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Abstract. We investigate the existence and uniqueness of solutions of hyperbolic
fractional order differential equations with state-dependent delay by using a nonlinear
alternative of Leray—Schauder type due to Frigon and Granas for contraction maps on
Fréchet spaces.

1. Introduction. In this paper we provide sufficient conditions for the
global existence and uniqueness of solutions of some class of fractional order
partial hyperbolic differential equations. Firstly, we present a global existence
and uniqueness of solutions to the fractional order initial value problem (IVP
for short)

(11) (CDOU) (t7 J}) f(ta Ly U(pg (t@,u“,z)),pz(t@,u(t,z))))7 (tv J)) € J,

(1.2) u(t,z) = ¢(t,x), (t,z) € J,
(1'3) ( ) (t)7 u(O,m) = 1/}(‘75)7 (tv x) € J,
where (0) = $(0), J := [0, 00) x [0,00), J = [~a,00) x [, 00) \ [0, ) X

[0,00), o, > 0, “Dj is the standard Caputo fractlonal derivative of order
r = (ry,re) € (0,1] 0,1}, f : J x C([-a,0] x [-5,0],R") — R™, p
J % C([—OA,O] X [_/870]7Rn) — [—~a,oo), P2 J x C([—Oé,()] X [_670]7Rn) _>

[—f,00) are given functions, ¢ : J — R" is a given continuous function with
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#(t,0) = ¢(t), ¢(0,z) = ¢(x) for each (¢t,x) € J, p,9 : [0,00) = R™ are
given absolutely continuous functions and C([—a, 0] x [—3,0],R") := C is
the Banach space of continuous functions on [—a, 0] x [—£, 0] with norm

lulle = sup{[lu(s,T)|| : (s,7) € [, 0] x [-5,0]}.
We denote by u; ) the element of C([~a, 00) x [-f3,00),R") defined by
Uy (s, T) =ult +s,2+7), (s,7) € [~a,0] x [-B,0];

here u(t,x)(-, -) represents the history of the state from time ¢ — « up to the
present time ¢ and from time z — 8 up to the present time x.

Next we consider the following system of partial neutral hyperbolic dif-
ferential equations of fractional order:

(1.4)  “Dolw(@, y) = 9(, ¥ Wipy (2,9,u00.4)) 02 (@0:000.5)))]
= S (& Ys U (9,100,002 (@vineg)))s (@5Y) € U,
(15)  u(z,y) = ¢(z,y), (z.y) €,
(1.6)  w(z,0)=¢(@), uw0y)=v@), (zy)ecl
where f, p1, p2, ¢, ¢, 1 are as in problem (L.I)-(L.3) and g : J xC([—a, 0] x

[—f3,0],R™) — R™ is a given continuous function.
The third result deals with the existence of solutions to fractional order
partial differential equations

(17) (CDSU)(:U7Z/) = f(l‘,y, u(p1(:c,y,u(zyy)),pQ(a:,y,u<z7y>)))7 ((B, y) € Jv
(18) U(Ct?,y) = ¢($ay)’ (SU,y) € jlv
(1.9)  w(z,0) =), uw0y)=1@), (zy) el

where ¢ and ¢ are as in problem 7, J = (—00,00) X (—00,00) \
[0,00) X [0,00), f: JxB—=R, p1:JxB =R, py:JxB— R are given
functions, ¢ : J' — R" is a given continuous function with ¢(t,0) = ¢(t),
¢(0,2) = ¢(x) for each (t,z) € J, and B, called the phase space, will be
specified in Section 4.

Finally we consider the following initial value problem for partial neutral
functional differential equations:

(110) CD6 [U(Qj‘, y) - g(l‘, Y, u(p1 (ac,y,u(z,y)),pg(x,y,uw’y))))]
= f(:Ea Y, u(pl(a:,g,u(l.yy)),pg(w,y,u(z’w)))7 (ZL‘, y) € Ja
(1.11)  u(z,y) = d(z,y), (z,y) €S,
(1.12)  u(z,0) = p(z), u(0,y) =¢(y), (2,y)€J,
where f,p1, p2, ¢, p,1 are as in problem (1.7)—(1.9) and g : J x B — R" is

a given continuous function.
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The idea of fractional calculus and fractional order differential equations
has been a subject of interest not only among mathematicians, but also
among physicists and engineers. Indeed, we can find numerous applications
in rheology, control, porous media, viscoelasticity, electrochemistry, electro-
magnetism, etc. [BDST), [Hil [P1) [T]. There has been a significant develop-
ment in ordinary and partial fractional differential equations in recent years;
see the monographs of Abbas et al. [ABN], Lakshmikantham et al. [LLV],
Miller and Ross [MR], Samko et al. [SKM]|, and Podlubny [P1], the papers
of Abbas and Benchohra [ABIl [AB2], Belarbi et al. [BBOJ|, Benchohra et al.
[IBHNO], Kilbas and Marzan [KM], Vityuk and Golushkov [VGI, Vityuk and
Mykhailenko [VM], and the references therein.

Moreover, complicated situations in which the delay depends on the
unknown functions have been studied in recent years (see for instance
[ABBI[RW, W/, [WB]| and the references therein). Over the past several years it
has become apparent that equations with state-dependent delay arise also in
several areas such as classical electrodynamics [DN1], population models [B],
models of commodity price fluctuations [BM) [Ma], and models of blood cell
production [MM]. Existence results, among other things, were derived recently
for various classes of functional differential equations when the delay depends
on the solution. We refer the reader to the papers by Ait Dads and Ezzinbi [AE],
Gy6ri and Hartung [GH|, Hartung [H1, [H2, [H3], and Hernéndez et al. [HPL].
In [DN], the authors considered a class of semilinear functional fractional order
differential equations with state-dependent delay. By means of the Banach con-
traction principle and the nonlinear alternative of Leray—Schauder type, Ab-
bas et al. [ABV] gave some existence as well as uniqueness results for each of our
problems on a bounded domain. Vityuk et al. [VGLVM] considered two classes
of Darboux problems for partial differential equations involving the Riemann—
Liouville derivative. Cztapinski [C1] |C2] considered the Darboux problem for
some integer order fractional differential equations with infinite delay.

Motivated by the previous papers, we consider the existence of solutions
for problems 7, 7, 7, and 7. Our anal-
ysis is based upon the nonlinear alternative of Leray—Schauder type due
to Frigon—Granas type for contraction maps on Fréchet spaces [FG| and a
fractional version of Gronwall’s inequality. We look for sufficient conditions
ensuring existence of solutions for each of our problems. The present re-
sults extend those considered with finite and/or infinite constant delay on
bounded domains in [ABIl [AB2, [ABN| [ABV], and those for constant delay
and integer order derivative in [C1], [C2].

2. Preliminaries. In this section, we introduce the notations, defini-
tions, and preliminary facts which are used throughout this paper. Let p € N
and Jy = [0,p] x [0,p]. By C(Jo,R) we denote the Banach space of all con-
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tinuous functions from Jy into R™ with the norm

[w]loo = sup Jw(t, z)]l;
t,x)eJy
where || - || denotes a suitable complete norm on R”.

As usual, AC(Jy, R) denotes the space of absolutely continuous functions
from .Jp into R”, and L' (.Jp, R) is the space of Lebesgue-integrable functions
w : Jog — R™ with the norm

DEFINITION 2.1 ([VG]). Let r = (r1,72) € (0,00) % (0,00), 8 = (0,0) and
u € LY(Jg,R™). The left-sided mized Riemann-Liouville integral of order r
of u is defined by

tx

(Iju)(t,z) = F(T’l)lf(rg) S (S] (t — 8)?“1—1(x — T)Tz—lu(s, T)dr ds.

In particular,
(I9u)(t, ) = u(t,z),

tx
(Igu)(t,z) = ”u(s, T)drds for almost all (t,z) € Jo,
00
where 0 = (1,1).
For instance, Iju exists for all 71,72 € (0, 00) x (0, 00) when u € L1 (Jo, R™).
Note also that if u € C'(Jo, R"), then Iyu € C(Jo,R"™), and
(Igu)(t,0) = (Igu)(0,2) =0, (t,z) € Jo.

EXAMPLE 2.2. Let \,w € (—=1,00) and r = (r1,72) € (0,00) X (0, 00).
Then

1+ M)I'l+w) AT gt
'+ X+r)I'1+w+r2)

By 1—r we mean (1—r1,1—7r3) € (0,1]x (0, 1]. Denote by D?, := 9?/0tox
the mixed second order partial derivative.

DEFINITION 2.3 ([VG]). Let 7 € (0,1] x (0,1] and u € L'(Jy,R"). The
mized fractional Riemann—Liouville derivative of order r of u is defined by

Dyult, ) = (Di, 1 "u)(t, ),

and the Caputo fractional-order derivative of order r of u is defined by

2
(‘Dyu)(t,z) = <I91T afm“) (t,z).

Iptha® = for almost all (¢, z) € Jy.
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The case 0 = (1,1) is included and we have

(Dgu)(t,x) = (°Dgu)(t,x) = (DXu)(t,z) for almost all (¢,z)€ Jy.

EXAMPLE 2.4. Let \,w € (—1,00) and r = (r1,72) € (0, 1] x (0, 1]. Then
I+ M1+ w)

Ditra® = Tt A=) (1 tw—12) T2 for almost all (¢, z) € Jo.

We will make use of the following generalization of Gronwall’s lemma for
two independent variables and singular kernel.

LEMMA 2.5 ([Hel). Let v : J — [0,00) be a real function and w(-,-) be
a nonnegative, locally integrable function on J. If there are constants ¢ > 0
and 0 < ri,r9 < 1 such that

tx

(s, 7)
U(t,.’L‘) < w(tyx) +c 1 r
TIEEHEEE

then there exists a constant 6 = §(r1,r2) such that

dr ds,
2

v(t,x) <w(t,z)+ (5085
00

w(s, )

drd
t—s)yi(z—ryz %

for every (t,x) € J.

3. Some properties in Fréchet spaces. Let X be a Fréchet space
with a family {|| - || }nen of seminorms. We assume that

llul[1 < |lullzg < -+ for every u € X.

Let Y C X. We say that Y is bounded if for every n € N, there exists M,, > 0
such that
lylln < M, forallovey.

To X we associate a sequence {(X™, || -||»)} of Banach spaces as follows: For
every n € N, we consider the equivalence relation ~,, defined by: v ~, v if
and only if ||u—v||, = 0 for u,v € X. We denote by X" = (X/~y, || -||») the
quotient space. To every Y C X, we associate a sequence {Y"} of subsets
Y™ C X™ as follows: For every u € X, we denote by [u], the equivalence
class of u in X™ and we define Y = {[u], : u € Y}. We denote by Y™,
int,, (Y") and 0,Y™, respectively, the closure, interior and boundary of Y™
with respect to || - ||, in X™. For more information about this subject we
refer the reader to [FG].

DEFINITION 3.1. Let X be a Fréchet space. A function N : X — X is
said to be a contraction if for each n € N there exists k,, € [0,1) such that

[N (u) = N)|ln < knllu — v, forall u,v € X.



264 M. Benchohra and M. Hellal

THEOREM 3.2 (Nonlinear alternative of Leray—Schauder type due to
Frigon—Granas [FGl). Let X be a Fréchet space and Y C X a closed sub-
set in X. Let N : Y — X be a contraction such that N(Y') is bounded. Then
one of the following statements holds:

(a) the operator N has a unique fixed point;
(b) there exist X € [0,1), n € N and u € 9,Y™ such that

|lu — AN (u)||n = 0.

4. Global results for the finite delay case. In this section we present
a global existence and uniqueness result for problem (|1.1])—(1.3)).

For each p € N we set

Cp = C([—Oé,p] X [_/Bap]aRn)
and we define seminorms in Cy := C(]—a, 00) X [—3,00),R™) by
Jull, = sup{||u(t, z)|| : —a <t <p, =B <z < p}.

Then Cj is a Fréchet space with the family {|| - ||} of seminorms.

Let us start by defining what we mean by a solution of problem ([1.1)—

3).
DEFINITION 4.1. A function u € Cj is said to be a solution o l)
if u satisfies equations and on J and the condition 1’ on J.
For the existence of solutions of 7, we need the following lemma:
LEMMA 4.2. A function u € Cy is a solution of problem f if

and only if u satisfies the equation

u(t,x) = 2(t,z) + mé § (t—s) "tz —7)2t

X (8T Wipr (im0 )2 (500, my))) AT S
for all (t,x) € J and the condition on J, where
2(t, ) = o (t) + ¥(z) — 9(0).
Set
R =R pr)
={(p1(s,t,u), pa(s,t,u)) : (s,t,u) € J x C(]—,0] x [-5,0],R"),
pi(s,t,u) <0, i=1,2}.
We always assume that
p1:J x C([—a,0] x [-5,0],R") = [—a, 00),
p2:J x C([—a,0] x [-5,0],R") = [, 00)

are continuous and (s,t) + u(4) is continuous from R into C.



Differential equations of fractional order on unbounded domains 265

Now, we present sufficient conditions for the existence and uniqueness of

a solution of problem ({1.1))—(1.3]).

THEOREM 4.3. Assume that:

(H1) f:J x C([—a,0] x [=8,0],R™) — R™ is continuous.
(H2) For each p € N, there exists £, € C(Jy,R"™) such that for each
(t,.%') € Jo,

| f(t,x,u) — f(t,z,0)] < Lp(t,z)|lu—v|lc for all u,v e C.
If

g;prl—i-rz
F(’l“l + 1)F(T’2 + 1)

where £, = sup( e g, lp(t, ), then there exists a unique solution of (1.1)-
(11.3) on [—a, 00) X [—f, 00).

Proof. We transform ([1.1))—(1.3)) into a fixed point problem. Consider the
operator N : Cy — C defined by

(4.1)

<1,

o(t,x), (t,x) € J,
tx
1
Nu)(t,z) =< z(t,z) + ————\\(t —s)" " Ha —7)27!
(1) = 4 2000)+ i o e
X f(87 75 u(pl(S,T,UA(S’T)),/JQ(S,T,U(S’T)))) dT d$7 (t’ x) € J

Let u be a possible solution of the equation u = AN (u) for some 0 < A < 1.
Then for each (t,z) € Jy,

u(t,z) = z(t, ) + F(T1)/\F(7’2)§)§J (t— s)" 1 (& — 7y

X f(87 7 u(pl (svTvu(s,T))7/)2(577'7“/(5,7')))) dT ds'

This implies by (H2) that

lu(t, )| < M|zt 2)|| + F(ﬁ;w (= (e -y
00

X Hf(57 T, u(pl(S,T,U(S’T)),pQ(S,T,U(S’T)))) - f(37 T, 0) H drds
tx

: (r2) & =)@ =)= YIS (5,7, 0)] drds

+ -
F(?"l)F 00
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f*p'r'l—‘rTg
F(Tl + 1)F(7’2 + 1)

tx

< [lz(t, z) || +

1
- _ 11 _\r2—1
+ F(Tl)F(’r‘Q) (S)(S)(t 5) (fL' 7') fp(S,T)HU(Sﬂ.)Hc deS,

where f* = sups r)e, I/ (s,7,0)[. We define
y(t.x) = sup{Ju(s.7)]| - —a<s<t p<r<a}, 0<t<pO0<z<p

Let (t*,2%) € [—a,t] x [, 2] be such that y(¢,z) = ||u(t*, z*)|. If (t*,2%)
€ Jo, then by the above inequality, for (¢, x) € Jp,

*T1+T2
(42) )l < 1t )l + _{ f)F —
1 i ri—1 o \r2—1
* Ry 1) (€)= Il s ) dr

If (t*,2*) € J, then y(t,z) = ||#||c and the previous inequality holds. By

(4.2]) we obtain

f*pm-H“Q
Iyt < let2)] + iy
1 o 11— r2—
+ m [S)(S) (t—s) l(x —7) lfp(s, T)y(s,7)dr ds
f*ph+7”2
Sl e
* tx

g W= @ =) s drds,

and Lemma implies that there exists a positive constant 6 = §(rq,r2)
such that

f*pT1+7’2 N 6[;107’14-7"2
I(

y(t,z) < [HZHP + Iiri+1D)(rg +1) r1+1)(rg +1)

= M,.
Then from (4.2) we have
f*pﬁ-‘rrz Mpg;; *
< =M.
lllp < llzllp + I(ry+1)0(ra + 1) " I(ri+1)I(r2 +1) ?

Since |lug g llo < y(t, z) for every (t,z) € Jy, we have
[ull, < max(||¢llc, My) = Ry.
Set
U={ueCy:|ul, <R,+1 for all p € N}.
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We shall show that N : U — (), is a contraction map. Indeed, consider
v,w € U. Then for each (t,z) € Jy, we have

I(Nv)(t, ) = (Nw)(, z)]]

; — 5 ri—1 -7 ro—1
< Freg 1o e =

tx

X Hf(s’ Ts v(pl (SvT»u(s,‘r))7p2(3777u(s,‘r)))) B f(s7 7 w(pl (577-7“'(3,7'))7p2(577-7u(s,7')))) ” dT dS

tx
1
< SS(t_S)Tl_l(:U_T)r2_lfp||fu(p1(s U )
= sTHU(s, 1) 7p2(5a7—7u(s,‘r)))
L)) )
= Wp1(s,mu(s,r)),02(5:TU(s,7))) o dr ds
f*p’fl"r"‘Q
< P UV — W|p.
=~ F(rl + 1)F(T2 + 1) ” HP
Thus
* +
gpp'fl T2

[N (v) = N(w)lp < [o = wllp.

F(Tl + 1)F(7“2 + 1)

Hence by (4.2), N : U — C, is a contraction. From the choice of U, there
is no u € 9,U™ such that u = AN(u) with A € (0,1). From Theorem 3.2
we deduce that N has a unique fixed point v in U, which is a solution to

problem (LT)-(3). =
Now, we present a global existence and uniqueness result for (1.4])—(1.6]).

DEFINITION 4.4. A function u € Cj is said to be a solution of ([1.4])—(1.6))
if u satisfies equations (1.4) and (1.6) on J and the condition (1.5) on .J.

Let f € L'(J,R") and g € AC(J,R") and consider the linear problem
(4.3) ‘Dolu(t,z) —g(t,z)] = f(t,x), (L)€,
(4.4) u(t,0) = o(t), w(0,z)=1(x), (t,x)€J,

with ¢(0) = 1(0).
For the existence of solutions of ([1.4)—(1.6)), we need the following lemma.
Its proof is left to the reader.

LEMMA 4.5. A function u € AC(J,R") is a solution of problem (4.3)—
(4.4) if and only if

(4.5) u(t,x) = z(t,z) + g(t,z) — g(¢,0) — g(0,2) + g(0,0)
+Io(f)t2), (t,z) €,

where z(t,x) = p(t) + ¥ (x) — ¢(0).

As a consequence of Lemma we have the following auxiliary result.
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COROLLARY 4.6. A function u € Cy is a solution of (L.4)—(1.6|) if and

only if u satisfies the equation

U(t, J}) = Z(t, I’) + g(tv €, u(t,z)) - g(tv 0, u(t,O)) - 9(07 €T, u(O,x))

+9(0,0,u( ) + F(Tl)lw WeE—smt@—7m!
00

X f(S, B u(pl (S:Tvu(s,-r))7p2(577-7u(s,7')))) dT dS
for all (t,x) € J and the condition (1.5) on J.
THEOREM 4.7. Assume (H1)—(H2) and the following hypothesis holds:

(H3) For each p € N, there exists a constant ¢, with 0 < ¢, < 1/4 such
that for each (t,x) € Jy,

Hg(t,aﬁ,u) - g(t7xvv)‘| < CPHU - U”
for all u,v € C(]—«,0] x [-3,0],R").
If
g;pm-i-rz
F(Tl + 1)F(7‘2 + 1)
then there exists a unique solution of (1.4)—(1.6) on [—a,00) x [—f,00).

Proof. We transform (|1.4])—(1.6]) into a fixed point problem. Consider the
operator Ny : Cy — Cj defined by

(4.6) dep +

<1,

o(t,x), (t,x) € J,
Z(tvx) +g(t>$7u(t,x))

(Nyu)(t,z) = —9(t,0,u¢0)) — 9(0,2,u0)) +9(0,0,u)

#tw _$T1*1x_7_r271

L X f(87 T, u(pl(S,T,u<sy7.)),p2(8,77u<sy7—>))) drds, <t7 x) € J,

In order to apply the nonlinear alternative, we shall obtain a priori estimates
for solutions of the integral equation

u(t7 I’) = )\[Z(t7 1‘) + g(ta Z, u(t,z)) - g(ta 0, u(t,O)) - g(oa x, U(O,a;)) + g(O, 0, ’LL)]

#tz _8T1—1x_7_r2—1
T W e )

X (80T Wipr (5,710 ) 2 (s700,0))) AT A5
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for some A € (0,1). Then using (H1)-(H2) and (4.2)) we get
f*pr1+r2

I(ri+ 1) (re+1

+ Hg(t 0, uge,0)Il + 1900, 2, wo,.2)) || + [19(0, 0, 0,0

tx
+ H t—8)" o — )2 (s, T)y (s, T) dT ds.
00

lult, 2)|| < [|z(8 )l +

) + Hg(t7 x, u(t,x))”

Hence

f* r1+712
F(Tl + 1)F(7“2 + 1)
+ lg(t, z,0)[| + [lg(t, 0, 0)|| + [lg(0, z,0)[| + [|g(0, 0, 0)

E* tx

. r ) e — A2 (s ) dr ds
+F(T1)F(r2)§§(t ) @ = 1) (s, 7) drds,

Inserting (4.7) in the definition of y(¢,x), we get

1
t
i o+

@4.7)  flut,2)|| < [l2(8 )l +

+4epy(t, x)

f* r1+7r2
F(Tl + 1)F(7‘2 + 1)

y(t,z) = + 49*]

Vs tx

. r _Sm—lx_Trg—l s ) drds
+F(T1)F(r2)§§)(t ) ( ) y(s,7)dr ds,

where £ = (7 /(1 — 4¢p) and ¢* = sup( r)c s, 19(s, 7, 0) |-
By Lemma there exists a constant 6 = d(ry,72) such that

1 f* 71+72
4.8 < — 49"
49 vl < o g I+ e 4|
1+ M;’* D
X = .
I(ri+1)C(re + 1) P
Then from and ., we get
f* 71+72
< 4g*
lully < ello + Fo— s 1) 4
Dyt .
+ 4¢, Dy + L =: D,

I'(ri+1)I(ra+1)
Since |lug g llc < y(t, ) for every (t,z) € Jo, we have
ullp < max(||¢llc, D) =: Rj,.

Set
Ur={u€ Cy:lull, <R, +1forall pe N}

Clearly, Uy is a closed subset of Cy. We shall show that Ny : Uy — C), is a
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contraction map. Indeed, for v,w € Uy and (t,x) € Jy, we have

[(N1)(t, 2) — (N1w)(t, )|

<|lg(t,» ) (e, x)) - (t,ij(t,x))ll + Hg(t707v(t,0)) - g(t,O,w@,O))ll
+ ||g(O T, v(0,2)) — 9(0, 2, w(0,2)) | + [19(0,0,v) — g(0,0,w)]|

)
tx
gg It — s o — 7|27t
00

X ”f(s’ Ts v(pl (SvTvu(s,T))7p2(377-vu(s,‘r))))
B f(57 Ty w(pl (537—7”(5,7))7p2(577—7u(s,7')))) || dT ds

< ep([|lviey — Wi llp + 100y — weoyllp + V0,2 — wom)llp + lv —wllp)

)
1 tx
ri—1 ro—1
+ F(,r.l)]_‘(,r.2> (S)(S)[(t - 8) ' (x - T) ? EPH,U(pl(SvTvu(s,‘r))7p2(5=7—7u(s,‘r)))

B w(pl (S,’T,U(S’T)),pg (SvTvu(s,T))) ||C dT dS
< 4epllv —wllp
* )71+
gppTl T2
I'(ri+ 1)I(re —|—1

tx
v—wlp\|(t—s)" (@ — )2 drds
00

;ph-i-?”z
< (4 —wll,.
= ( @ T+ O + 1)) o=l

Thus
* 71172

M) = NaCwlly < (e + s Vo= il

Hence by (4.6} . ), N1 : Uy — C) is a contraction. From the choice of Uy, there
is no u € 8,U7" such that u = ANy (u) with A € (0,1). By Theorem [3.2]
we deduce that N has a unique fixed point w in Uy, which is a solution to

problem (T4)-(TG). =

5. Global results for the infinite delay case

5.1. The phase space B. The notion of phase space plays an important
role in both the qualitative and quantitative theory of functional differential
equations. A usual choice is a seminormed space satisfying suitable axioms,
introduced by Hale and Kato (see [HK]). For further applications see for
instance the books [HV) [HMN] and their references.

For any (¢,z) € J we denote E(; ;) := [0,1] x {0} U {0} x [0, 7]; in case
t =a, x = b we write simply E. (B, |(-,-)||s) is a seminormed linear space of
functions mapping (—o0, 0] x (—o0, 0] into R™, and satisfying the following
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fundamental axioms, adapted from those introduced by Hale and Kato for
ordinary differential functional equations:

(A1) If y : (—o0,a] x (—00,b] — R™ is continuous on J and y ) € B
for all (¢,z) € E, then there are constants H, K, M > 0 such that
for any (¢,x) € J the following conditions hold:

(1) Y, is in B,

(i) [ly(t, o)l < Hllyw,a 5,

(il)) lyewlls <K sup  |y(s,7)|+M  sup |y lls.
(s,7)€[0,¢] % [0,x] (5,7)EE(1,a)

(Ag) For the function y(-,-) in (A1), y(q) is a B-valued continuous func-
tion on J.
(Az) The space B is complete.

Now, we present some examples of phase spaces [C1] [C2].

EXAMPLE 5.1. Let B be the set of all functions ¢ : (—oo, 0] x (—o0, 0] —
R™ which are continuous on [—«, 0] x [—-f3,0], «, 5 > 0, with the seminorm

¢l = sup l[o(s, 7).
(s,7)€[—a,0]x[-5,0]

Then H = K = M = 1. The quotient space B = B/| - || is isometric to

the space C'([—«, 0] x [—,0],R™) of all continuous functions from [—a;, 0] x

[—, 0] into R™ with the supremum norm; this means that partial differential

functional equations with finite delay are included in our axiomatic model.

EXAMPLE 5.2. Let v € R and let C be the set of all continuous functions
¢ : (—00,0] x (—00,0] — R" for which the limit limj(s 7)||-o0 et (s, )
exists, with the norm

I¢llc, = sup (s, 7).
(8,7)€(—00,0] X (—00,0]

Then H = 1 and K = M = max{e 7+ 11,
EXAMPLE 5.3. Let a, 8,7 > 0 and let

0o 0
I¢llcr, = sup e, I+ | | e lg(s, 7)] dr ds.
(5,7)€[—0,0] x [~ 3,0] R

be the seminorm for the space C'L., of all functions ¢ : (—oc, 0] x (—o0, 0] —
R™ which are continuous on [—a,0] x [—f,0] measurable on (—oo, —a] X
(—00,0] U (—00,0] x (=00, —f], and such that ||¢||cz, < co. Then
00
H=1 K= S S 6t drds, M =2.
—a -8
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5.2. Main results. In this section we present a global existence and

uniqueness result for problem ([1.7)—(1.9). Set
Q2 :={u:R?> > R": Ut,z) € B for (t,7) € E and ul; € C(J,R")}.

DEFINITION 5.4. A function u € (2 is said to be a solution of (1.7)—(1.9)
if u satisfies equations ((1.7) and (1.9) on .J and the condition (1.8 on .J'.

For each p € N, set
Cp = {u: (—00,p] X (=00,p] = R™ : ugy 4y € B, ugp ) = 0 for (t,z) € E

and uly, € C(Jo,R™)},
Co={ue€ R:uyy =0for (t,z) € E}.

On C|, we define the seminorms

ullp =" sup [Jugq)ll+ sup [u(t, )]
t,.CE)GE t’z)EJO
= swp [u(ta)], weC,
(t,x)eJo

Then Cj is a Fréchet space with the family of seminorms {||ul[,}.

Set
ey
R '_R(Piﬂ;)
= {(pl(S’Ta u)aPQ(S’Ta U)) : (577—7 u) €Jx Ba pi(S’Ta u) < O’ L= 1a2}

We always assume that p; : J x B — R and ps : J x B — R are continuous
and the function (s, 7) + w(s ;) is continuous from R’ into B.
We will need the following hypothesis:

(Hy) There exists a continuous bounded function L : R’ (bTw3) (0, 00)
such that

65,8 < L(s,7)ll¢lls  for any (s,7) € R'.

We will make use of the following consequence of the phase space axioms
[HPL, Lemma 2.1].

LEMMA 5.5. If u € £2, then

lugslls = (M +L)|¢ls + K sup [[u(@,n)|,
(6,m)€[0,max{0,s}] % [0,max{0,7}]

where L' = sup(s ryers L(s, 7).

Further, we present sufficient conditions for the existence and uniqueness

of a solution of problem (|[1.7))—(1.9)).
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THEOREM 5.6. Assume (Hy) and the following hypotheses hold:

(H'1) f:JxB—R" is continuous.
(H'2) For each p € N, there exists £, € C(Jo,R™) such that for each
(t,z) € Jo,
| f(t, z,u) — f(t,z,v)| < Lp(t,x)||lu—v|g  for all u,v € B.
If
kﬁ* 7172

F(’I“l + 1)F(’I“2 + 1)
where £}, = sup(; pye g, Lp(t, ©), then there exists a unique solution (1.7 .

on (— oooo)x(—oooo)

Proof. We transform ([1.7)—(1.9) into a fixed point problem. Consider the
operator N’ : {2 — (2 defined by

(5.1) <1,

¢(t7$)’ (t,fL‘) € J,

1 o o ri—1 . ro—1
7F(T1)F(r2)88(t s Nz —7)

00
dr ds, (t,z) € J.

(N'u)(t,z) = z(t,z) +

X f(87 T u(pl (svT’u(s,‘r))7p2(s:7—7u(s,7‘))))

Let v(-,-) : (=00,00) X (~00,00) — R™ be defined by
oty ) = {Z“’ 0. (o)
o(t,x), (t,z)eJ,

Then vy 4y = ¢ for all (t,z) € E.
For each w € C(J,R™) with w(t,x) = 0 for all (¢,2) € E we define

wtay { W @nEd
, 0, (t,z) € J.

If u(-,-) satisfies the integral equation

tx

1 _ rye
) =5 @ —mr!

T(r)I(ra) )

XS (85 T30y (5,u(0.00) 02 (5:ts100.0)) T V(o (5,bsu(s.0)) 02 (5.t gsry)) ) AT S,

u(t,z) = z2(t,x) +

we can decompose u(-,-) as
u(t,z) =w(t,z) +v(t,x), (t,x)€J,
which implies

Ut,x) = w(t,x) + U(t,x)s (ta ZE) € J,
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and the function w(-,-) satisfies

1 tx . v
w(t,x):lwéé(t—s) Yo — )2t

X f(s’ Ty w(pl (Svtvu(s,t))7p2(57t7u(s,t))) + U(pl (Svt7u(s,t))7p2 (Svtvu(s,t)))) dT ds'

Let P : C} — C{ be the operator defined by

tx
(5.2) (Pw)(t,z) = W (-5t —ny
00

Xf(s’ 7 w(pl (Svtvu(s,t))7p2(57t7u(s,t)))+U(p1 (Svtvu(s,t))7p2(51tvu(s,t)))) dT dS, (t’ :E) = J

Obviously, N’ having a fixed point is equivalent to P having a fixed point, so
we will prove that P has a fixed point. We shall use the nonlinear alternative
of Leray—Schauder type due to Frigon and Granas. Let w be a possible
solution of the equation w = AP(w) for some 0 < A < 1. This implies that
for each (t,x) € Jo,

— A 0 _Smflx_Trzfl

X f(s’ T w(pl (Svtvu(s,t))7p2(57t7u(s,t))) + U(pl (Sat7u(s,t))7p2 (S»tvu(s,t)))) dT dS.

This implies by (H'2) that

(5.3) HUJ(t z)|

tx

S S Tl 1 —_ 7-)7‘271Hf(87 T7 @(pl(S7t7u(s,t))7p2(87t’u(s,i)))

00

+ v(pl(Svtau(s,t))7p2(37t’u(s,t)))) B f(87 T O)H drds
tx
A
+7 t_STl—lx_TT‘g—l 8,7_70 deS
e I A R A
f*prl—i-rg 1 tx - -

STt DI+ 1) T T (ra) )t =8 @ =) (s, 7)

00
X ||w (p1(s:tsu(s,))sp2(85tsu(s 1)) + Y(p1(s,t,u(s,))p2(5:tu(s 1)) )HB dr ds,
where f* = sup(s r)ej, [If(s,7,0)]. Lemmaﬂ 5.5 implies that
(5.4) @)+l < N6 lB+ 1venlls
< Ksup{w(s,7) : (5,7) € [0,s] x [0, 7]}
+ (M + L") 9l + K[|¢(0,0)].



Differential equations of fractional order on unbounded domains 275

Let y(s,T) be the right hand side of (5.4). Then

(55) ||w(s,’r) + U(S,T)HB < y(t,w).
Therefore, from (5.3)) and (5.5)), we get
f*pr1+r2
w(t,z)|| <
@)l I'(rm+1)I(ry+1)
1 tx

+—\\N =) N —7)2 (s, T)y(s, T) dT ds.
FerGa )= = e
Using the above inequality and the definition of y, we have

Kf*p” +r2

(7’1 + I)F(TQ + 1)

y(t,z) < (M + L)|ls + K60, 0)] +

% tx
+ _ KRG S S (t — )" x — )2 Ly (s, t) dr ds.
I'(r)I(r2) ’
By Lemma [2.5] there exists a constant 6 = 6(r1,72) such that

Kf*pm—H’Q
(ri+ 1) (re+1)

ol < |01+ Z) s + K6(0.0) +

[1 +0 K ] M,
X =: M.
F(Tl + 1)F(7“2 + 1) P
Then from (5.3) we have
f*pr1+r2 . g;;pm-i-rz —.
wllp, < + M =: M.
lolly < L+ 1)0(rg+1) P L(r+1)(rp +1) g

Set
U'={weCy:llw|, <M +1 forallpe N}
As in the previous argument, we can easily show that P : U’ — C, is a

contraction map. By our choice of U’, there is no w € 9,U™ such that

w = AP(w) with A € (0,1). By Theorem P has a unique fixed point w
in U’, which is a solution to problem (1.7)—(1.9). m

Now we present a global existence and uniqueness result for problem

(1.10)—(1.12). Its proof is left to the reader.

THEOREM 5.7. Assume (Hg), (H'1)-(H'2) and the following hypothesis
holds:

(H'3) For each p € N, there exists a constant ¢, with 0 < ke, < 1/4 such
that for any (t,x) € Jy we have

llg(t,z,u) — g(t,z,v)|| < cp(t,x)||u—v|s for all u,v € B.
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If

kf*prl +r2
(5.6) 4ep + 2

F(T’l + 1)F<7"2 + 1)

then there exists a unique solution of (1.10)—(1.12) on R2.

6. Examples

<1 for eachp €N,

ExXAMPLE 6.1. Consider the following fractional order partial hyperbolic
functional differential equations with finite delay:

(6.1)  (“Dou)(t, )

- et t2(1 + u(t — oy (u(t, x)), x — oo (u(t, x)))|)’ (t,z) € J

(6.2)  wu(t,0)=t, w0,z)=2a% (t,z)€J,
(6.3)  w(t,z)=t+a2% (t,x)eJ,
where .J := [0,00) x [0,00), J :=[~1,00) x [=2,00) \ [0, 00) x [0, 0),
o1 € C(R,[0,1]), o2 € C(R,][0,2]). Set
pi(t,z,0) =t —01(#(0,0)),  (t,z,0) € J x C([=1,0] x [~
p2(t,z, ) = x — 02(p(0,0)), (&, x,9) € J xC([-1,0] x [=

o F(T’l + l)F(Tg + 1)
P prl—i—'rg ’

%

) t,.’B) € J: wE C([_LO] X [_270]?R)'
[T
For each p € N* and ¢, € C([-1,0] x [-2,0],R) and (¢,z) € Jy := [0, p] X
[0, p] we have

p € N*.

f(t ) = (et +2

_ C _
£tz 0) = F(t.2.9) < Slle —Pllo-

Hence conditions (H1) and (H2) are satisfied with £ = ¢, /e*. We shall show
that condition (4.1)) holds for all p € N*. Indeed

* 112
top _ L <1
F(Tl + 1)F(T’2 + 1) e2
which is satisfied for each (r1,72) € (0,1] x (0, 1]. Consequently, Theorem [4.3]

implies that problem (6.1)—(6.3]) has a unique solution defined on [—1, 00) X
[—2,00).

EXAMPLE 6.2. Consider the following fractional order partial hyperbolic
functional differential equations with infinite delay:

(6.4) (“Dyu)(t,z)

_ u(t — o1 (u(t, z)), z — oa(u(t, z)))|
t

= Gl (4 ult — on(u(ta)) o — oauttan)) T
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(6.5) u(t,0)=t, wu(0,z)= z2, (t,z) € J,
(6.6) u(t,x) =t + z2, (t,z) € J = R? \ [0, 00) X [0, 00),
where 01 € C(R,[0,1]), o2 € C(R,0,2]) and

3p7’1+r2

C - b
P +1)0(re + 1)

B, = {u € C((—=00,0] x (—00,0],R) :  lim "My, 1) exists € R}.
11(6m)]|—00

The norm of B, is given by

Jully = sup eVt (6, n)|.
(0,m)€(—00,0]x (—o0,0]

Let
E :=10,1] x {0} U{0} x [0,1],

and let u : (—o00,1] x (—o0,1] — R be such that u ;) € B, for (t,z) € E.
Then

li ¥(0+n) 0 — V(O—t+n—2),, (g
o, ¢ a0 = lim e u(l.m)

=) lim w(,n) < .
[1(8,m) =00

Hence u(; ) € B,. Finally we will prove that
[t lly = K supflu(s, 7)| = (s,7) € [0,] < [0, 2]}
+ Msup{lugs,nlly : (5,7) € B}
where K =M =1and H = 1.
Ift+0<0,z4+n<0 we get
Hu(t,x)H’Y - sup{\u(s,T)] : (377_> S (—O0,0] X (_0070]}7
and ift+60 >0, xz4+mn >0 then
[ut,)lly = supflu(s, 7)| : (s,7) € [0,] x [0, z]}.
Thus for all (t+ 6,z 4+ n) € [0,1] x [0, 1], we get
[t(t,)lly = sup{lu(s, 7)| : (s,7) € (—00,0] x (—o0,0]}
+ supflu(s,7)| : (s,7) € [0,2] x [0,2]}.
Then

[ua) v = sup{l[ws,mlly : (s,7) € E}
+ sup{|u(s, 7)| : (s,7) € [0,t] x [0,x]}.
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(By, | - ||4) is a Banach space. We conclude that B, is a phase space. Set

pl(tax7<p) =1t- 0—1(90(0’0))7 (tvxa (/7) €Jx B’ya
p2(t, @, 0) = v — 02(0(0,0)), (t,2,0) €J xBy,

|l
t,x,p) = , t,x,p) €J x B,.
f( Z 90) Cp€t+x(1 ’QOD ( z (P) v

For all ¢, » € B, we have

_ 1 _
[f(t,z0) = f(tz, )| < CPGWH‘P - 9ls,-

Hence condition (H'2) is satisfied with £,e"™* = 1/(c,e’™™). Since

. 1 1
gp:SUP{Cpet‘er . (t,.ﬂv) c JO} S E

and K =1 we get

Mt 1
F(’l“l + 1)F(T2 + 1) 3 .

Hence condition (5.1)) holds for each (ri,72) € (0,1] x (0,1] and all p € N*.
Consequently, Theorem implies that problem (6.4)—(6.6) has a unique
solution defined on R2.
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