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On existence theorems for semilinear
equations and applications

by FANG ZHANG and FENG WANG (Changzhou)

Abstract. Existence results for semilinear operator equations without the assump-
tion of normal cones are obtained by the properties of a fixed point index for A-proper
semilinear operators established by Cremins. As an application, the existence of positive
solutions for a second order m-point boundary value problem at resonance is considered.

1. Introduction and preliminaries. Coincidence degree theory ap-
pears to be a convenient framework for studying various types of equations
of the form Lx = Nz when L' does not exist (see [I4]), in the same way as
Leray—Schauder’s degree is extremely useful for considering cases where L
is invertible (see [I1]). The concept of fixed point index for A-proper maps
of the form L — N in cones, with L a Fredholm operator of index zero and
N some nonlinear operator, has been introduced in [3]. In [4], Cremins es-
tablished the existence of positive solutions to semilinear operator equations
defined on a quasinormal or normal cone in a Banach space. The purpose
of this paper is to obtain existence results for semilinear operator equations
without exploiting the notion of normal cones.

We first review some of the standard facts on A-proper mappings and
Fredholm operators. Let X and Y be Banach spaces, D a linear subspace
of X, {X,,} € D, and {Y,} C Y sequences of oriented finite-dimensional
subspaces such that @,y — y in Y for every y and dist(z, X,,) — 0 for
every t € D where @, : Y — Y, and P, : X — X, are sequences of
continuous linear projections. The projection scheme I' = {X,,, Y,,, P, @y}
is then said to be admissible for maps from D C X to Y.

Amap T : D C X — Y is called approzimation-proper (abbreviated
A-proper) at a point y € Y with respect to the admissible scheme I if T}, =
QnT|pnx, is continuous for each n € N and whenever {x,; : 7,; € DN Xy, }
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is bounded with T, z,,, — y, then there exists a subsequence {mn]k} such
that x,, i TTE D and Tx = y. T is simply called A-proper if it is A-proper
at all points of Y.

L :domL C X — Y is a Fredholm operator of index zero if Im L is
closed and dim Ker L = codim Im LL < co. Then X and Y may be expressed
as direct sums X = Xo® X1, Y = Yy Y] with continuous linear projections
P: X —>KerL =Xgand Q : Y — Yj. The restriction of L to dom L N X7,
denoted L1, is a bijection onto Im L. = Y; with continuous inverse Ll_1 :
Y1 — dom L N X7. Since Xy and Yy have the same finite dimension, there
exists a continuous bijection J : Yy — Xo. If we let H = L + J~'P, then
H:dom L C X — Y is a linear bijection with bounded inverse.

Cremins [3] defined a fixed point index indg([L,N],2) for A-proper
maps of the form L — N acting on cones, which has the usual properties of
the classical fixed point index, that is, existence, normalization, additivity
and homotopy invariance. In this paper, we focus on some applications of
this theory. Let K be a cone in the Banach space X, and {2 C X open and
bounded such that 2 = 2NK # (). We set K1 = H(K Ndom L). We make
the following assumptions:

(A1) L:domL — Y is Fredholm of index zero.
(A2) L — AN is A-proper for A € [0,1].
(A3) N is bounded and P + JQN + L7 (I — Q)N maps K to K.

The following two lemmas will be used in this paper.

LEmMMA 1.1 ([3]). Under assumptions (A1)—(A3), if moreover § € (2
C X and Lz # uNz — (1 — p)J 1 Px on 002k for p € [0,1], then

indg ([L, N], 2) = {1}.
LeMmA 1.2 ([3], [I7]). Under assumptions (A1)—(A3), if moreover there
exists e € K1 \ {0} such that
Lz — Nx # pe
for every x € 02k and all ;> 0, then indg ([L, N], 2) = {0}.

2. Main results. In this section we will give the following existence
theorems for semilinear equations, which, to the best of our knowledge, are
new.

THEOREM 2.1. Under assumptions (A1)—(A3), if moreover 0 € 2 C X,
and

(2.1) Nz # Lz for any x € 002,
where the partial order is induced by the cone Ky in'Y, then
indg ([L, N], 2) = {1}.
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Proof. We show that
(2.2) Lz #puNz— (1 —p)J Pz forany z € 90k, p € [0,1].

Indeed, if there exist x1 € 02k and p; € [0,1] such that Lxy = pyNxy —
(1 — p1)J Y Pxy, then (L + J 'P)xy = uy (N + J1P)xy < (N + J 1P)xy.
So

Nz > Ly,

which contradicts (2.1)). Hence (2.2)) is true, and so the proof is finished by
Lemma 1.1. =

THEOREM 2.2. Under assumptions (A1)—(A3), if moreover
(2.3) Nz & Lz for any x € 092,
where the partial order is induced by the cone K1 in'Y, then
indg ([L, N], £2) = {0}.
Proof. We show that
(2.4) Lx — Nz # pe  for any x € 002§, 1 > 0.

Indeed, if there exist x9 € 02k and puz > 0 such that Lzy — Nxo = uge,
then we obtain Lxo = Nxo + pse > Nxo. So Nxo < Lxo, which contradicts
(2.3). Hence ([2.4)) is true, and so the proof is finished by Lemma 1.2. =

THEOREM 2.3. Under assumptions (A1)—(A3), if moreover 6 € 2 C X,
Lx # Nx on 02k and

(2.5) |Nz 4 J'Px|| < ||Le + J'Pz||  for any = € 092,

then
indg ([L, N], 2) = {1}.

Proof. We show that
(2.6) Lax # puNz— (1 —p)J 'Pr  for any 2 € 02k, p € [0,1].

Indeed, if there exist x3 € 02k and ps € [0,1] such that Lxs = usNxs —
(1 —p3)J 1 Px3, then puz € (0,1) and (L + J ' P)xs = us(N + J 1 P)xs. So
_ 1 _ _

I(N + T P)as| = QII(L + I P)as|| > (L + T P)as,
which contradicts (2.5). Hence (2.6)) is true, and so the proof is finished by

Lemma 1.1. =

THEOREM 2.4. Under assumptions (Al)—(A3), suppose Lz # Nz on
002k . Suppose that there exists e € K1 \ {0} such that

ly + pell > llyll ~ for any p >0, y € K.
If moreover
(2.7) Nz + J 1Pz|| > |Lz + J 'Pz|  for any = € 00,
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then
indg ([L, N], 2) = {0}.

Proof. We show that
(2.8) Lx — Nx # pe  for any x € 002k, > 0.

Indeed, if there exist x4 € 02k and pg > 0 such that Lxy — Nxy = pge,
then g4 > 0 and

| L2y + J ' Pay|| = || N2y + J ' Pay + pge|| > || Nxg + J Pyl
which contradicts (2.7). Hence (2.8]) is true, and so the proof is finished by

Lemma 1.2. n

THEOREM 2.5. Assume (A1)—(A3) hold. Suppose £21 and 25 are bounded
open sets in X such that 6 € (21 and 21 C 2, 25N K N dom L # (. If one
of the following two conditions is satisfied:

(C1) Nx # Lz for all x € 01 N K and Nx & Lz for all z € 02, N K,
(Cy) Nx £ Lz for all x € 01 N K and Nx # La for allz € 02, N K,

then there exists x € (29 \ 1) N K such that Lx = Nz.
Proof. This follows from Theorem 2.1 and 2.2. =

THEOREM 2.6. Assume (A1)—(A3) hold. Suppose £21 and {25 are bounded
open sets in X such that 6 € 1 and 27 C 2, 25N K N domL # (.
Moreover, suppose that there exists e € Ky \ {0} such that

ly + pell >yl for any >0,y € K.
If one of the following two conditions is satisfied:

(C3) |Nz+ J1Pz| < ||Lx + J tPx| for all x € 321 N K and
Nz + J1Pz|| > |[Lz + J ' Px| for allx € 02N K,

(Cy) |Nz+ J1Pz|| > ||Lx + J tPx| for all x € 821 N K and
Nz + J1Pz|| < ||[Lz + J 'Px| for allx € 022N K,

then there exists x € (29 \ 1) N K such that Lx = Nz.
Proof. This follows from Theorems 2.3 and 2.4. =

REMARK 2.1. When using Theorems 2.4 and 2.6, we find that the con-
dition that |y + pe|| > ||y|| for any p > 0 and y € K is easily satisfied. For
example, let Y be the space of continuous functions, and K7 be the cone of
positive functions. It is worth mentioning that the condition ||y + pel| > ||y||
for any p > 0, y € K; is slightly stronger than the quasinormality condition
by Remark 2 of [4].

REMARK 2.2. In Theorems 2.1-2.3, 2.5, we do not use the assumption
that the cones are normal.
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3. Positive solutions to an m-point boundary value problem at
resonance. The goal of this section is to apply Theorem 2.5 to discuss
the existence of positive solutions for the following m-point boundary value
problem at resonance:

(3.1) —a"(t) = f(t,2(t),2'(t),2"(t)), t€(0,1),
m—2
(32) P(0)=0, (1) =) aw(m),
i=1
where m > 3 is an integer, a; > 0,n; € (0,1) (¢ = 1,...,m—2) are constants

satisfying 217'512 a; =1,0<m < - < Mm—2 < 1, in which the highest order
derivative may appear nonlinearly.

The study of multi-point boundary value problems for linear second or-
der differential equations was initiated by Bitsadze and Samarskii [2] and
continued by II'in and Moiseev [§]. Since then, nonlinear multi-point bound-
ary value problems have been studied by many authors: for example, see [3],
[6], [12], [13], [16], [20] and the references therein. However, as far positive
solutions are concerned, most of the results pertain to non-resonance prob-
lems; to the best of our knowledge, only few papers deal with the existence
of positive solutions of multi-point boundary value problems at resonance:
see [, [31, [7, [10], [15], [16]-[19].

Recently, for (3.1), when the nonlinear term f does not depend on the
derivative, Infante and Zima [10] proved the existence of positive solutions of
multi-point boundary value problems at resonance via the Leggett—Williams
norm-type theorem. In [9], Infante also studied the existence of positive
solutions of (3.1) under the boundary value conditions

z(0)=0, azx(n)=z(1), 0<n<l, an<l,

by means of the theory of fixed point index for weakly inward A-proper
maps.
Let

m—2
X = C2[0,1] {x 2 (0) =0, 2(1) = > aix(m)}, Y = o, 1].
=1

For every x € X, denote its norm by

lzllx = max{ sup |2(t)], sup [2'(t)], sup [«"(t)[},
t€[0,1] t€(0,1] t€[0,1]
and for every y € Y, denote its norm by [|ly[ly = sup;¢ 1) [y(t)|- We can prove
that X and Y are Banach spaces. Let K = {z € X : z(t) > 0, ¢ € [0,1]};
then K is a cone of X.
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For notational convenience, we set

1—=mni, 0<s<mn,
li(s) :=
1_87 ni<5§17

fori=1,...,m— 2, and
G(t,s)
1- 5 + 3t2 =
( 25) + 3 aili(s), 0<t<s<l,
B 3Zz 1 aZ(l—nl) i=1
1— 2 t2 m—2
Sl e o+3 D aili(s), 0<s<t<l.
2 321 1 a’l(]‘_nz) =1
Note that G(¢,s) > 0 for all ¢,s € [0, 1], and
1-— a;l >0, se€l0,1],
STl ) Z; ili [0,1]

for every K € (0, (1 4 n1)/2]. We also set

i { 1+m 1 }
K := min , ;
2 maxy se[o,1] G(ta 3)

obviously K < 1.
We define

domL=X, L:domL —Y, L:c():—a; (1),
N:X =Y, Na(t)= ft=(),2'(t),2"(t)).

Then BVP (3.1), (3.2) can be written
Lx=Nx, xelkK.
It is easy to check that

KerL ={x €¢domL: z(t) =con [0,1], c € R},

ImL—{yGY:nfazilz ds_o}

dimKer L = codimIm L =1,

so that L is a Fredholm operator of index zero, with kernel the subspace
of constant functions in X, and range the subspace of functions with zero
mean value, so that the corresponding operators P and ) can be chosen as
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P:X —-KerL, Pz= Sx(s) ds,
0
m—2

G’S ds.

QY=Y Qy= 5
Y a1 —n7) i=1
Furthermore, we define the isomorphism J : Im@Q) — Im P as Jy = Sy,
where 8 > 0 is a constant. It is easy to verify that the inverse operator
Ll_1 :Im L — dom L N Ker P of L|gom rrkerp : dom L N Ker P — Im L is

(LTYy)(t) = §; k(t, s)y(s) ds, where

Kt 3) {(1—3)2/2, 0<t<s<l,
yS8) =
(1-5s)/24+s—t, 0<s<t<l.

THEOREM 3.1. Suppose

(Hy) there exist R € (0,00) and k € (0,1) such that f :[0,1] x [0, R] x
[-R, R] xR~ — R is continuous and | f(t,p,q, —s1)— f(t,p, q, —s2)|
< k|s1 — so| fort € [0,1], p € [0,R], ¢ € [-R,R], and s1,s2 €
[0, R],

(HQ) f(tapa q, 8) > _,Cp fOT (t>p7Q75) € [0? 1] X [OvR] X [_R7 R] X R_y

(Hs) f(t,p,q¢,—R) < R fort e |0,1], p€ [0, R], and q € [-R, R],

(Hy) there exists r € (0,R) such that f(t,p,q,—r) > r for t € [0,1],
p € [0,r], and q € [—r,7].

Then there exists at least one positive solution x € K to problem (3.1), (3.2)
with r < ||z|]|x < R.

Proof. First, we note that L is Fredholm of index zero and condition
(Hy) above implies that N is k-ball contractive so that L — AN is A-proper
for A € [0,1]. Now we verify the hypotheses of Theorem 2.5.

First we show P+ JQN + Lfl(I — Q)N : K — K. For the isomorphism
Jy = Py, take B = 1. For each x € K, from condition (Hs3) and g =1 it
follows that

(P+JQN + Ly (I - Q)N )( )

1 m—2
= \z(s)ds + — a; \1i(s) f(s,2(s),2'(s),2"(s)) ds
(S) doie 12 a;(1—n7) i=1 S

l\')

m—

o 2
szl az(l _nz i=1
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1
w(s)ds + | G(t, ) f(s,2(s), 2/ (5),2"(5)) ds
0

1 1
z(s)ds — K\ G(t, s)x(s)ds = | (1 — KG(t, 5))x(s) ds > 0.

0 0

>

i
i

Next, we show
(3.3) Nz # Lz for any € K NODBg,

where Bp = {z € X : ||z x < R}.

In fact, if not, there exists z5 € K N dBpR such that Nxs > Lxs and
|zs||x = R. Then ||Lzs||y = ||—2%|ly = R and there exists ¢; € [0,1], such
that —zf (¢1) = R. Thus we have ¢, € [0, 1], z5(t1) € [0, R], z5(t1) € [-R, R],
—x%(t1) = R. From condition (H3) we obtain

f(tl, $5(t1), a:g(tl), —R) < R.
For every t € [0,1] (including ¢;), we have Nz > Lxs. This would give

R = _:E/B/(tl) < f(t1,1'5(t1),l‘/5(t1), _R) <R,

which is a contradiction. Thus (3.3)) holds.
Similarly, from condition (Hy), we get

Nz &« Lz for any € K N 0B,

where B, = {z € X : ||z||x < r}. Thus all conditions of Theorem 2.5 are
satisfied and there exists € K such that Lz = Nz and r < |z|[x < R. =
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