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Inertial manifolds for retarded second order in time
evolution equations in admissible spaces

by CunG THE ANH and LE VAN HIEu (Hanoi)

Abstract. Using the Lyapunov—Perron method, we prove the existence of an inertial
manifold for the process associated to a class of non-autonomous semilinear hyperbolic
equations with finite delay, where the linear principal part is positive definite with a
discrete spectrum having a sufficiently large distance between some two successive spectral
points, and the Lipschitz coefficient of the nonlinear term may depend on time and belongs
to some admissible function spaces.

1. Introduction and statement of the main result. One of the
main problems in the theory of nonlinear differential equations is to study
the behavior of their solutions as time goes to infinity. It is now well-known
that for many dissipative equations, this behavior can be described by a
global attractor with finite Hausdorff and fractal dimensions. Such an at-
tractor is the largest bounded invariant set and attracts all bounded sets
(see e.g. [20]). The concept of inertial manifolds for evolutionary equations
introduced by Foiasg, Sell & Temam [9] allows us to go further in the study of
the long-time behavior of the solutions. These manifolds, which are finite-
dimensional Lipschitz manifolds, contain the global attractor and attract
exponentially all the solutions of the system under consideration. Moreover,
the dynamices in some absorbing set, when restricted to the inertial mani-
fold, reduces to a system of ordinary differential equations called the inertial
form of the given evolutionary equation.

The notion of inertial manifold has been translated and extended to
more general classes of differential equations like non-autonomous differen-
tial equations (see e.g. [10, (12| 13]), retarded partial differential equations
(see e.g. [3, 17, 19]), or differential equations with random or stochastic
perturbations (see e.g. [2, B, [§]). However, to the best of our knowledge,
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the most popular conditions for existence of inertial manifolds are the spec-
tral gap condition on the linear principal part A and the uniform Lipschitz
condition on the nonlinear term, i.e., the Lipschitz coefficient of the non-
linearity does not depend on time. In some recent works [I, 1], the au-
thors constructed inertial manifolds for a class of nonautonomous semilin-
ear parabolic equations with or without delay under two conditions. First,
the linear operator A is positive definite with a discrete spectrum having
a sufficiently large distance between some two successive spectral points,
which can be considered in some sense as a slight generalization of the
restrictive spectral gap conditions in [7, [I8]. Second, the nonlinear term
B(t,u;) is non-uniformly Lipschitz continuous in some interpolation space,
e, || B(t,u) — B(t,v)]| < o(t)|ur — vile, for ¢ being a real and positive
function which belongs to an addmissible function space defined in Defini-
tion 2.2] below and satisfies certain conditions.

The aim of this paper is to study the existence of inertial manifolds for
second order in time, retarded PDEs, where the Lipschitz coefficient of the
nonlinear term may depend on time and belongs to some admissible function
space. In what follows, we will formulate the problem and the result obtained
in detail.

HyPOTHESIS A. Let A be a positive definite operator with discrete spec-
trum in a separable Hilbert space H (with a norm || - ||) and there exists an
orthonormal basis {ex}72, of H such that

Aep = prer, with 0 < py <pg <--- lim pg = oo.
k—o00

In the usual way, we can associate with A its powers A% defined on the
domain D(A%) endowed with the norm || - ||o = ||A%-||, in particular D(A°)
=H.

For r > 0 and 0 < a < 1/2 we denote by C, = C([—r,0]; D(A%)) the
space of strongly continuous functions on the interval [—r, 0] with values in
D(A®). It is a Banach space with the norm

vlc, = sup [[v(8)][a-
0e[—r,0]
In this paper, we will study the existence of an inertial manifold for the

following retarded second order in time nonautonomous evolution equation
arising in the theory of nonlinear oscillations:

d? d

73+26—U+Au:B(t,ut) fort > 71, € >0,

Ulpmrrg = u™0(0) for 0 € [-r,0], — =unl,
dt t=1

where v € Cy, u™!' € H, 7 € R are given, and u; = u;(6) denotes the
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element of C,, such that for all € [—r, 0], we have u. () = u(t +6). Besides
the above assumption on the operator A, we assume that the nonlinearity
B satisfies the following hypothesis.

HyprOTHESIS B. Let E be an admissible Banach function space on R
(see Definition below) and ¢ be a positive function belonging to E.

Assume that the function B : R x C,, — H is p-Lipschitz, that is, for
a.e. t € R, and all ug, vy € Cy:

(1) [[B(t; u)[| < @) (1 + |ul oy );
(i) [[B(t,ue) = B(t, ve)l| < @()|us — vilc,

Let H = D(Al/ 2) x H. It is clear that H is a separable Hilbert space
with the inner product

(U, V) = (Au”,0%) + (u', 0?),

where U = (u’;u!) and V = (v%;0!) are elements of H. In H problem (T.1)
can be rewritten as a system of first order:

dU
L AU®) = BT, t> T
o) AU = BEU), t>T

U’t:'r, oe[—r,0] — U,

where U(t) = (u(t);u(t)), Uy = (u™%;u™1). Here the linear operator A and
the mapping B are defined by

AU = (—ut; Au® + 2eut),  D(A) = D(A) x D(AY?),
B(t,Uy) = (0; B(t,u))) for U = (u%;u).
It is easy to verify that the eigenvalues and eigenvectors of the operator
A have the form
M=t Ve -, fEF=(en;=Nen), n=12 ...,

where p, and e,, are eigenvalues and eigenvectors of the operator A.
Let the condition €2 > pxn 41 hold for some integer N. We consider the
decomposition of the space H into the orthogonal sum

H="H1 D Ho,

where

H1 =span{(ex;0), (0;ex) : k=1,...,N},
and Hs is defined as the closure of the set
span {(ex;0), (0;ex) : k> N +1}.
As in [16], we will use the following inner products in #H; and Ha:
(1.3) (U, V) = 2(u®,0%) — (Au®,0%) + (eu® + ul, e + v,
(U, Vg = (Au®, 0%) — (2 = 2pun11) (u®, 0°) + (eu® + ul, e0® + vh).
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Here U = (u%u!) and V = (v;v!) are elements from the corresponding
subspace H;. Using (|1.3]) we define a new inner product and norm in H by

(U V) = (U1, Vi)1 + (Ua, Vo), U] = (U, U2,

where U = Uy + Uy and V = V; + V5 are decompositions of the elements U
and V into the orthogonal terms V;,U; € H;, i = 1, 2.

LEMMA 1.1 ([7, Lemma 7.1)). The estimates

1
UL = jawz —un|lla, U= (u%5u') € Ha,
N

1
Uls > ———0n][u”]|as U= (u;u') € Ha,
HN41

hold for 0 < a < 1/2. Here

. € — HN+1
(1.4) INe=+/PNfimin( 1,/ ———— .
MN+1

In particular, this lemma implies the estimate
0 -1
(1.5) [0”]la < pf 1165,V
for any U = (u%u') € H, where 0 < o < 1/2 and dy  has the form (L.4).

LEMMA 1.2. Let B(t,U;) = (0; B(t,u?)), where U = (u’;u') € H and
B(t,uY) satisfies Hypothesis B. Then

(1.6) B0 S pl0) +0(0) sw UE+0).

(1.7) 1B(t, Ur) — B(t,Vi)| < (t) S[up ] [U(t+0) = V(t+0)l,
0e[—r,0

where

_ —1/2 KEN+41
900 = 00105 = (O max{ 1, [
€ KN+1

Proof. By Hypothesis B, using (|1.5)) we have
|B(t.U)| = | B(t,uf)l| < o()(1 + |uf]c,)

= (1+ suwp [t +6)]a)
0e[—r,0]

< o)1+ ihndiy sw (U(E+0))

= () +¢(t) sup |U(t+0),
oe[—r,0]

|B(t, Us) = B(t, Vo)l = | B(t,u) — B(t, o))l < (t)|uf — v¢lc.,

=p(t) sup [u°(t+6) =t +0)]a
oe[—r,0]
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< PO 0y sup [U(E+0) = V(+0)
el—r,

=¢(t) sup [U({t+6)—V(t+0)| =
0e[—r,0]

DEFINITION 1.1. A function U(t) = (u(t);u(t)) € C([r—r,T];H) is said
to be a mild solution of problem on the interval [7,7T] if u(t + 60) =
u™0(9) for 6 € [-r,0], u(7) = u™! and U satisfies the integral equation

t
(1.8) U(t) = e AU () + [ e 07485, Uy) ds

for all ¢t € [,T].

The proof of the existence and uniqueness of a mild solution is standard.
First, an auxiliary nonretarded linear problem is considered, namely ,
with a given h(t) € L>®(R; H) instead of B. Using Galerkin approximate
solutions and the compactness method we obtain the existence and unique-
ness of solution for the auxiliary problem. This allows one to define a linear
semigroup e ™ in H which is a contraction for € > 0 (see e.g. [7, 20]). Then,
using the standard fixed point method, one easily proves the existence and
uniqueness of a mild solution of .

Now, we can define an evolution semigroup S(¢,7) in the space Cy =
C([=r,0];H) by

Ut+6) ift+0>r,
U(r+0) ift+0<r,

for any 6 € [—r,0], U, € Cy, and any 7 < t, where U(t) is the mild solution
of problem (|1.2)) with the initial datum U, at time 7.

We now fix an integer N and consider the subspaces

HE = span{ff : k < N},

S(t,7)Us = [S(t,7)U,](8) = {

which are orthogonal for the hermitian product (-,-), so H; = HT D H.
We denote by Py, the orthoprojectors onto the subspace H; in H, i =1, 2.

LeMMA 1.3 ([7, pp. 195-196]). We have
—At — o Anaat At _ ANt —At _ ALt >
e Py, | = e "N+t e PH;] e'Nt e PHﬂ e WYt >0.
Here | - | is the operator norm induced by the corresponding vector norm.

We set P = PH; and Q=1— P = PH1+ + Pj,. Lemma implies the
dichotomy conditions

(1.9)  |eMP| <M forteR and |e Q| < e Mt for ¢ > 0.
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We can define the Green function as follows:

Glt,s) = e~ =949 fort > s,
T L e t9Ap for ¢ <s.

Then G(t,s) maps H into H, and for o = (A\y + Ay ;)/2 we have
(1.10) |G (L, 8)| < e Ml for all ¢ £ s,
where p = ()\]_VJr1 —Ay)/2.
We also define the N-dimensional projector Pin Cy by
N
PU = (PU)(0) =) e (U(0), f; ) iy = e PU(0),
k=1
where —r < 0 <0 and U = U(0) is an element of Cy.

DEFINITION 1.2. The inertial manifold of problem (1.2) is a collection
M = {M;}ier of surfaces in Cy; of the form

(1.11) M, = {p(0) + D,(p(0))(0) : p(0) € PCy} € Cy  for t € R,
where @,(-) is a mapping from PH into QCy with the following properties:
(i) For every t € R, My is a finite-dimensional Lipschitz manifold, i.e.,
|®1(p1) — Pe(p2)lcy, < Lalp1 — pa

for all p1,p2 € PH with £g independent of py, ps and t.

(ii) M is invariant with respect to S(t, 1), i.e., S(t,7) M, = M, for all
t>T.

(ili)) M is exponentially attracting, i.e., there exists a positive constant
o such that for every 7 € R and U, € Cy there exists a V;, € M,
with

1S(t, 7)U, — S(t,7)Vilc, < Ke 7t
fort > 7 and K = K(1,U;) > 0.

From now on, we frequently use the following notations:

Avar + Ay a1~ A
A HETT
_ Nye?” _ Nae?” o
= A, o= T A, £i= f 4 b,

with
dj(t) = So(t)ﬂaN:_ll/2 maX{ 17 # }7
€ — UN+1
and A1v, N1, Ny are given in Definition below.
The main result of this paper is the following
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THEOREM 1.1. Let Hypotheses A and B hold. If for some integer N we
have €2 > pny1, £ < 1, and
(1 +1)
1
then the process S(t,T) associated to problem possesses an inertial
manifold M = { M;}icr.

REMARK 1.1. It is easy to check that when 0 < o < 1/2, condition
(1.12) is fulfilled if the following two conditions hold:

(1.12) 5 Fo<,

(i) the spectral gap Ay | — Ay is sufficiently large,
(ii) the norm
t

—1/2 HN+1
| A1) 00 = /‘?VH/ max{l, N + } - sup S o(s)ds
€ — UN+1 teR 74

is sufficiently small.

The plan of the paper is as follows. In Section 2, for the convenience of the
reader, we recall some background material on admissible function spaces. In
Section 3, using a slightly modified version of the Lyapunov—Perron method,
we give the construction of the inertial manifold and establish some of its
properties. In the last section, we give an example to illustrate the result
obtained.

2. Admissible function spaces. Denote by B the Borel algebra and
by A the Lebesgue measure on R. The space Lj oc(R) of real-valued locally
integrable functions on R (modulo A-nullfunctions) becomes a Fréchet space
for the seminorms p,(f) :={, [f(t)|dt, where J, = [n,n+1] for each n € Z
(see [I5, Chapter 2, §20]). We can now define Banach function spaces as
follows.

DEFINITION 2.1. A normed vector space E of real-valued Borel-measur-
able functions on R (modulo A-nullfunctions) is called a Banach function
space (over (R, B, \)) if

(i) E is a Banach lattice with respect to the norm || - ||, i.e., (E,| - ||g)
is a Banach space, and if ¢ € F and % is a real-valued Borel-
measurable function such that |¢(-)| < |¢(+)| A-a.e, then ¢ € E and
1)z < gl

(ii) the characteristic functions y4 belong to E for all A € B having
finite measure, and supep [|X[t,+1)l|2 < oo and infyer [|x[t,¢+1) [ 2> 0;

(ili) E <= L1,10¢(R), i.e., for each seminorm p, of L1 1oc(R), there exists
a number 3, > 0 such that p,(f) < 8,1 fllg for all f € E.
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We remark that condition (iii) in the above definition means that for
each compact interval J C R, there exists a number S; > 0 such that

§1f@®)]dt < Byl flle for all f € E.
We now introduce the notion of admissibility.

DEFINITION 2.2. The Banach function space FE is called admissible if

(i) there is a constant M > 1 such that for every compact interval
[a,b] C R we have

b
Vlo()ldt <
a
(ii) for any ¢ € E, the function A;¢ defined by A1p(t) := Si_l o(s)ds
belongs to F;
(ili) E is T -invariant and T -invariant, where T and T~ are defined,
for 7 € R, by

M(b—a)

HX[ b]||E lollz  for all p € E;
a,

Trot) =@t —71) forteR,
T o(t) :=p(t+7) forteR.

T

Moreover, there are constants Nj, No such that [|[T7]] < N; and
T || < Ns for all T € RT.

EXAMPLE 1. Besides the space L,(R), 1 < p < oo, and the space

~

M(R) := {f € L oe(R) : sup | 17(s)1ds < oo}
teR ,~4

endowed with the norm || f||as := sup;er SLI |f(s)| ds, many other function
spaces occurring in interpolation theory, e.g. the Lorentz spaces L, , 1 <
p < oo, 1 < q < oo (see [4, Theorem 3, p. 284]), and, more generally,
rearrangement invariant function spaces over (R,B,)\) (see [14, 2.a]) are
admissible.

REMARK 2.1. If E is an admissible Banach function space, then £ —
M(R). Indeed, put § := supseg [|X[t,+1)/lz > 0 (see Definition . Then,
from Definition 2.2] we derive

‘ M
| le(s)]ds < FHQOHE forall t € R and ¢ € E.
t—1
Therefore, if ¢ € E, then ¢ € M(R) and ||¢|lp < (M/B)|l¢l|lE, so E —
M(R).

We now collect some properties of admissible Banach function spaces
(see [15, 23.V.1]).
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PROPOSITION 2.1. Let E be an admissible Banach function space. Then
the following assertions hold:

(i) Let ¢ € L1 10c(R) be such that ¢ > 0 and A1p € E, where Ay is as
in Definition[2.2, For o > 0 define functions ALy and Allp by
t
Aot = | ot )p(s) ds,

AL(t) == S e 76 () ds.
t
Then Alp and Allp belong to E. In particular, if sup,cg Si_l o(s)ds
< 0o (this will be satisfied if p € E, see Remark;, then ALy and
Ay are bounded. Moreover,

No
1—e©

N

Ayl <
where the constants N1, Na are defined in Definition [2.2]

(ii) E contains all exponentially decaying functions ¥(t) = e~ for
t € R and any fized constant o > 0.

(i) E contains no exponentially growing function f(t) := e’ fort € R
and any fized constant b > 0.

141¢lle  and || A7¢]o0 <

[ 416l oo

3. Proof of the main result

3.1. Integral equation for determination of an inertial manifold.
We rely on a version of the Lyapunov—Perron method presented in [6] for
the nonretarded case. For 7 € R we introduce the space

Cor = {V € Cll=00.7i1) : [VI7 = sup eIV (1)] < oo},
’ te(—o0,T]
which is a Banach space endowed with the norm |- |7. For V € C, . and
p € PH, we consider the integral equation

(3.1) V(p)t) = T(V,p)®),
where T (V,p)(t) is the map defined by
T(V,p)(t) =e "Hp+ | G(t,9)B(s, Vi) ds

for all t < 7, and Vj is an element from Cy defined by Vi(0) = V(s +0) for
all 6 € [—r,0].

Equation (3.1) is called the Lyapunov—Perron equation; it will be used
to determine an inertial manifold for ([1.2]). Our construction of the inertial
manifold is based on the fact that, for suitable o, a function V' € C; , is a
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solution of if and only if V is a fixed point of 7. The idea then is to
prove that for suitable o, the map 7 is well-defined from C; . x PH into C, .,
and is a strict contraction in C, , uniformly in PH. Hence, for each p € PH,
there exists a unique V' € C, . such that T(V,p) = V(p); in other words,

there will be a map V' : PH — C, . such that 7(V,p) = V(p). We can then
define a map @, : PH — QC’H which gives the inertial manifold by

G (p)(0) = | G(r+0,5)B(s, Vi) ds = V(p)(T+0) — e *p

—00

for all 6 € [—r,0].
3.2. Construction of an invariant manifold
LEMMA 3.1. We have T : C, . x PH — C, . provided 0 = (A\y+Ay,1)/2.

Proof. Take V € C, . and p € PH. From Lemma we have
1B(t, Vi)| < ¢(t) +¢(t) sup [V (t+0)|
0e[—r,0]
<o) +P(t)e”Te ) sup IV (¢ 4 0)
0e[—r,0]

< p(t) + ()™ e DV

<P ()e” e (L V),
where *(t) = max{¢(t), 9 (t)}, for all t < 7. From (3.1]), we have

EINTVp)(0)] < DG - lpl + T T (G5 - 1B(s, Vi) ds

<e M lp 4+ | UG 8) [t (s) ds - e (1 V)

N1+ Ny « or -
< |pl+ ﬁn/lﬂﬁ oo™ (1 +[V]5).
This implies that |7 (V,p)|; < co. Here, we have used the estimates
(32) | NG, s)|wr(s)ds < | e Moly(s) ds
t T
< S e Py (s) ds + S e P y*(s) ds
—0o0 t
N1 % N2 *
< A oo + T A1 e

The continuity of ¢t — T (V,p)(t) from (—oo, 7| into H can be proved in
the same way. Indeed, assume that ¢1,ty € (—o0, 7] and ¢; < t2. It is evident
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T

(33)  T(V,p)(ta) = e Ap— | e (2=4PB(s,V,) ds

to
to
+ S e~ 2=9AQB(s, V;) ds

t1 T
= e_(tz—tl).Ae—tLAp o e—(tg—tl).A< S + S )6_(t1_S)AP6(S, V.S) ds

to t1
t1 t2

4 e—(tzftl)A( S + S )ef(tlfs)AQB(s, Vs) ds
—0o0 t1 t
_ e_(tZ_tl)AT(V, p)(t1) + S 6_(t2_S)AB(57 Vs) ds.
t1

We see that if to — t1, then
T(V.p)(t1) — e TDAT(V, p) (t1)] = 0.

Therefore, it is sufficient to estimate the second term on the right-hand side

of (3.3)). Equation (1.9)) implies that

to t2 to
S(mﬁ%@vtﬂ< M (229)|B(s, V)| ds < | ds max [B(s, V})]
B o i SE€[t1,t2]

< (te —t1) max |B(s, V)],

sE[tl,tQ

which converges to 0 as ta — t1. Thus, T(V,p) € C,,, which shows that
T (V,p) is well-defined as a map from C,, x PH into C, ,. =

LEMMA 3.2. Assume that the conditions in Theorem [L1] hold. Then for
any fired T € R and any p € PH, there exists a unique function V(p) € C, ,
satisfying the integral equation for allt € (—oo, 7] with PV (p)(7) = p.
Moreover,

(3-4) Vp)l; <oo, V(D)= V(@l; <(1-07 p—dl,
where £ < 1.

Proof. Take U,V € C, . and p,q € PH. By Lemma forall t <,
[B(t,Up) = B(t, V)| < d(t)e”e "I — V.
From (3.1) we have
"IN T (U, p)(t) — T(V,q)(1)]

< UG ) |p—al + 77 ) (G 8)|IB(s,Us) = Bs, Vo)l ds

— 00
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T

<e M Op—gl+ | e IG5 |(s) ds - eTU ~ V]

<lp—ql+4U-V|,.
Therefore,
(3.5) T(U,p) =TV, 0l <lp—al+4U-V|,,

which implies that 7 is a strict contraction in C, ., uniformly in PH (if
p = q). Therefore, there exists a unique fixed point V(p) = T (V,p), which
is the unique solution of the integral equation .

Using and the fact that V(p) = T(V.p), V(¢) = T(V,q), we have

Vip) = VD, <lp—al+4V(p) = V(g
Hence,
V) -Vl <1 -0 p—q|. =
Lemma enables us to define a collection {M;}er of manifolds by
Me = {p(8) +D4(p)(6) : D(6) € POu} C Oy,
where p = p(0), and
t

(3.6) Gi(p)(0) = | G(t+6,9)B(s, V) ds

for all 6 € [—r,0]. Here V4(0) = V(s +0), 6 € [—r,0] and V(s) = V(p)(s) is
the solution to (3.1) for all s < t. Some properties of the manifolds M; and
the function @;(p)(0) are given in the following assertion.

PROPOSITION 3.1. Assume that the conditions in Theorem [L1] are sat-
isfied. Then the collection M = {M;}icr has the following properties:

(i) My is a Lipschitzian surface and

|P1(p) — Pe(q)loy, < Lalp— 4
for all p,q € PH and t € R, where g = Le®" /(1 —1).
(il) M is invariant with respect to S(t, 1), i.e., S(t, 7)) M, = M;.
Proof. Take p,q € PH. For 0 = (Ay,; +Ay)/2 and all 6 € [, 0], from
(3.6) and (3.4)), we have

(3.7 [@:(p)(0) = 2u(@)(O) < | 1G(t +0,9)] - |B(s, Vi(p)) — B(s, Vi(a))| ds
< | eG4+ 0,5)|¢(s) ds - 7V (p) = V()|

—00
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t
< e | T H09|G(t 10, 5) (s ds

or

—00
—of —of
e N1 +N2 le
< A ar —q|.
ST 1 e Ml - €p —dl = TP —dl

Hence,

or

Bp) ~ Pua)lcy = sup [BD)(0) ~ Da)(O)] <+ lp — al.
0e[—r,0]

We now prove (ii). To do this, let U be a solution of problem (1.2 with
initial datum U, € M., i.e., U;(0) = p(0) + P-(p(0))(0), where p € PCy,.
We have to prove that Uy = S(t,7)U, € M;.

Fix t € [1,00) and define a function W (t) on (—oo, t] by

W(s) = { U(s) for s e |[r,t],
V(s) forse (—oo T]
where V(s) = V(p)(s) is the unique solution of ( with p = p(0). From
(3.5)), since p(0) = e %“p = p, we have

740 T
@, (p(0))(0) = S e~ TH=)AQB(s, V,) ds — S e TH=)APB(s, V,) ds
—00 T+60

Hence, for all t € [t — 7, 7], we have § =t — 7 € [—r,0] and

U(t) = U(r + 0) = U-(0) = p(0) + 9-(p(0))(0)

T+0 T
— e 4p(0) + | e THIAQB(s, V) ds — | e THTIAPB(s, V) ds
—00 740
t t
= e~ =DA5(0) + [ e IBPB(s, Vi) ds + | e U mIBQB(s, Vi) ds.

For all t > 7, (1.8) implies that

(3.8)  U®) =e “DAUL(0) + \ e 4B (s,U,) ds

|~]L/wﬂ-

= e_(t_T)Aﬁ(O) +e
¢

t
+ e IAPB(s, U) ds + | e AQB(s, Us) ds

T

(=" 4p(5(0))(0)

(t T)A (0)+6 (t—1)A S e~ T_S)BQB(S,VS) ds

—00
t t

+ ) e = APB(s,U;) ds + | e AQB(s, Uy) ds

T T
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t
p(0) + S e~ =APB(s, W) ds

T

+ S e~ t=AQB(s, W) ds.
So, we obtain
t
(3.9) U(t) =e ""74p(0) + | e IAPB(s, W) ds

T

+ S e~ =DAQB(s, W) ds
forallt > 7 —r. B
Now, for all t > 7, it follows from ({3.9)) that
(3.10) (PU,)(0) = e %A PU(2)
t
= e HI=TAL0) 4 ¢70A S e U=DAPB(s, W) ds

T

for all § € [—r,0], and

QUL(0) = Uy(9) — (PUL)(6)
t+0
_ 6_(t+0_T)Aﬁ(0)+ S 6_(t+0_S)APB(S,W5) ds
v !
+ S e~ =940 B (s, W,) ds

—00
t

_ 67(t+977—)Aﬁ(0) _ Sef(tJrGfs)APB(& Ws) ds

T

t+6 t+0

= | e H94PB(s, W) ds + | e HI94QB(s, W) ds
t —00

= &,(PU(1))(0).

Therefore, in order to prove U; € My, it is sufficient to check that the
function W(-) is a solution of (3.1) with p = PU(t) and s < ¢. Let us do

this. From (3.1]) and (3.9) we have

(3.11) W(s) = e”C=4p(0) + | e =IAPB(r, W) dr

+ | e QB W) dr

—0o0
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for all s <t. Equation (3.10]) implies
t

p(0) = e"THAPU(t) — T e CIAPB(r, W) dr,

T

hence
t
e (TTAp(0) = e CTIAPU(t) — | e CTIAPB(r, W) dr.
From ({3.11]) we get

W(s) = e DAPU(t) + S e~ TIAPB(r, W) dr
t

+ S e~ TIAQB(r, W) drr
This implies that W (-) is a solution of (3.1) with p = PU(¢) and s < ¢. So
we have proved that U(t,7) M, C M. R
Conversely, if U; € M,, there exists p € PCyx such that

Uy(0) = p(9) + B:((0))(0) = e p(t) + B4(p(1)) () = V (p(1))(t + 0)

for all 6 € [—r,0]. For a given p(t) there exists a function V' (s) = V(p(t))(s)
which is a solution of (3.1)) with p = p(¢) and s < t. So, we obtain

V(s) —e*@*TMV( )
= )+ Se s APB (r, V) dr + S e_(s_r)AQB(r,Vr) dr
t

—00

_ (A [e<rt)Ap(t) + e AP, V) dr]
t

e A e AQB(r, V) dr
— Se—(S—T)APB(,r, W) d'l" + S e_(S_T)AQB(Ta ‘/T) dT‘
¢ —00
t T
+§emCIAPB(r V) dr — | e CTIAQB(r, V) dr

T —00

ef(sfr)APB(r, V) dr + S ef(sfr)AQB(r, V,)dr

T

NV N e

e TIAB(r, V) dr forall T < s <t
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Hence,
S

V(s) = e AV(0) + [ e 4B, V2) dr.
This implies that V(+) is a solution of problem (|1.2)) with the initial datum
V: = V(p(t))(7). Therefore, Vs = S(s,7)M;, i.e., My C S(¢,7)M,. Thus,
S(t,T)MT = Mt. | ]

3.3. Asymptotic completeness. In this subsection, we show that the
collection { M, }cr determined as in the previous subsection has the prop-
erty of exponential uniform attraction and hence is an inertial manifold for
problem ([L.2). More precisely, Proposition below states that {M,;} is an
exponentially asymptotically complete inertial manifold, i.e., for any solution
Uy = S(t,7)U, there exists a solution U; = S(¢,7)U* lying in the manifold
(i.e. UF € M, for all t > 7) such that

\Us — Uf|cy, < Ce = 5>0,t>T.

In this case, the solution U*(t) is called an induced trajectory for U(t) on
the manifold {M;}. In particular, the existence of such induced trajecto-
ries means that the solution to the original infinite-dimensional problem

(1.2) can be naturally associated to the solution of the system (3.1))—(3.3) of
ordinary differential equations.

PROPOSITION 3.2. Assume that the conditions in Theorem [l hold.
Then the collection { M }icr of manifolds given by formula is the in-
ertial manifold for problem . Moreover, for any solution Uy = S(t, 7)Us,
there exists an induced trajectory U = S(t,7)U* such that U} € My for
t> 71 and

U = Utley, < (1= 08)7H - (PU-(0)) — (I — P)Uy|c, e 707,

Proof. We will find the induced trajectory in the form U*(t) = U(¢t) +
W (t) with

(3.12) W|F = sup e“CI|W(t)] < co.

t>T—r
For simplicity of presentation we put
F(t, W) = B(t, Uy + W) — B(t, Uy),
and set

ch, = {v e O([r — r00) M) sup 2T DV ()] < oo}

t>T—r

endowed with the norm | - |1 defined as in (3.12)).
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Since U and U™ are solutions of ([1.2), for ¢ > 7 one has

t
(3.13) W(t) = e”DAQW (1) + | e U=IAQF (s, W) ds

T
o

- S e U=DAPF (s, W) ds.
t

This gives for all § € [—r,0],
(3.14) (PW,)(0) = e *APW,(0) = e *APW (1)

= 04 S e TIAPF (s, W,) ds

T

=— | e TP F(s, W) ds.

T

Since by definition of an induced trajectory, U’ = U, + W, € M, we have
(I = P)(Ur + W,)(0) = &-(P(U- + W, )( )(0)

s ( Se =) ApF(s, W)ds)(e)

T

Hence

A~

(3.15) (I — P)W,(6)

—(I - P)U(0) + (PU Ogoe (r=9Ap £ (s, W, )ds) 0).

So, (3.14]) and (3.15)) give the formula for W,(6), 6 € [—r,0]:

(3'16) WT(H) - (I - P)WT(H) + (PWT)(H)

—(I - PYU,(0) + &, (PUT(O) - ?e**s)APf(s, W) ds) )

— | em =D APF (s, W) ds.

T

Now, we define the map 7 : ;. — C}_ given by the right-hand side of (3.13)
and (3.16)). Our goal is to prove that 7 is a contraction in the space C;,
Indeed, for W(-) € C ., we have

[F(t, W)l < d(t)e” e 7D |WE,

therefore we can estimate for all ¢t > 7 — r. For ¢ € [t — r, 7], noting that
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0 € [-r,0] and t = 7 + 6, we have

COITW)()] = e W (0))
Se""!@ (PU(0))(6) = (I = P)U-(8)]

+

( Se T=)ApF(s W)ds)(e) &, (PU,(0))(0)

T

+ 609

| e C+0-94pF(s, W) ds’

< |B,(PUL(0)) — (I — P)Ur|cy,

—o0 |
o0l [ e C94PF(s, W) ds‘

+e 11—

T

+ 600

OSO e TH=)AP F(s, W) ds‘

< |$,(PUL(0)) — (I — P)Us|cy,

—of
o0 fe

+e f

Secrre—A N(T— S)GU(T_S)Q/)(S) d8)|W|j

+ e S eare—)\;,(T-l—G—s)eJ(T—s)w(S) ds‘]W]:

< ’@T(PUT(O)) - (I P)U ’CH
¢ 0 or T—8 +
+ (H—l—e“ )‘ [ eorerm=l(s) ds(\W\
< [0, (PUL(0)) = (1 = P)Uy oy + ( 1ywm;
< |®7(PUL(0)) = (I = P)Urlcy, +
From (3.16)), we deduce that
A le
|QWT(0)| < |@T(PUT(O)> - (I - P)UT‘C'H + 1—¢
So, (3.13) and the last inequality show that for all ¢ > 7,
DT (1)
< e M IQW (r)| 4 e WIE | TGt 5)] - (s) ds

LWL

T

< e H(t=T) (\QST(PUT(O)) — (I - P)Uy|c,, + 151652\W!:) + Wy

. 14
< 0. (PULO) — (1= PJUr oy + (2 +1) W
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It follows that (TW)(-) € Cf,, and
(B17)  [TWIE <[ (PUS(0) — (I — P)Urlcy, + 32

where 6 = l5(1 + ¢)/(1 — £) + £. Therefore, the transformation 7 acts from
C, into itself.

We take W1, W? € Cf ., and use the fact that
F(t. W) = F(&, W)l < w(t)e” e Wt — w2 T
to obtain for § € [-r,0], t =7 + 0,
14

(3.18) TEDTWhH () — (TW)(1)] < 7

|VV1 - W2 ;—7
and for ¢ > 7,
(3.19) e CITW () —(TW?) (1) < QW (7) =W (7)) [+ W' = W2

We deduce from (3.16]) and (3.7) with # = 0 that

QW (7) = WA(r)| < ol W — W2,
Therefore,
TW! —TW? | < Wt — w2t
Hence, if
o 62(1 =+ 6)
0= 1—¢ +4<1,

then 7 : C;, — C}, is a contraction. Thus, there exists a unique W(-) € C},
such that 7W = W. By the definition of 7, W(:) is the unique solution in

C, of equations (3.13) and (3.16)) for t > 7 —r. Also using (3.17)) we obtain
W13 < (1= 6)"Y2-(PU-(0)) = (I = P)U-lcy,.

Furthermore, by determination of W, we obtain the existence of the solution
U*=U+ W to (1.2) such that U; € M, for t > 7, and U* satisfies

U7 (6) = U(O)| = [W(t +6)| < e 7T |W L
< (1= 68, (PU(0)) — (I — P)Uy |yt
for all t > 7 and 0 € [—r,0]. Hence,

UF = Uile,, < (1= 68)" Y@, (PU-(0)) — (I — P)Ur|c,,e 7). u
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4. An example. Consider the following Cauchy—-Dirichlet problem for
the semilinear damped wave equation with delay:
(4.1)

d%u 0%u

ou ou
w(m,t} + 2ea(m,t) = W(x,t) + f(x,t,u(m,t —r), %(x,t — r)),
O<z<mt>r,
u(0,t) = u(m,t) =0, t>r,

\U(ZE,T—}— 0) = ¢1(x,0), %(wm) =¢o(x), O<z<m —1r<60<0,

where r is a positive real number, ¢ and ¢9 are given initial functions, and
f RxR xR xR — R is a continuous function such that

(42)  [flz,tur, &) — f(z,t,u2, &) < 1 (t)(Li|ur — uo| + Lol — &)
for all z € [0,7], ¢t > 7, and

S [f<m7t7070)]2 dr < [L3902(t)]27

0
where L;, j = 1,2,3, are nonnegative numbers, and ¢1, 92 belong to an
admissible function space FE.

We choose the Hilbert space H = L?(0,7) and consider the operator
A: H — H defined by

62
Au = —671; with  D(A) = HL(0,7) N H2(0, 7).
x
Then A is a positive operator with discrete point spectrum

2 52 2
19,2, ....n% . ...

Note that D(AY2) = H}(0, 7).
Let B: R x Cy/p — H be defined by

B(t,u)(x) = f(x,t,ut(—r)(x), W(m)), uy € Cyyg, v € [0, 7).

Then B is well-defined because f is continuous. Since for all ut, v € Cy 9,
' Oue(=r)  Ouy(=r)
ox ox
[ue(—r) — vp(—=r)[|* < JAY2 (ue(—7) — ve (=) ||* < Jug — VelE 0
the mapping B satisfies
1B(t,ue) — B(t, v)[| < @1(8) (L1 + La)|ue — vilcy

1Bt u)|l < o1(8)(L1 + Lo)|utlc, , + Lapa(t),

2
= 1A () - ) <
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for all ¢ € R and u¢, vy € Cyo. Therefore, B is ¢-Lipschitz with

@(t) = max{(Ly + La2)p1(t), Lzpa(t)}.

Hence, for each initial data, problem (4.1)) has a unique mild solution u(t).
Thus, we can define a process associated to problem (4.1)), which has an
inertial manifold if the condition (1.12) is fulfilled.

In particular, if N = Na (this assumption holds, for example, in the
case where p(t) = L does not depend on time t), we have ¢; = lo = (/2.

Then (1.12)) becomes
((1+7)

+Y i
a0 b

that is,

< 5_2\/ﬁ (since ¢ < 1).
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