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On Borel summable solutions of the
multidimensional heat equation

by SEAWOMIR MICHALIK (Warszawa )

Abstract. We give a new characterisation of Borel summability of formal power
series solutions to the n-dimensional heat equation in terms of holomorphic properties of
the integral means of the Cauchy data. We also derive the Borel sum for the summable
formal solutions.

1. Introduction. We consider the initial value problem for the complex
n-dimensional heat equation

(1.1) Ou = Au,  u(0,z) = p(z),

wheret € C, 2z € C", A=3%"", 832_ is the complex Laplace operator and ¢
is holomorphic in a complex neighbourhood of the origin. The unique formal
power series solution of ((1.1)) is given by

0 Ak
(1.2) it ) =Y A;(Z)tk.
k=0
In dimension n = 1 the problem of convergence of the formal solution
(1.2) was already solved by Kovalevskaya [7]. She showed that @ is convergent
if and only if the Cauchy data ¢ is an entire function of exponential order at
most 2. In the multidimensional case Aronszajn et al. [I] solved the problem
of convergence of @ in terms of the growth of AFy(z) as k — co. Another
approach was given by Lysik [I0]. He proved that @ is convergent if and only
if the integral mean of ¢ over the closed ball B(z,r), or the sphere S(z, ),
as a function of the radius r extends to an entire function of exponential
order at most 2.
If 4 diverges, it is natural to ask when it is Borel summable (see Def-
inition . In the one-dimensional case the answer was given by Lutz et
al. [8]. They proved that @ is Borel summable in a direction d if and only
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if ¢ can be analytically continued to infinity in sectors bisected by d/2 and
™+ d/2, and the continuation is of exponential order at most 2. This re-
sult has been generalised in various ways. Balser [2] characterised the Borel
summable solutions of for the initial data in Gevrey classes. Balser and
Loday-Richaud [5] studied summability properties of formal solutions of the
inhomogeneous heat equation with variable coefficients. The result of Lutz
et al. [8] was extended to quasi-homogeneous equations by Ichinobe [6] and
to general linear partial differential equations in two variables with constant
coefficients by Balser [4] and the author [12]. Moreover, Lysik [9] applied the
result given by Lutz et al. [§] to study summability properties of solutions
of the Burgers equation.

In the case of the multidimensional heat equation, the author [I1] proved
that 4 is Borel summable in a direction d if and only if the function

| oz +t)dS@) ifnis odd,
5(0,1)
| eletivdr

B(0,1) V 1= |z[?

is analytic with respect to z in some complex disc centred at the origin and
can be analytically continued to infinity with respect to t in sectors bisected
by d/2 and 7 4 d/2, and this continuation is of exponential order at most 2
as t — oo.

D, (t, z) =
if n is even,

In the present paper we show that for an arbitrary dimension n, we may
replace the function @, (¢, z) in the above characterisation by the holomor-
phic extension of the integral mean of ¢ over the closed ball B(z,r) or the
sphere S(z,r). The result is based upon mean-value formulas for analytic
functions (see [10, Theorem 3.1]). As an application, we use the procedure
of Borel summability to find the Borel sum u of the formal solution . As
a result we obtain the representation of the solution u of the problem (|1.1)
given by a complex version of the convolution of the initial data ¢ with the
heat kernel.

2. Preliminaries. In the paper we use the following notation. The real
closed ball (sphere, respectively) with centre at x € R™ and radius 7 > 0 is
denoted by B(x,r) (S(z,r), respectively). Moreover, the complex disc in C™
with centre at the origin and radius r» > 0 is denoted by D} := {z € C" :
|z| < r}. If the radius r is not essential, then we denote it briefly by D™.

The Pochhammer symbol is defined for non-negative integers k and com-
plex numbers a as (a)p :=1 and (a); :=a(a+1)---(a+k—1) for k € N.
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A sector in_a direction d € R with an opening € > 0 in the universal
covering space C of C\ {0} is defined by

S(dye):={zeC:z=re"’, d—c/2<0<d+¢e/2,r>0}.
If the value of the opening angle ¢ is not essential, then we write briefly Sy.
We denote by S(d, ) (S, respectively) the set S(d,e)UD! (SqUD?, respec-
tively). Let O(G) denote the space of holomorphic functions on a domain
G CcCn.
Let us also recall some definitions and fundamental facts about Borel
summability. For more details we refer the reader to [3].

DEFINITION 2.1. A function u(t, z) € O(S(d,e) x D}') is of exponential
growth of order at most s > 0 as t — oo in S(d,¢) if and only if for every
r1 € (0,7) and every e € (0,¢) there exist A, B < oo such that

|Ir‘13x lu(t, z)| < AePl for t € S(d, e1).

z|<ry
The space of such functions is denoted by O*(S(d,e) x DI'). We also write
O5(S(d,e) x D") (O5(S4 x Dm™), respectively) for O%(S(d,e) x D") N
O(S(d,e) x D) (O%(Sg x D™) N O(S4 x D), respectively).

Analogously, a function ¢ € O(S(d,¢)) is of exponential growth of order
at most s > 0 as z — 0o in S(d, ) if and only if for every 1 € (0,¢) there
exist A, B < oo such that

lp(2)| < 4B for 2 € S(d, e1).
The space of such functions is denoted by O*(S(d, €)). We also set O%(8y) ==
OS(Sd) N O(Sd)
DEFINITION 2.2. Let d € R. A formal series

R > z) . n
(2.1) u(t,z) = Z jj(!tJ with u; € O(D")
j=0
is called Borel summable in the direction d if and only if its Borel transform
B satisfies

5 = u4(2)
(Ba)(s, 2) .—]z:% T

The Borel sum u? o @ in the direction d is represented by the Laplace
transform of v(s, z) := (Bu)(s, 2),

s’ € OY(S(d,e) x D")  for some £ > 0.

10
ul(t, 2) =< S e/t (s, 2) ds,
0
where the integration is taken over any ray R := {re? : r > 0} with

0e(d—e/2,d+¢e/2).
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According to the general theory of moment summability (see |3, Section
6.5]), a formal series ({2.1)) is Borel summable in a direction d if and only if
the same holds for the series

S (o) g
]z:%u]( )(2j)!t .

Consequently, we obtain a characterisation of Borel summability which is
analogous to Definition (see also [3, Theorem 38 and Section 11]).

PROPOSITION 2.3. Let d € R. A formal series (2.1)) is Borel summable
in the direction d if and only if its modified Borel transform Bu satisfies

(Bi)(s, z) = uj(z)sj € OY(S(d,e) x D) for some € > 0.

2 2))

The Borel sum u? of @ in the direction d is represented by the Ecalle accel-
eration operator acting on v(s, z) := (Bu)(s, z) as follows:
1 o0o(6)
R AN ALY
vt o

with § € (d—¢e/2,d+¢/2). Here integration is taken over the ray e’R, and
Cs is defined by

W (t,z) =

eu_C\/ﬂ
Vu
with a path of integration v as in the Hankel integral for the inverse gamma

function (from oo along argu = —m to some uy < 0, then along the circle
|u| = |ug| to argu =, and back to co along this ray).

(22) Co(Q) = o= | o du

21
y

3. Integral means. In this section we recall the notion of integral
means. To this end we take a continuous function ¢ on a domain {2 C R”,
x € 2 and 0 < r < dist(x,0£2). We denote by M(p;r,x) and N(p;r,x)
the integral means of ¢ over the closed ball B(x,r) and the sphere S(z,r),
respectively, i.e.,

M(girx) = § oy dy:= OIS | v dy
B(z,r) B(z,r)

Nigira) = § eW)ds) = s | e ds(w)
S(z,r) S(z,r)
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where a(n) := 7"/2/T'(1+n/2) is the volume of the n-dimensional unit ball
B(0,1). Moreover, since

M(p;r,z) = S olx+ry)dy and N(p;r,x)= S o(x +ry)dS(y),
B(0,1) 5(0,1)

we may also consider M (¢;t,z) and N(p;t, z) for complex variables ¢t € C
and z € C™. Hence, according to mean-value properties for analytic functions
we have

ProposSITION 3.1 ([10, Theorem 3.1|). Let G be a domain in C", ¢ €
O(G) and z € G. Then M(yp;t,z) and N(p;t, z) are holomorphic functions
at the origin as functions of t, and for t small enough,

oS Ae() R S U C)
(3.1) M(%t’Z)_kZ:o‘WJFUWt%’ N(ap,t,z)—kzﬂwtzk‘

Ubing the above proposition we find a relation between the two series
k
>oro (2k; 242k and >oro A(kf)(f)t% and the integral means M (p;t, z) and
N(p;t, 2):

LEMMA 3.2. Assume that G is a domain in C", ¢ € O(G), z € G and t
1s small enough. Then

D T U= T oI M (it 2)

1 312
= IR N (it 2)
for n odd (with (=1)!! =1 and (t719,)~! = Gt_lt forn=1); and
<, ARp(2) o
2. P

1
()M (2 2)

= (n_12)u(tlf9t)("2)/2t”2N(so; 2, z)

for n even.
Proof. First, note that
(3.2)

n NI
() k= (Qk)!]w’ 4 () g = (Qk)!]w'
2 E n!! 2/, (n—2)!
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If n is odd, then by (3.1) and (3.2)) we obtain

i —19\(n—1)/24n . L -1 (n 1)/2 Ak@( ) 2k+n

1 = (2k+n)(2k+n—2)---(2k + 1)Akgp(z)t2k w Akcp(z)t%
T Z (2k)1 (2k—+n)!! - Z (2k)!
k=0 n!! k=0
and
1 — n— n—

a2t Lo,) BN (3, 2)

_ 1 —19(n—3)/2 = Ak(ﬂ(z) 2k+n—2

B (n—2)!!8t(t %) kzz()4k(n/2+1)kk!t

1 2 (2k+n—2)(2k+n—4) - (2k + 1) A%p(2) o
T (n-2)! Z (2k)1(2k+n—2)!! ¢
(n—=2)!1

2L Ak p(z
:kzo (2§§!)t2k’

which proves the first part of the lemma.
Analogously, if n is even, then by (3.1) and (3.2]) we have

Lo n/2un 1 n/2 - 2k+n
—(E710) M (g2t 2) = —(1710y) Z4k n/2—|—1kk't
1S 2k n) 2k n—2) o (2 + 2 ARp()4E o S AR()
- TTZ (k)1 (2k+n)!! = Z (k!)2 t
k=0 nll k=0
and
(12)”(tlat)(n2)/2tn2N(80; 2t, z)
n — I

_ —14\(n—2)/2 2k+n—2
( ) %) Z 4k n/2 kk'

1 i2k+n—2)(2k+n—)---(2k+2)Ak<p(z)4kt2k

- (n —2) (2k)!1(2k+n—2)1
k=0 (n—2)!1

o0

_Z (‘P tQk

which proves the second part of the lemma. =
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4. Summability of formal solutions. Now we are ready to state the
main result of the paper.

MAIN THEOREM 4.1. Let d € R and 4 be the formal solution of
the n-dimensional complex heat equation
(4.1) Ou = Au, u(0,2) =p(z) € O(D").
Then the following conditions are equivalent:

(i) @ 4s Borel summable in the direction d,

(i) M(p3t,2) € OQ((?d/z U ‘AS’d/2+7r) x D"),

(i) N(pst,z) € O*((Saja U Sajzen) X D).

Proof. We first assume that the dimension n is odd. Applying the mod-

ified Borel transform B to the formal solution @ of (4.1 given by (1.2) and
replacing s by t2, we have

300 (12, 2) = = Ak@(z) 2k

Moreover, by Proposition [2.3] the formal solution # is Borel summable in
the direction d if and only if (Ba)(t2,2) € (92((Sd/2 U Sd/2+7r) x D™). If

we combine this with Lemma [3.2] and with the uniqueness of the analytic

>, Aro(z) 2k
(2k)!
summable in the dlrectlon d if and only if

continuation of ) 7 with respect to ¢, we conclude that 4 is Borel

1 — n— n G ] n
(4.2) ot L0 DM (3t 2) € O%((Say2 U Sajzan) x D),

or equivalently, if and only if

1
(n—2)N
Since the space O? ((Sd/g U Sd/2+7r) X D") is closed under differentiation 0;
and multlphcatlon by t, we see that . rebpectlvely) is equivalent to
M(p;t,z) € 02((Sd/2USd/2+7r)XDn) (N(SO,t Z) € O((S4/2U8a/242)x D"),
respectively), which proves the theorem for n odd.

The proof for n even is similar. Namely, by Definition [2.2] the formal
solution 4 is Borel summable in the direction d if and only if

(4.3) Bt I EN (5, 2) € O ((Say2 U Sajarn) x D).

oo k - . .
Bi.2) = 3 s € O(SuUSunes) x DY)
k=0

Hence, by Lemma 3.2 and the uniqueness of the analytic continuation of

) A
o ()()t2k

the direction d if and only if

with respect to t, we conclude that @ is Borel summable in

1 N A
(4.4) m(flat)”/%"M(go; 2t,2) € O*((Saj2 U Saja4r) x D),
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or equivalently, if and only if

1
o
As in the previous case, (, respectlvely) is equivalent to M (31, z) €
0? ((Sd/2 U Sd/2+,r) X D") (N(p;t,2) € O? ((Sd/2 U Sd/2+7r) x D™), respec-
tively), which completes the proof. =

(4.5) (t10) A2 2N (032t 2) € O*((Say2 U Sajarn) X D™).

Using the representation of the Borel transform B and the modified Borel
transform B of 4, we derive the Borel sum u for the Borel summable for-
mal solution 4. To this end, we calculate the function Cy defined by ([2.2)).
Applying the power series expansion (see [3, p. 175]) of Cy, we have

o0
(="
C = .
2(0) ;) AT —(n+1)/2)

Since the gamma function I'(z) has simple poles at z =0, —1,—2,... and
(—1)kklar /7
r-k+1/2)=~———— fork
( + / ) (2k)' or € NO?
we obtain
o C2k
4. =
(46) €2 () Z;) 2 I(—k + 1/2)

Z <-2k 1 24
T 41%' - /m

Now we are ready to prove that the procedure of Borel summability gives
us the solution u of the heat equation as the convolution of the initial data
with the heat kernel.

THEOREM 4.2. Let d € R and assume that the formal solution @ of (4.1))
is Borel summable in the direction d (i.e. there exists € > 0 such that Bu(s, z)
and Bi(s,z) belong to OY(S(d,e) x D™)). Then the Borel sum of 4 in the
direction d is given by
50(6/2)

no(n) S 6_72/(4”7'”_1]\7(@; T,2)dT

(4rt)n/2

for every 0 € (d—e/2,d+¢/2). Moreover, if additionally ¢ € O*((S(d/2,£/2)
US(d/2+m,e/2))") then also

1 0|2
(eiG/ZR)n

u(t, z) =

Proof. Let € and 6 be as in the statement. First, assume that n is odd.

By Proposition (4.6) and Lemma we have
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) 1 oo(6)

u’(t, z) =

1 | e/ 1
vt

(n—2)1

(771 0r) "IN (s 7 2) dr
0 (6/2)

(n— 2)1(2t)(n=D/2/mt

S 6_72/(4”7"_1]\7@0; T,2)dT.
0
Finally, using the definition of the integral means over the sphere, we get
1
0
u(t,2) =
t2) = ey
e )
(4rt)n/2

o0(6/2)

TY=2

S e/ (4t) 1 S o(z 4+ Ty)dS(y) dr

5(0,1)
(eiG/QR)n
since
1 I'(l+n/2) 72 (n—-2)
na(n)  nav/2 0 204D/2pgn/2 T 9(nd1)/27(n—=1)/2°
to calculate

Analogously, for n even, we apply Definition , (4.6) and Lemma
0o(0)

1

ul(t, z) = n

S e/ (Bai)(s, z) ds
0

Lz
= | T B )2 dr
0
00(0/2)
_2 0 eyt
t
0

(n—2)!

(7'7187)("72)/27"72]\[(90; 27, z) dr.
By (n — 2)/2-fold integration by parts and by the definition of the integral

175
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mean over the sphere, we have

00(0/2)
0 2n/2 —72/t_n—1
u(t,z) = ——— S e T § o(z + 21y) dS(y) dr
tn/2(n — 2)N
0 5(0,1)
1 00(0/2)
27=0 —a?/(4t) _n—1
= "2 2)1 (S) sy S o(z + oy)dS(y) do
5(0,1)
oY= 1 —etf|x|2/(4t
(EZO/QR)n
since
1 I'(l+n/2) n!! (n—2)!!
na(n)  nav/2 2n/2pgn/2 T 9n/2gn/2” -
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