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Abstract. The famous result of geometric complex analysis, due to Fekete and Szegd,
states that the transfinite diameter d(K), characterizing the asymptotic size of K, the
Chebyshev constant 7(K), characterizing the minimal uniform deviation of a monic poly-
nomial on K, and the capacity c(K), describing the asymptotic behavior of the Green
function gk (z) at infinity, coincide.

In this paper we give a survey of results on multidimensional notions of transfinite
diameter, Chebyshev constants and capacities, related to these classical results and ini-
tiated by Leja’s definition of transfinite diameter of a compact set K C C" and the
author’s paper [Mat. Sb. 25 (1975)], where a multidimensional analog of the Fekete equal-
ity d(K) = 7(K) was first considered for any compact set in C". Using some general
approach, we introduce an alternative definition of transfinite diameter and show its co-
incidence with Fekete—Leja’s transfinite diameter. In conclusion we discuss an application
of the results of the author’s paper mentioned above to the asymptotics of the leading
coefficients of orthogonal polynomial bases in Hilbert spaces related to a given pluriregular
polynomially convex compact set in C™.

1. Introduction. The famous result of geometric complex analysis
(Fekete [24], Szego [56], see also 25l [58]) states that three characteristics
of a compact set K C C, which are defined in quite different ways, co-
incide. These characteristics are: the transfinite diameter d(K), measuring
the asymptotic size of K (the geometric approach); the Chebyshev constant
7(K), characterizing the minimal uniform deviation of a monic polynomial
on K (the approximation theory approach); and the capacity c¢(K), describ-
ing the asymptotic behavior of the Green function gx (z) at the infinite point
(the potential theory approach).
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The transfinite diameter of a compact set K C C is the number

(1.1) d(K) := li_>m ds(K),
where
(1.2) ds(K) := max{|det (zﬁ‘l)zwzlﬁ/s(s‘l) €K, v=1,...,s}

is the sth diameter of K, which can also be represented as the geometric
mean of extremal distances among s points on K (if s > 2):

(1.3) ds(K) = max{( H B

v<pu<s
The Chebyshev constant of K is defined via

)2/3(5_” ta €K

$—00 zeK

7(K) := lim (inf{rnax z° +:z_(:l)cjzj‘ ic;eC,j=0,1,...,58— 1})1/8.

The capacity is determined by ¢(K) = exp(—pg ), where
pr = lim (g9x(z) —In|z]|)
zZ—00

is the Robin constant of K.

In this paper we give (Section |3)) a survey of results on multidimensional
notions of transfinite diameter, Chebyshev constants and capacities, related
to these classical results and initiated by Leja’s definition of the transfinite
diameter of a compact set K C C" and the author’s paper [6I], where a
multidimensional analog of the Fekete equality d(K) = 7(K) was first con-
sidered for any compact set in C™. In Section [d] we give a general observation
about interestimates between the least approximation of generalized monic
“polynomials” and extremal generalized Vandermondians with respect to a
given linearly independent system in a Banach space. Using this approach,
we introduce (Section [5)) an alternative definition of the transfinite diame-
ter and show its coincidence with Fekete-Leja’s transfinite diameter. As an
application we obtain an expression of the transfinite diameter in terms of
extremal “Wronskians at the infinite point”, which seems to be new even in
the one-dimensional case. In conclusion (Section @ we discuss an applica-
tion of the results of [6I] to the asymptotics of the leading coefficients of
orthonormal polynomial bases in Hilbert spaces related to a given plurireg-
ular polynomially convex compact set in C”.

2. Preliminaries and notation. Given an open set D C C" we denote
by A(D) the space of all analytic functions on D with the usual locally convex
topology of locally uniform convergence on D. If K C C™ is a compact set
then A(K) is the locally convex space of all germs of analytic functions
on K, endowed with the standard inductive topology: recall that a sequence
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{¢;} of germs converges to a germ ¢ in this topology if there is an open
neighborhood G O K and functions f;, f € A(G), representing the germs
©;j, ¢ respectively, such that f; converges to f locally uniformly in G. Given
a bounded positive Borel measure p supported on K, we define the Hilbert
space AL?(K, 1) as the closure of A(K) in L?(K,p). Moreover, M(K) is
the space of all bounded Borel measures on K with the norm ||| := |pu|(K),
ne M(K).

The pluripotential Green function of a compact set K C C" is the func-
tion (J61L [62], see also [49, 53, [55] [66), [5])

(2.1) 9K (2) = lir?jup 95 (€);
(2.2) 95 (2) :==sup{u(z) : u|g <0, u € LK)},

where £ is the Lelong class of all functions u € Psh(C™) with the property
that «(¢) — In || is bounded from above near the infinite point. The func-
tion g (z) is either plurisubharmonic in C" or identically +o0o (the latter is
equivalent to pluripolarity of K). A polynomially convex compact set K is
plurireqular if gi(z) =0 on K (then gx is continuous in C").

Much earlier, in the context of celebrated multidimensional polynomial
interpolation theory, Siciak [52] introduced the weighted extremal functions

P(2, K;b) = Sgg(sup{lp(Z)ll/s :p € Iy, [p(Q)] < exp sb((), ¢ € K}),

W(z, K;b) = Sglf(sup{lp(Z)ll/s :p € M, [p(C)] < expsb(C), ¢ € K}),

where z € C" and II; (resp. Hs) is the set of all polynomials (resp. homoge-
neous polynomials) of degree < s. If b = 0, we write Px(z), ¥k (z) instead
of &(z,K;0), ¥(z, K;0). Set
D (2) :=limsup Pk ((), VYi(z):=limsupPx(().
(—z (—z
These functions proved to be closely related to the pluripotential Green
functions. Namely, the equalities

9% (2) =InPk(2), gx(z) =lndi(z), =ze€C",
were shown in [62] for a pluriregular compact set K and then several differ-
ent proofs were suggested for arbitrary K (see, e.g., [53), 54} 63, 22]). Siciak

showed ([54], 1.3 and 2.6]) that In¥};(2) is equal to the logarithmically ho-
mogeneous Green function

hi(z) :=limsupsup{u({) : u|x <0, u € Ly}, z€C",
(—z
where L consists of the functions u € £ that are logarithmically homoge-
neous, that is,

u(Az) =u(z) +In|A|, ze€C"~ {0}, xeC.
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LEMMA 2.1. Suppose X, Y is a pair of locally convex spaces and J :
X — Y is an injective continuous linear operator with dense image. Then
the adjoint operator J* : Y* — X* is also injective and, if X is reflexive,
the image J*(Y*) is dense in X*.

Proof. Indeed, let z* = J*y*, ie. z*(x) = J*y*(z) = y*(Jx) for all
z € X. Hence, if z* = 0, then y*(Jx) = 0 for all z € X, and, since J(X) is
dense in Y, we see that y* = 0. Thus J* is injective. Now let X be reflexive
and suppose that J*(Y™) is not dense in X*. Then, by the Hahn-Banach
theorem, there exists zp € X** = X, x¢ # 0, such that zo(z*) = 2*(x0) =0
for each z* = J*y*, y* € Y*. Therefore 0 = J*y*(x0) = y*(Jxo) = 0 for any
y* € Y* hence Jxg = 0, which contradicts the injectivity of J. m

REMARK 2.2. In what follows, we always treat the operator J as an
identical embedding, identifying « with Jx and using the notation X — Y
for a continuous linear embedding. In particular, we also write Y* < X* in
the situation of Lemma 2.1

NOTATION. We use the notation |f|g := sup{|f(z)| : z € E} for a
function f : E — C. Denote by Z' the set of all integer-valued vectors
k = (ki,...,ky) with non-negative coordinates. Let |k| := k1 + --- + k,, be
the degree of the multiindex k. Introduce an enumeration {k(7)};cn of the set

Z"%  via the conditions: the sequence s(i) := |k(i)| is nondecreasing and on
each set s := {|k(7)| = s} the enumeration coincides with the lexicographic
order relative to ki, ..., k,. Denote by i(k) the number assigned to k under
this ordering. Let

(2.3) ei(z) = 2F0 .= zfl(i) s @ e,

be the system of all monomials, enumerated as above. Notice that the number
of multiindices of degree no larger than s is m, := C3,,, and the number

of those of degree s is Ns := ms —ms—1 = CJ,, 1, 8 > 1; Ng = 1. Let
ls =3 0_qNg for s=0,1,....
We consider the standard (n — 1)-simplex

(24) ¥ := {GZ(HV)E]R”:Q,,ZO,l/zl,...,n;znje,,zl}
v=1

and its interior (in the relative topology on the hyperplane containing X7)
Y ={0=(0,)eX°:0,>0,v=1,...,n}.
For 6§ € X we denote by Ly the set of all infinite sequences L C N such that

k(i)/s(7) L 9. We also use the notation k! = kil k!, k = (k) € 7.
We denote by ITs (resp. Hs) the set of all polynomials (resp. homogeneous
polynomials) of degree <s, s =0,1,2,....



Transfinite diameter 297

We denote by 91(z) any norm in C"; the most applicable are the Euclidean
and polydisc norms,

n 1/2
2= (Y 122) 7 el = maxflal), 2= (2) €C™
v=1

3. Multidimensional characteristics of sets in C". A notion of
transfinite diameter for K C C™ was first introduced by F. Leja [39]. Let
K be a compact set in C", and {(3,...,{;} a finite subset of K. Consider
the Vandermondians

V(-1 G) = det (ea(C8))h 515
where e, (z) 1= 2"% a € N, and set
V.= Sup{‘V(Cl,...,Q)‘ : Cj ek, j= 1,...,1}.
The s-diameter of K is the number dy(K) := (Vy, ).

DEFINITION 3.1. The (Fekete-Leja) transfinite diameter of a compact
set K C C" is the constant

(3.1) d(K) :=limsup ds(K).

S—00

k(a)

Leja posed the problem of existence of the usual limit in this definition.
This problem was solved by Schiffer and Siciak in [5I] for the particular
case when K is the Cartesian product of plane sets. In order to solve this
problem for an arbitrary compact set K C C" , Zakharyuta [61] introduced
the directional Chebyshev constants

(3.2) 7(K,0) := limsup 7;:= sup limsup7;, 6¢€ X,
i—00 LeLy i€l
k(i)/|k(i)|—~0
(3.3) 7 =n(K) = (M), ieN,
where
i—1
(3.4) M; = inf{]p|K:p:ei+chej}, i €N,
j=1

is the least uniform deviation of monic polynomials from the identical zero
on the compact set K. Any polynomial p(z) = t;(z) attaining the inf in
is called a Chebyshev polynomial (it always exists but may not be unique).
It is proved in [61] that the usual limit exists in for each 6 € X° and
the function 7(K, ) is convex (hence continuous) on X° and bounded on X
(Section 4 in [61]). Thus the geometric mean of the directional Chebyshev
constants, called the principal Chebyshev constant, is well-defined:

7(K) :=exp | In7(K,0) do(0),
)
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where ¢ is the normalized Lebesgue measure on Y; it is assumed that
exp(—o0) = 0.

The main result of [61], which can be considered as a natural multidi-
mensional analog of the Fekete equality [24], is

THEOREM 3.2. The usual limit exists in (3.1)) and

d(K) =7(K) = exp | In7(K, 0) do(0).
z
The proof of this theorem can be divided into two parts. The first one is
the proof that the geometric mean of the 7; corresponding to monomials of
degree s,

TS(K);:( ﬁ Ti)1/NS:< ﬁ Mi)l/SNS

i=ms_1+1 i=ms_1+1

converges to the principal Chebyshev constant 7(K) as s — oo (Lem-
mas 5, 6 in [61]); this step is based on the existence of the directional limits
in and the properties of the function 7(K,#) mentioned above. The
second part of the proof establishes that, if the sequence T,(K) has a limit,
then ds(K') converges to the same number; it is based on the interestimates
between the extremal Vandermondians and the least deviations of monic
polynomials, which will be treated in some generalized form below in Sec-
tion [l

Let us give a short survey of some results related to the above assertions.
Notice that the methods developed in [61] (especially Lemmas 1-6 there)
proved to be applicable in more general situations. For instance, these meth-
ods were adapted by Rumely, Lau and Varley (|38 [47, [48]) in order to prove
the existence of sectional capacities in arithmetic geometry.

Siciak introduced the extremal homogeneous Vandermondians of a com-
pact set K C C™

W, = max{|det (em, ,+a(¢8))h %11 : s € K}

and asked whether the limit exists in the definition of the homogeneous
transfinite diameter:
D(K) := lim (W,)'/5Ns,

Jedrzejowski [28] gave a positive answer to this question by following argu-
ments analogous to those used in [61].

Bloom and Levenberg [15] studied weighted characteristics of a com-
pact set K C C", inspired by the one-dimensional weighted potential theory
(see, e.g., [50]) and Siciak’s notion of weighted extremal functions (|52]).
These characteristics are defined as follows. Suppose that a nonnegative up-
per semicontinuous function w : K — R is an admissible weight, that is,
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the set {z € K : w(z) > 0} is nonpluripolar. Then the weighted directional
Chebyshev constants are defined, by analogy with unweighted ones, via

(3.5) TY(K,0) := limsup 7;°:= sup limsup7’, 60e€ X,
1—00 LeLy €L
k(3)/|k(i)|—0

where
i—1 .

(3.6) 70 =1"(K):= (inf{]ws(i)p];( ip=e€ + Z cjej})l/sm, i €N.
j=1

Existence of the limit in (3.5)), continuity of the function 7% (K, 0) for § € X°
and the definition of the weighted principal Chebyshev constant

TY(K) := exp S In7*(K,0)do(6)
X

were given in [I5] by slightly modifying the arguments of [61] (the last con-
stant was denoted by d* (K) there and named weighted transfinite diameter).
On the other hand, also in [I5] the extremal weighted Vandermondians

Wi, = max{|V(C1, ..., Cm,)| - [w(C) - w(Gm,)|* : G € K}
were introduced and it was asked whether the limit

(3.7) 6(K) = lim (Wi, )/

exists and equals 7%(K). The same authors proved in [16] that the limit
indeed exists, while the relation between the constants 7%(K) and 6" (K)
turned out to be a harder nut. Namely, they proved the following brilliant
formula:

(39 57(1) = (exp§ (w)(@a(gi))") "7 (1),
where

9 (z) = limsupIn@(z, K;b)

(—z
= limsup sup{u(() : v € £, u(¢) <b((), ¢ € K}
(—z
with b(z) := —Inw(z). An important ingredient of the proof of (3.8) is a

remarkable Rumely formula, expressing the unweighted transfinite diameter
d(K) via the Robin function (see the end of this section).

Unlike the one-dimensional case, the function gx (z) —In9(2), in general,
has plenty of partial limits as |z| — oo and they depend on the choice of
the norm 91 in C™. Therefore a wide variety of multidimensional notions of
capacity were suggested by many authors (|61}, 62, [49] 53] [54), (1], 21 3, [5 [33, 4] ).



300 V. Zakharyuta

The earliest were the capacities ([611 [62])
() += exp(— limsup(gi () ~ In [[))).

|z]—o0

C(K) —exp(—l‘lr|nlnf(gK( z) — ln]z])),

and the capacities ¢4 (K) and Cy(K) obtained from them by replacing
lim sup by liminf. These characteristics vanish if and only if K is pluripolar.
Unfortunately, none of them coincides with d(K'). The inequality ¢(K) <
d(K) holds for all K Cc C" [61]; it follows directly that C'(K) < /nc(K)
< /nd(K). Bloom and Calvi [I3] proved a stronger estimate: C'(K) <
exp(3 > o ;)d( ). On the other hand, Levenberg and Taylor [4I] have
shown that, if K is contained in the unit ball B", then d(K) < AC(K)°
with some positive constants A and 6 which do not depend on K. Since
C(AK) = AC(K) for each A > 0, it follows that the transfinite diameter
vanishes simultaneously with the capacity C'(K), that is, if and only if K is
pluripolar, which answers affirmatively the problem posed in [61].

In order to get multidimensional analogs of the Szegé equality 7(K) =
¢(K), some authors modified the notion of Chebyshev constant or/and the
notion of capacity. One way of modifying Chebyshev constants is via certain
normalizations of the leading homogeneous part of a polynomial ([61, 55]):

T(K) = tmsup(inf{|plic :p= " cieve M, S ‘cz’_l})l/s

sTee k(i) <s k(i) =

1/s
= 11msup(1nf{]p\K D= Z cie; € Il5, max {‘Cz’} = 1})

()] <s k(2)|=
Z c;€e;

, Br 1}>l/s'
k(i) =

That the usual limit exists here has been proved by Siciak [54] (there was a
gap in the proof of [61]). The inequality ¢(K) < T'(K) was proved in [61].
The equality T'(K) = C(K) was claimed in [49], but actually it was only
proved there that T'(K) < C(K) for K pluriregular; it follows from [34] that
it is also true for arbitrary compact sets. Thus

oK) <T(K)<C(K).

It is easy to see that ¢(K) = T'(K) for n-circular compact sets, but it remains
open whether this equality is true for an arbitrary compact set.

J. Siciak [54] introduced and studied a wide variety of “Chebyshev con-
stants” via normalizing restrictions on the whole polynomial on the fixed
pluriregular compact set X C C™ (the most interesting are the cases X = B"
or X = Un) and a related collection of capacities. In particular, he proved

= limsup<inf{]p\K 1p € I,

§—00
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that the Chebyshev constant

(3.9) Te(K) = lim (inf{|plx : p € My, |plx = 11)'/°
and its homogeneous version
(310)  TH(K) = lim (inf{Jplic :p € Mo, [plx = 1)
coincide, respectively, with the capacities

1 1
3.11 Cx(K) = ——+—, CH(K) = _
G &R = ek A ephe

where hg(z) is the logarithmically homogeneous Green function (see Pre-
liminaries). Notice that Cx(K) is of interest for subsets of X only, since
Cx(K)=1if K O X.

Alexander and Taylor [3] investigated interestimates between the charac-
teristic Tgn (K') and the condenser capacity C'(K,B"), introduced by Bedford
and Taylor [6].

Another way of defining capacities and Chebyshev constants is via inte-
gral normalizing restrictions instead of the uniform estimates in —.
Siciak [54] introduced the capacities

Cu(K) i= exp(— [ i (=) du(2)),  CH(K) := exp(~ [ hc(2) du(2)),

where p is a probability measure in C" satisfying some natural conditions,
which hold, in particular, for the normalized Lebesgue measure o on the
sphere S = 0B".

Taylor [57] proved the estimate C(K) < Co (K)Y/™.

Alexander’s projective capacity is defined via

1/s
log |p|do = 1}) ,

where k, = {In|z,|do = f% 27;11 % This Chebyshev-type constant was

1
v(K) := lim (inf{\ph( :p € Hs, —S
§—00 SKn S

originally defined on sets K C S or on subsets of the projective space P"~!
([1,2]), but it can be considered on sets K C C" as well (|54} 13, 28§]). Cegrell
and Kotodziej [21] proved the equality

Y(K) = (exprn)C (K)
(Siciak [53] considered earlier the case n = 2). Jedrzejowski [29,30] computed
this characteristic for intersections of ellipsoids in C".

It seems that the most natural way to a multidimensional analog of the
Szego equality is via the notion of Robin function of K [57,[5]. The projective
version of the Robin function is defined via

pr([2]) :=limsup(gx(Az) —In|)z]), [2] € P"7L, 2 € C" < {0},

A|—=o0
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where [2] is the point of P*~! determined by z; its modification

pr(2) = pr([z]) + In|z| = limsup(gx (Az) —In|A]), =ze€C",
[A| =00
is a plurisubharmonic function in C" (we set px(0) = —o0), which is loga-
rithmically homogeneous.
Nivoche [43] introduced a directional Chebyshev constant via

m(K, () = lim my(K, OM# = sup{my(K,()"* : s € N},
ms(K, ) == inf{|p|k : p € II5, p(() =1}, (€S,

and proved that it coincides with the directional capacity determined by the
Robin function:

m(K, ) = Ck(() := exp(—pk(()), (€S,
Bloom and Levenberg [I5] proved a weighted version of this result.

Bloom and Calvi [13] proved that the transfinite diameter d(K) is de-
termined uniquely by the Robin function pg (this result is based on a
polynomial approximation theorem of Bloom [I1], see also [55]). Recently
Rumely [46] has established an impressive integro-differential formula ex-
pressing the transfinite diameter of a compact set in C™ via its Robin func-
tion pg, which can be considered as a genuine analog of the classical Szegd
equality d(K) = ¢(K) (see, also, [23, [17, 16}, 40} 7, 8, @, [10]).

Numerous aspects concerned with the capacity characteristics remained
untouched here: extension of set characteristics to arbitrary sets in C",
Choquet’s axioms, further applications to polynomial and rational approx-
imation, convergence of measures generated by extremal Fekete points etc.
They can be found in [4] 5] [6l 12 18] 19, 22] B2, B3], 35, 36}, 37, 49, 53| 54
64, [67].

4. Some general observations. An important step in the proof of the
equality 7(K) = d(K) are interestimates between the least deviation M; and
the extremal Vandermondian V; (see Lemma 4 and Corollary 5 in [6I] and
Corollary at the end of this section). Here we show that this relation is
of a quite general nature.

Let X be an infinite-dimensional complex Banach space. Given a se-
quence {h;}°; in X set

(41) Az = Ai,X = mf{‘

i—1
hi—f—ZthjHXZCjE(C}, 1 €N,
j=1

which is a natural generalization of the least deviation of monic polynomials
from zero. It is a commonplace that there exists a “Chebyshev polynomial”

(maybe nonunique) T; = h;+ 23;11 tijhj such that A; = ||T5]].
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Let X* be the dual space of X. Consider the determinant (Vandermon-
dian)

(4.2) V(f1,-, fi) = det (f3(ha))h s=1,
with fg € X*, 3 =1,...,4i. Suppose that A C By~ is a norming set, that is,

]| = sup{[f(z)| : f € A}.

Introduce a sequence

(4.3) V=V ti=sup{V(fi,.... f)l: fs€ A B=1,...,i}.

If A = Bx+, we denote this characteristic by VZ»X ; if X has a predual space
Y = X, and A = By,, we use the notation )}zX If K is a compact set
in C", X = C(K), h; is the sequence of monomials (2.3), and A = {4, :
z € K}, where §,(z) := z(z), then ViX’A coincides with the Leja sequence V;.
The following statement shows that the sequence V; characterizes the linear
independence of the sequence h;.

LEMMA 4.1. The following statements are equivalent:
(i) the sequence {h;} is linearly independent in X ;
(ii) the numbers A; are all nonzero;

(iii) the numbers V; = ViX’A are all nonzero.

Proof. (i)« (ii) is trivial. To prove (iii)=>(i) suppose that there is j such
that Zjazl Cahe = 0 with some nontrivial coefficients. Then all determinants
1} with ¢ = j vanish for any sequence { f@}jﬁzl C X*, since their rows are
not linearly independent. Thus V; = 0. The implication (i)=-(iii) is included
in the proof of the lemma below. u

LEMMA 4.2. Let {h;} be a linearly independent sequence in X. Then
V= V]X’A > 0 for each j, and
V,
4.4 A <
( ) ) = Vj—l

Proof. Tt is clear that Vi = sup{|fi(h1)| : f1 € A} = ||h1| = A1 > 0.
Supposing that it has been proved that V; > 0 for ¢ < j — 1, we will prove
that V; > 0. To this end it suffices to prove the left inequality in (4.4) for
j =i, assuming that V;_1 > 0. Given ¢ with 0 < ¢ < V;_1, choose f, € A,
v=1,...,i—1, so that

0< Vi1 —e< V(fl, .. ~7fi—1)-

For an arbitrary f; € A consider a “polynomial”

‘ A
h:= — Y h
jz::lv(flw-'afi—l) !

<jl;,  j=12,3,....
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where A;; is the cofactor of f;(h;) in the matrix (fg(ha))f)ﬁ:l. Since A;; =
V(fi,..., fi—1), the leading coefficient of h is 1. Therefore

IRl = A
On the other hand,

(h) — i Ay Vs fimn fi)
fl(h)_Zv(fh"'?fi—l)fl(h])_ V(fla'-'vfi—l)

J=1

hence Vs
Al = sup{|fi(h)| : fi € A} < Y —
1 — €&

Since € > 0 is arbitrary, we obtain the estimate from below in .

In order to get the estimate from above 1n , we take arbitrary ele-
ments f, € A, v=1,...,i. Let T; —h+Z h; be such that A; = || T;|.
Then the value of the determlnant det (fz(h )) =1 remains the same if its
last row fz(hi), B =1,...,14, is replaced with f3(7}). Expanding the modified
determinant along the last row, we obtain

V(fi..o f \<Z|f6 IV 1o fa=1, faars - fi)| S idiVia.

Now, taking the least upper bound of the left side over f, € A, v=1,...,1,
we obtain the right estimate in (4.4]). m

COROLLARY 4.3. Let K be an infinite compact set in C™ . Then in the
notation of Section [3]

|
Vin, ™! (T,)Ns,  s=2,3,....

4.5 T,)sNs <
(4.5) (T)*"° < Vo = o]

The following statement has been proved implicitly in [61), proof of The-
orem 1]. Here we give a direct slightly modified proof.

LEMMA 4.4. If limg_,oo T5(K) exists, then
(4.6) d(K) = lim d4(K) = lim Ty(K).
S—00 S$— 00
Proof. Let 7 = limg_,o, Ts(K). Since 12—]7\’;:' — 1, due to 1' we have the

asymptotic formula

InV,,, —InV,,, , ~sNsInT ass— oo.
Summing from 1 to s we derive the asymptotic formula (see, e.g., [20])
S
Vi, ~ IV, = InViy ~ Y gNgInT =l In7  as s — oo.

q=1

So (4.6) is proved. =
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5. Equivalent definition of transfinite diameter in C". Let K be a
pluriregular compact set in C™ with K = K. In the context of Section , take
the space X = C(K) and let h; be the system of monomials e;(z) = z*(*),
Then V; does not exceed

(5.1) YV, = ViX = sup{|det (fg(ea))gﬂ:ﬂ f5 €Boky, B=1,... 4}

for all ¢ € N, since the supremum in the definition of V; is taken only over
the evaluation functionals f7(h) = h(¢), ¢ € K. Hence,

(5.2) lim sup (Vo )V/% > d(K).
5§—00
THEOREM 5.1. Under the above assumptions the relation holds with
equality and with the usual limit, and we have the following representation
of the transfinite diameter:
. % 1/l5(,->
(5.3) d(K) = sll{go sup{‘det (}S{ €a duﬂ)a,ﬁ:l’ },

where the supremum is taken over the set {(ug) € M(K)" : |ug|(K) < 1,
B=1,...,i}.

Proof. Analyzing the proof of Theorem [3.2] one can see that, in order
to prove Theorem all arguments can be left untouched, except that
Lemma has to be applied instead of Corollary 5 of [6I]. Then, remem-
bering that, by the Riesz Theorem, C'(K)* is represented as the space M(K)
of all complex Borel measures on K, we obtain (5.3)). =

The dual space A(C™)* can be realized as the space Ag({c0"}) of all germs

of analytic functions ¢ at oo™ := (00,...,00) € C", having an expansion
a ()
(5.4) o)=Y =,
=

converging uniformly on
U, (0o") :={z = (2,) € C": |2,| > 7},

with 7 = r(¢). Namely, there is a natural isomorphism 7' : A(C")* —

Ap({o0™}) such that if ¢ = T'f*, then
== 5

2mi

) § i@
Tr

where Tr = {2z = (2,) € C" : |2,| = R}, R > r. An element f* € A(C")* is
said to be an analytic functional in C" (see, e.g., [27]) and the series (5.4)
can be considered as its Taylor expansion at co™.
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Let AC(K) be the completion of the space of all polynomials in C(K).
Then AC(K)* = M(K)/AC(K)*, where

AC(K)L = {,u € M(K): | fdu=0, f¢ AC(K)}.
K

The restriction operator R : A(C") — AC(K) is injective, so it can be
treated as a linear continuous and dense embedding A(C") — AC(K).
Then, by Lemma AC(K)* — A(C™)*, hence AC(K)* can be realized
as AC(K)' = T(AC(K)*) = A({oo"}), so that [|¢llac(ry = /" lacx)-
By the Hahn—Banach theorem, we obtain the same number V; if the sup in
is taken over the set

{f5 € AC(K)" : | f5llacx)- =1, B=1,...,i}.
If op=Tf* € AC(K)', then
[ (ei) = (ei,0) = ak(i)(‘?)-

Therefore we obtain the following representation of the transfinite diameter
in terms of the Taylor expansions of the analytic functionals f7 at oo™

(5.5) A(K) = Jim sup{|det (ag(a)(95))h st |/},
where the sup is taken over the set
(5:6) {(¥8)s=1 8 € Baciy, B=1,....1}.

The mapping S : A({o0"}) — A({0"}) defined by
g=5p, g(Q)= LMl l/en) > ar(e)Ct

ClCn kEZﬁ

is an isomorphism. Therefore, due to ((5.5)), one can represent the transfinite
diameter in terms of extremal multivariate Wronskians. Let

W(g1,...,9:i) := det (gék(a))(0)>iv,ﬂ=l

and

(5.7) Wi = sup{[W(g1, - .-, 9i)l},

where the supremum is taken over all (95)%:1 such that (¢g) = (S lgp)
runs over the set ([5.6)). Notice first that
8n+1
5.8 ls ~ g 1= —————— — 00.
(58) ST Dty BT
THEOREM 5.2. In the above notation

(5.9) d(K) = lim (Hiwi(a)!y/lsm - (eXpTZZJrj 1) i V0

i—>00 o1 k ; 1—00 S(Z)
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Proof. The first equality follows from (5.5)), because ay(¢) = ¢¥)(0)/k!
if g = Sy. Since [y(;) can be replaced by Ay;) in the middle term of (5.9), we
need to prove the asymptotics

1 1 1
(5.10) A " |,§|< Ink!=1Ins (1 + 5 +- . 1> +o(1)

as s — oo. By Stirling’s formula, we have

ZZk Ink, —1)+o(1) ass— oo.

|k|<sl/ 1
Since 37 4i<s 2op—1 kv = s, due to (5.8) we have A; = By — 1+ o(1) with

(5.11) — Z Zk Ink,.

$ |kl<sv=1
Further

Bs )\i < S (Z zy, In 1:1,) dzy...dr, +0(s"In 5))

Vs v=1

»

n
=1 S rilnzy dry...dx, +0(l) ass— oo,
S Vs
where Vs = {(z,) € R" : Y7z, < s;2,
integrating n — 1 times, we have

v

1,v = 1,...,n}. Then,

S

B es— e mede +o(1)

By=— "
(n — 1)\ !

n—1 s
- ﬁ Z(*l)jciflsn_j_l SfjH In&dé + o(1)

=0 1
as s — oo. By elementary computations we obtain

nanrl

Bs = m(alns —b)+o0(l) =n(n+1)(alns —b) + o(1)
with (see, e.g., [45] 4.2.2.44, 4.2.2.57))
= ()i, 1
T Tl
= + n(n
b_”1<>%ﬂ sttt
Sl G T at)

Finally, combining all the relations obtained, we get (5.10)). m
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Notice that, applying Euler’s summation formula, one can obtain essen-
tially stronger asymptotics for sums like (5.11) (similarly to |26 p. 595],
or [31]), but the above rough asymptotics is sufficient for the present pur-
poses.

REMARK 5.3. The relation (5.9) can be considered as an asymptotic
expression for extremal Wronskians through the transfinite diameter. It must
be emphasized that Ay;) cannot be replaced by ly;) in the right member

of.

6. Asymptotics of leading coefficients of orthonormal polyno-
mial bases. Let K be a polynomially convex compact set in C". We say
that a Banach space X <= A(K) is adherent to the space A(K) (has the
Bernstein—Markov property relative to K) if for for every g > 1 there exists
an open set G O K and a constant M such that

(6.1) Ipla < Mq®||pllx

for each polynomial p of degree s € N. If K is pluriregular, then there exist
adherent Banach spaces; for instance, the spaces AC(K) and AL%(K,pu),
where p° = (dd°gx )", are adherent to A(K) (see, e.g., [62] 53, [63], 66]). For
the condition (6.1)) in a general frame of interpolation properties of locally
convex spaces, see [59], 42} 64 [65].

Let K be a pluriregular polynomially convex compact set in C" and
H < A(K) be any Hilbert space adherent to A(K). Let

7
(6.2) P = Z(Iﬁ@j, 1€ N,
Jj=1

be the orthonormal system in H obtained by the Gram—Schmidt procedure
from the system of monomials e;(z) = 2% Denote by Hg the Hilbert scale
defined via

(6.3) Hp:= {m - igipi e H: |z|m, = (f: |§i\2328<i>)1/2 < oo}
=1 i=1

with R > 1. Consider two one-parameter families of sublevel sets of the
pluripotential Green function:

Dr={2€C":gk(z) <InR}, Kp={2€C":gx(z) <InR}, R> 1.

The system {p;} is a common basis in the spaces A(K), A(C"), A(Dg),
A(KR), and the scale (6.3]) satisfies the following embeddings ([62, (63, 60,
64)):

(6.4) A(KR) < Hr < A(Dgr), R>1.
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The following assertion is an easy consequence of the above considerations
and the results of [6I] (see Section 3 above).

THEOREM 6.1 ([63, 66, 64]). The asymptotic behavior of the leading co-
efficients in (6.2)) is determined by the directional Chebyshev constants of K :

) 1
lim (077 1/8(1) = y
k(i)/|k(i)| 0 i (K, 0)

0eXx°,

which means that the same limit exists for any subsequence L € Ly. More-
over, the asymptotics of the geometric mean of the leading coefficients of
degree s is controlled by the principal Chebyshev constant of K :

1/sNs 1 1
li ii = = —,
55500 (1;[ ¢ T(K)  d(K)

(6.5)

Proof. Given any Hilbert space H adherent to A(K), consider the char-
acteristic A; g defined by (4.1) with X = H and h; = e;. Then we have

1 Rs(@®)

;s
- Ay,

|aiil

Aig = i eN.

= —, = —,
g lail |ail

Let G = AL?(K,p°) with p° := (dd°gx (2))™ and let Gg be the scale (6.3)
relative to G instead of H. Let 1 < r < R. Taking into account the embed-

dings , we have

Gr — A(DRr) = A(K,) = H, — A(K) = AC(K) — G,
hence there are positive constants C7, Co, C3 such that
(6.6) Qi < C1M; < Caliy, = Cor® Ay < O34 6, = CsR* WA ¢

for all ¢ € N. Take any sequence L € Ly, 6 € X°. Since the usual limit exists

in , implies

limsup (A;,¢)Y*@ < 5@ lim (A; ¢)V*® < lim (M;)Y/*0)
€L 1€l i€l

=7(K,0) < RlimiLnf (Aig) @,
1€

By arbitrariness of r, R, we derive from this and that

L\ /) o |
i = 1 - /S(’L) — 1 . 1/5(1) — (]
lim <|au|> lim (4;,71) lim (4;c) T(K,0), 0€Xx”.

To prove (6.5) we repeat all arguments from [61] (proofs of Lemmas 5 and 6
there) applied to 7;(H) := (A; )'/*®) instead of 7, = (M;)"/*(). u
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Now we give an alternative proof of [13, Corollary 1 on p. 296)].

COROLLARY 6.2. For R > 1, we have 7(Kg,0)a = RT(K,0) and d(KR)
= Rd(K).

Proof. Let R>1,0<e < R—1 and
i—1
M; g = inf{|p|KR ip=e;+ ch ej}, ieN.
j=1

Then, by (6.4), Hrt+. — AC(KRr) — Hpr—., hence
C(R - g)s(i)Ain S Min S C(R + E)S(i)Ai7H.
It remains to apply Theorems and .

References

[1] H. Alexander, Projective capacity, in: Recent Developments in Several Complex
Variables (Princeton, NJ, 1979), Ann. of Math. Stud. 100, Princeton Univ. Press,
1981, 3-27.
[2] H. Alexander, A note on projective capacity, Canad. J. Math. 31 (1982), 1319-1329.
[3]] H. Alexander and B. A. Taylor, Comparison of two capacities in C", Math. Z. 186
(1984), 407-417.
[4] E. Bedford, Survey of pluri-potential theory, in: Several Complex Variables (Stock-
holm, 1987/1988), Math. Notes 38, Princeton Univ. Press, 1993, 48-97.
[5] E. Bedford and B. A. Taylor, Plurisubharmonic functions with logarithmic singu-
larities, Ann. Inst. Fourier (Grenoble) 38 (1988), no. 4, 133-171.
|6]] E. Bedford and B. A. Taylor, A new capacity for plurisubharmonic functions, Acta
Math. 149 (1982), 1-40.
[7] R. Berman and S. Boucksom, Capacities and weighted volumes on line bundles,
arXiv:0803.1950.
[8]] R. Berman and S. Boucksom, Growth of balls of holomorphic sections and energy
at equalibrium, Invent. Math. 181 (2010), 337-394.
[9] R. Berman and S. Boucksom, Equidistribution of Fekete points on complexr mani-
folds, arXiv:0807.0035.
[10] R. Berman, S. Boucksom and D. W. Nystrom, Convergence toward equilibrium on
complex manifolds, preprint.
[11] T. Bloom, Some applications of the Robin function to multivariable approximation
theory, J. Approx. Theory 92 (1998), 1-21.
[12]] T. Bloom, L. Bos, C. Christensen and N. Levenberg, Polynomial interpolation of
holomorphic functions in C and C", Rocky Mountain J. Math. 22 (1992), 441-470.
[13] T. Bloom and J.-P. Calvi, On the multivariate transfinite diameter, Ann. Polon.
Math. 72 (1999), 285-305.
[14]] T. Bloom and N. Levenberg, Capacity convergence results and applications to a
Bernstein—Markov inequality, Trans. Amer. Math. Soc. 351 (1999), 4753-4767.
[15]] T. Bloom and N. Levenberg, Weighted pluripotential theory in CV, Amer. J. Math.
125 (2003), 57-103.
[16] T. Bloom and N. Levenberg, Transfinite diameter notions in C~ and integrals of
Vandermonde determinants, Ark. Mat. 48 (2010), 17-40.


http://dx.doi.org/10.1007/BF01174894
http://dx.doi.org/10.1007/BF02392348
http://dx.doi.org/10.1007/s00222-010-0248-9
http://dx.doi.org/10.1006/jath.1997.3115
http://dx.doi.org/10.1216/rmjm/1181072740
http://dx.doi.org/10.1090/S0002-9947-99-02556-8
http://dx.doi.org/10.1353/ajm.2003.0002
http://dx.doi.org/10.1007/s11512-009-0101-9

[17]
[18]
[19]

[20]
[21]

[22]

[23]
24]

[25]

[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

37]

[38]

[39]
[40]

[41]

Transfinite diameter 311

T. Bloom, N. Levenberg and S. Ma’u, Robin functions and extremal functions, Ann.
Polon. Math. 80 (2003), 55-84.

T. Bloom and B. Shiffman, Zeros of random polynomials on C™, Math. Res. Lett.
14 (2007), 469-479.

L. Bos, A characteristic of points in R? having Lebesgue function of polynomial
growth, J. Approx. Theory 56 (1989), 316-329.

N. G. de Bruijn, Asymptotic Methods in Analysis, North-Holland, Amsterdam, 1961.
U. Cegrell and S. Kolodziej, An identity between two capacities, Univ. Iagel. Acta
Math. 30 (1993), 155-157.

J.-P. Demailly, Potential theory in several complex variables, cours donné dans le
cadre de I’'Ecole d’été d’Analyse Complexe organisé par le CIMPA (Nice, 1989),
http: //www-fourier.ujf-grenoble.fr/~demailly /books.html.

L. DeMarco and R. Rumely, Transfinite diameter and the resultant, J. Reine Angew.
Math. 611 (2007), 145-161.

M. Fekete, Uber die Verteilung der Wurzeln bei gewissen algebraischen Gleichungen
mit ganzzahligen Koeffizienten, Math. Z. 17 (1923), 228-249.

G. M. Goluzin, Geometric Theory of Functions of a Complexr Variable, Nauka,
Moscow, 1966 (in Russian); English transl.: Transl. Math. Monogr. 26, Amer. Math.
Soc., 1969.

R. L. Graham, D. E. Knuth and O. Patashnik, Concrete Mathematics, 2nd ed.,
Addison-Wesley, Boston, 1989.

L. Hérmander, An Introduction to Complex Analysis in Several Variables, North-
Holland and American Elsevier, 1973.

M. Jedrzejowski, The homogeneous transfinite diameter of a compact subset of CV,
Ann. Polon. Math. 55 (1991), 191-205.

M. Jedrzejowski, Alexander’s capacity for polydisks and ellipsoids in CV, Ann.
Polon. Math. 62 (1995), 245-264.

M. Jedrzejowski, Alezander’s capacity for intersections of ellipsoids in CV, Univ.
Tagel. Acta Math. 40 (2002), 39-44.

B. C. Kellner, On asymptotic constants related to products of Bernoulli numbers
and factorials, Integers 9 (2009), A8, 83-106.

Ch. O. Kiselman, Plurisubharmonic functions and potential theory in several com-
plex variables, in: Development of Mathematics 1950-2000, J.-P. Pier (ed.), Birk-
hiuser, 2000, 659-714.

M. Klimek, Pluripotential Theory, Oxford Univ. Press, Oxford, 1991.

S. Kotodziej, The logarithmic capacity in C™, Ann. Polon. Math. 48 (1988), 253-266.
S. Kotodziej, Capacities associated to the Siciak extremal function, Ann. Polon.
Math. 49 (1989), 279-290.

S. Kotodziej, The complex Monge—Ampére equation and pluripotential theory, Mem.
Amer. Math. Soc. 178 (2005), no. 840, 64 pp.

J. Korevaar, Polynomial approrimation numbers, capacities and extended Green
functions for C and C", in: Approximation Theory V, Academic Press, Boston,
MA, 1986, 97-127.

C. F. Lau, An arithmetic capacity on Grassmannian varieties, Ph.D. Thesis, Univ.
of Pennsylvania, 1993.

F. Leja, Problemes a résoudre posés a la conférence, Colloq. Math. 7 (1959), 151-153.
N. Levenberg, Weighted pluripotential theory results of Bergman—Boucksom, arXiv:
1010.4035v1.

N. Levenberg and B. A. Taylor, Comparison of capacities in C", in: Analyse Complexe
(Toulouse, 1983), Lecture Notes in Math. 1094, Springer, Berlin, 1984, 162-172.


http://dx.doi.org/10.4064/ap80-0-4
http://dx.doi.org/10.1016/0021-9045(89)90121-4
http://dx.doi.org/10.1007/BF01504345

312

[42]
[43]

[44]
[45]

[46]

|47]
[48]

[49]
[50]

[51]

[52]
[53]
[54]
[55]

[56]

[57]

[58]
[59]

[60]

[61]

[62]

[63]
[64]

[65]

V. Zakharyuta

R. Meise and D. Vogt, Introduction to Functional Analysis, Clarendon Press, Oxford,
1997.

S. Nivoche, The pluricomplexr Green function, capacitative notions, and approxima-
tion problems in C", Indiana Univ. Math. J. 44 (1995), 489-510.

A. Pietsch, Nuclear Locally Convex Spaces, Springer, Berlin, 1972.

A. P. Prudnikov, Yu. A. Brychkov and O. I. Marichev, Integrals and Series, Vol-
ume 1, 2nd rev. ed., Fizmatgiz, Moscow, 2003 (in Russian).

R. Rumely, A Robin formula for the Fekete-Leja transfinite diameter, Math. Ann.
337 (2007), 729-738.

R. Rumely and C. F. Lau, Arithmetic capacities in P™, Math. Z. 215 (1994), 533-560.
R. Rumely, C. F. Lau and R. Varley, Ewistence of the sectional capacity, Mem.
Amer. Math. Soc. 145 (2000), no. 690, 130 pp.

A. Sadullaev, Plurisubharmonic measures and capacities on complex manifolds, Rus-
sian Math. Surveys 36 (1981), no. 4, 61-119.

E. B. Saff and V. Totik, Logarithmic Potentials with Ezxternal Fields, Grundlehren
Math. Wiss. 316, Springer, Berlin, 1997.

M. Schiffer and J. Siciak, Transfinite diameter and analytic continuation of functions
of two complex variables, in: Studies in Mathematical Analysis and Related Topics,
Stanford Univ. Press, 1962, 341-358.

J. Siciak, On some extremal functions and their applications in the theory of analytic
functions of several complez variables, Trans. Amer. Math. Soc. 105 (1962), 322-357.
J. Siciak, Extremal plurisubharmonic functions in CY, Ann. Polon. Math. 39 (1981),
175-211.

J. Siciak, Fxtremal plurisubharmonic functions and capacities in C, Sophia Univ.,
Tokyo, 1982.

J. Siciak, A remark on Tchebysheff polynomials in C, Univ. Tagel. Acta Math. 35
(1997), 37-45.

G. Szegd, Bemerkungen zur einer Arbeit von Herrn Fekete: Uber die Verteilung
der Wurzeln bei gewissen algebraischen Gleichungen mit ganzzahligen Koeffizienten,
Math. Z. 21 (1924), 203—-208.

B. A. Taylor, An estimate for an extremal plurisubharmonic function on C", in:
Séminaire d’analyse P. Lelong—P. Dobeault—-H. Skoda. Années 1981/1983, Lecture
Notes in Math. 1028, Springer, Berlin, 1983, 318-328.

M. Tsuji, Potential Theory in Modern Function Theory, 2nd ed., Chelsea, NY, 1975.
D. Vogt, Eine Charakterisierung der Potenzreihenrdume von endlichem Typ und
ihre Folgerungen, Manuscripta Math. 37 (1982), 269-301.

V. Zakharyuta, Extremal plurisubharmonic functions, Hilbert scales, and the iso-
morphism of spaces of analytic functions of several variables, I, II, Teor. Funktsit
Funktsional. Anal. i Prilozhen. 19 (1974), 133-157; 21 (1974), 65-83 (in Russian).
V. Zakharyuta, Transfinite diameter, Chebyshev constants, and capacity for a com-
pactum in C", Math. USSR-Sb. 25 (1975), 350-364.

V. Zakharyuta, Extremal plurisubharmonic functions, orthogonal polynomials and
the Bernstein—Walsh theorem for analytic functions of several compler variables,
Ann. Polon. Math. 33 (1976), 137-148 (in Russian).

V. Zakharyuta, Spaces of analytic functions and maximal plurisubharmonic functions,
Dr. Sci. Thesis, Rostov State Univ., Rostov-na-Donu, 1984, 281 pp. (in Russian).
V. Zakharyuta, Spaces of analytic functions and complex potential theory, Linear
Topol. Spaces Complex Anal. 1 (1994), 74-146.

V. Zakharyuta, Kolmogorov problem on widths asymptotics and pluripotential the-
ory, in: Contemp. Math. 481, Amer. Math. Soc., 2009, 171-196.


http://dx.doi.org/10.1007/s00208-006-0052-4
http://dx.doi.org/10.1007/BF02571729
http://dx.doi.org/10.1090/S0002-9947-1962-0143946-5
http://dx.doi.org/10.1007/BF01187465
http://dx.doi.org/10.1007/BF01166224
http://dx.doi.org/10.1070/SM1975v025n03ABEH002212

Transfinite diameter 313

[66] A. Zeriahi, Capacité, constante de éebys‘ev et polynéomes orthogonauz associés a un
compact de C", Bull. Sci. Math. (2) 109 (1985), 325-335.

[67] A. Zeriahi, Pluricomplex Green functions and approzimation of holomorphic func-
tions, in: Pitman Res. Notes Math. Ser. 347, Longman, 1996, 104—-142.

Vyacheslav Zakharyuta
Sabanci University

34956 Tuzla/Istanbul, Turkey
E-mail: zaha@sabanciuniv.edu

Received 30.11.2011
and in final form 24.5.2012 (2626)






	Introduction
	Preliminaries and notation
	Multidimensional characteristics of sets in Cn
	Some general observations
	 Equivalent definition of transfinite diameter in Cn 
	Asymptotics of leading coefficients of orthonormal polynomial bases

