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Existence and asymptotic behavior of positive solutions for
elliptic systems with nonstandard growth conditions

by Honghui Yin (Nanjing and Huaian) and Zuodong Yang (Nanjing)

Abstract. Our main purpose is to establish the existence of a positive solution of
the system 

−∆p(x)u = F (x, u, v), x ∈ Ω,

−∆q(x)v = H(x, u, v), x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

where Ω ⊂ RN is a bounded domain with C2 boundary, F (x, u, v) = λp(x)[g(x)a(u) +
f(v)], H(x, u, v) = λq(x)[g(x)b(v) + h(u)], λ > 0 is a parameter, p(x), q(x) are func-
tions which satisfy some conditions, and −∆p(x)u = −div(|∇u|p(x)−2∇u) is called the
p(x)-Laplacian. We give existence results and consider the asymptotic behavior of so-
lutions near the boundary. We do not assume any symmetry conditions on the sys-
tem.

1. Introduction. In this paper, our main purpose is to establish the
existence of a positive solution of the system

(1.1)


−∆p(x)u = F (x, u, v), x ∈ Ω,

−∆q(x)v = H(x, u, v), x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

where Ω ⊂ RN is a bounded domain with C2 boundary, F (x, u, v) =
λp(x)[g(x)a(u) + f(v)], H(x, u, v) = λq(x)[g(x)b(v) + h(u)] and p(·), q(·) ∈
C1(Ω) are positive functions; the operator −∆p(x)u = −div(|∇u|p(x)−2∇u)
is called the p(x)-Laplacian and the corresponding equation is called a vari-
able exponent equation.

The study of differential equations and variational problems with non-
standard p(x)-growth conditions is a new and interesting topic. It arises
from nonlinear elasticity theory, electro-rheological fluids, etc. (see [R], [Z7]).
Many results have already been obtained on this kind of problems (for ex-
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ample [AM1], [AM2], [F1], [FZ1], [FZ2], [FZ], [FWW], [H]). For regularity of
weak solutions to differential equations with nonstandard p(x)-growth con-
ditions, we refer to [AM1], [AM2], [F1],[FZ1], [FZ2]. For existence results
for elliptic systems with variable exponents, we refer to [FWW], [H], [Z1],
[Z2].

For the special case p(x) ≡ p (a constant), (1.1) becomes the well known
p-Laplacian system, considered in many papers (see [C], [HS], [YY] and
the references therein). We point out that elliptic equations involving the
p(x)-Laplacian are not trivial generalizations of similar problems studied
in the constant case since the p(x)-Laplacian operator is nonhomogeneous,
and some techniques for constant exponent problems, like the Lagrange
Multiplier Theorem, are invalid. Another issue is that, if Ω is bounded,
then the Rayleigh quotient

λp(x) = inf
u∈W 1,p(x)

0 (Ω)\{0}

	
Ω

1
p(x) |∇u|

p(x) dx
	
Ω

1
p(x) |u|p(x) dx

is zero in general, and is positive only under some special conditions (see
[FZZ]). The fact that the first eigenvalue λp > 0 and the existence of the first
eigenfunction are very important in the study of p-Laplacian problems (see
[C], [HS], [Y]). There are also other difficulties in discussing the existence
and asymptotic behavior of solutions of variable exponent problems.

In [HS], the authors studied the existence of positive weak solutions to
the problem

(1.2)


−∆pu = λf(v), x ∈ Ω,

−∆pv = λg(u), x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

Under the condition

(1.3) lim
s→∞

f(M [g(s)]1/(p−1))

sp−1
= 0, ∀M > 0,

they proved the existence of positive solutions for problem (1.2).

In [C], the author considered the existence and nonexistence of positive
weak solutions to the p-Laplacian problem

(1.4)


−∆pu = λuαvγ , x ∈ Ω,

−∆qv = λuδvβ, x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

Recently, in [Y], the authors considered the existence of positive solutions
to the following quasilinear elliptic system in a bounded domain Ω ⊂ RN :
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(1.5)


−∆pu = λ[g(x)a(u) + f(v)], x ∈ Ω,

−∆qv = θ[g1(x)b(v) + h(u)], x ∈ Ω,

u = 0 = v, x ∈ ∂Ω,

where λ, θ > 0 are parameters and g(x), g1(x) may be negative near ∂Ω.

We note that in order to obtain existence results, the first eigenfunction
of −∆p is used to construct a subsolution for problems (1.2), (1.4) and
(1.5). But for variable exponent problems, the first eigenvalue and the first
eigenfunction of −∆p(x) may not exist. Even if the first eigenfunction of
−∆p(x) exists, because of the nonhomogeneity of −∆p(x), we still may not
be able to construct a subsolution of a variable exponent problem from the
first eigenfunction. In many cases, radial symmetry conditions are effective
when dealing with variable exponent problems (see [FWW], [FZZ2], [Z2],
[Z4] and references therein). In [Z1], [Z2] and [Z6], with a condition similar to
(1.3), the author discussed the existence of positive solutions of the following
problems:

(1.6)


−∆p(x)u = λf(v), x ∈ Ω,

−∆p(x)v = λg(u), x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

and

(1.7)


−∆p(x)u = λp(x)f(v), x ∈ Ω,

−∆p(x)v = λp(x)g(u), x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

Similarly to (1.5), we will also consider problem (1.1) when F (x, u, v) =
λ[g(x)a(u) +f(v)], H(x, u, v) = λ[g(x)b(v) +h(u)], i.e. the following system:

(1.8)


−∆p(x)u = λ[g(x)a(u) + f(v)], x ∈ Ω,

−∆q(x)v = λ[g(x)b(v) + h(u)], x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

It is well known that (1.8) is equal to (1.1) if p(x) ≡ p ≡ q(x) (a constant),
but for general functions p(x), q(x), (1.8) is not equal to (1.1) even if p(x) =
q(x). We call (1.1) and (1.8) of (p(x), q(x))-type and refer to (1.6), (1.7)
as (p(x), p(x))-type. There are some differences between the existence of
positive solutions of (1.1) and (1.8), and there are some differences between
the existence of positive solutions for (p(x), q(x))-type and (p(x), p(x))-type.

Motivated by the above results, we study problem (1.1) and (1.8) in
this paper. Our aim is to establish the existence and asymptotic behavior
of positive weak solutions for problem (1.1) and (1.8) without radial sym-
metry conditions. We prove the existence of positive weak solutions by the
sub-supersolution method. Since in problems (1.2) and (1.4), F and H are
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independent of the variable x, the systems are homogeneous. Our results
partially generalize those of [AM2], [HS], [Y], [Z1], [Z2], [Z6].

The paper is organized as follows. In Section 2, we recall some facts
that will be needed in the paper. In Section 3, we consider the existence of
positive solutions of (1.1) and (1.8). We will discuss the asymptotic behavior
of positive solutions of problem (1.1) and (1.8) in the fourth section. In the
fifth section, we give an example.

2. Notation and preliminaries. In order to deal with the p(x)-Lapla-
cian problem, we need some results on the spaces Lp(x)(Ω), W 1,p(x)(Ω) and
properties of the p(x)-Laplacian (see [FZ1], [KR], [R], [S]). For any f(·) ∈
C(Ω), we write

f+ = max
x∈Ω

f(x), f− = min
x∈Ω

f(x).

Let

Lp(x)(Ω) =
{
u
∣∣∣ u is a measurable real-valued function,

�

Ω

|u(x)|p(x) dx <∞
}
.

We can introduce a norm on Lp(x)(Ω) by

|u|p(x) = inf

{
λ > 0

∣∣∣∣ �
Ω

∣∣∣∣u(x)

λ

∣∣∣∣p(x)dx ≤ 1

}
,

and (Lp(x)(Ω), | · |p(x)) becomes a Banach space, which we call a variable
exponent Lebesgue space.

The space W 1,p(x)(Ω) is defined by

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) | |∇u| ∈ Lp(x)(Ω)},
and can be equipped with the norm

‖u‖ = |u|p(x) + |∇u|p(x), ∀u ∈W 1,p(x)(Ω).

We denote by W
1,p(x)
0 (Ω) the closure of C∞0 (Ω) in W 1,p(x)(Ω), and call

it a variable exponent Sobolev space. From [FZ1], we know that Lp(x)(Ω),

W 1,p(x)(Ω) and W
1,p(x)
0 (Ω) are separable, reflexive and uniformly convex

Banach spaces.
We define

(L(u), v) =
�

Ω

|∇u|p(x)−2∇u∇v dx, ∀u, v ∈W 1,p(x)
0 (Ω);

then L : W
1,p(x)
0 (Ω)→ (W

1,p(x)
0 (Ω))∗ is a continuous, bounded and strictly

monotone operator, and it is a homeomorphism (see [FZ, Theorem 3.1]).
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Definition 2.1. (1) (u, v) ∈ (W
1,p(x)
0 (Ω),W

1,q(x)
0 (Ω)) is called a (weak)

solution of problem (1.1) if it satisfies
�

Ω

|∇u|p(x)−2∇u∇ϕdx =
�

Ω

F (x, u, v)ϕdx,

�

Ω

|∇v|q(x)−2∇v∇ψ dx =
�

Ω

H(x, u, v)ψ dx,

for any (ϕ,ψ) ∈ (W
1,p(x)
0 (Ω),W

1,q(x)
0 (Ω)).

(2) (u, v) ∈ (W 1,p(x)(Ω),W 1,q(x)(Ω)) is called a subsolution (resp. a su-
persolution) of problem (1.1) if (u, v) ≤ (≥) (0, 0) on ∂Ω and

�

Ω

|∇u|p(x)−2∇u∇ϕdx ≤ (≥)
�

Ω

F (x, u, v)ϕdx,

�

Ω

|∇v|q(x)−2∇v∇ψ dx ≤ (≥)
�

Ω

H(x, u, v)ψ dx,

for any (ϕ,ψ) ∈ (W
1,p(x)
0 (Ω),W

1,q(x)
0 (Ω)) with ϕ,ψ ≥ 0.

Define A : W 1,p(x)(Ω)→ (W
1,p(x)
0 (Ω))∗ by

〈Au,ϕ〉 =
�

Ω

(|∇u|p(x)−2∇u∇ϕ+m(x, u)ϕ) dx

for u ∈W 1,p(x)(Ω), ϕ ∈W 1,p(x)
0 (Ω), where m(x, u) is continuous on Ω ×R,

m(x, ·) is increasing, and

|m(x, t)| ≤ C1 + C2|t|p
∗(x)−1,

with p∗(x) = Np(x)
N−p(x) if p(x) < N and p∗(x) =∞ if p(x) ≥ N . Hereafter, we

use Ci to denote positive constants. It is easy to check that A is a continuous
bounded mapping. From [Z5], we have the following lemma.

Lemma 2.2 (Comparison Principle). Let u, v ∈W 1,p(x)(Ω). If Au−Av
≤ 0 in (W

1,p(x)
0 (Ω))∗ and u ≤ v on ∂Ω (i.e. (u − v)+ ∈ W 1,p(x)

0 (Ω)), then
u ≤ v a.e. in Ω.

The following conditions will be required in our results:

(D1) Ω ⊂ RN is an open bounded domain with C2 boundary ∂Ω;
(D2) p(·), q(·) ∈ C1(Ω) and 1 < p− ≤ p+, 1 < q− ≤ q+;
(D3) g ∈ C(Ω) is nonnegative;
(D4) f, h∈C1([0,∞)) are nondecreasing, lims→∞ f(s)=∞, lims→∞ h(s)

=∞ and

lim
s→∞

f(M [h(s)]
1

q−−1 )

sp−−1
= 0, ∀M > 0

(a combined sublinear effect at ∞);



298 H. H. Yin and Z. D. Yang

(D5) a, b ∈ C1([0,∞)) are nonnegative, nondecreasing, and

lim
s→∞

a(s)

sp−−1
= 0, lim

s→∞

b(s)

sq−−1
= 0.

3. Existence of positive solutions. From now on, we will denote by
d(x) the distance of x ∈ Ω to the boundary of Ω. Since ∂Ω is C2 regular,
there exists a constant δ > 0 small enough such that d(·) ∈ C2(∂3δΩ) and
|∇d(x)| ≡ 1, where ∂εΩ = {x ∈ Ω | d(x) < ε}.

We now define

v1(x) =



ξd(x), d(x) < δ,

ξδ +

d(x)�

δ

ξ

(
2δ − t
δ

) 2
p−−1

dt, δ ≤ d(x) < 2δ,

ξδ +

2δ�

δ

ξ

(
2δ − t
δ

) 2
p−−1

dt, 2δ ≤ d(x).

Since δ is small enough, we have 0 ≤ v1(·) ∈ C1(Ω).
We consider the problem

(3.1)

{
−∆p(x)w(x) = µ, x ∈ Ω,

w = 0, x ∈ ∂Ω,

and have the following results.

Lemma 3.1 (see [F2]). If µ is a large enough positive parameter and w
is the unique solution of (3.1), then for any ν ∈ (0, 1), there exist positive
constants C3, C4 such that

C3µ
1

p+−1+ν ≤ max
x∈Ω

w(x) ≤ C4µ
1

p−−1 .

Proof. By computation, we have

−∆p(x)v1(x)=



−ξp(x)−1[(∇p∇d) ln ξ +∆d], d(x) < δ,{
2(p(x)− 1)

δ(p− − 1)
− 2δ − d

δ

[(
ln ξ

(
2δ − d
δ

) 2
p−−1

)
∇p∇d+∆d

]}
× ξp(x)−1

(
2δ − d
δ

) 2(p(x)−1)

p−−1
−1
, δ < d(x) < 2δ,

0, 2δ < d(x).

It is easy to see that for any ν ∈ (0, 1), there exists a positive constant
C = C(δ,Ω, p, ν) independent of ξ such that

|−∆p(x)v1(x)| ≤ Cξp(x)−1+ν a.e. on Ω.

If we let Cξp(x)−1+ν = 1
2µ, then v1(x) is a subsolution of (3.1). By the

definition of v1(x) and Lemma 2.1, there exists a positive constant C3 such
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that

ξδ = C3µ
1

p+−1+ν ≤ max
x∈Ω

v1(x) ≤ max
x∈Ω

w(x).

The right hand inequality can be obtained from Lemma 2.1 of [F2].

Now we have the following result.

Theorem 3.2. If (D1)–(D5) hold, then problem (1.1) has a positive so-
lution when λ is sufficiently large.

Proof. According to the sub-supersolution method for p(x)-Laplacian
equations (see [F2]), we only need to construct a positive subsolution (φ1, φ2)
and a supersolution (z1, z2) of (1.1) such that φ1 ≤ z1 and φ2 ≤ z2. Then
there exists a positive solution (u, v) of (1.1) satisfying φ1 ≤ u ≤ z1 and
φ2 ≤ v ≤ z2.

Step 1. We construct a subsolution of (1.1). By (D3)–(D5), there exists
an M > 2 such that

a(u)g(x) + f(v) ≥ 1, b(v)g(x) + h(u) ≥ 1

when u, v ≥M − 1 and x ∈ Ω.

Let σ = (lnM)/k. For k large enough, we have σ ∈ (0, δ), and we denote

φ1(x) =



ekd(x) − 1, d(x) < σ,

ekσ − 1 +

d(x)�

σ

kekσ
(

2δ − t
2δ − σ

) 2
p−−1

dt, σ ≤ d(x) < 2δ,

ekσ − 1 +

2δ�

σ

kekσ
(

2δ − t
2δ − σ

) 2
p−−1

dt, 2δ ≤ d(x),

and

φ2(x) =



ekd(x) − 1, d(x) < σ,

ekσ − 1 +

d(x)�

σ

kekσ
(

2δ − t
2δ − σ

) 2
q−−1

dt, σ ≤ d(x) < 2δ,

ekσ − 1 +

2δ�

σ

kekσ
(

2δ − t
2δ − σ

) 2
q−−1

dt, 2δ ≤ d(x).

It is easy to see that φ1, φ2 ∈ C1(Ω). Denote

α = min

{
inf p(x)− 1

4(sup |∇p(x)|+ 1)
,

inf q(x)− 1

4(sup |∇q(x)|+ 1)
, 1

}
,

β = |f(0)|+ |h(0)|+ [a(M − 1) + b(M − 1)] max
x∈Ω

g(x) + 1.
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By computation, we have

(3.2) −∆p(x)φ1

=



−k(kekd(x))p(x)−1
[
p(x)− 1

+

(
d(x) +

ln k

k

)
∇p(x)∇d(x) +

∆d(x)

k

]
, d(x) < σ,{

2(p(x)− 1)

(2δ − σ)(p− − 1)
− 2δ − d

2δ − σ

×
[(

ln k ekσ
(

2δ − d
2δ − σ

) 2
p−−1

)
∇p(x)∇d(x) +∆d(x)

]}
×(kekσ)p(x)−1

(
2δ − d
2δ − σ

) 2(p(x)−1)

p−−1
−1
, σ < d(x) < 2δ,

0, 2δ < d(x).

Hence, for k sufficiently large, we have

(3.3) −∆p(x)φ1 ≤ −kp(x)α, d(x) < σ.

Let λ = α
β+1k. Then kp(x)α ≥ λp(x)β, so

(3.4) −∆p(x)φ1 ≤ −λp(x)β ≤ λp(x)[a(φ1)g(x) + f(φ2)], d(x) < σ.

Since d(·) ∈ C2(∂3δΩ) and p(·) ∈ C1(Ω), there exists C5 > 0 such that

−∆p(x)φ1 ≤ (kekσ)p(x)−1
(
r − d
r − σ

) 2(p(x)−1)

p−−1
−1∣∣∣∣{ 2(p(x)− 1)

(r − σ)(p− − 1)

− r − d
r − σ

[(
ln k ekσ

(
r − d
r − σ

) 2
p−−1

)
∇p(x)∇d(x) +∆d(x)

]}∣∣∣∣
≤ C5(ke

kσ)p(x)−1 ln k.

For k sufficiently large and λ = α
β+1k, we have

C5(ke
kσ)p(x)−1 ln k ≤ λp(x).

When σ < d(x) < 2δ, we have φ1, φ2 ≥M − 1. Thus

(3.5) −∆p(x)φ1 ≤ λp(x)[a(φ1)g(x) + f(φ2)], σ < d(x) < 2δ.

Obviously

(3.6) −∆p(x)φ1 = 0 ≤ λp(x)[a(φ1)g(x) + f(φ2)], 2δ < d(x).

From (3.4)–(3.6), we obtain

(3.7) −∆p(x)φ1 ≤ λp(x)[a(φ1)g(x) + f(φ2)] a.e. on Ω.
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Similarly, for k sufficiently large and λ = α
β+1k, we have

(3.8) −∆q(x)φ2 ≤ λq(x)[b(φ2)g(x) + h(φ1)] a.e. on Ω.

From (3.7) and (3.8), we can see that (φ1, φ2) is a subsolution of (1.1).

Step 2. We construct a supersolution of (1.1). Now we consider the
problem

(3.9)


−∆p(x)z1 = λp

+
η, x ∈ Ω,

−∆q(x)z2 = 2λq
+
h(ω), x ∈ Ω,

z1 = z2 = 0, x ∈ ∂Ω,

where ω = maxx∈Ω z1(x) and η is a positive constant. We will show that
(z1, z2) is a supersolution of (1.1).

For any ϕ ∈W 1,p(x)(Ω) with ϕ ≥ 0, we have
�

Ω

|∇z1|p(x)−2∇z1∇ϕdx =
�

Ω

λp
+
ηϕ dx,(3.10)

�

Ω

|∇z2|q(x)−2∇z2∇ϕdx =
�

Ω

2λq
+
h(ω)ϕdx.(3.11)

From Lemma 3.1, we know that ω is large when η is large, and by (D3)–(D5),
we have

lim
s→∞

f [C4(2λ
q+h(s))

1
q−−1 ] + a(s) maxx∈Ω g(x)

sp−−1
= 0.

Then when η is large enough, by Lemma 3.1, we obtain

(3.12) λp
+
η≥
(

1

C4
ω

)p−−1
≥λp+

{
f [C4(2λ

q+h(ω))
1

q−−1 ] + a(ω) max
x∈Ω

g(x)
}
.

Since f, a are nondecreasing functions, from (3.10) and (3.12), and using
Lemma 3.1 again, we have

�

Ω

|∇z1|p(x)−2∇z1∇ϕdx

≥
�

Ω

λp
+
{
f [C4(2λ

q+h(ω))
1

q−−1 ] + a(ω) max
x∈Ω

g(x)
}
ϕdx

≥
�

Ω

λp(x)[a(z1)g(x) + f(z2)]ϕdx.

Since h is nondecreasing, by Lemma 3.1 we have

(3.13)
�

Ω

λq
+
h(ω)ϕdx ≥

�

Ω

λq
+
h(z1)ϕdx.
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From (D4) and (D5), when η large enough,

(3.14) b[C4(2λ
q+h(ω))

1
q−−1 ] max

x∈Ω
g(x) ≤ h(ω).

From (3.11), (3.13), (3.14) and Lemma 3.1, we obtain
�

Ω

|∇z2|q(x)−2∇z2∇ϕdx

≥
�

Ω

λq
+
{
b[C4(2λ

q+h(ω))
1

q−−1 ] max
x∈Ω

g(x) + λq
+
h(z1)

}
ϕdx

≥
�

Ω

λq(x)[b(z2)g(x) + h(z1)]ϕdx.

Thus, (z1, z2) is a supersolution of (1.1).

Step 3. We show φ1 ≤ z1 and φ2 ≤ z2. In the definition of v1(x), let

ξ =
2

δ

(
max
x∈Ω

φ1(x) + max
x∈Ω
|∇φ1(x)|

)
.

From the proof of Lemma 3.1, we know that when η is large enough,

v1(x) ≤ z1(x), x ∈ Ω.
So if we prove

φ1(x) ≤ v1(x), x ∈ Ω,
the proof will be completed.

Obviously,

φ1(x) ≤ 2 max
x∈Ω

φ1(x) ≤ v1(x), d(x) ≥ δ.

Since φ1 − v1 ∈ C1(∂δΩ), there exists x0 ∈ ∂δΩ such that

φ1(x0)− v1(x0) = max
x∈∂δΩ

[φ1(x)− v1(x)].

If φ1(x0)− v1(x0) > 0, then 0 < d(x0) < δ, so we have

(3.15) ∇φ1(x0)−∇v1(x0) = 0.

By the definition of v1(x) and ξ,

|∇v1(x)| ≡ ξ > |∇φ1(x)|, 0 < d(x) < δ.

This contradicts (3.15), so

max
x∈∂δΩ

[φ1(x)− v1(x)] ≤ 0,

i.e.
φ1(x) ≤ v1(x), 0 ≤ d(x) < δ.

Consequently,
φ1(x) ≤ v1(x), x ∈ Ω.
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Thus

φ1(x) ≤ z1(x), x ∈ Ω.
From Lemma 3.1, we can see that ω is large enough when η is large enough,
and so h(ω) is large enough. Similarly,

φ2(x) ≤ z2(x), x ∈ Ω.
For problem (1.8), we have the following result.

Theorem 3.3. Suppose (D1)–(D5) hold. If

osc
x∈∂Ω

p(x), osc
x∈∂Ω

q(x) < 1

and

(3.16)
(

sup
x∈∂Ω

(p(x)− 1), inf
x∈∂Ω

p(x)
)
∩
(

sup
x∈∂Ω

(q(x)− 1), inf
x∈∂Ω

q(x)
)
6= ∅.

then problem (1.8) has a positive solution when λ is sufficiently large.

Proof. Since oscx∈∂Ω p(x), oscx∈∂Ω q(x) < 1, by the continuity of p(x),
q(x), without loss of generality, we may assume that oscx∈∂3δΩ p(x) < 1 and

oscx∈∂3δΩ q(x) < 1. Then(
sup

x∈∂3δΩ
(p(x)− 1), inf

x∈∂3δΩ
p(x)

)
6= ∅

and (
sup

x∈∂3δΩ
(q(x)− 1), inf

x∈∂3δΩ
q(x)

)
6= ∅.

By (3.16) and the continuity of p(x), q(x), for δ small enough we have

Γ =
(

sup
x∈∂3δΩ

(p(x)− 1), inf
x∈∂3δΩ

p(x)
)

∩
(

sup
x∈∂3δΩ

(q(x)− 1), inf
x∈∂3δΩ

q(x)
)
6= ∅.

Now for any γ ∈ Γ and λ > 0, there exists a k ∈ R such that kγ = λ.
Then the estimates kp(x)α ≥ λβ, kq(x)α ≥ λβ, C5(ke

kσ)p(x)−1 ln k ≤ λ
and C5(ke

kσ)q(x)−1 ln k ≤ λ can be satisfied simultaneously when λ is large
enough.

By the argument of Theorem 3.2, (φ1, φ2) is also a subsolution of (1.8).
Consider the problem

(3.17)


−∆p(x)z1 = λη, x ∈ Ω,

−∆q(x)z2 = 2λh(ω), x ∈ Ω,

z1 = z2 = 0, x ∈ ∂Ω.

When η is large enough, the solution (z1, z2) of (3.17) is a supersolution of
(1.8).
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By the same argument of Theorem 3.2 (Step 3), we have

φ1(x) ≤ z1(x), φ2(x) ≤ z2(x), x ∈ Ω.
Remark 3.4. We note that if we replace (D3) with

(D3′) g ∈ C(Ω) and g is nonnegative away from ∂Ω,

and take

β = |f(0)|+ |h(0)|+ [a(M − 1) + b(M − 1)] max
x∈Ω
|g(x)|+ 1

in the proof of Theorem 3.2, then the conclusions of Theorems 3.2 and 3.3
still hold. Since we do not assume any sign-changing conditions on f(0) or
h(0), in our system (1.1) or (1.8), F (x, 0, 0) or H(x, 0, 0) could be negative
for some x ∈ Ω. In fact, it is usually assumed that F (x, u, v), H(x, u, v) are
nonnegative (see [ACR], [YY], [Z1]) and it is well known that the study of
positive solutions with a sign-changing weight is mathematically challenging
(see [L], [OSS], [Y]).

Remark 3.5. From Corollary 5 in [Y], we note that when p(x) = q(x) ≡
p (a constant), then problem (1.5) has at least one positive solution when
λ = θ is large enough. Thus, our results partially generalize those in [Y].

4. Asymptotic behavior of positive solutions. In this section, we
will discuss the asymptotic behavior of positive solutions near the boundary.
We establish the following theorems.

Theorem 4.1. Under conditions (D1)–(D5), if (u, v) is a solution of
(1.1) which has been obtained in Theorem 3.2, then for any ν ∈ (0, 1), there
exist positive constants C6, C7 such that

C6λd(x) ≤ u(x) ≤ C7(λ
p+η)

1
p−−1 (d(x))ν ,(4.1)

C6λd(x) ≤ v(x) ≤ C7{2λq
+
h[C4(λ

p+η)
1

p−−1 ]}
1

q−−1 (d(x))ν ,(4.2)

as d(x)→ 0, where η is a large constant satisfying (3.12).

Proof. Obviously, when d(x) < σ is small enough, there exists C6 > 0
such that

(4.3) u(x), v(x) ≥ φ1(x) = ekd(x) − 1 ≥ C6λd(x).

Define
v3(x) = κ(d(x))ν , x ∈ ∂ςΩ,

where 0 < ς < δ is small enough and ν ∈ (0, 1) is a constant.
By computation, we have

−∆p(x)v3(x) = − (κν)p(x)−1(ν − 1)(p(x)− 1)(d(x))(ν−1)(p(x)−1)−1(4.4)

× (1 +Π(x)), x ∈ ∂ςΩ,
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where

Π(x) =
d(x)∇p∇d lnκν

(ν − 1)(p(x)− 1)
+
d(x)∇p∇d ln d

p(x)− 1
+

d(x)∆d

(ν − 1)(p(x)− 1)

and it is easy to see that Π(x)→ 0 as d(x)→ 0. Let κ = C4(λ
p+η)

1
p−−1 /ς.

When ς is small enough, from (4.4) we have

−∆p(x)v3(x) ≥ κp(x)−1 ≥ λp+η.
Obviously v3(x) ≥ z1(x) when d(x) = 0 or d(x) = ς for ς small enough.

On the other hand, when max{(1− ν)p+, (1− ν)q+} < 1, we have v3 ∈
W 1,p(x)(∂ςΩ) ∩ W 1,q(x)(∂ςΩ). According to Lemma 2.2, we have v3(x) ≥
z1(x) on ∂ςΩ. Thus

(4.5) u(x) ≤ C7(λ
p+η)

1
p−−1 (d(x))ν as d(x)→ 0.

If we let κ = C4{2λq
+
h[C4(λ

p+η)
1

p−−1 ]}
1

q−−1 /ς, then for ς small enough we
obtain

−∆q(x)v3(x) ≥ κq(x)−1 ≥ 2λq
+
h[C4(λ

p+η)
1

p−−1 ].

Similarly, we have

(4.6) v(x) ≤ C7{2λq
+
h[C4(λ

p+η)
1

p−−1 ]}
1

q−−1 (d(x))ν as d(x)→ 0.

From (4.3), (4.5) and (4.6), we obtain (4.1) and (4.2).

Similarly, we have

Theorem 4.2. Under conditions (D1)–(D5), if (u, v) is a solution of
(1.8) which has been obtained in Theorem 3.3, then for any ν ∈ (0, 1), there
exist positive constants C8, C9 such that

C8λ
1
p+ d(x) ≤ u(x) ≤ C9(λη)

1
p−−1 (d(x))ν ,

C8λ
1
q+ d(x) ≤ v(x) ≤ C9{2λh[C4(λη)

1
p−−1 ]}

1
q−−1 (d(x))ν ,

as d(x)→ 0, where η is a large constant satisfying

λη ≥
(

1

C4
ω

)p−−1
≥ λ

{
f [C4(2λh(ω))

1
q−−1 ] + a(ω) max

x∈Ω
g(x)

}
,

where ω = maxx∈Ω z1(x) and z1 satisfies (3.17).

5. An example. We consider the problem

(5.1)


−∆p(x)u = λp(x)[e−|x|us + vm], x ∈ Ω,

−∆q(x)v = λq(x)[e−|x|vt + un], x ∈ Ω,

u = v = 0, x ∈ ∂Ω.
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We assume:

(D6) 0 ≤ s < p−−1, 0 ≤ t < q−−1, 0 < m,n and mn < (p−−1)(q−−1).

If we set g(x) = e−|x|, a(u) = us, b(v) = vt, f(v) = vm and h(u) = un,
then (D3)–(D5) are satisfied. We obtain

Theorem 5.1. If (D1), (D2) and (D6) hold, then (5.1) has a positive
solution when λ is sufficiently large.

Theorem 5.2. Under conditions (D1), (D2) and (D6), if (u, v) is a
solution of (5.1) which has been obtained in Theorem 5.1, then for any ν ∈
(0, 1), there exist positive constants C6, C7 such that

C6λd(x) ≤ u(x) ≤ C7(λ
p+η)

1
p−−1 (d(x))ν ,(5.2)

C6λd(x) ≤ v(x) ≤ C7{2λq
+

[C4(λ
p+η)

1
p−−1 ]n}

1
q−−1 (d(x))ν ,(5.3)

as d(x) → 0, where η = λ
(p+)2(q−−1)+mq+p+

(q−−1)(p−−1−θ) −p+
is a constant and θ =

max{mn/(q− − 1), s}.

Proof. According to Theorem 4.1, we only need η to satisfy (3.12), i.e.

(5.4)

(
1

C4
ω

)p−−1
≥ λp+

{
[C4(2λ

q+ωn)
1

q−−1 ]m + ωs max
x∈Ω

e−|x|
}
.

We can assume ω > 1 and take θ = max{mn/(q− − 1), s}. Since λ is large,
we only need to show that(

1

C4
ω

)p−−1−θ
≥ 2λp

+
[C4(2λ

q+)
1

q−−1 ]m,

that is,

ω ≥ C4{2λp
+

[C4(2λ
q+)

1
q−−1 ]m}

1
p−−1−θ .

From Lemma 3.1, for any ν ∈ (0, 1), we have

C3(λ
p+η)

1
p+−1+ν ≤ ω,

and we only need

(5.5) η ≥
{C4
C3
{2λp+ [C4(2λ

q+)
1

q−−1 ]m}
1

p−−1−θ }p+−1+ν

λp+
.

Assuming λ is large enough, if we let

η = λ
(p+)2(q−−1)+mq+p+

(q−−1)(p−−1−θ) −p+
,

then (5.5) holds, so (5.4) does. By Theorem 4.1, we obtain (5.2) and (5.3).



Positive solutions for elliptic systems 307

Acknowledgements. This research was supported by the National
Natural Science Foundation of China (No. 11171092), by the Natural Sci-
ence Foundation of the Jiangsu Higher Education Institutions of China (No.
08KJB110005) and by the Natural Science Foundation of Jiangsu Education
Office (No. 11KJB110002).

References

[AM1] E. Acerbi and G. Mingione, Regularity results for a class of functionals with
nonstandard growth, Arch. Ration. Mech. Anal. 156 (2001), 121–140.

[AM2] —, —, Regularity results for stationary electro-rheological fluids, ibid. 164 (2002),
213–259.

[ACR] A. Ambrosetti, G. Cerami and D. Ruiz, Solitons of linearly coupled systems of
semilinear non-autonomous equations on Rn, J. Funct. Anal. 254 (2008), 2816–
2845.

[C] C. H. Chen, On positive weak solutions for a class of quasilinear elliptic systems,
Nonlinear Anal. 62 (2005), 751–756.

[F1] X. L. Fan, Global C1,α regularity for variable exponent elliptic equations in di-
vergence form, J. Differential Equations 235 (2007), 397–417.

[F2] —, On the sub-supersolution method for p(x)-Laplacian equations, J. Math. Anal.
Appl. 330 (2007), 665–682.

[FWW] X. L. Fan, H. Q. Wu and F. Z. Wang, Hartman-type results for p(t)-Laplacian
systems, Nonlinear Anal. 52 (2003), 585–594.

[FZ] X. L. Fan and Q. H. Zhang, Existence of solutions for p(x)-Laplacian Dirichlet
problem, ibid. 52 (2003), 1843–1852.

[FZZ] X. L. Fan, Q. H. Zhang and D. Zhao, Eigenvalues of p(x)-Laplacian Dirichlet
problem, ibid. 302 (2005), 306–317.

[FZ1] X. L. Fan and D. Zhao, On the spaces Lp(x)(Ω) and Wm,p(x)(Ω), J. Math. Anal.
Appl. 263 (2001), 424–446.

[FZ2] —, —, The quasi-minimizer of integral functionals with m(x) growth conditions,
Nonlinear Anal. 39 (2000), 807–816.

[FZZ1] X. L. Fan, Y. Z. Zhao and Q. H. Zhang, A strong maximum principle for p(x)-
Laplacian equations, Chinese J. Contemp. Math. 24 (2003), 277–282.

[FZZ2] X. L. Fan, Y. Z. Zhao and D. Zhao, Compact imbedding theorems with symmetry
of Strauss–Lions type for the spaces W 1,p(x), J. Math. Anal. Appl. 255 (2001),
333–348.

[HS] D. D. Hai and R. Shivaji, An existence result on positive solutions of p-Laplacian
systems, Nonlinear Anal. 56 (2004), 1007–1010.

[H] A. El Hamidi, Existence results to elliptic systems with nonstandard growth con-
ditions, J. Math. Anal. Appl. 300 (2004), 30–42.
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