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Non-trivial solutions for a two-point boundary value problem

by G. A. Afrouzi (Babolsar), A. Hadjian (Babolsar)
and S. Heidarkhani (Kermanshah and Tehran)

Abstract. We prove the existence of at least one non-trivial solution for Dirichlet
quasilinear elliptic problems. The approach is based on variational methods.

1. Introduction. We investigate the existence of at least one non-trivial
weak solution to the quasilinear elliptic problem

(1.1)

{
−u′′ =

[
λf(x, u) + g(u)

]
h(x, u′) in (0, 1),

u(0) = u(1) = 0,

where λ is a positive parameter, f : [0, 1] × R → R is an L1-Carathéodory
function, g : R → R is a Lipschitz continuous function with Lipschitz con-
stant L > 0, i.e.,

|g(t1)− g(t2)| ≤ L|t1 − t2|
for all t1, t2 ∈ R, with g(0) = 0, and h : [0, 1] × R → [0,+∞) is a bounded
and continuous function with m := inf(x,t)∈[0,1]×R h(x, t) > 0.

Motivated by the fact that such problems are used to describe a large
class of physical phenomena, many authors looked for existence of solutions
for second order ordinary differential non-linear equations.

In this paper, we generalize the results obtained in [4] with g ≡ 0 and
h ≡ 1 (see Remark 3.9). Our analysis is mainly based on a recent critical
point theorem of Bonanno [1], contained in Theorem 2.1 below. This theo-
rem has been used in several works in order to obtain existence results for
different kinds of problems (see, for instance, [2, 3, 4, 6, 7, 8, 11]).

As an example, we state here the following special case of our results.

Theorem 1.1. Let f : R → R be a non-negative continuous function
such that

16

5�

0

f(x) dx < 25

1�

0

f(x) dx.
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Then, for each

λ ∈
]

10	1
0 f(x) dx

,
15	5

0 f(x) dx

[
,

the problem {−u′′ + u = λf(u) in (0, 1),

u(0) = u(1) = 0

admits at least one positive classical solution ū such that |ū(x)| < 5 for all
x ∈ [0, 1].

2. Preliminaries. Our main tool is the Ricceri variational principle [13,
Theorem 2.5] as given in [1, Theorem 5.1] which is recalled below (see also
[1, Proposition 2.1]).

For a given non-empty set X, and two functionals Φ, Ψ : X → R, we
define

β(r1, r2) = inf
v∈Φ−1(]r1,r2[)

supu∈Φ−1(]r1,r2[) Ψ(u)− Ψ(v)

r2 − Φ(v)
,

ρ(r1, r2) = sup
v∈Φ−1(]r1,r2[)

Ψ(v)− supu∈Φ−1(]−∞,r1[) Ψ(u)

Φ(v)− r1
for all r1, r2 ∈ R with r1 < r2.

Theorem 2.1 ([1, Theorem 5.1]). Let X be a reflexive real Banach space;
Φ : X → R be a sequentially weakly lower semicontinuous, coercive and con-
tinuously Gâteaux differentiable function whose Gâteaux derivative admits
a continuous inverse on X∗; and Ψ : X → R be a continuously Gâteaux
differentiable function whose Gâteaux derivative is compact. Assume that
there are r1, r2 ∈ R, with r1 < r2, such that

β(r1, r2) < ρ(r1, r2).

Then, setting Iλ := Φ − λΨ , for each λ ∈ ]1/ρ(r1, r2), 1/β(r1, r2)[ there is
u0,λ ∈ Φ−1(]r1, r2[) such that Iλ(u0,λ) ≤ Iλ(u) for all u ∈ Φ−1(]r1, r2[) and
I ′λ(u0,λ) = 0.

Let f : [0, 1]× R→ R be an L1-Carathéodory function, g : R→ R be a
Lipschitz continuous function with Lipschitz constant L > 0, i.e.,

|g(t1)− g(t2)| ≤ L|t1 − t2|
for all t1, t2 ∈ R, and g(0) = 0, and h : [0, 1] × R → [0,+∞) be a bounded
and continuous function with m := inf(x,t)∈[0,1]×R h(x, t) > 0.

We recall that f : [0, 1]× R→ R is an L1-Carathéodory function if

(a) x 7→ f(x, ξ) is measurable for every ξ ∈ R;
(b) ξ 7→ f(x, ξ) is continuous for almost every x ∈ [0, 1];
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(c) for every ρ > 0 there is a function lρ ∈ L1([0, 1]) such that

sup
|ξ|≤ρ
|f(x, ξ)| ≤ lρ(x)

for almost every x ∈ [0, 1].

Corresponding to f, g and hwe introduce the functions F : [0, 1]× R→R,
G : R→ R and H : [0, 1]× R→ [0,+∞) as follows:

F (x, t) :=

t�

0

f(x, ξ) dξ, G(t) := −
t�

0

g(ξ) dξ,

H(x, t) :=

t�

0

( τ�

0

1

h(x, δ)
dδ

)
dτ,

for all x ∈ [0, 1] and t ∈ R.
Throughout, we let M := sup(x,t)∈[0,1]×R h(x, t) and suppose that the

Lipschitz constant L > 0 of g satisfies the condition LM < 4.
Let X be the Sobolev space W 1,2

0 ([0, 1]) equipped with the norm

‖u‖ :=
( 1�

0

|u′(x)|2 dx
)1/2

.

We say that a function u ∈ X is a weak solution of problem (1.1) if

1�

0

( u′(x)�

0

1

h(x, τ)
dτ

)
v′(x) dx− λ

1�

0

f(x, u(x))v(x) dx−
1�

0

g(u(x))v(x) dx = 0

for all v ∈ X. By standard regularity results, if f is continuous in [0, 1]×R,
then weak solutions of problem (1.1) belong to C2([0, 1]), thus they are
classical solutions.

For other basic notations and definitions, we refer the reader to [5, 10,
14, 16].

3. Main results. Put

A :=
4− LM

8M
, B :=

4 + Lm

8m
,

and suppose that B ≤ 4A.
Given a non-negative constant c1 and two positive constants c2 and d

with c21 < 8d2 < c22, put

a(c2, d) :=

	1
0 sup|t|≤c2 F (x, t) dx−

	3/4
1/4 F (x, d) dx

Bc22 − 8Bd2
,

b(c1, d) :=

	3/4
1/4 F (x, d) dx−

	1
0 sup|t|≤c1 F (x, t) dx

8Bd2 −Ac21
.
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We formulate our main result as follows.

Theorem 3.1. Assume that there exist a non-negative constant c1 and
two positive constants c2 and d with c21 < 8d2 < c22 such that

(A1) F (x, t) ≥ 0 for all (x, t) ∈ ([0, 1/4] ∪ [3/4, 1])× [0, d];
(A2) a(c2, d) < b(c1, d).

Then, for each λ ∈ ]1/b(c1, d), 1/a(c2, d)[, problem (1.1) admits at least one
non-trivial weak solution ū ∈ X such that

A

B
c21 < ‖ū‖2 <

B

A
c22.

Proof. Our aim is to apply Theorem 2.1 to our problem. To this end, for
each u ∈ X, we define Φ, Ψ : X → R by

Φ(u) :=

1�

0

H(x, u′(x)) dx+

1�

0

G(u(x)) dx,

Ψ(u) :=

1�

0

F (x, u(x)) dx,

and put

Iλ(u) := Φ(u)− λΨ(u), u ∈ X.
It is well known that Φ and Ψ are well defined and continuously differen-
tiable functionals whose derivatives at the point u ∈ X are the functionals
Φ′(u), Ψ ′(u) ∈ X∗ given by

Φ′(u)(v) =

1�

0

( u′(x)�

0

1

h(x, τ)
dτ

)
v′(x) dx−

1�

0

g(u(x))v(x) dx,

Ψ ′(u)(v) =

1�

0

f(x, u(x))v(x) dx

for every v ∈ X. Also, the functionals Φ and Ψ satisfy all regularity as-
sumptions imposed in Theorem 2.1 (for more details, see the proof of
[9, Theorem 2.1]). Note that the weak solutions of (1.1) are exactly the
critical points of Iλ.

Since g is Lipschitz continuous and satisfies g(0) = 0, while h is bounded
away from zero, the inequality

(3.1) max
x∈[0,1]

|u(x)| ≤ 1

2
‖u‖ for all u ∈ X

(see, e.g., [15]) yields for any u ∈ X the estimate

(3.2) A‖u‖2 ≤ Φ(u) ≤ B‖u‖2.
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Now, put

r1 := Ac21, r2 := Bc22, w(x) :=


4dx if x ∈ [0, 1/4[,

d if x ∈ [1/4, 3/4],

4d(1− x) if x ∈ ]3/4, 1].

It is easy to verify that w ∈ X and, in particular,

‖w‖2 = 8d2.

So, from (3.2), we have

8Ad2 ≤ Φ(w) ≤ 8Bd2.

From the condition c21 < 8d2 < c22, we obtain r1 < Φ(w) < r2. Since B ≤ 4A,
for all u ∈ X such that Φ(u) < r2, taking (3.1) into account, one has
|u(x)| < c2 for all x ∈ [0, 1], which implies

sup
u∈Φ−1(]−∞,r2[)

Ψ(u) = sup
u∈Φ−1(]−∞,r2[)

1�

0

F (x, u(x)) dx ≤
1�

0

sup
|t|≤c2

F (x, t) dx.

Arguing as before, we obtain

sup
u∈Φ−1(]−∞,r1])

Ψ(u) ≤
1�

0

sup
|t|≤c1

F (x, t) dx.

Since 0 ≤ w(x) ≤ d for each x ∈ [0, 1], assumption (A1) ensures that

1/4�

0

F (x,w(x)) dx+

1�

3/4

F (x,w(x)) dx ≥ 0,

and so

Ψ(w) ≥
3/4�

1/4

F (x, d) dx.

Therefore,

β(r1, r2) ≤
supu∈Φ−1(]−∞,r2[) Ψ(u)− Ψ(w)

r2 − Φ(w)

≤

	1
0 sup|t|≤c2 F (x, t) dx−

	3/4
1/4 F (x, d) dx

Bc22 − 8Bd2
= a(c2, d).

On the other hand,

ρ(r1, r2) ≥
Ψ(w)− supu∈Φ−1(]−∞,r1]) Ψ(u)

Φ(w)− r1

≥

	3/4
1/4 F (x, d) dx−

	1
0 sup|t|≤c1 F (x, t) dx

8Bd2 −Ac21
= b(c1, d).
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Hence, from assumption (A2), one has β(r1, r2) < ρ(r1, r2). Therefore, from
Theorem 2.1, for each λ ∈ ]1/b(c1, d), 1/a(c2, d)[, the functional Iλ admits
at least one critical point ū such that

r1 < Φ(ū) < r2,

that is,
A

B
c21 < ‖ū‖2 <

B

A
c22,

and the conclusion is achieved.

Now, we point out an immediate consequence of Theorem 3.1.

Theorem 3.2. Assume that there exist two positive constants c and d
with 2

√
2d < c such that assumption (A1) in Theorem 3.1 holds. Further-

more, suppose that

(A3)

	1
0 sup|t|≤c F (x, t) dx

c2
<

1

8

	3/4
1/4 F (x, d) dx

d2
.

Then, for each

λ ∈
]

8Bd2
	3/4
1/4 F (x, d) dx

,
Bc2	1

0 sup|t|≤c F (x, t) dx

[
,

problem (1.1) admits at least one non-trivial weak solution ū ∈ X such that
|ū(x)| < c for all x ∈ [0, 1].

Proof. The conclusion follows from Theorem 3.1, by taking c1 = 0 and
c2 = c. Indeed, owing to assumption (A3), one has

a(c, d) =

	1
0 sup|t|≤c F (x, t) dx−

	3/4
1/4 F (x, d) dx

Bc2 − 8Bd2

<
(1− 8d2/c2)

	1
0 sup|t|≤c F (x, t) dx

B(c2 − 8d2)
=

1

Bc2

1�

0

sup
|t|≤c

F (x, t) dx.

On the other hand,

b(0, d) =

	3/4
1/4 F (x, d) dx

8Bd2
.

Hence, taking assumption (A3) and (3.1) into account, Theorem 3.1 yields
the conclusion.

Let f : R → R be a continuous function. Put F (t) :=
	t
0 f(ξ) dξ for all

t ∈ R. We have the following result as a direct consequence of Theorem 3.1
in the autonomous case.

Corollary 3.3. Assume that there exist a non-negative constant c1 and
two positive constants c2 and d with c21 < 8d2 < c22 such that
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(A4) f(t) ≥ 0 for all t ∈ [−c2,max{c2, d}];

(A5)
F (c2)− 1

2F (d)

Bc22 − 8Bd2
<
F (c1)− 1

2F (d)

Ac21 − 8Bd2
.

Then, for each

λ ∈
]
Ac21 − 8Bd2

F (c1)− 1
2F (d)

,
Bc22 − 8Bd2

F (c2)− 1
2F (d)

[
,

the problem {
−u′′ =

[
λf(u) + g(u)

]
h(x, u′) in (0, 1),

u(0) = u(1) = 0

admits at least one non-trivial classical solution ū such that
A

B
c21 < ‖ū‖2 <

B

A
c22.

Proof. From the condition c21 < 8d2 < c22, we obtain c1 < c2. Therefore,
assumption (A4) means f(t) ≥ 0 for each t ∈ [−c1, c1] and f(t) ≥ 0 for each
t ∈ [−c2, c2], which implies

max
t∈[−c1,c1]

F (t) = F (c1), max
t∈[−c2,c2]

F (t) = F (c2).

So, the conclusion follows from Theorem 3.1.

Now, we point out a special situation of our main result when the non-
linear term has separated variables. To be precise, let α ∈ L1([0, 1]) be such
that α(x) ≥ 0 a.e. x ∈ [0, 1], α 6≡ 0, and let γ : R → R be a non-negative
continuous function. Consider the following Dirichlet boundary value prob-
lem,

(3.3)

{
−u′′ =

[
λα(x)γ(u) + g(u)

]
h(x, u′) in (0, 1),

u(0) = u(1) = 0.

Put Γ (t) :=
	t
0 γ(ξ) dξ for all t ∈ R, and set ‖α‖1 :=

	1
0 α(x) dx.

Corollary 3.4. Assume that there exist a non-negative constant c1 and
two positive constants c2 and d with c21 < 8d2 < c22 such that

(A6)
Γ (c2)‖α‖1 − Γ (d)

	3/4
1/4 α(x) dx

Bc22 − 8Bd2
<
Γ (d)

	3/4
1/4 α(x) dx− Γ (c1)‖α‖1

8Bd2 −Ac21
.

Then, for each

λ ∈
]

8Bd2 −Ac21
Γ (d)

	3/4
1/4 α(x) dx− Γ (c1)‖α‖1

,
Bc22 − 8Bd2

Γ (c2)‖α‖1 − Γ (d)
	3/4
1/4 α(x) dx

[
,

problem (3.3) admits at least one positive weak solution ū ∈ X such that

A

B
c21 < ‖ū‖2 <

B

A
c22.
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Proof. Put f(x, ξ) := α(x)γ(ξ) for all (x, ξ) ∈ [0, 1]×R. Clearly, F (x, t) =
α(x)Γ (t) for all (x, t) ∈ [0, 1]× R. Therefore, taking into account that Γ is
a non-decreasing function, Theorem 3.1 and the strong maximum principle
(see, e.g., [12, Theorem 11.1]) yield the conclusion.

An immediate consequence of Corollary 3.4 is the following.

Corollary 3.5. Assume that there exist positive constants c and d with
2
√

2d < c such that

(A7)
Γ (c)‖α‖1

c2
<

1

8

Γ (d)
	3/4
1/4 α(x) dx

d2
.

Then, for each

λ ∈
]

8Bd2

Γ (d)
	3/4
1/4 α(x) dx

,
Bc2

Γ (c)‖α‖1

[
,

problem (3.3) admits at least one positive weak solution ū ∈ X such that
|ū(x)| < c for all x ∈ [0, 1].

Proof. This follows directly from Theorem 3.2.

Remark 3.6. Theorem 1.1 in the introduction is an immediate conse-
quence of Corollary 3.5, on choosing g(u) = −u, h ≡ 1, c = 5 and d = 1.

Here, we point out another relevant consequence of Corollary 3.5.

Theorem 3.7. Assume that

(A8) lim
t→0+

γ(t)

t
= +∞.

Then, for each

λ ∈
]
0,

B

‖α‖1
sup
c>0

c2

Γ (c)

[
,

problem (3.3) admits at least one positive weak solution.

Proof. For fixed λ as in the conclusion, there is c > 0 such that λ <
Bc2/‖α‖1Γ (c). Moreover, assumption (A8) implies that limt→0+ Γ (t)/t2

= +∞. Therefore, there is d <
√
2
4 c such that

Γ (d)
	3/4
1/4 α(x) dx

8Bd2
>

1

λ
.

Hence, Corollary 3.5 implies the conclusion.

Remark 3.8. Taking (A8) into account, fix υ > 0 such that γ(t) > 0 for
all t ∈ ]0, υ[. Then, put

λυ :=
B

‖α‖1
sup
c∈]0,υ[

c2

Γ (c)
.
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Now, fix λ ∈ ]0, λυ[ and argue as in the proof of Theorem 3.7 to find c ∈ ]0, υ[

and d <
√
2
4 c such that

8Bd2

Γ (d)
	3/4
1/4 α(x) dx

< λ <
Bc2

‖α‖1Γ (c)
.

Hence, Corollary 3.5 ensures that, for each λ ∈ ]0, λυ[, problem (3.3) admits
at least one positive weak solution ū ∈ X such that |ū(x)| < υ for all
x ∈ [0, 1].

Remark 3.9. We would like to stress that our results generalize those
of [4]. In fact, we can consider problem (1.1) as a generalization of prob-
lem (Dλ) of [4]. Specifically, Theorem 3.1 improves Theorem 3.1 of [4].
Corollaries 3.4 and 3.5 provide extensions of Corollary 3.2 and Theorem 3.3
in [4], respectively. Theorem 3.7 and Remark 3.8 also extend Remark 3.9
and Theorem 3.8 in [4], respectively.

Finally, we present the following example to illustrate the result.

Example 3.10. Consider the problem

(3.4){
−u′′ = [λex(1 + e−u

+
u+(2− u+)) + u+](2 + x+ cosu′)−1 in (0, 1),

u(0) = u(1) = 0,

where u+ := max{u, 0}. Let α(x) = ex, γ(t) = 1 + e−t
+
t+(2− t+), g(t) = t+

and h(x, t) = (2 + x + cos t)−1 for all x ∈ [0, 1] and t ∈ R, where t+ :=
max{t, 0}. It is clear that limt→0+ γ(t)/t = +∞. Pick υ = 1. Hence, taking
Remark 3.8 into account, by applying Theorem 3.7, since B = 17/8, for
every λ ∈

]
0, 17

8(e−1)
e
e+1

[
, problem (3.4) has at least one positive classical

solution ū ∈ X such that ‖ū‖∞ < 1.

Acknowledgments. Research of S. Heidarkhani was supported in part
by a grant from IPM (No. 91470046).

References

[1] G. Bonanno, A critical point theorem via the Ekeland variational principle, Nonlin-
ear Anal. 75 (2012), 2992–3007.

[2] G. Bonanno, B. Di Bella and D. O’Regan, Non-trivial solutions for nonlinear fourth-
order elastic beam equations, Comput. Math. Appl. 62 (2011), 1862–1869.

[3] G. Bonanno and P. Pizzimenti, Neumann boundary value problems with not coercive
potential, Mediterr. J. Math. 9 (2012), 601–609.

[4] G. Bonanno and A. Sciammetta, An existence result of one nontrivial solution for
two point boundary value problems, Bull. Austral. Math. Soc. 84 (2011), 288–299.

http://dx.doi.org/10.1016/j.na.2011.12.003
http://dx.doi.org/10.1016/j.camwa.2011.06.029
http://dx.doi.org/10.1007/s00009-011-0136-6
http://dx.doi.org/10.1017/S0004972711002255


84 G. A. Afrouzi et al.
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