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On inhomogeneous self-similar measures
and their L? spectra

by PRzZEMYSLAW LiszkA (Katowice)

Abstract. Let S; : R? - R? for i = 1,..., N be contracting similarities, let (p1y--+,
pN,p) be a probability vector and let v be a probability measure on R? with compact
support. It is well known that there exists a unique inhomogeneous self-similar probability
measure p on R? such that p = Zf;l pipo Syt +pu.

We give satisfactory estimates for the lower and upper bounds of the L? spectra of
inhomogeneous self-similar measures. The case in which there are a countable number of
contracting similarities and probabilities is considered. In particular, we generalise some
results obtained by Olsen and Snigireva [Nonlinearity 20 (2007), 151-175] and we give a
partial answer to Question 2.7 in that paper.

1. Introduction. Inhomogeneous self-similar measures are a natural
extension of the homogeneous measures that satisfy pu = Zf\i 1 Dipe o S, L
which have been an object of study for the past 25 years (for instance, see
[6] and the references therein). As homogeneous self-similar measures are
solutions of the equation

N
(1.1) p— pipo St =0,
=1

it is of interest to investigate the corresponding inhomogeneous equation
N

(1.2) p=> pipo St =p,
i=1

where v is a fixed probability measure with support in a compact set C C R,
At this point, it is worth referring to the inhomogeneous self-similar sets that
satisfy K = Uf\; 1 Si(K) U C. The proof of the existence and uniqueness of
such sets can be found in [I, Theorem 3.7.1]. These sets, which are actually
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fractals, are closely related to measures p that satisfy (1.2). Specifically, it
is proved in [I5, Proposition 1.2| that K = supp u is as above.

Inhomogeneous self-similar measures and sets were introduced by Barns-
ley et al. [2, [4] as a tool for image compression; [4] gives a few examples of
such measures. They also feature in [3].

One may ask whether any dynamical interpretation of inhomogeneous
self-similar measures exists. The answer is affirmative: a measure p which
satisfies (1.2), can be viewed as an invariant measure for the operator My =
Zf\; | PiftoS; !4 pv, which acts on measures concentrated on the set K and is
generated by the iterated function system (Si,...,Sn,p1,...,pn,p, V). The
operator M is then the transition operator for a random sequence that takes
values in K. Hence, an inhomogeneous self-similar measure can also be viewed
as an invariant distribution of a Markov chain, and moreover, every measure p
that satisfies M = p is weakly asymptotically stable. These facts have been
described in detail by Lasota [II]. In connection with the above-mentioned
interpretation, a method of construction of such measures connected with
probabilities will be presented.

Because p is invariant for M, it is also natural to consider estimates for
various dimensions of measures satisfying (1.2) or, if p = 0, (1.1). There is a
huge body of literature on L? spectra of homogeneous self-similar measures
(for example, see [6] and the references therein). In the broad sense of in-
vestigating dimensions of invariant measures, the inhomogeneous case was
considered, i.a., by Horbacz et al. (see [5], [9] and [10], for instance). The
work of Olsen and Snigireva [I5] is devoted to estimates of the L? spectra
and the Rényi dimensions of inhomogeneous self-similar measures under the
assumption that the sets (S1K,...,SyK,C) are pairwise disjoint. In this
case, non-trivial lower and upper bounds for the above-mentioned dimen-
sions were obtained.

When examining the L? spectra of inhomogeneous self-similar measures,
the assumption that the sets (S1K,...,SyK,C) are pairwise disjoint is
clearly unsatisfactory, as already stated by the authors of [15], who asked (see
[15) Question 2.7]) whether the results obtained in [I5 Section 2| are true
when only the Finite Weak Inhomogeneous Open Set Condition (FWIOSC),
a version of the standard Open Set Condition, is assumed. Namely, the
FWIOSC is satisfied if there exists a non-empty and bounded open set U
such that the following conditions are satisfied:

(FW1) S;,(Uycu, ief{l,...,.N}, CCU,

(FW2) Si(U)NS;(U)=0, i#j,1,j€{l,...,N},

(FW3) S;)ynCc=0, ie{l,....,N}

In the present paper, we will consider the FWIOSC and provide a partial
answer to this question. More precisely, we will prove [I5, Theorem 2.1] as-
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suming the FWIOSC, and we will also obtain much more accurate estimates.
Moreover, our main theorem extends these results to the case of a countable
number of contracting similarities.

For a more complete treatment of other problems relating to infinite
iterated function systems, we refer the reader to Mauldin and Urbanski’s
book [14].

2. Preliminaries. Let S; : R — R? i =1,2,..., be contracting simi-
larities and let r; denote the contraction ratio of S;. We assume that
o
Irfl == " ri < o0.
i=1

Let B(x,r) denote the closed ball with centre 2 € R? and radius r; by int A
we denote the interior of any set A € R% A or cl A stands for the closure
of A. Finally, Bx denotes the o-algebra of Borel subsets of X.

Let N > 2 and let C C R? be a fixed, non-empty, compact set. It is well
known that there exists a unique homogeneous self-similar set Ky (see [7,[8])
and a unique inhomogeneous self-similar set K such that

N
Ky = U SZ(K@)7

=1
and
N
(2.1) K=|Jsi(K)yuc
i=1

with respect to the contracting similarities (S1,...,Sn). Both Ky and K are
non-empty and compact.

Our considerations are carried out under the assumption of the Infinite
Weak Inhomogeneous Open Set Condition, briefly IWIOSC, which is as fol-
lows: there exists a non-empty and bounded open set U such that:

(IW1) S(U)ycU, ieN, CCU,
(IW2)  S,(U)NS;(U) =0, i#j i jeN,
(IW3) S, (U)ynC =0, iecN.

Note that the above condition differs from those in the introduction, due to
countably many contracting similarities.

3. An inhomogeneous self-similar set. The main purpose of this
section is to prove the existence, uniqueness and some properties of a non-
empty, compact set satisfying the countable version of . We start with
the following theorem.
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THEOREM 3.1. Let (S;)2, be contracting similarities and let r; be the
contraction ratios of S;. Assume that the IWIOSC is satisfied and sup;ey 7
< 1. Then there exists a unique, non-empty, compact set Koo C U such that

(3.1) Koo =d|JSi(Ko)UuC
=1

Proof. The proof is analogous to the proof of [16, Lemma 4.1] and there-
fore could be omitted. However, there are a few small differences, so we
give a brief sketch. Consider the space (K(Rd)‘ﬁ, D), where K(Rd)‘ﬁ is the

family of all compact subsets of R? intersected with U, and D denotes the
Hausdorff metric. This space is complete as a closed subspace of a complete
space. In addition, we consider the mapping 7" : K(]Rd)m — K(Rd)@ de-
fined by T(A) = cl|J;2, Si(A) U C, which, by assumption, is a contraction
with respect to D. Finally, the assertion follows from Banach’s fixed point
theorem. m

Define

*—c1UKN:c1U US (Kn)U
N=21i=1

where, for each N > 2, the set K is the unique, non-empty, compact set
satisfying (2.1). We will now show some properties of F.

LEMMA 3.1. Assume that the IWIOSC is satisfied. Then the set F is
compact and F C U.

Proof. The proof is similar to the proof of Theorem 3.1 but, for the sake
of clarity, we will provide a complete argument. Let K(R?) be the family
of all compact subsets of R%, equipped with the Hausdorff metric D. For
each N > 2, define Ty : K(R?) — K(R?) by T (A) = X, Si(4) UC. The
space (K(R?), D) is complete and each Tl is a contraction mapping; thus,
if A is compact, then, by Banach’s fixed point theorem, T (A) — Ky as
n — oo with respect to the Hausdorff metric. In particular, for each N > 2,
we have T%(U) — Ky as n — oo. From condition (IW1), we deduce that
UDTn(U) 2 (Tn)*(U) 2 -+, whence Ky = lim,, (Ty)"(U) C U for each
N > 2. Hence,

N
UsSiExy)uC =Ky U
i=1

and so

Si(Kn) UC_cl N CU.

||Cz

F=ayY
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We have shown above that F C U, which means that F is bounded. The
fact that F is also closed completes the proof. m

The next theorem gives a connection between self-similar sets.

THEOREM 3.2. For each N > 2, let Ky be a homogeneous or inhomo-
geneous self-similar set. Assume that the IWIOSC is satisfied and that U =
cdUN—y Kn. Then

oo
Koo =cl | Kn.
N=2
Proof. 1t suffices to check that

l G KN—CIGSZ-(CI [j KN) ucC
N=2 =1 N=2

To do so, observe that

c1Us(c1 U KN>UC—CIU U Si(Kn) U

i=1 N=2

=l U <U S;(Kny)uCu [j Si(KN)>

N=2 =1 i=N+1

—c1UKNuC1U U Si(Kn) —CIUKN,

N=2i=N+1

as, by assumption, cllUy_o Uioy 1 Si(En) € U = clJy_, Kn. Because
it was shown that cl{Jy_, Kn also satisfies (3.1), this result proves the
theorem. m

We finish this section by introducing the notation
oo\n = U S n €N,
which will be used later in Theorem 5.4.

4. An inhomogeneous self-similar measure. We begin by show-
ing, for completeness, the existence and uniqueness of an inhomogeneous
self-similar measure in the case of a countable number of contracting sim-
ilarities and probabilities. Then, we will touch upon a question regarding
this measure’s interpretation that is connected with infinite iterated func-
tion systems.

Denote by M(R?) the family of all Borel signed measures on R¢ and let
M (R?) stand for the subspace of M(R?) that consists of all probability
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measures. It is well known that the following formula defines a norm, called
the total variation norm, in M(R?):

lullry = p* (RY) + 1™ (RY),
where i = pt — 1~ is the Jordan decomposition of y. Moreover, M(R?) is a

Banach space for this norm. When p1, o € M1(R?), the distance between
them in the total variation norm can be expressed as

1 — p2llTv = 2sup{|p1(A) — p2(A)| : A € Bga}.

Let M : M;(R%) — M;(R?) be a Markov operator. A measure y is
called invariant if My = p. We say that M is strongly asymptotically stable
if there exists an invariant measure p such that for every measure 7, the
sequence M"™n converges to p in the total variation norm.

The following theorem strengthens the well known result on weak asymp-
totic stability. In particular, we obtain the existence and uniqueness of an
inhomogeneous self-similar measure in the case of countably many contract-
ing similarities.

THEOREM 4.1. Let v be a Borel probability measure with compact support
C C R?, let (p1,p2,--.,p) be a probability vector with positive constant prob-
ability p and let S; : R — R? be contracting similarities. Then the Markov
operator M : M1(R?) — My (R?) defined by

Mp(A) = pipo S; ' (A) + pr(A)
=1

1s strongly asymptotically stable. In particular, there exists a unique proba-
bility measure p that satisfies

(4.1) w(A) =D pipro ST (A) + pr(A).

Proof. It is enough to observe that M is contractive in the total variation
norm with a ratiol —p. =

From now on, the unique probability measure satisfying will be
denoted by 0. It should be clear that ps is an arbitrary inhomogeneous
self-similar measure that consists of a countable number of contracting sim-
ilarities and probabilities. The subscript “c0” is added to indicate this fact.

Because the support of every finite measure is a closed set (see [I3, Re-
mark 1.55]), the following theorem can be proved in much the same way as
[15] Proposition 1.2].

THEOREM 4.2. Let o, be the unique inhomogeneous self-similar measure
given by (4.1)) and let Ko be the unique, non-empty, compact set satisfying

(3-1). Then supp pioo = Koo-
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Proof. The proof is analogous to the proof of [15, Proposition 1.2[; there-
fore, it is omitted. m

As mentioned at the beginning of this section, it is important to recall a
dynamical interpretation of inhomogeneous self-similar measures. This inter-
pretation is connected with iterated function systems. For a fuller treatment,
we refer the reader to [13] or, for even more details, to [5], [11].

Consider a probability space (£2, X, P). Denote by M{{w the family of
all Borel probability measures p on R? such that u(K.) = 1. Let S; :=
5’” K., : Koo — Ko be the restrictions of contracting similarities to the
set K and let (p1,pe,...,p) be a probability vector. Define the operator
M . M{("" — M{(‘” by the formula

(4.2) Mu(4) =3 pipro 87 (4) + pr(A).
=1

Let (kn)nen be a sequence of identically distributed random variables with
values in Ny. Moreover, let zg, £ be random elements that assume values in
K and have distributions

po(A) = P(xog € A), v(A)=PEecA) for AecBk_.

If xg, &, ky, are independent, then M is the transition operator for a random
sequence I, : 2 — K., where

{Skn (xn) if k, €N,
Tn+1 = .
19 it k, =0,
where
P(k,=1i)=p; and P(k,=0)=p forneNy ieN.

Whereas p; denotes the probability of the choice of S;, p denotes the prob-
ability that no §; was chosen, which means that z,.1 € C. For each set
A C R? such that AN K., # 0, we have

Plansr € A) = Mun(A).

Because the random sequence takes values in Ko and S;(Kw) = Si(K),
and moreover, because of conditions (IW2) and (IW3), it follows that

P(zp41 € int S;Koo) = M py(int S; Koo) = pifin (int Ko),
P(zpy1 € int C) = M puy,(int C) = pr(int C).
At this point, it becomes natural to assume that the probabilities p; and p
are proportional to the sizes of the sets S; K, and C, respectively. It is also

worth noting that K., does not depend on the probabilities (p1,ps,...,Dp).
However, due to the above interpretation, these probabilities should depend
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on K; thus, changing K, should result in appropriate probabilities being
found.

It would be of interest to ask how to construct the probabilities to be in
accord with their interpretation. This leads to the following example.

EXAMPLE 4.1. Define the constants

Ti when |r|| <1,

¢ = LK
——— when |r| > 1.
el +1

Let g : R? — R be an arbitrary continuous function such that g > 0. Let
J = 9|k, and define

ey = —@ oy =123 i)
=1

SUPse i, ()’

Note that
pz = < ¢ € T € Ko,
Z Z Sup.l’EKoo Z
and
sz(x) +px)=1, z€ K.
Let
ld(Aﬂ Koo)
A= ———=,
77( ) ld(Koo)

where Iy denotes the Lebesgue measure on R? and put
pi=\ pi(x)dn(z), p= | p(z)dn(x).
Koo Koo

Then p;, p are proportional to the sizes of the sets 5; K, C. Moreover,

oo
Zpﬂrﬂz L.
=1

REMARK 4.1. In practice, we can replace K., by U in the definitions of
pi, p in Example 4.1. Furthermore, p;, p can be calculated as

_gpi@)dla@) | fgp(@) da(@)
' ld(U) ’ ld(U)

and in formula 1} we can also use S; := i U —=U.
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Thus, by substituting p; and p from Example 4.1 in (4.2)), i.e., by setting
p; = pi, P = p, we obtain the following form of the operator M:

Mu(A) =" pipro S (A) + pr(A),
=1

where the probabilities, and consequently M, are constructed in order for
them to be in accord with their interpretation.

Furthermore, the existence and uniqueness of the following measure can
be shown in a way that is analogous to the proof of Theorem 4.1:

wA) =D pipro S7HA) + pr(A),
=1

The measure p is invariant for the operator M and p can be interpreted as
an invariant distribution of the above-mentioned Markov chain that takes
values in the set K. Moreover, y is strongly asymptotically stable.

We will now extend a function related to LY spectra so that it is well
defined in the case of a countable number of contracting similarities. This
extension is necessary to provide our estimation results in the next section.
For this purpose, we will additionally assume that for some constant « > 0,
the probabilities satisfy the following inequalities:

(4.3) ar; <p; <r;, €N,
The necessity of this assumption will be discussed later in this section. For
¢ € R, define the functions t,(t) := 3222, pirt, ¢, (t) == 3.2, ri*". By
assumption (4.3)),

afy(t) < 1hg(t) < ¢g(t)  for ¢ >0,

alpy(t) > y(t) > ¢q(t) for ¢ <O0.
Since ¢q(t) is continuous with lim,_, .+ ¢4(t) = 00, limy e ¢4(t) = 0, and
since [|r|| < oo, we deduce from the above inequalities that 14(t) # oc.
Observe that 1),(t) is strictly decreasing. Moreover, lim;_,_,+ 14(t) = oo

and limy_, ¢4(t) = 0.
As a consequence, there exists a finite S (¢) such that

Ya(Boo(q) = Y plr= = 1.
=1

We are now in a position to emphasize the necessity of assumption (4.3)).
The following example shows that, without it, the function ,(¢) may not
be well defined for ¢ < 0.

ExaMPLE 4.2. Let ¢ < 0, and let

1 5 1
pzzg and TZ:P/L?
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Then p; < r; for infinitely many ¢ and, for each ¢ > 0,

51 o 1
2 ) im 37— —
it = () Jim 37 g = e
Thus, for each ¢ > 0, the series Y oo, pir! is divergent, hence t4(t) = oco.
The same holds for all t < 0, so 1)4(t) = .

From the above considerations, it follows that assumption (4.3) asserts
the existence of finite S (q) for all ¢ € R. Moreover,

nlggo Bn(Q) = Boo (Q)a

where, for all n € N, the numbers (3, (¢q) are such that

Z pir] Bnla) _
For a deeper discussion of the function (3, we refer the reader to [15].

5. The LY spectra of us. This section is devoted to providing esti-
mates for the L? spectra of the measure ji~, which is the main result of the
paper.

Let us recall the following notation, introduced in [I5]: for I, m € M;(R?),
q € R and A C supp m, write

In(g,r)= | m(B(z,r)? " dm(x),

Lua(gr)= | m(Bla,r)*" dm(a),
supp mNA

Tim,a(g,r) = VU(B(z,7)"" dm(x).
A

From this point forwards, we fix an inhomogeneous self-similar measure i
satisfying (4.1]).

LEMMA 5.1. Assume that the IWIOSC is satisfied. Then, for all ¢ € R
and r > 0, we have

,LLoo q7 sz Hoostoo0S; 175iKoo (Qa T) +pIuoo,V,C(Q7T)'
Proof. Fix any ¢ € R and r > 0. From (4.1)), it follows that

Lo @7) = 0L, s g (0:7) F Pl s (0.7,
=1
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Let I,m € M1(R?) be such that supp! = K, and suppm C K. Then
| 1(B(a,r)" dm(x) = | B, dm().
Koo KooNsuppm
By using the above formula for the couples
(I = troos M = pioc 0 S7Y), (U= pioe, m =)
together with the relations
SUPP Moo © S’;l =S5,Kyw C Ky, suppr=CC Ky,

we immediately conclude that

o
Lic(a,r) =D 0i,, o5t e (67) + Plu v (a,7)
=1

= Zpilﬂooyﬂooosi_lysil(oo (¢,7) +Plyow,c(q;r). =
i=1
The following notation will be needed in our further considerations. Intro-
ducing it also allows us to record some crucial observations in Theorem 5.1.
For I,m € M{(R?%), A C suppm and z € A, write

Tima(z, 1) = pim( (z,r) N Sj(suppm))) + pr(B(z,1) N C),
J?él
Jom,a(x,7) sz B(x,r) N Si(suppm))),

Fiim.a(g,r) = S (Z(B(a:,r/ri) + Ji,l7A(Sia:,r)/pi)q_1 dm(z).
A

We will simply write J;(z,7) if m = poo and A = Koo; Jo(z,7) when m = ps
and A = C; and Fi(q,r) if | =m = e and A = K
It is easily observed from (4.1)) that, under the assumption of the
IWIOSC, for all g € R, » > 0 and « € S; K, we have
proo(B(x, 7)) = (pittoo (S; (B, 1) N SiKoo)) + i, )"

= (pitoo(B(S; Y2, 1 /1)) + Ji(z, 7)) ",

1

where
r) = piteo(S; (B(x,r) N SjK)) + pr(B(z, 1) N C).
j#i
Analogously,
Hoo(B(z,7))" = (pv(B(z,7) N C) + Jo(w, )"
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for z € C, where in this case
oo
r) = pittoo (ST (Blx,7) N 8iKoo)).

Let us also introduce the following notation:

Foum,alg,r) = S (V(B(x, 7)) + JCpe, AT, 7‘)/p)q*1 dm(z).
A

When m = v and A = C, we simply write

Fo(q,r) = S (v(B(z,r)) + J(j(x,r)/p)q_l dv(z).
C

We are now in a position to formulate the following theorem, which refers
to Lemma 5.1 but goes a step further.

THEOREM 5.1. Assume that the IWIOSC is satisfied. Then, for all g € R
and r > 0, we have

L (g,r sz r) + plFe(g,r).

Proof. Fix ¢ € R and let r > 0. Recall that

-1 _ (pittoo(B(S; 2,7 /1;)) + Ji(m,r))q_l for z € S; K,
Hoo! Bl,) - { (PV(B(@”J’)) + JC(CUaT))q_l forx € C.

It follows that

Iﬂoovﬂooosi_l,SiKoo (Q7 T)

= | (itoo(B(S /) + i, 1) " e 0 57 ()
Si Koo

= S (piﬂoo(B(I,r/Ti))+Ji(Si$,T))q_1dpoo(x)
Koo

=p?" | (oo (B(x, /1)) + Ji(Six,m) /pi) " dpce(@) = pf " Fi(q.7)
K
and similarly

IMOO,V,C(Q7 7’) = pq_lFC(Qa T)'

Finally, from Lemma 5.1 and from what has already been proved, we have

oo
IM‘X’ (q’ 71) = Zpilﬂw’ﬂooosglvsiKoo (q7 T’) +pIM°°7VC(Q7 T)

i=1

= sz r) +p'Fo(g,r). =
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To define the L9 spectra for I,m € M;(R?), A C suppm and ¢ € R we
set

log SA m(B(x,r))4" dm(x)

Tm|a(q) = limsup

r—0 — logr 9
. log SA m(B(z,7))? "t dm(x)
Tmia(q) = hgl_)lglf oer 7
| B q—1 d
?l,m,A(Q) = limsup o8 SA ( (m,r)) m(x)’
r—0 — logr
log { , 1(B(w,7))?! dm(x)

Tim,A (q) = hgnn_)iglf “Togr

In particular, for [ = m = pus and A = K., we obtain the upper and lower
L1 spectrum of the measure fiso:
_ : 10g ;¢ Hoo(B(@,7))7™" dpioo ()
T s (@) := limsup i
r—0 —logr
. og §pe peo(B(x, 7)) dpoo(2)
7,..(q) == liminf .
r—0 —logr

)

Theorem 5.2 below plays a crucial role in establishing the inequality “>”
of our main result. The following lemma will simplify the theorem’s proof.

LEMMA 5.2. Let G : (0,00) — R be a real-valued function, let p be a
Borel probability measure and let A C supp u. Assume that

,u|A Qa > Zpl ulA qu/rz and ZP T/Tz > G( )

for allr > 0. If

Lya(g,m) > G(r)  for all v € [rmin, 1],
then
Lyalg,r) > G(r)  forall 0 <r<1.

Proof. For the method of proving such lemmas, we refer the reader to
[11] and [12]. The proof in a more general case can also be found in [15]
Lemma 3.1], so we omit it here. m

THEOREM 5.2. Let g € R and n € N, and let p be a probability measure.
Let A C supp i and assume that

Lyalar >Zp walg,r/ri)  for allr > 0.

In addition, let t be such that 8,(q) > t. Then:
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(1) There exists a constant co > 0 such that the function G : (0,00) — R
defined by the formula G(r) = cor™" satisfies

ZP (r/ri) > G(r) forallr >0

and IM|A(q, r) > (7“) for all v € [rmin, 1].
(2) 7,4(9) = Bulq).
Proof. The proof is similar to the proofs in [I5, Section 4]. However, the

proof of this particular result is omitted there, so we will provide it for the
sake of completeness.

(1) Because B,(q) > t, we conclude that

n
> piri>1
i=1

Let ¢y > 0 be such that
min (1, 4(q, "min)s 1y4(g, 1))

= Cp,
max (1, (rmin)~?)

where rpin = min{ry,...,r,}. By the above inequalities, it follows that
S plG(r/ri) > cor™t = G(r) for all r > 0, and

,u|A(Qa T) > min(IMA(q’ Tmin)’ I,LL\A(Q? 1))

min(IMA(q,?“min)aIu\A(Q, 1)) —t —t
> = =
max (1, (Tmin) %) e )

for all 7 € [rmin, 1].
(2) From Lemma 5.2, it follows that

IM|A(q,7”) > G(r) = cor~t forall0<r< 1,

whence ImA(‘]) > t. Because t in the inequality 3,(q) > t was arbitrary, we
conclude that 7,,4(¢q) > Bn(g). =

The key to showing the opposite inequality is the next theorem, which
also enables us to formulate our main result. The reader is invited to compare
it with [I5, Proposition 4.2].

THEOREM 5.3. Let p and v be probability measures, and let (fm)men
and (Vm)men be sequences of probability measures. Let K, and C,, denote
the supports of pm, Vm, respectively, and let ¢ € R, n € N. Assume that, for
each m € N,

n
I,u,,um,Km ((L T) < Zp;‘]-[u,um,Km (C_Iu T/Ti) + quzz,um,Cm (q’ T)'
i=1
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Then
?N/Ml/mme (q) S ma'X(/Bn(q)7?V7Vm7Cm (q))7 me N
Proof. The proof is the same as the proof of [I5 Proposition 4.2|, applied
for each m € N. n

We are now in a position to state the main theorem of this paper, which
presents satisfactory estimates for the lower and upper bounds of the L?
spectra of the measure . It provides a much more accurate result under
the assumption of the IWIOSC for all ¢ € R than does [I5, Theorem 2.1]
and extends it to the case of countably many contracting similarities.

THEOREM 5.4. Assume that the IWIOSC is satisfied. Then, for allq € R,
we have

Thoo (@) = max(Boo(q), 70(q)),  max(Boo(q),1,(q)) < 7 (q)-
Proof. Fix any ¢ € R and n € N. Let (T, )55, : R4 — R? be a

sequence of contracting similarities such that lim,, . t,, = 1 and
T (SiKs) Cint S; Koy, Tpn(C) CintC.
Define

(5.1) Lnj ) U T (C).

We start by showing the mequahty “>”. To do this, first observe that
Theorem 5.1 implies that

Lo (q,r sz (¢,r) +pTFc(q.r) >ZPZ )7)-

=1
Hence,

n
Lu i (@657) =D PIF g 1 (4 7).
i=1
From conditions (IW2) and (IWS) of the IWIOSC, we conclude that, for
every m € N, the sets (S1 K, ..., SpKn,C) are pairwise disjoint. Let

Tm = min{ min 1nfdlst(SKm,SK) min _ dist(S; K, C)}.
1€{1,...,n} j#i te{1,...,n}

Then, for all 0 < r < ry,,

,Ufoole q’ Zp'? ,u,oo|Km q) T/Ti)

because J; ;1. K., (Siz,7) = 0 for 0 < r < rp,. Hence, from Theorem 5.2,

Tpoo | K (@) = Brlq).
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Because (7, |k, (q))men is monotonic and tends to Iuoo\Koo\n@)’ we have

Tpioo | Koo (@) = Bnl@),  m €N

Furthermore, (I.U'OO|K00|7L (@))nen is monotonic and tends to 7, (q), so
(¢) > lim B,(q) = B(q)-
n—o0

To show that 7, (¢) > T.(¢) and 7, _(q) > 7,(g), from Theorem 5.1,
observe that

oo|n

Tuoo(0) 2 Ty (@) = T 7 ¢

I,uoo (Q7 T) Z quC(q’ T)'
Define Cy, := T,,,(C). By the above,
I,U«oo ((L T) > quC,l/,Cm (qa 7").
From condition (IW3), for every m € N, we have r,,, = inf;cn dist(S; Koo, Cin)
> 0. Thus, for all 0 < r < 1y,
Iltoo (Q7 7") > qul/|Cm (q7 ’I"),
as Jo o ,Cm(2,7) = 0 for 0 < r < rp,. Hence,
Thoo (@) 2 Tvi0, (@), T (1) 2 Ty, (9)-
The sequences (7, (7))men; (Ty|c,,(¢))men are monotonic and converge,
respectively, to 7, (q), 7,,(q), so
Tpoo (@) 2 T0(@), 7, (q) > 1,(q).

The proof of the inequality “>" is now finished.

To establish the opposite inequality, let K, denote the set (5.1). Define
the sequences of finite measures

Um(A) = oo (AN Ky),  vm(A) :=v(ANCy)

and
Then, from the INIOSC and (4.1), we deduce that

n
pm(A) = pittm © S (A) + prin(A).
i=1
Note that supp gy, = K. From the proofs of Lemma 5.1 and Theorem 5.1,

n
Iﬂoo,/—"mme (q7 T) é szqﬁ‘%,#ooyllmme (q7 T) + quC,l/,mecm (Q’ ’r‘)'
i=1
By (IW2) and (IW3), for every m € N, the sets (S1Kp, ..., S, Kn,C) are
pairwise disjoint. Let r,, be the minimum of

{ min _inf dist(S; Ky, S Ks), min dist(SiKm,C’),inlgdist(SiKoo,Cm)}.
. ; ic

1€{1,....,n} j#i ie{l,....,n}
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Then, for all 0 < r < ry,,

n
Do i K (€5 7) < Zpgluomum,Km(Qa r/ri) + p .0 (45 7),

1=1
as Ji oo Ko (i, 1) = Jo s .0 (2, 7) = 0 for 0 < r < ryy,. Hence Theorem 5.3
implies that

?uoo,um,Km (Q) < max(ﬂn(‘])a?u,um,(?m (Q))

Because the sequences (T, um, Km (4))men and (Tyu,..0n (¢))men are mono-
tonic and converge, respectively, to 7, . k.., (¢) and T, (q), we have

oco|n
?#oo,/‘oo\n’Koom(q) S max(ﬂn(q%?l’(Q))’ n e N

Furthermore, the sequence (7. i, K (4))nen 18 also monotonic and con-
verges to 7, (q). Hence,

Thoo (4) < max(Boo(q), Tv(q)). m

From the proof of Theorem 5.4, we immediately obtain the two corollaries
below. In particular, Corollary 5.1, which is related to [I5, Theorem 2.1],
gives a partial answer to [15, Question 2.7|. Furthermore, in both corollaries,
for all ¢ € R, the estimates are much more accurate compared to those in [15]
Theorem 2.1]. In a result that is similar to our main theorem, we even obtain
an exact value for the upper L? spectrum of an inhomogeneous self-similar
measure.

COROLLARY 5.1. Let u be the inhomogeneous self-similar measure asso-
ciated with (S1,...,SN,P1,--., PN, P, V). Assume that the FWIOSC is satis-
fied. Then, for all ¢ € R, we have

Tu(g) = max(B(q),7u(q)), max(B(q),7,(q)) <1,(q).

COROLLARY 5.2. Let p be the inhomogeneous self-similar measure asso-
ciated with (Si,...,SN,p1,...,PN,D,v) and let K be the unique nonempty
compact set satisfying K = Uf\il Si(K)UC. Assume that the sets (1K, ...,
SNnK,C) are pairwise disjoint. Then, for all ¢ € R, we have

Tu(q) = max(8(q), 7w (q)),  max(5(q),7,(q)) < T,.(q)-
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