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Partial integrability on Thurston manifolds

by HYESEON KiM (Pohang)

Abstract. We determine the maximal number of independent holomorphic functions
on the Thurston manifolds M? 2, r > 1, which are the first discovered compact non-
Kaéahler almost Kéahler manifolds. We follow the method which involves analyzing the
torsion tensor df mod 6, where = (*,...,0" ') are independent (1, 0)-forms.

1. Introduction. For an almost complex manifold (M?",.J), n > 1, the
integrability of J implies that there exist n independent local holomorphic
functions on M?". Newlander and Nirenberg [NN] presented a potential-
theoretic approach to the integrability problem on almost complex mani-
folds. If an almost complex structure is non-integrable, then the maximal
number of independent local holomorphic functions is less than half the
dimension of the manifold.

In this paper we are concerned with the partial integrability problem for
generalized Thurston manifolds. In [Th], Thurston constructed examples
of compact almost Kéahler manifolds that are non-Kahler. His examples are
now called Thurston manifolds; they have odd first Betti number. This result
is connected with the classification of non-Ké&hler structures given in [AD]
and [W].

In [CFL], Cordero, Ferndndez, and de Leén constructed a large family
of compact almost Kihler manifolds M?"+2, r > 1, that are non-Kihler;
then they computed the curvature, the Ricci, *-Ricci, and torsion tensors
of the almost complex structure to detect some identities [Gr]. Their ex-
amples are called generalized Thurston manifolds. The torsion tensor in
[CEFL] is the Nijenhuis tensor, a skew-symmetric (1,2)-tensor that deter-
mines the integrability of an almost complex structure. The image bundle
of the Nijenhuis tensor under a certain non-degeneracy condition also plays
a crucial role in the partial integrability problem in the almost complex

2010 Mathematics Subject Classification: Primary 32Q60; Secondary 32Q99, 35J99.
Key words and phrases: almost complex manifolds, J-holomorphic functions, Newlander—
Nirenberg theorem.

DOI: 10.4064/ap109-3-2 [261] © Instytut Matematyczny PAN, 2013



262 H. Kim

setting (see [Kr|, [M&81], and [M86]). In [MT] and [To|, obstructions to lo-
cal calibrations of almost complex structures are presented; Tomassini [To]
gave several non-calibrable examples in R* and R® including the Thurston
manifold M*. These results motivated the study of compact non-Kéhler al-
most complex structures with respect to partial integrability. It turns out
that generalized Thurston manifolds are of type (1,1) in the sense of Def-
inition (see Sect. 3). However, in general, an almost complex manifold
does not have that kind of constancy in type.

Instead of the Nijenhuis tensor we use the torsion tensor df mod 6, where
6 = (6',...,0") are independent (1, 0)-forms; namely, our approach provides
a complex version of the method of prolongation of subbundles of a tan-
gent bundle, initiated by Cartan |C] and Gardner [Gal, and we determine
a certain type of an almost complex manifold (M?",J) (see Definitions
and . Han and Kim [HK] gave a systematic method for deciding par-
tial integrability of almost complex manifolds. This method is an algebraic
approach rather than a vector field approach by analyzing the Nijenhuis ten-
sor; they also used a theorem of Nirenberg which relates the closedness of
a subbundle of (T*M )1’0 and the number of independent local holomorphic
functions, applying the Newlander—Nirenberg theorem and the Frobenius
theorem (see [BCH] or [T1]).

In Sect. we will first recall some basics of almost complex mani-
folds, namely (J, J )-biholomorphism, integrability, local holomorphic func-
tions with the independence condition. Then we will consider the partial in-
tegrability problem for generalized Thurston manifolds, introduced in [CFL];
as our main result we will prove that every generalized Thurston manifold
is of type (1,1) (see Theorem [2.7 and Sect. [3)).

2. Preliminaries

2.1. Almost complex structures and integrability. We denote
by M?" n > 1, asmooth (C*) manifold of dimension 2n. Let J be an almost
complex structure on M?", that is, for each p € M??, Jp : TpyM n T,M 2n
is a smooth (in p) linear map such that .J,0.J, = —Id. Then the pair (M?", J)
is called an almost complex manifold. Let 20 = x7 + iz™*J be the standard
coordinate functions of C* ~ R?". The standard complex structure Jg on C"
is a representative example for almost complex structures, defined by

0 0 0 0
J(w) = Forti Jst(axnﬂ) = o

for each j = 1,...,n. For almost complex manifolds (M, J) and (M,J), a
differentiable mapping F' : M — M is said to be (J,J)-holomorphic if its
differential dF' satisfies dF o J = J o dF’; if moreover F' is a diffeomorphism,



Partial integrability on Thurston manifolds 263

then it is called a (J, J)-biholomorphism. A complex manifold is an almost
complex manifold such that, at each point in M, there exists a neighborhood
(J, Jst)-biholomorphic to an open subset of C™. In this case, we call J a
complex structure.

Let us consider the real tangent bundle T'M spanned by the vector fields

D. ST D, ST, ¢ . ¢
Then the complexified tangent bundle CT'M has the decomposition
CTM =T""M ¢ T M,

where TVOM (T%1M, respectively) is the subbundle of rank n of eigen-
vectors of J associated with the eigenvalue i (—i, respectively). A section to
THOM (THOM , respectively) is called a (1,0)-vector field ((0, 1)-vector field,
respectively). More specifically, for each j =1,...,n,

Zj = 3(X; —iJX;)

is a (1,0)-vector field. The fields Z1, ..., Z, are linearly independent; hence,
they are generators of 710 M. Therefore, the complex vector fields Z1, ..., Z,
are generators of TO1M .

DEFINITION 2.1. An almost complex structure J is said to be integrable
if the bundle T1°M is formally integrable, that is,

[D(TY°M), D(TYOM)) € T(THYOM),

which means that the Lie bracket of any two sections of T19M is again a
section of THOM.

The integrability of J is equivalent to the vanishing of the Nijenhuis
tensor Nj:

Ny(X,Y)=[X,Y]+ JJX,Y]+ J[X,Y] - [JX,]Y]

forpe M and X,Y € T,M. Here X and Y are vector fields that coincide
with X and Y respectively at the point p.

DEFINITION 2.2. A complex-valued function f is said to be holomorphic

if
Zif=0, j=1,...,n.
Holomorphic functions f!,..., f™ are said to be independent if
(2.1) dft Ao AdF™ £ 0.

THEOREM 2.3 ([NN]). An almost complex structure J is a complex struc-
ture if and only if J is integrable.

The Newlander—Nirenberg theorem can be rephrased as the closedness
of a certain subbundle of the complexified cotangent bundle.
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Consider the exterior algebra of differential forms with complex coeffi-
cients:
F=Lede. . o0
where 20 is the ring of smooth complex-valued functions and £2° (1 < s
< 2n) is the module over £2° of complex-valued smooth s-forms on M.

DEFINITION 2.4. A subalgebra Z of 2* is called an algebraic ideal if 7
satisfies the following:
(i) TN CT,
(i) if ¢ = Egio ¢s € I, where ¢5 € 2°) then each ¢ is in Z (homogene-
ity condition).
The homogeneity condition implies that Z is a two-sided ideal, that is,
*AT C T (cf. [BC3G]). Let 1 = (3!, ...,9!) be a system of smooth 1-forms

on M. Let us denote by Z (), or simply (1), the algebraic ideal generated
by 1. Then each element of (1)) can be written in the form

l
Sk Ak
k=1
for some &¥ € £2*. For two elements o and 3 of £2*, we say that
a—f=0mod (v)

if «— 3 € (). This concept can be generalized to complex differential forms.
We denote by CI™ M the complexified cotangent bundle. Let

oL, ...,0™. 0%, ....0"

be the dual 1-forms of Z1,...,Z,,Z1,...,Zy. Then the integrability of J is
equivalent to
do' =0mod (), Vi=1,...,n,

where § = (01,...,0") and d is the exterior derivative. This means that (6) is
a closed ideal. If there exist n independent holomorphic functions f!,..., f*
on M, then (df',...,df") is a closed ideal and (6) = (df!,...,df").

2.2. Partial integrability and main result. Attempting to general-
ize the Newlander—Nirenberg theorem [NN], we are mainly concerned with
the partial integrability on generalized Thurston manifolds. Partial integra-
bility means that there exist m (m < n) holomorphic functions with the in-
dependence condition in . We use a complex version of Cartan—Gardner
theory [C], [Ga] to determine partial integrability of generalized Thurston
manifolds (cf. [BC3G| and [HK]).

For any subbundle I C (T*M)%° we denote by I the module over 2°
of smooth sections of I and by (I) the algebraic ideal of 2* generated by
all smooth sections of I. Now we shall start with I = I(0) = (T*M)'0. We
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consider the composition of the exterior derivative d : I — §2° with the
projection,

I35 0275 02/(D).
Let § = mod. Then we define the submodule IV of I as ker §. Assuming that
IM has constant rank on M, I()) can be seen as a subbundle of (T*M)".

This subbundle is called the first derived system of (T*M)"?. Now we have
a short exact sequence of modules over £2°:

0 1M 51 %5d1/(I) >0
Notice that .J is integrable if (1) = I. If I(Y) C I, then we consider
I 4 02 I 02 (1),
we define the submodule I as kerd for § = 7 o d. Assuming that [*~1
has constant rank on M, we define inductively the kth derived system I*)
b
' 0 — [0 — p=1) & gr(e=1) j(p(k=1)y _ .

Let v be the smallest non-negative integer with 7*) = 1*+1)_ Then we have
a sequence of subbundles

(2.2) (M) =1=10 5 1M 5... 5 =) 5 [0,
each I is a closed subbundle of I.

DEFINITION 2.5. An almost complex manifold (M, J) is of type (v, q) if
I™) has rank q.

In [HK], Han and Kim gave a systematic approach to construct the closed
subbundle of differentials of the maximal set of independent holomorphic
functions (see Propositions 2.3 and 2.4 therein); they proved the following:

TuEOREM 2.6 ([HK]). Let M?", n > 2, be a C™ manifold with C*° al-
most complex structure J. Let (T*M)"° be the bundle of (1,0)-forms. Then,
under a generic assumption of non-degeneracy at each step of the construc-
tion, there exists a sequence of subbundles (T*M)l’0 =710 5 1M 5
and a non-negative integer v such that for k =0,1,2,...,

(1) 1%+ C 1) if k< v;

(ii) T*+D) = 1) 4f ke > v;

(iif) dI*+1D =0 mod I,

Moreover, a function u is holomorphic if and only if du € I™), thus the
number of independent holomorphic functions is equal to the rank of I%).

For independent (1,0)-forms 6§ = (9%,...,0"), we set

(2.3) db' = " Th6 A§* mod (6),
i<k
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where j,k,l =1,...,n. Then (2.3) can be written as follows:

AYNE
1 1 1 1
do T12 T13 e Tn—l,n él A é3
(2.4) =l : , mod (6).
daom Ty T " _
12 13 n—1,n 9"_1 INiL

T

The n x (g) matrix T is called the torsion of J with respect to the coframe 6.
By observing the torsion 7 and its prolongations, we determine the type
(v,q) (see [H] for prolongation theory).

Let G be the closed subgroup of GI(r + 3,C), r > 1, defined by

([1 0 -« 0 a*" af™2 0 ]
01 0 ay™ ay™ 0
(2.5) G=<10 0 1 artl a2 0 | az, R
2
0 0 0 1 aff o
0 0 0o 0 1 0
0 0 0 0 0 e

Then G = H(1,7) x S, where H(1,r) is the generalized Heisenberg group
(cf. [CEG]) and S! is the unit circle. We denote by I' the discrete subgroup
of matrices with integer entries. Then we define the generalized Thurston
manifold M* 2 as the quotient of H(1,7) x S! by the discrete subgroup I
In Sectionwe define an almost complex structure J on M2 2 for a fixed r,
and we prove our main result:

THEOREM 2.7. The generalized Thurston manifold (M*+2,.J) is of type
(1,1).

REMARK 2.8. In the case where r = 1, the manifold M* is the Thurston
manifold, introduced in [Th].

3. Types of generalized Thurston manifolds. We will show that
each generalized Thurston manifold is of type (1, 1) for a certain almost com-
plex complex structure J. Let {:z:k Ly, PP, t} be the local coordinate functions
on G defined by

(A =att, y(A) =a 1], PFA)=a; HA)=60 (1<k<r)
for all A € G in (2.5)) (cf. [CEG]). Then we define
o =da*, B=dy, A=dpf—aFdy, n=dt (1<k<r);
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these 1-forms are linearly independent and left-invariant on G. Let

o o "L .0 9 9
ok’ oy T ;m apit TR T gk ot

be the vector fields dual to {a*, 3,v* n}.
First we define an almost complex structure J on G as follows:
JXp: =P, JP,:=-Xy, JY:=T, JI:=-Y ((A<k<nr).

In [To], Tomassini introduced this almost complex structure on M?. Con-
sidering the canonical projection 7 : G — M?" 2 we define left-invariant
1-forms on M?"+2 by

@) =af,  w(@F)=p, TGF)=2" @ =n (Q<k<r).
Then we define an almost complex structure J on M2 2 such that

Xk

T (JX) = J(m.X) for every X € I'(TG).
Now we shall determine the torsion matrix for (M?+2.J). By let-
ting
ok = %{dmk +idp® —izFdy}y (1 <k <),
ot = Hdy + idt},

as generators of (1,0)-forms on G, we descend these (1,0)-forms to M2 2,
Then, for some local coordinate functions {#¥, 7, p*, %} on M?"*+2 we define

0% .= L{a" + kY = {dak +idpt —idkdygy (1 <k <),
0"+ = 3{B + i} = 3{dy + idt},
as generators of (1,0)-forms on M2 2 that is, I = (9*,...,6" 1) for M2 +2

in .

By applying the exterior derivative d to (3.1]) we obtain
df* = —Lidi* A dj

(3.1)

(3.2) — L@ 4 Py AT 0Ty 1<k <),
agrtt =o.

Now we shall evaluate d@* mod (I). For each 1 < k < r, we have

(3.3) do* = —%zék A 6™+ mod (6%,...,6m.

From and the second equation in , we deduce that the torsion
matrix 7 has rank r on M?"+2. Considering the first derived system, we let
IM = (1), It is a closed subbundle of I. By Theorem we conclude
that (M?+2,.J) is of type (1,1). This completes the proof of Theorem

REMARK 3.1. The type for (M2 2 J), r > 1, is independent of the
choice of dimension r.



268

H. Kim

Acknowledgements. This research was supported by an NRF grant
2011-0030044 (SRC-GAIA) of the Ministry of Education, The Republic of

Korea.

References

E. Abbena, An example of an almost Kdhler manifold which is not Kahlerian,
Boll. Un. Mat. Ttal. A (6) 3 (1984), 383-392.

S. Berhanu, P. D. Cordaro and J. Hounie, An Introduction to Involutive Struc-
tures, Cambridge Univ. Press, 2008.

R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt and P. A. Griffiths,
Exterior Differential Systems, Springer, New York, 1991.

E. Cartan, Les systéemes différentiels extérieurs et leurs applications géomé-
triques, Actualités Sci. Ind. 994, Hermann, Paris, 1945.

L. A. Cordero, M. Fernandez and A. Gray, Variétés symplectiques sans struc-
tures kdahlériennes, C. R. Acad. Sci. Paris Sér. I Math. 301 (1985), 217-218.

L. A. Cordero, M. Ferndndez and M. de Leén, Ezamples of compact non-Kdhler
almost Kdhler manifolds, Proc. Amer. Math. Soc. 95 (1985), 280-286.

R. B. Gardner, Invariants of Pfaffian systems, Trans. Amer. Math. Soc. 126
(1967), 514-533.

A. Gray, Curvature identities for Hermitian and almost Hermitian manifolds,
Toéhoku Math. J. (2) 28 (1976), 601-612.

C.-K. Han, Overdetermined PDE Systems of Generic Type, GARC Lecture Note
Ser. 53, Research Inst. Math., Seoul National Univ., 2007.

C.-K. Han and H. Kim, Holomorphic functions on almost compler manifolds,
J. Korean Math. Soc. 49 (2012), 379-394.

B. S. Kruglikov, Nijenhuis tensors and obstructions to the construction of pseu-
doholomorphic mappings, Mat. Zametki 63 (1998), 541-561 (in Russian).

M. Migliorini and A. Tomassini, Local calibrations of almost complex structures,
Forum Math. 12 (2000), 723-730.

O. Muskarov, Almost complex manifolds without almost holomorphic functions,
C. R. Acad. Bulgare Sci. 34 (1981), 1225-1228.

O. Muskarov, Ezistence of holomorphic functions on almost complex manifolds,
Math. Z. 192 (1986), 283-295.

A. Newlander and L. Nirenberg, Complex analytic coordinates in almost complex
manifolds, Ann. of Math. 65 (1957), 391-404.

W. P. Thurston, Some simple examples of symplectic manifolds, Proc. Amer.
Math. Soc. 55 (1976), 467-468.

A. Tomassini, Some examples of non calibrable almost complex structures, Fo-
rum Math. 14 (2002), 869-876.

F. Treves, Approzimation and representation of functions and distributions an-
nihilated by a system of complex vector fields, Ecole Polytechnique, Centre de
Mathématiques, Palaiseau, 1981.

B. Watson, New examples of strictly almost Kdhler manifolds, Proc. Amer.
Math. Soc. 88 (1983), 541-544.


http://dx.doi.org/10.1090/S0002-9947-1967-0211352-5
http://dx.doi.org/10.2748/tmj/1178240746
http://dx.doi.org/10.4134/JKMS.2012.49.2.379
http://dx.doi.org/10.4213/mzm1315
http://dx.doi.org/10.1007/BF01179429
http://dx.doi.org/10.2307/1970051

Partial integrability on Thurston manifolds

Hyeseon Kim

The Center for Geometry and its Applications

Pohang University of Science and Technology

Pohang 790-784, Republic of Korea

E-mail: hop222@snu.ac.kr
hyeseon@postech.ac.kr

Received 11.4.2012
and in final form 9.10.2012

269

(2768)






	1 Introduction
	2 Preliminaries
	2.1 Almost complex structures and integrability
	2.2 Partial integrability and main result

	3 Types of generalized Thurston manifolds
	References

