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Regularity of solutions for a sixth order nonlinear parabolic
equation in two space dimensions

by CHANGCHUN LIU (Changchun)

Abstract. We consider an initial-boundary problem for a sixth order nonlinear para-
bolic equation, which arises in oil-water-surfactant mixtures. Using Schauder type esti-
mates and Campanato spaces, we prove the global existence of classical solutions for the
problem in two space dimensions.

1. Introduction. In this paper, we investigate the sixth order nonlinear

parabolic equation
a /

(1.1) 8—? —div [m(u) (kVA2u+V (—a(u)Au - a(2u) |Vul|? —|—h(u)> )] =0,
in a two-dimensional bounded domain {2 C R? with smooth boundary, where
k>0, a(u) = y1u® + 72, and 71 > 0,72 > 0 are constants ([GG]). From
physical considerations, we prefer to consider a typical case of the volumetric
free energy H(u), that is, H'(u) = h(u), in the following form (|GG, [PZ]):

(H1) H(uw) = (u+1)2(u? + ho)(u — 1)2
The equation (|1.1)) is supplemented by the boundary value conditions
(1.2) u|a_Q = Au|ag = A2u]39 =0, t >0,

and the initial value condition
(1.3) u(x,0) = up(x).

The equation is a sixth order parabolic equation which describes the
dynamics of phase transitions in ternary oil-water-surfactant systems [GG|
GK, IGK2]. Here u(x,t) is a scalar order parameter which is proportional to
the local difference between the oil and water concentrations. The surfactant
has the property that one part of it is hydrophilic and the other lipophilic
is called the amphiphile. In the system, almost pure oil, almost pure water
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and microemulsion which consists of a homogeneous, isotropic mixture of oil
and water can coexist in equilibrium.

During the past years, only a few works have been devoted to sixth-order
parabolic equations in general [BF,[EGKI, [EGK2, [FK| KEMW] [LT]. Pawlow
and Zajaczkowski [PZ] proved that the initial boundary value problem for
(1.1)) with m(u) = 1 admits a unique global smooth solution which depends
continuously on the initial datum. F. Bernis and A. Friedman [BE| have
studied the initial boundary value problem for the thin film equation

0
S+ (DO (Fdm ) = 0,

where f(u) = |u]"fo(u), fo(w) > 0, n > 1, and proved the existence of
weak solutions preserving nonnegativity. J. W. Barrett, S. Langdon and
R. Nuernberg [BLN] considered the above equation with m = 2. A finite
element method was presented which was proved to be well posed and con-
vergent. Numerical experiments illustrated the theory.

Recently, Evans, Galaktionov and King [EGKI], [EGK2| considered the

sixth-order thin film equation containing an unstable (backward parabolic)
second-order term
(1.4) gj — div[[u"V A% — AdjuPlu), > 0,p> 1.
By a formal matched expansion technique, they showed that, for the first
critical exponent p = pg = n+1+4/N for n € (0,5/4), where N is the space
dimension, the free-boundary problem with zero-height, zero-contact-angle,
zero-moment, and zero-flux conditions at the interface admits a countable set
of continuous branches of radially symmetric self-similar blow-up solutions
up(z,t) = (T — )N N6 £ (), y = /(T — t)/*N+6) swhere T > 0 is the
blow-up time. Some other results can be found in [JM] Ll [SP].

Our main purpose is to establish the global existence of classical solu-
tions under much general assumptions. The main difficulties in treating the
regularized problem are caused by the nonlinearity of the principal part and
the lack of maximum principle. The key step is to get a priori estimates on
the Holder norm of Au. The method used in [PZ] seems not applicable to the
present situation. Our method is based on uniform Schauder type estimates
for local in time solutions in the framework of Campanato spaces. For this
purpose, we require some delicate local integral estimates rather than the
global energy estimates used in the discussion of the Cahn—Hilliard equation
with constant mobility.

Now, we state the main results of this paper.

THEOREM 1.1. Assume that
(H2)  meCY o), m(s) =My, |m(s) < Mam(s),
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where My, My, o are positive constants, and uglpn = Auolog = A%uolon
= 0. Then the problem (L1)—(1.3) admits a unique classical solution u €
COtel+a/6(Q.) for any smooth initial data ug, where Qp = 2 x (0,T).

This paper is organized as follows. We first present in Section 2 a key
step, yielding a priori estimates on the Hoélder norm of solutions, and then
give the proof of our main theorem in Section 3.

2. Holder estimates. As an important step, in this section we give
Holder norm estimates on local in time solutions. From the classical ap-
proach, it is not difficult to conclude that the problem admits a unique
classical solution local in time. So it is sufficient to find a priori estimates.

PROPOSITION 2.1. Assume that (H1), (H2) hold, and u is a smooth so-
lution of the problem f. Then there exists a constant C, depending
only on the known quantities, such that for any (x1,t1),(x2,t2) € Qr and
some 0 < a <1,

(2.1) w1, 1) = u(ws, ta)| < Oty — 2| /% + |21 — 2a]"),
(2.2) IVu(zy, ty) — Vu(as, ta)] < Ot — to| 2 + |21 — z9] /).
Proof. We set
Ft)=| [k(Au)2 + @yw? + H(u)} dz.

2 2
9]

Integrating by parts and using the equation (1.1)) itself and the boundary
condition ((1.2)), we see that

dF(t) a'(u)
— = (SjkAuAut + a(u)VuVu + 5 \Vu2uy + h(u)ut] dx
_ a'(u) ou
= (Sz[k;A%L —a(u)Au — 5 |Vu|? + h(u)} 5 dx
~d(u)

=— S m(u) [k:VA2u + V(—a(u)Au
2
On the other hand, we have

S \Vau(x,t)|?dr < e S(Au)2 dz + C(e) S u? d.
Q Q 0
By the Young inequality

uw? <eub + O, ut < eub + O

2
5 |Vul|? + h(u))] dx <0.

Combining the above inequalities and using a(u) = y1u? + 72, y1 > 0, yields

(2.3) sup S w?dr < C,
0<t<T
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(2.4) sup S |Vul?de < C,
o<t<T 0

(2.5) sup S(Au)2 dx < C.
o<t<T 0

By the Sobolev imbedding theorem,
(2.6) sup |u| < C,

T
(2.7) sup S |[Vulfdx < C, 2<g<o0.
0<t<T [,
Multiplying both sides of the equation ((1.1)) by A?u and then integrating
the resulting relation with respect to = over {2, after integrating by parts,
and using the boundary condition, we derive

1d
3 dq S(Au) dx + S km(u)|V A%u|? d
2
Sm Ya(u)VAuV A%u dx + 28 m(u)d' (v) VuduV A% dx
2 (9]
+ % S m(u)a” (u)|Vul|*V A?u dz — S m(u)h (u)VuV A% dz.
9 2

Using the Holder inequality and ([2.6)), we obtain

§%S(Au daz—f—Skjm )| VA“u|* dz
2
g S m(u)| VA% u|? dx + CS |V Aul? da + C’S |Vu|* de
9] 2 n
+ C’S | Au|* dx + C’S |Vu|® dz + C’S |Vu|? da.
02 n 2

It follows by using the Gagliardo—Nirenberg inequalities (noticing that we
consider only the two-dimensional case)

) 1/2 _ 1/6 ) 1/3
(§Z|VAu| da:) gcl(g IV A2y dx) (§Z|Au| da:) ,

QD=

(s aupan) " <
9]

By (2.5) and , we have

? 9]

|V A2y d:p) e < S | Aul? d:v) o
02

|
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Hence
(2.8) “ m(u)|VA%u|? dedt < C.
Qr
and imply that
(2.9) lu(z1,t) —u(ze, t)| < Clry —x2|*, O0<a<l.

Integrating the equation (|1.1]) over 2, x (¢1,t2), where 0 < t; < t2 < T,
At =ty —t1, 2y = (y1, 01 + (A1) x (49,2 4+ (At)/12), we see that

(210) | [u(z,t2) — u(z,t1)] dz
‘Qy
to ya+(At)1/12
= | | (R + (A2, y,8) — Fi(yr,y, 9)] dy ds
t1 Y2
ty y1+(AE)H/12

+V Byt (A0 s) = Fa(y,ys, 9)] dy ds

t1 Y1
t2
= [ (A0 2Ry (g1 + (A2, + 65(A1) /12, 5)
t1

= Fu(yr,y2 + 0 (A0 5) + Fy(yr + 03(A0Y12, yp + (A1), 5)
— Fy(y1 + 03(A)12 5, 5)] ds,

where

m(u(x,s)) (kVA2u +V (—a(u)Au - a,(2u)|Vu\2 + h(u)>> (x,8)=(F1, F2).
Set

N(Sa Y1, y2)

= (A)Y PR (g1 + (A1, ya + 07(A0)Y12,5) — Fi(yn, g2 + 07 (A1) 12, s)
+ Fa(y1 + 05 (A2 gy + (A2 5) — Fa(yr + 05 (ALY 2 . )]
Then ([2.10)) is converted into

(AS | uly + 0(A)Y12 ty) — u(y + 0(At)12 )] db

1=(0,1)%(0,1) .
2

= S N(s7y17y2) ds.
t1
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Integrating the above equality over (2., we get
t2
(A3 (u(a*, 13) — ula* 1)) = | | N(s,y)dyds.
t1 £2,

Here, we have used the mean value theorem, where x* = y* + 9*(At)1/12.

Hence by the Holder inequality and (2.5)), (2.6)), (2.8]), we get
lu(z*, ty) — u(z*, t1)] < CADYS,  0<a<l.

Again multiplying both sides of (1.1)) by A3u and integrating the result-
ing relation with respect to x over {2, integrating by parts, and using the
boundary condition, we have

! % S |VAU|2 dx + S k:7n(u)(A3u)2 dx + S kEm’(u)Vu - VAZuA3u de

2 2 2
[2(m(u)d’ (u)) + 3m(u)d” (u)]|Vu|* Audu dz

O |

m(u)a(u) A uA3ude — S [2m(uw)d’ (u) + (m(u)a(uw))|VuV Auldu d
[0}

S m(u)a’ (u)(Au)? A3u dx —
2

N Qee—— Qe—

(m(u)a” (v)) |Vu|* A3u d

+ S(m(u)h’(u))/\Vu|2A3u dz + \ m(u)h (u) Aud3udz = 0.

N

D Qe—

The Holder inequality and the assumption (H2) yield

’ S m' (u) VuV A%ud3u d:L"

()

m(u)(A%u)? dz + C |
5 ml(u)

S \Vu|?|V A%u)? da
(9}
| m(u)(A%u)? do + CM; | |Vul?|VA%u)? do
(9}
(9}

9]
m(u)(A3u)? dx + C’M2< S |Vu® dm) 1/4< S |V AZy|*/3 dm) 3/4.
9] 2

It follows by using the Gagliardo—Nirenberg inequality (noticing that we
consider only the two-dimensional case)

2 18/3 5 /8 3 19, \13/32 L \3/32
(§vaturran)™ < o §rampar) " (§ )
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and by (7).
1
H m' (u)VuV A%ud3u da:) < 3 S m(u)(A%u)? dx + C.
2 (9}

Again using ([2.3) and the Holder inequality, we have

] [ 20m(u)a’ ()Y + 3m(u)a” (w)]|Vul? Aud®u dac’
2
< C | |Vult| A2 dz + = | m(u)(A%)? d

Q 165

1
<C § Vul*dz + C | | Au|* dz + — § m(u)(A3u)? dz.

P 16

Using the GagliardofNirenberg inequality, we have

S | Au|t da < C’l( S \A3u|2daz> 1/4( S \Au|2dx>7/4.
9] 9 9

By ([2.5)), we obtain

] [ 20m(u)a’ ()Y + 3m(u)a” (w)]|Vul? Aud®u dx’
(0]

1
<3 (Szm(u)(A?’u)Q dx + C.

Similarly, we get

\— () (Aw) Auda| < o Jm(@*0?de+C,

]— S[Qm(u)a'(u) + (mu)a(w))]VuV Audby dx’
2

< m(u)(A%u)? dx + C,

‘— S m(u)a(u) A2 uA3udz| < m(u)(A3u)? dz + C,
9]

m(u) ) |Vu|* A3u da

IN

m(u)(A3u)? dz + C,

) |Vul? A3u dx m(u)(A%u)? dx + C,

IN

g)
o

‘ S m(u)h/ (v) Aud3u dz
2

IN
sl= sl= = sl- 5l

m(u)(A3u)? dz + C.

277
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Summing up, we have

d
7 S |V Aul? dz + Cy S(A3u)2 dzx < Cj.
9] 9]
By Gronwall’s inequality, we obtain

(2.11) | IVAuPdz <C, 0<t<T,
2
(2.12) (%) dzdt < C.
Qr

Similar to the discussion above, we have

(213)  |Vu(zi,t1) = Vu(ws, t2)] < Clzy — zo/ + |t — t2]'/1?). m

3. Proof of the main result. This section is devoted to the proof of
Theorem The key step is the Holder estimate for Au. We divide the
argument into the following propositions.

PROPOSITION 3.1. Ifu, Vu are Hélder continuous in the interior of Qr,
then u is classical in the interior of Qr.

We consider the following linear problem:

(3.1) %ﬁj — VA(a(z, t)VAu) + VA(b(z,t)Vu) = VAF,
(3.2) ulon = Aulpg = Aulpo =0,
(3.3) u(x,0) = 0.

Here we do not specify the smoothness of the given functions a(x,t), b(z,t)
and F , but simply assume that they are sufficiently smooth. Our main pur-
pose is to find a relation between the Holder norm of the solution u and
a(z,t), b(z, t), F.

The crucial step is to establish estimates on the Holder norm of u. Fix
(zo,t0) € 2 x (0,T) and define

() = | [ (lu— wp 2 + PV AP dedt (o> 0),
Sp
where

S, = By(mo) x (to — p%, to +0°), u,= |S—SSudacdt
Sp

1
ol
and B,(xo) is the ball centred at x( of radius p.

Let u be the solution of the problem (3.1)—(3.3)). We split u on Sg into
% = u1 + ug, where uq is the solution of the problem

(3.4) 6511 — a(l’o, tO)A3u1 + b(:l,‘(), to)A2U1 =0, (.75, t) € Sg,
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0 0
(3.5) UL = u, % = 8%’ Auy = Au, x € 0Bg(xp),
(3.6) Uy = u, t =1y — RG, U BR<.I‘0),

and us solves the problem

(3.7) % — a(iL‘o, to)ASUQ + b(l‘o, to)A2UQ
- —VA[(G(LL‘(), tO) - CL(QS‘, t))VAu]
+ VA[(b(xo, to) — b(x,t))Vu] + VAF,  (z,t) € Sg,
(38) ug = 0, 861:7/2 =0, Auy=0, (m,t) S 831{(%0),

(3.9) up =0, t=tyo— RS 2¢€ Br(xo).

By classical linear theory, the above decomposition is uniquely determined
by u.
We need several lemmas on u; and us.

LEMMA 3.1. Assume that
la(z,t) — a(zo, to)| < ao(|t — to]”/ + |z — x0]7), (z,t) € Br(axo) x Jr(to),
b(z, ) — b(zo,to)| < be ([t — to]”/® + |z — 20|7), (2,t) € Br(zo) x Jr(to),
where Jr(to) = (to — RS, to + RY). Then

sup S ud(x,t) da + SS |V Aug|? da dt
(to—RS,to+RS) Br(zo) Sk
< CR™ \\|IVAu? dzdt + CR* | |Vul? dz dt + C'sup | F|*R°.
SR
Sr Sr

Proof. Multiply the equation (3.7) by ue and integrate the resulting re-
lation over (tg — R%,t) x Br(wg). Integrating by parts, we have

t ¢
% S u3 dz+a(zg, to) S ds S |V Aug|? d+b(zo, to) S ds S (Aug)? dx
Br to—RS Br to—RS Br
¢
= S ds S [a(xo,to) — a(x, t)|VAu - VAuy dx
to—RS Br
t
+ S ds S [b(xo,t0) — b(x,t)]Vu - VAuy dz
to— RS Br
t
+ S ds S ﬁVAUQ dx.
to— RS Br
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Noticing that
t
S ds S [a(xo,to) — a(x,t)|VAuV Aug da:‘
to— RS Br
<e “ |V Aug|? ds dx + Cea? R* SS |V Aul? dx ds,
SR Sr

and
t

’ S ds S ﬁVAugdx’ SESS |V Aug|? dz ds + C. R® sup | F|?,
to—RS Br Sr
we hence obtain the estimate and the proof is complete. =

LEMMA 3.2. For any (x1,t1), (z2,t2) € S,
lu(t1, 21) — up (t2, x2)|?
|t1 — to|V/6 + |21 — a9

<C sup S (IVur (2, )2 4 p*(Auq)?) dx—i—C’SS(Azul)Q dx dt.
(to—pG,tO"!‘pG) Bp(l’o) Sp

Proof. By the Sobolev imbedding theorem, for any (z1,t), (z2,t) € S,
we have

(3.10) g (21, 1) — u (22, 1) ?
|21 — @2
<C  sup | (Vur(e, 1) + p*(Aur)?) da

_ 6 6
(to—pC,to+p )Bp(ﬂco)

Integrating the equation over 2, x (t1,t2), where 0 < t; <ty < T, At =
to —t1, 2y = (y1,y1 + (AD)Y12) X (ya, yo + (At)Y/12), we see that

S [ui(z,t2) —ui(z,t1)] dz
Qy
ty y2H(AH/12
=V G+ (A0 y,8) — Gi(n,y, 9)] dy ds
1 Y2
to yr+(AnH/12

+) ) [Gayye+ (A2, 5) = Galy, y2, 5)] dy ds

t1 Y1
to
= [ (A)V2(G1 (g + (A2, o + 07 (A1)/12,5)
t1

= Gy, 2 +01(ADY2,5) + Galyr + 05(AD Y2,y + (A1), 5)
— Galy1 + 05(A)Y12 o, 5)] ds,
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where
a(xo,to)VAQul(x, s) — b(xo, to)VAuy (z, s) = (G1, Ga).

Similar to the proof of Proposition [2.1] integrating the above equality
over (2., we get

lui(x*,ta) —ui(z™, t1)]

<Clty — t2|1/6[§g(A2u1)2 dz dt + | |(Au1)? da dt},
s, S,

where z* = y* + 6*(At)'/12. This and (3.10) yield the desired conclusion. m
LEMMA 3.3 (Caccioppoli type inequality).

sup S luy (z,t) — (u1)g|* dx + “ |V Auy |2 dz dt
(to=(R/2)%t0+(R/2)°) B (o) Skya
C
< 76 W [ua(e, ) = (w)g|* da dt,
SR
sup S |V |? da + SS | A%y |? da dt
(to=(R/2)%t0+(R/2)°) B - (o) Sry2
C C
< 7% IV |? daodt < 78 Wl (@, t) = (w1)g|? da dt,
Sr Sar
sup S | Auq|? da + SS |V A%y |2 d dt
(to=(R/2)%t0+(R/2)°) B () Sry2

c

S 7o

SS | Ay | d dt,
Sr
where )

(u1)g = Sl 212 u dz dt.

Proof. For simplicity, we only prove the first inequality, since the other
can be shown similarly. Choose a cut-off function x(z) defined on Bg(zo)
such that x(r) =1 in Bg/s(7o) and

VXI<C/R,  |D*x| < C/R?,
ID*x| < C/R?,  |D*x| < C/R".
Let g € C§°(tg,00) with 0 < g(¢t) < 1,0 < ¢/(t) < C/R® and g(t) = 1

for t > to — (R/2)%. Multiplying (3.4) by g(¢)x®[u1(z,t) — (u1)g] and then
integrating the resulting relation over (to — R®,t) x Br(xg), we have
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—alwo,to) | gls)ds | Atun®lu(@,t) — (w)r) de
to*R6 BR(x())
t

+ b(z0, to) S g(s)ds S Auy xOuy (2, 1) — (u1)g) dz = 0.

to— RS Br(xo)
It follows by integrating by parts that
1
3 | a()x (e, t) = (u) gl da
BR(QTO) ‘
talzoto) | g(s)ds | VAT V[C[ui(z,t) — (u1)g]] d=
to—RS BR(:E())
t
—b(zo,to) | g(s)ds | VAuV[C[ui(x,t) = (w)r]] de
to—R6 BR(.’E())
1t
=5 S g ds S Oy (z,t) — (uy)g|? d.
t07R6 BR(:E())
Thus
1
3 Vg ua(z,t) — (ur)r|* da
Br(zo)

¢
+a(zoto) | gs)ds | XO|IVAw [ de
t()—RG BR({L'())
t
+ b(zo, to) S g(s)ds S x4 (Auy)? da
t07R6 BR(xo)
t
+ a(xo, to) S g(s)ds S [18X°Vx Auy V Auy
to— RS Br(z0)
+ (18x° Ax + 90x* | Vx|?) Vuy V Auy
+ (6X°V Ax + 90X VxAx + 1203V X2V x) (uy (2, 1) — (u1)g)V Auy] da
t
+ b(zo, to) S g(s)ds S [12X° VX Vu; Auy
to— RS Bpr(xzo)
+ (30X Vx[* + 6x°Ax) (w1 (2, 1) — (1) g) Awr] dae
t
1
=5 S g ds S xOlur — (u1)g|* de.
t()—RG BR(CL'O)
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By the Cauchy inequality, we have
t
‘18 S S g(s)a(xo, to)x°VxAuy V Auy da ds‘

to— RS Br(xo)

a(zo,te) | | 9(s)xbIVAW [ dxds
to—RS Bgr(zo)

+C V| g VX P (Aw)? da ds,
to— RS Br(zo)

S S g(s)a(zo, to) (18X Ax + 90x* | Vx|*) Vur V Auy dz ds
tofRG BR(I(])
t

a(wo, to) S S 9(s)X8|V Auy |2 dz ds
tofRGBR(LE())

+C |1 g APV deds

to—RS Br(zo)
t

+C | g AVx VP da ds
to—RS Br(zo)

and
t

T T a(s)atao, to) (BXPVAX + 90X VxAy + 120’V x*T)
to— RS BR(:E())
- (ur(z,t) — (u1) r)VAu dz ds
¢
1
< 7a(z0, to) I g IVAm[* dzds

tofRG BR(QZ())
t

C
T Re S S (u1(z,t) — (u1)R)* dz ds.
t07R6 BR((E())

Similarly, we obtain

¢

‘12 I 9()bo, to)X* VXV Ay dl‘dS)
to—RG BR(.’L‘Q)

¢

b(xo, to) S S g(s)x®(Auy)? dx ds

to—RS BR(I())

<

| =

t
+C S S g(s) Vx| | Vur |? dx ds,

to— RS Bgr(zo)
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and

t
‘ I a(9)b(@o, to) BoxHVX|? + 6x° Ax) (ua (2, 8) — (u1) r) Auy da ds
to—RS Br (o)
1 t
< Zb(@“o’to) S S g(s)x®(Auy)? dx ds
to—R® Br(zo)

C t
+ RS S S (w1 (2, t) — (u1)g)* da ds.
to—R® Br(zo)

Notice that
t
S S g(s)XMVx 2| Vur |? dz ds
to—RS Br(zo)

- S S 9(s)(ur(z,t) — (u1) R) V(X! VXI*Vur) da ds
- S S g(s)(ur(z,t) — (u1) )X VX|? Auy dz ds
(

1
+3 VooV gl t) = (w)r)* A VXI?) da ds
t07R6BR(zo)
1 t
Zb(mo,to) S S g(s)x®(Auy)? dx ds
t()—RGBR(:EQ)
c
+ 75 )

IN

S (ur(x,t) — (u1)g)* dx ds.
to—RC® Br(zo)

Combining the above expressions yields

t
| o) (u)alde+ Sateoto) | als)ds | 1A de
Br(o) to—RS Br(zo)
t
+ b(xo, o) S g(s)ds S 8 (Auy)? da
to—RS Br(wo)
t t
< ) gds | Xl —@)rPdrrC | § VA Ve dds
to— RS Br(xo) to—RS BRr(zo)
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t
+C S S XAx 2V |? da ds
o—RS Br(zo)

+C S S XVx2(Auy)? dx ds
to— RS Br(xo)
ot
+ﬁ S S (uy(z,t) — (u1)g)* dx ds
0—R% Br(zo)
t
= | gds | XOlui— (u)rlPde+C(L + L+ Is+ Lu).
to—RS Br(zo)

As for I, we get

(3.11) L =— S S w1 V(X2 Vx| V) dx dt
tofRGBR($0)

=— S S IV x| ug Auy da dt
o—RS Br(zo)
t
- S S V(2| Vx|[Huy Vuy dz dt
to—RS Br(zo)
t
<elz3+C S S |V x|5u? dx dt
to— 15 Br(wo)
1!
+ 3 S S D2(x*|Vx|Yu? dx dt
to—RS Br(xo)
< 61[3 + CI4.

As for I, we have

t
I, = — S S w1 VO AX|?Vuy ) dz dt
to—R6BR(£Eo)
t
= S S VXV (x*Axuy Auy) dz dt
0—RS Br(wo)

+ = S S A Ax|P)u? dz dt
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t
< S S VXV (x* Ax)uy Auy dz dt
to— RS Bgr(zo)
t
+ S S X4VXAx(Vu1Au1 +u1VAu) de dt + Cly
to—RS Bgr(xo)
¢
=+ Clhites | | XO|VAw | dadt
to—RS Br(wo)
1t
-5 || Vv |V | de dt
to— RS Br(zo)
0 1
=eol3+ Cly+e3 S S X6‘VAU1‘2d$dt—§I2
to—RS Br(o)
t
B % [ A VvAx + 48 VX2 AX) [V | da dt,
to— RS Br(xo)
that is,
t
Iy <egls3 + Cly+e3 S S X6|VAU1|2dCCdt
to— RS Bgr(xo)
t
— 1T A vAy + 43 I Pay) [V da dt.
to—RS Bp(xo)
On the other hand,

t
— | VA 43IV PAY) V[ d dt
to—RGBR(:L'())
t
= || VA + 43 VXPAY ) ur Ay de dt
to—RGBR(.Z’())
t
+ | (VOAVXVAY) + 4V (¢ VP Ax))us Vg da d
tofRGBR(xo)
§813+CI4.

Combining the above two yields
t
(3.12) Iy <egyls+Cly + €3 S S X8|V Ay |2 d dt.
to—RG BR(:BQ)
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Notice that
t

Is= — S S XNV *Vur V Auy de dt
tofRG BR(‘To)
t
- S S (43| V XV x 42X VY Ax) Vuy Auy dz dt
(o)

to—RS Bgr(zo

< e¢s S S X6IVAU1’2d(IZdt+C(€5)Il +%Ig+0[1 +i[3+0[2,
to—RS Br(xo)
that is,
t
(313) I3 < 20(65)11 + CIy + 2¢5 S S X6|VA’U,1|2dl’dt.
to—RS Br(zo)

Finally, from (3.11))—(3.13|), choosing €1, €3, e4 small enough, we see that

I; <e S S X6\VAu1]2dafdt+C’I4, 1=1,2,3.
to—RS Br(zo)
Hence we immediately obtain the desired first inequality of the lemma. =

LEMMA 3.4. Assume that

(e, ) — alao, )] < a1t — tol7® + | — z0]"),
te (tO*Rﬁ,toﬁLRG), $EBR(I‘0).
Then for any p € (0, R),

1
o8 SS (Jur — (w),|* + p°|VAw |?) dz dt
Sp
C
< 2 V) (w1 = () + ROV A ) de dt.
Sr

Proof. One only needs to check the inequality for p < R/2. From Lemmas

and we have

1
— V= () P dadt < C sup | (Vu(a,p)
Py, (to—(R/2% 1o +(R/2)%) )

+ R (Auy)?)dz + C || |A%w|* da dt
SRr/2

V) (Jur = (u1)rl* + RSV Auy|?) da .
SR

<

3
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On the other hand,

SSp6\VAu1]2 dx dt
Sp

<Ch “/JB(AQul)2 dx dt + Cg“pzwul\Q dx dt
S

p Sp
< C1p8 SS (A2u1)2 dz dt + Cop® sup S \Vul\Qda:
SRy2 (to=(1/2)° to+(1/2)°%) Bprya(wo)
8
P 2 2
gc(R) |\ B2V da dt
Sr/2

< c<£>8 [éé ROV Auy|? da dt + g (u1 — (u1)R)? dz dt].

The conclusion of the lemma follows at once. =

LEMMA 3.5. For A € (5,6),
o(p) < C (@(Ro) +sup !ﬁlz)pA, p < Ry = min(dist(zo, 092), t5/°),
Ro

where Cy depends on X\, Rg and the known quantities.
Proof. By Lemma

2(p) =[] (fu — () + 9|V Auf?) da d
Sp

=\ (Jur = (u2)o* + |V Aus|?) dz it
Sp

+ | (Juz = (u2),* + p°|V Aug|?) da dt
Sp

8
< C( 1’2) g& (lu = (u)gf? + RY|V Auf?) dar dt

+C |\ (ual? + BV Auy|?) da dt
SR
< Cl(p/R)® + R*Jp(R) + Csup [F|*R".
Ro
The conclusion follows immediately from [GS]. =

Similar to the discussion involving Campanato spaces in |[GS|, we first
deduce from Lemma [3.5] the following:
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THEOREM 3.6. Let F be an appropriately smooth function and u be

a smooth solution of the problem (3.1)—(3.3). Then for any o € (0,1/2),
there exists a coefficient K, depending only on «, ag, by, SSQT u?dxdt and

SSQT |V Au|? dz dt, such that

(3.14)  |u(z1,t1) — u(za, t2)] < K(1+sup|EF|)(Jz1 — 22| + [ty — 2] */F).
Proof of Proposition 8.1. Let w = Au — Aug. Then w satisfies

2}; — VA(a(z,t)VAu) + VA(b(z,t)Vu) = VAF,
ulap = Aulgg = A%ulpe =0,
u(z,0) =0,

where a(z,t) = km(u), b(z,t) = m(u)a(u) and F = m(u) (kV A%ug —
a(u)VAuy—d' (u) Vuw —a' (u) VuAug—a’ (u) Vuw — a’(uiVuAuo +h (u)Vu—
3

LQ(U) |Vu\2Vu). Hence, using 1)|D and Theorem 7 we conclude that
(3.15) | Au(a1, t1) — Au(wa, t2)] < C(jz1 — 22| ™% + [ty — to]*/12).

The conclusion follows immediately from the classical theory, since we can
transform the equation (1.1]) into the form

du

5 + a1 (z, ) A% + by (2, ) VA>u + ag(z, t) A%u + by(z, 1)V Au

+ as(z,t) Au+ by(z, £)Vu = 0,
where the Holder norms of
ai(z,t) = —km(u(z,t)), by (z,t) = —km! (u(x, t))Vu(z,t),
as(z,t) = m(u(z, t))a(u(z, ), ba(z,t) = [m'(w)a(u) + 3m(u)d (v)]Vu,
az(z,t) = 2m(u)d (u) Au + (2m/(w)d (u) + Tm(u)a” (u)) \Vul? — b (u),
bs(x,t) = (Am/ (w)a" (u) + dm" (w)a” (u)) |Vu*Vu — b (u)Vu

have been estimated in the above discussion. =

PROPOSITION 3.2. If u, Vu are Holder continuous in Qr, then u is
classical in Qrp.

Proof. Fix (zo,t0) € 0§2x(0,T) and assume that in some neighbourhood
of xg, 012 is explicitly expressed by a function y = (). We split u as u; +us
in _QR(HJ(]) X (to — RG,to + RG) with QR<$0) = BR<$0) N {2, where

8811; — a(xo,to)A3u1 + b(l"o,to)A2ul =0, (x,t) € Sg,
up =u, Aup = Au, A*uy = A%u, x € IBg(xo),

U = u, t:to—RG, xEBR(Jjo),
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and ug solves the problem

aalf — (g, to) APug + b(xo, to) A%uy = —V Al(a(zo, to) — alz, )V Ay

+VA[(b(xo, o) — b(z,1))Vu] + VAF,  (x,t) € Sg,

up =0, Aug =0, A’uy =0, (x,t) € dBp(wo) x (to — R®, to + RP),
ug = 0, tzto—RG,xEBR(J?O).

Define the normal and tangential derivatives as

0 0 0
— [, -

Now, we modify the function p(p) as
e(p) = SS (10nul* + |0ru — (8Tu)p’2 + p°|VAul?) da dt.
Sp
Similar to the proof of Proposition 3.1, we conclude that
|ur (21, 1) — ur (22, t2) [
’tl — t2|1/6 + |1’1 — :L“Q|

<C  sup V(0w ” +10ru1 — (0rw),]* + p*(Aw)?) dz
(to—p®,to+p0) B,(

x0)
+C SS (A?%uy)? dx dt,
Sp

and

sup Vo (10nm]? + (0w — (Orua)jof®) da

(to=(R/2)%40+(B/2°) 0y

C

+ || |2%0 P dodt < 76 I} (10nua [? + |0ru1 — (87u1)1 o)) da dt.
Sr/2 Sk

The remaining part of the proof is similar to that of Proposition [3.1] and we

omit the details. m

Proof of Theorem [1.1] Combining Proposition [3.1] with Proposition [3.2
completes the proof. =
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