¢q) and on account of (4.3] ., the
form [ defining the QK3-component (see expressions ([2.4))), that is,

1 1
612({']’)7

b= sramnog Y " BripT 0

is given by
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1 15 3 3
44 - @@ _ 0 — 1 22 3 .
(44) p 18+4(p+q){<4 +p+q>77 +<4+p+q>n + " +r)
Hence S has a nonzero component in QK3 for all 0 < p < gq.
Consider now the operator ¥: V — V defined by

3
V(TN xvz =Tvzx + Tzxy + Z(TJEYJaZX +Tr.2x7.Y),

a=1
having eigenvalues 2 and —4, with corresponding eigenspaces OKs4 and
QK 5, respectively (see expressions (2.4)). Consider 77 € QK3, given by

Ty = (X, Y)B(2) — (X, 2)B(Y)

3
+ 3 (X, JY)B(JaZ) — (X, Ju Z)B(JaY)),

a=1
where 3 stands for the 1-form . Then T — T8 € QK 45, so that we have
U(T — ‘J'ﬁ)XYZ =¥ TNxyz — 2‘J'YZ. Taking then for instance the vectors
X =Y =Gy, Z = Hy, we get
6+p+q 21+5(p+q)
209+2(p+q))’ 9+2(p+q)’

hence T — T8 € QK45 \ {QK4 U QK5} for all 0 < p < ¢. That is, S has, for
all 0 < p < ¢, a nonzero component in each basic type. =

((‘T - (‘Tﬁ)GoGoHo = W((‘T - “TIB)GOGOHO =

As the simplest examples, consider the 4(4+¢)-dimensional spaces W(0, q)
=~ SO0(4 + ¢,4)/(SO(4 + q) x SO(4)), ¢ > 0, which (cf. [Cd, Table 1])
are the Alekseevskian W-spaces which are symmetric. As such, they admit
the structure S = 0. Moreover, being solvable Lie groups with Lie algebra
(0, ¢), they admit the corresponding structure given by Theorem when
p=0.
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