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Some results on curvature and topology of Finsler manifolds

by BING YE WU (Fuzhou)

Abstract. We investigate the curvature and topology of Finsler manifolds, mainly
the growth of the fundamental group. By choosing a new counting function for the fun-
damental group that does not rely on the generators, we are able to discuss the topic in
a more general case, namely, we do not demand that the manifold is compact or the fun-
damental group is finitely generated. Among other things, we prove that the fundamental
group of a forward complete and noncompact Finsler n-manifold (M, F') with nonnegative
Ricci curvature and finite uniformity constant has polynomial growth of order < n—1, and
the first Betti number satisfies b1 (M) < n — 1. We also obtain some sufficient conditions
to ensure that the fundamental group is finite or is trivial. Most of the results are new
even for Riemannian manifolds.

1. Introduction. Finsler geometry is just Riemannian geometry with-
out the quadratic restriction. Instead of a Euclidean norm on each tangent
space, one endows every tangent space of a differentiable manifold with a
Minkowski norm. In recent years, global Finsler geometry have been de-
veloped tremendously, including geodesic theory [BCS], the sphere theorem
[R], volume comparison theorems [S1], [S2, (W1l [WX] and the global theory
of submanifolds [S3, [W2], etc.

In global Finsler geometry it is important to reveal the relationship be-
tween the topology and geometry invariants for Finsler manifolds. In this
paper we shall investigate the curvature and topology of Finsler manifolds,
mainly the growth of the fundamental group. The growth of the fundamental
group for Riemannian manifolds was first discussed by Milnor [M]. By using
volume comparison theorems he was able to prove that any finitely generated
subgroup of the fundamental group of an n-dimensional complete Rieman-
nian manifold with nonnegative Ricci curvature has polynomial growth of
order < n, while the fundamental group of a compact Riemannian mani-
fold of negative sectional curvature has exponential growth. Milnor’s results
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have been generalized to Finsler manifolds by Shen in the case of nonnega-
tive Ricci curvature [S1)[S2], and by Xin and the author [WX] and Shen and
Zhao [SZ] in the case of negative flag curvature. However, the fundamental
group is assumed to be finitely generated and an additional condition on S-
curvature is needed in these results. The additional condition on S-curvature
has recently been removed by the author by using the maximal or minimal
volume form [W1].

We shall consider this topic further and obtain some results on the growth
of the fundamental group of Finsler manifolds. By choosing a new counting
function that does not rely on the generators, we are able to discuss the
topic in a more general case, namely, we do not demand that the manifold
is compact or the fundamental group is finitely generated. For example, we
prove that the fundamental group of a forward complete and noncompact
Finsler n-manifold with nonnegative Ricci curvature and finite uniformity
constant has polynomial growth of order < n—1, and the first Betti number
satisfies b1 (M) < n — 1. We also obtain some sufficient conditions for the
fundamental group to be finite or trivial. Most of the results are new even
for Riemannian manifolds.

2. Finsler geometry. In this section, we give a brief description of
basic quantities and fundamental formulas in Finsler geometry; for more
details one is referred to [BCS, [CS]. Let (M, F) be a Finsler n-manifold
with Finsler metric F' : TM — [0,00). Let (z,y) = (2",y") be the local
coordinates on T'M. The fundamental tensor g;; is defined by
1 PF*(x,y)

2 Oyloyl
Let I ;k(x,y) be the Chern connection coefficients. Then the first Chern
curvature tensor Rjikl can be expressed as

gij(z,y) =

; (5]” 51"
R = 5mk 5l — I3 07,
where 551 = a?ci —ykffk R Let Riji := gjs R, and write g, = g;;(, y)da

®dz!, Ry = Rijni(x, y)da' @ dr? @ da* @ dr'. For a tangent plane P C T, M,
let

Ry (y7 U, U, y)
gy(?/a y)gy (’U,, ’LL) - [gy (y7 u)]Q 7
where y,u € P are tangent vectors such that P = span{y,u}. We call
K(P,y) the flag curvature ofP with flag pole y. Let

Ric(y ZK (y; €),

K(P,y) = K(y;u) :=
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where ey, ..., e, is a gy-orthogonal basis for the corresponding tangent space.
We call Ric(y) the Ricci curvature of y.

A volume form du on the Finsler manifold (M, F') is nothing but a global
nondegenerate n-form on M. For a more technical definition of volume form
one is referred to [W2l, [W3]. In local coordinates we can express du as du =
o(z)dz' A---Adax™. The frequently used volume forms in Finsler geometry are
the Busemann—Hausdorff volume form and the Holmes—Thompson volume
form. Other useful volume forms are the maximal and minimal volume forms
which can be defined as follows. Let

AVnax = amax(:z:)dazl A ANdr™,  dVpin = Umin(l‘)dl'l A Adx"

with
Umax(x) = ye%ilf\a/‘[)i{()} \/ det(gij(x7y))u
min = . det(g:; , .
Omin (2) Jertin v/ de (9i5(z,y))

Then it is easy to check that the n-forms dVi,.x and dVi, as well as the
function v := opax/Omin are well-defined on M. We call dViax and dVi;, the
mazximal volume form and the minimal volume form of (M, F'), respectively.
We note that both the maximal and the minimal volume forms play a crucial
role in comparison techniques in Finsler geometry [W1J.

Let A\, u: M — R be defined by

_ F(y) _ gy (1, v)
Al) = ye%%\}/l(\o F(—y)’ ) = y727£%§M\0 g:(u, u)

They are called respectively the reversibility at x and the uniformity constant
at = [EL R]. It is clear that

Mx)? < p(z), Vre M.
We have

ProposITION 2.1 ([WI]). Let (M, F) be an n-dimensional Finsler man-
ifold. Then

(i) F is Riemannian < v =1< p=1;

(ii)) v < u™.

Let (M, F) be a Finsler manifold. For p € M, let I, = {v € T,M :
F(v) = 1} be the indicatriz at p. For v € I, the cut-value c¢(v) is defined
by

c(v) :=sup{t > 0 : dp(p, exp,(tv)) = t}.
Then, we can define the tangential cut locus C(p) of p by C(p) := {c(v)v :

c(v) < 0o,v € Ip}, the cut locus C(p) of p by C(p) = exp, C(p), and the
injectivity radius iy, at p by i, = inf{c(v) : v € I,}. It is known that C(p) has
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zero Hausdorff measure in M. Also, we set D), = {tv : 0 <t < ¢(v),v € I}
and D, = exp, Dyp. It is known that D, is the largest domain which is
starlike with respect to the origin of 7T}, M and such that exp, restricted to
that domain is a diffecomorphism, and D, = M \ C(p).

Let By(R) be the forward geodesic ball of (M, F') centered at p with
radius R. By definition, B,(R) = r~1([0, R)), where r = dp(p,-) : M — R is
the distance function from p induced by F'. Let g = gy, be the Riemannian
metric on B,(R) = B,(R) N D, \ {p}, where dr is the geodesic field with
respect to p. We have the following volume comparison results.

THEOREM 2.2 ([W1]). Let (M,F) be a forward complete Finsler n-
manifold.

(i) If the flag curvature of M satisfies K(V; W) < ¢, then

1
VOlmax(Bp(R)) > ——— vol(B!(R))
8 p(p)n/?
for any R < iy,

(ii) If the flag curvature of M is nonpositive and the Ricci curvature of
M satisfies Ricy < ¢ <0, and if M is simply connected, then
volg(By (1))
vol(B2(1))
(iii) If the Ricci curvature of M satisfies Ricyr > (n — 1)c, then

Volmin (Bp(R)) < pu(p)™/? vol(B™(R)).

Here volyax and volyin are the volume with respect to dVinax and dViin,
respectively, and B!'(R) is the geodesic ball of radius R in the (Riemannian)
space form of constant curvature c.

VOlmax(Bp(R)) > vol(B3(R)), VR >1.

THEOREM 2.3 ([W1]). Let (M, F) be a forward complete and noncom-
pact Finsler manifold with nonnegative Ricci curvature and finite reversibil-
ity, then the volume volmax(Bp(R)) of the forward geodesic ball has at least
linear growth:

volmax(Bp(R)) > c(p)R.

3. Universal covering space and fundamental group. Let (M, F)
be a Finsler n-manifold, and f : M — M be the universal covering space.
A homeomorphism ¢ : M — M is called a deck transformation of the cov-
ering mapping f if f o = f. The set I" of deck transformations obviously
forms a group under composition. One checks that I" acts properly discon-
tinuously on M. If we endow M with the pulled-back metric F= f*F, then
f:(M,F)— (M,F) is a local isometry, and it is easy to check that each
v € I' is an isometry, and (M, F') and (M , F) have the same reversibility and



Curvature and topology of Finsler manifolds 313

uniformity constants. It is also clear that if (M, F') is (forward) complete,
then so is (M, F) (see [SZ]).

Given p € M, let m (M, p) be the fundamental group of M based at p,
that is, the homotopy classes of loops v : [0,1] — M € C? satisfying v(0) =
~v(1) = p. It is well-known that the deck transformation group I" is isomor-
phic to m (M, p), and the corresponding map is given as follows [C]: fix a
point p € f~1(p); then given v € I', all paths joining p to v(p) are homotopic
(since M is simply connected), and therefore project to a well-defined ele-
ment of 71 (M, p). The map is clearly a homomorphism, and by the homotopy
lifting lemma, one can check that it is in fact one-to-one and onto, and thus
is an isomorphism. Also, I" acts transitively on f~!(p) for each p € M. In the
following, we shall identify w1 (M, p) with the deck transformation group I'.

DEFINITION 3.1 ([SZ]). Let (M, F') be a forward complete Finsler mani-
fold and f : (]\7 ,F) — (M, F) denote its universal covering mapping. Given
any point p € M, for each v € I' = 7 (M,p), the geometric norm |||
associated with p is defined by

17l = dz(p,7(P)),
where p is any point in the fiber f~!(p), and d 7 1s the distance function on
M induced by F.
It is easy to prove the following

PROPOSITION 3.2 ([SZ]). The geometric norm ||| defined above equals
the length of a shortest loop representing v € w1 (M, p), which is a geodesic
loop.

REMARK 3.3. It is easy to check that the geometric norm satisfies the
triangle inequality, since I' acts on (M, F) by isometries, and the above
proposition implies that the geometric norm is independent of the choice of
point in a fiber. On the other hand, the shortest geodesic loop representing
v € m(M,p) is just f o7, where 7 is the shortest geodesic in M from p to
~v(p) (see [SZ]). Note that the shortest geodesic loop representing an element
in w1 (M, p) may not be smooth at p.

LEMMA 3.4. The set A(X\) ={y € I': ||v|| < A} is finite for any A > 0.

Proof. Suppose on the contrary that the set A(Ag) = {v € " : [|7]] < Ao}
is infinite for some \g > 0. Let {v;};2; C A(Xg) be an infinite sequence,
and g; = 7;(p). Then |v|| = dz(P, @) < Ao, which means that {g;}72, C
E‘ﬁ()\o), where Eﬁ()\o) is the forward geodesic ball of (]\7 ,F) centered at
p with radius A\g. Hence {g;}?2; has a convergent subsequence, and we can
assume that {g; }5° itself is convergent without loss of generality. As a result,
dﬁ(ﬁ,’}/;l’}/j(@) = d7(gi, qj) can be as small as we wish when i # j are
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sufficiently large, or equivalently, the length of the shortest geodesic loop of
m1 (M, p) corresponding to ;- l’yj can be as small as we wish when i # j are
sufficiently large, which implies that ~; 17]- = 1 when ¢ # j are sufficiently
large, a contradiction. Thus the lemma is proved. =

DEFINITION 3.5. The counting function N(A) of the fundamental group
I' = m(M,p) of (M, F) is defined by

NQA) =AW\ =t{y e I': vl < A}
I is said to have exponential growth if
log N
lim sup L()\)
A—00 A
I' is said to have polynomial growth of order < n if N(\) < const - A".

> 0.

REMARK 3.6. Let I C m(M,p) be any finitely generated subgroup

with a set of generators S = {v1,...,7%}. The counting function n(\) of I’
considered in [Al M| [SZ] is defined by

n(A) =t{y eI : |y <A},

here |v| is the minimum length of v as a word in {71, ..., }. The advantage
of our definition is that it does not demand that I is finitely generated. It
is clear by the triangle inequality that

Il = d (@A) < 1| max, deGo@) < Al A= max gl
which implies that
(3.1) n(A\) < N(AN).
On the other hand, if M is compact, then I" 2 71 (M, p) is finitely generated,
and one can choose a set of generators by S = {y € I' : ||7|| < 2D} with
D = diam M. For any v € I" with ||y|| > 2D, let 5 : [0,1] — M be the
minimal geodesic from p to v(p). Then ¥ must pass through some points

of f=1(p), otherwise f o7 would be the shortest geodesic loop representing
~v € m1(M,p), and thus

dr(p, f(7(3))) = 3l > D,
a contradiction. Therefore, v can be decomposed as v = 71 - - - ; with vl =
lvill + -« + ||, where 75 € S, 1 < i < j. Consequently,
1

o S ) Lo
led _J%%gHWOH > Iv\%légllwll 5 Ml

Therefore,

(3.2) N()\) < n(B).

Now let us recall the definition of fundamental domain. See [C] for the
case of Riemannian manifolds and [SZ] for Finsler manifolds.
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DEFINITION 3.7. Let f : M — M be the universal covering mapping,
with deck transformation group I". We say {2 C M is a fundamental domain
of the covering mapping if

(i) v(2)N 2 =0 for all y € I'\ {1};
(i) f(£2) =M.

Note that (i) is equivalent to v1(£2) Ny2({2) = () when 1 # 72. Since I"
acts transitively on the fibers f~!(p) for each p € M, f(§2) = M is equivalent
to Uyep’Y(ﬁ) = M and fl,(o) : 7(£2) — f(§2) is a homeomorphism, for each
~v € I'. For a given forward complete Finsler manifold, one can construct a
fundamental domain by using a cut locus as follows. Let D), be defined as
in §2. Then for each p € M, one has

pr Dy C T,M s ful21(Dy) C TM v expj(f.l51(Dy)) =: 125,

which is a fundamental domain in M (see [SZ]).
4. A key lemma. In this section we shall prove the following key lemma
which plays a crucial role in this paper.

LEMMA 4.1. Let (M, F) be a forward complete Finsler manifold and

I (]\7, F) — (M, F) denote its universal covering mapping with deck trans-
formation group I'. Fixp € M and p € f~'(p). Then

(i) the counting function of I' satisfies

volmin(B5(A + R))
4.1 N <L P VA, R > 0;
(41) A= VOlmin(Bp(R)) ’ ’
(ii) of (M, F) has finite reversibility, that is, Ap := max,ecp A(z) < 00,
then
vOlmax Bs(-A—
- vy s W B
VOlmax (Bp ( EDYy= ))

Here EI;(R) is the forward geodesic ball in (M, F) centered at p with ra-
dius R.

Proof. (i) First we see from the properties of a fundamental domain that
fla. Q — D, is an isometric homeomorphism. Clearly, f(Bz(R) N £25)

pp( R) N Dy, where D, = M \ C(p), as defined in §2. Since the cut locus
C'(p) has zero Hausdorff measure, we have
)

N
w

(4. Volmin('y(Bﬁ(R) N (2,5)) = VOlmm(B (R) N 25 5) = VOlmin(Bp(R))
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for all v € I" and R > 0. For any v € A(\) and 7 € Eﬁ(R) N Q , it is clear
that

di(p,7(2)) < dp(p,v(P) +dp(v(p), (@) = V]l + dz(p, 2) < A+ R,
from which it follows that

(4.4) U ~(Bs(R) N 25) € B(A+ R).

YEAN)
Now (4.1) follows from (4.3) and (4.4) together with the fact that yl(gﬁ(R)ﬂ
(25) N v2(Bp(R) N §25) = 0 for any 71 # 2. N

(ii) By the properties of a fundamental domain, for any y € Bj(R)
there are T € _(~25 and 7 € I" such that v(Z) = y. Furthermore, dz(p, =) =
dp(f(p), f(&)) = dp(f(P), f(v(2))) = dr(f(P), f(¥)) < di(p.y) < R, which
implies that = € Eﬁ(R) N (~25. On the other hand, for v € I' such that
~v(Z) =y, we have
IVl = dg(p,7(p) < dg(p,y) + dp(v(Z),7(p))
< R+ Apdp(v(p),7(@)) < (1+ Ap)R,

and consequently
(4.5) Bj(R) C U (BB n2p).
YEA((1+AF)R)

Similar to (4.3), we have

Volmax (V(B(R) N 25)) = volmax (Bs(R) N 25) = volmax (B, (R)),
which together with (4.5) implies (4.2). =

5. Ricci curvature and topology. Our first result concerns the growth
of the fundamental group for Finsler manifolds with nonnegative Ricci cur-
vature.

THEOREM 5.1. Let (M, F) be a forward complete Finsler n-manifold
with nonnegative Ricci curvature. If there exists p € M such that
VOlmin(Bp(R)) > CRF for some constant C' and 0 < k < n, then 7 (M)
has polynomial growth of order < n — k. In particular, the fundamental
group of any forward complete noncompact Finsler manifold with nonneg-
ative Ricci curvature and finite uniformity constant must have polynomial
growth of order < mn — 1.

Proof. Fixp € f~1(p). For any R > 0, by Theorem 2.2(iii) and (4.1) one
has

N(R) < voluin (B5(2R)) _ 2"u(p)"/? vol(B (1))

n—k
= Volmin(By(R)) = c BT
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which means that I" 2 7 (M) has polynomial growth of order < n— k. Now
suppose that M is noncompact with nonnegative Ricci curvature and finite
uniformity constant. Then pup := sup,cy #(x) < oo, and by the definition
of v, Proposition 2.1 and Theorem 2.3 we see that

voluin(By(R)) > — volnax (By(R)) > )R,

143 3
where vp = sup,cy, v(z). Thus 71 (M) has polynomial growth of order
<n—1.m

By (3.1) we see that when F' is Riemannian, Theorem 5.1 implies the
corresponding results in [M] [A], while it improves the corresponding results
in [S2, [SZ] for general Finsler metrics. Combining this with Theorem 1.3
in [A], we have

THEOREM b5.2. Let (M, F) be a forward complete Finsler n-manifold
with monnegative Ricci curvature. If there exists p € M such that
vOlmin(Bp(R)) > CR* for some constant C and 0 < k < n, then the first
Betti number satisfies by(M) < n — k. In particular, by(M) < n — 1 for
any forward complete noncompact Finsler manifold (M, F) with nonnega-
tive Ricci curvature and finite uniformity constant.

It is also clear that when k& = n in Theorem 5.1, 71 (M) is finite. We can
consider a more general situation. Let (M, F') be a forward complete Finsler
manifold with Ricys > (n — 1)c. Then by Theorem 2.2(iii),

) VOlmin(Bp(R))
a(p) :=limsup ——————= <
)= P B ()
Clearly, a(p) > 0 when ¢ > 0.

(p)"/2.

DEFINITION 5.3. Let (M, F) be a forward complete Finsler manifold
with Ricyr > (n— 1)e, ¢ < 0. Then (M, F) is said to have large volume
growth at p € M if

1min B,(R
a(p) = lim sup Voluin (By (1)) > 0.

R—o0 VOI(B?<R))
THEOREM 5.4. Let (M, F) be a forward complete Finsler manifold with
Ricyr > (n—1)c, ¢ < 0. If (M, F) has large volume growth at some p € M,
then

(5.1) i1 (M) < u(p)™? /()
so w1 (M) is finite. Consequently, if o(p) > u(p)™/?/2 for some p € M, then
M is simply connected.

Proof. By the definition of a(p), we can choose a sequence {R;}2°; such
that
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. VOlmin(Bp(Ri))
lim —————— =
I B () P
which together with (4.1) and Theorem 2.2 yields

. _ . n/2 n ) n/2
N()\) < VOlmln(‘Bp(A + RZ)) < ,U,(p) VOI(EC ()\ + Rl)) N :U'(p)
VOlin (Bp (1)) VOlmin(Bp (1)) a(p)
for all A > 0. Hence we have (5.1). =

(i—00)

REMARK 5.5. When ¢ = 0 and (M, F') is Riemannian, Theorem 5.4 was
proved in [Al L.

The following result can be easily verified by using Theorem 2.2 and
(4.1).

THEOREM 5.6. Let (M, F) be a compact Finsler manifold with Ricyr >
(n—1)c>0. Then
Avol(S™(c))
VOlmin(M) ’

where S™(c) is the n-sphere of constant curvature ¢, and

g (M) <

A = mi n/2,
min 1(p)
Moreover, M must be simply connected if volyin(M) > Avol(S"(c))/2.

LEMMA 5.7. Let (M, F) be a compact Finsler manifold with x (M) # 0,
where x(M) denotes the Euler characteristic. Then there exists p € M such
that p(p) = 1.

Proof. Suppose on the contrary that u(p) # 1 for any p € M; this means
that the tangent space (1),M, F},) is non-Euclidean for each p € M. We may
find a unit maximal vector X, € T),M such that

det(gij(p, Xp)) = v X det(gij(p, Yp))-
P P

Since g;;(p,Y') is smooth on T'M \ {0}, we can choose X, so that it depends
smoothly on p, and we obtain a unit vector field on M which implies that
X(M) =0, a contradiction. So the lemma is proved. =

By Theorem 5.6 and Lemma 5.7 we clearly have

THEOREM 5.8. Let (M, F') be a compact Finsler manifold with Ricy; >
(n—1)c>0 and x(M) # 0. Then

vol(S™(c))
VOlmin (M) ’
Moreover, M must be simply connected if volyin(M) > vol(S"(c))/2.

g (M) <
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6. Flag curvature and fundamental group

THEOREM 6.1. Let (M, F) be a forward complete Finsler n-manifold
with finite reversibility. If one of the following two conditions holds:

(i) the flag curvature of M satisfies K(V;W) < —a? < 0 and
Volmax(Bp(R)) < cexp((n — 1)bR) for some p € M, ¢ > 0 and
0<b<ay

(ii) the flag curvature of M is nonpositive, the Ricci curvature of M
satisfies Ricyr < —a? < 0, and volmax(Bp(R)) < cexp(bR) for some
peEM,c>0and0<b<a.

Then m (M) has exponential growth.

Proof. We shall assume (i); (ii) can be handled similarly. It is clear by
the curvature assumption that the injectivity radius of the universal covering
space (M, F) is infinite, which together with (4.2) and Theorem 2.2 yields

log N(\) _ log(volmax (Br( 7)) log(volmax (By (7))
x© A A
_ log(vol(B" > (173;)) _ (n=1)b _ Blogu(p) +loge
= A 14+ Ap A '

Recaling that

R . n—1
vol(B" ,2(R)) = vol(S" (1)) | (Sm: “t> dt
0

vol(S™1(1))

R
on—1gn—1 S eXp((n - 1)at)(1 — exp(_Qat))n—l dt
1

1 vol(S"1(1))

(n— 127 Tan (exp((n —1)aR) — exp((n — l)a))

> (1 — exp(—2a))

for all R > 1, we have

logN(A\) _ (n—1)(a—b) C
> ——, VA>1+4+A
\ = 1+ )\F )’ > 14 Ap,
where C' is a constant. Hence,
g N() _ (n—1)(a—b)
lim su > > 0,
v T Y

so w1 (M) has exponential growth. m

REMARK 6.2. It is clear by (3.2) that Theorem 6.1 improves the corre-
sponding results in [M) [SZ, [WX].
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