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On a problem concerning quasianalytic local rings

by HASSAN SFouLI (Kénitra)

Abstract. Let (C,)» be a quasianalytic differentiable system. Let m € N. We consider
the following problem: let f € C,, and ]?be its Taylor series at 0 € R™. Split the set N™
of exponents into two disjoint subsets A and B, N™ = AU B, and decompose the formal
series f into the sum of two formal series G and H, supported by A and B, respectively.
Do there exist g,h € C,, with Taylor series at zero G and H, respectively? The main
result of this paper is the following: if we have a positive answer to the above problem
for some m > 2, then the system (Cn)n is contained in the system of analytic germs.
As an application of this result, we give a simple proof of Carleman’s theorem (on the
non-surjectivity of the Borel map in the quasianalytic case), under the condition that the
quasianalytic classes considered are closed under differentiation, for n > 2.

1. Introduction. In this paper we consider the following problem con-
cerning quasianalytic classes, posed in [NI, [N2] for a quasianalytic Denjoy—
Carleman class.

PROBLEM. Let (Cy,), be a quasianalytic differentiable system. Let f €C,,
and fA’be its Taylor series at 0 € R™. Split the set N of exponents into
two disjoint subsets A and B, N = A U B, and decompose the formal
series J?into the sum of two formal series G and H, supported by A and B,
respectively. Do there exist g, h € C,,, with Taylor series at zero G and H,
respectively?

This problem is related to the question whether polynomials are dense
in a certain Hilbert space associated with a quasianalytic Denjoy—Carleman
class, investigated by Thilliez [T] in connection with his proof of Carleman’s
theorem on the failure of surjectivity for the Borel mapping. Clearly, the
above problem is trivial for the analytic system. In this paper, we solve this
problem for quasianalytic differentiable systems: we prove that if the an-
swer to this problem is affirmative for a given quasianalytic differentiable
system and some dimension m > 2, then the system is contained in the
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analytic system. Furthermore, we present a simple proof of Carleman’s the-
orem (on the non-surjectivity of the Borel map in the quasianalytic case)
for quasianalytic differentiable Denjoy—Carleman classes. Finally, we give a
negative answer to the above problem for a differentiable analytic system
of an o-minimal structure. The work of this paper has been motivated by a
question (concerning the above problem) asked by K. J. Nowak [N2], who
was interested mainly in the diagonal splitting of exponents.

2. Quasianalytic differentiable systems. Let (Xi,...,X,) be an
n-tuple of distinct indeterminates with n € N. The ring of formal se-
ries in Xi,...,X, over the field R of real numbers will be denoted by
R[[X1,...,Xy]], and the subring of R[[X1,...,X,]] of formal series which
converge in some neighborhood of the origin in R™ will be denoted by
R(Xy,...,X,).

Denote by A,, (resp. &) the ring of real-analytic (resp. smooth) function
germs at the origin of R™, and by P, the ring of germs, at the origin in R",
of polynomial functions. Clearly, P, C A, C &, for all n € N, and A, is
isomorphic to R(X1, ..., X,).

DEFINITION 2.1. A differentiable system is a sequence

C={Cn;neN}
such that, for each n € N, C,, is a local subring of &, and the following hold:

(C2) if 1,...,ppn € Cp are such that ¢1(0) = --- = ¢,(0) = 0, then for

every f € Cp the composition f(p1,...,¢y) belongs to Cp;

(C3) 0f/0z; € Cy, for every f € Cp, and each i =1,...,n.

Let

TG = R[[X, .., X))
be the map which associates to each f € C, its Taylor expansion. We con-
sider the following condition:

(C4) ~ is an injective homomorphism.

DEFINITION 2.2. A differentiable system is called quasianalytic if the
condition (C4) holds.

Now, we consider the following two conditions:

(C5) For each n > 2 and each f € C, there is a neighborhood, U, of the
origin in R™ such that the functions z — f(x + a), a € U, belong
to Cy.

(Sm) Let f € Cp, and ]?be its Taylor series at 0 € R™. Split the set N™
of exponents into two disjoint subsets A and B, N = AU B, and
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decompose the formal series fA‘ into the sum of two formal series
G and H, supported by A and B, respectively. Then there exist
g, h € C,, with Taylor series at zero G and H, respectively.

We can now state the main result of this paper, proved in Section 3.

THEOREM 2.3. Let C = (Cp)n be a quasianalytic differentiable system
such that there is an integer m > 2 for which the condition (Sy,) holds.
Then:

(1) C; C A;.
(2) If A, CC, for alln > 2, then C,, = A, for every n € N.
(3) If the condition (C5) holds, then C,, C A,, for every n € N.

3. Proof of Theorem 2.3. For the proof of Theorem 2.3 we need a
few lemmas.

LEMMA 3.1. Let C = (Cp)n be a quasianalytic differentiable system. As-
sume that there is an integer m > 2 such that the condition (S,,) holds.

Then the conditions (S1) and (S2) hold.

Proof. Let f € Co. Put g(x1,...,2m) := f(x1,22). By (C2), g € Cp.
Split N? into disjoint subsets A and B, N2 = AU B, and decompose the
formal series f into the sum of two formal series G and H, supported by
A and B, respectively. Put A’ = A x N2 and B’ = B x N™72. Clearly,
A'UB = N" and A’ N B’ = ). Now, we decompose ¢ into the sum of
two formal series G’ and H’, supported by A’ and B’, respectively. Then
there exist gg, g1 € C,, with Taylor series at zero G’ and H’, respectively.
By (C2), the germs fy and f; given by fo(z1,22) = go(z1,22,0,...,0) and
fi(xz1,x2) = g1(x1, 22,0, ...,0) belong to Cs. Clearly, fg =go=G' =G and
fi = 51 = H' = H. Therefore, the condition (S2) holds. Using the same
discussion (with obvious changes), we can see that (S;) holds. =

Proof of Theorem 2.3(1). Only in this proof X = X1, Y = Xy, x = 21
and y = x9. Let f € C1. Put g(z,y) = f(z +y). We have g € Co. Put

= > XY’
(a,8)EN?

For each [ € {0,1,2,3}, put 4; = {(k,4p+1); k,p € N}. Clearly the sets
A;, 1=0,1,2,3, are disjoint and

3
Umzw
=0

Decompose the formal series g into the sum of formal series Hy, Hy, Hy
and Hjs, supported by Ag, A1, Ay and Az, respectively. By Lemma 3.1, for
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each [ € {0,1,2,3} there exists g; € Co such that g; = H;. We have
J(X +iY) =g(X,iY) = Y aapsX ()Y’ =Go+ig1 — G2 — igs.
(a,8)EN?

Put u = go — g2 and v = g1 — g3. Hence

o~

(3.1) F(X +4Y) =u+iv.

From (3.1), we have the Cauchy-Riemann equalities
o _o o0 o
ox — oy M ox T v

Then, by quasianalyticity, these equalities are satisfied by the functions u
and v themselves.

The function given by F(x +iy) = u(z,y) + iv(x,y) is then holomorphic
in a neighborhood of the origin in C. Thus u and v belong to Az. Since
f e R[X]], f(X) = u(X,0) + @(X,0) = u(X,0). Clearly the function ug
given by wp(xz) = u(x,0) belongs to A3 NC; and uy = f. Therefore, by
quasianalyticity, f = ug € A;. =

Let F € R[[X1,...,X,]] and S"~! be the unit sphere of R™. If £ € S"~1,
write Fe(t) = f(&t) € R[[t]].

LEMMA 3.2 ([AM]). Let F € R[[Xq,..., X,]]. Assume that Fe¢(t) € R(t)
for each € € S*"1. Then F € R(X1,...,X,).

COROLLARY 3.3. Let C = (Cp)n be a quasianalytic differentiable system.
Assume that there is an integer m > 2 for which the condition (Sy,) holds.
Then for all n and all f € C,, we have f € R(X1,...,X,).

Proof. Let f € C,. By Theorem 2.3(1), for each ¢ € S"!, we have
fe € R(t). Hence by Lemma 3.2, f € R(Xy,..., X,,). =

Proof of Theorem 2.3(2). Let f € C,. By Corollary 3.3, we have fe
R(X1,...,X,). Let g be the germ of f at the origin of R™. By the hypothesis,
g € Cy. Since g = f, f = g € A, by quasianalyticity. =

Proof of Theorem 2.3(3). Let f € C,. As before, fe R(Xy,...,X,). Let
g be the germ of f at the origin of R™. By the hypothesis, there exists ¢ > 0
such that the functions z — f(x) and = — g(x) are well defined on

B = {z; [lz]| <e}

and for all a € B the function z — f(x + a) belongs to C,. Using again
Theorem 2.3(1), it is easy to see that for all ¢ € S* ! and t € (—¢,¢) we
have f(t&) = g(t§). Therefore, f =g € A,. »

The following corollary is an extension of [ES| Theorem 2].
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COROLLARY 3.4. Let C = (Cy) be a quasianalytic differentiable system.
Then for n > 2 the Taylor map T : Cp, — R[[X1, ..., X,]] is not surjective.

Proof. Clearly, if T : C,, — R[[X1, ..., X,]] is surjective for some n > 2,
then T : Co — R[[X1, X3]] is surjective. It suffices to prove that T : Cy —
R[[X1, X2]] is not surjective. Suppose it is. Clearly, T' : C; — R[[X1]] is
surjective. It is easy to see that the condition (S2) holds for Cy. Hence, by
Theorem 2.3(1), C; C A;. This is a contradiction because T : C; — R[[X1]]
must be surjective. m

4. On Carleman’s theorem. We use the following notation: for any
multi-index J = (ji,...,7n) in N, we denote the length j; + --- + j, of
J by the corresponding lower case letter j. We put D/ = 37/ (9:6{1 ces 83:%”,
JU=ji!.. . jnland X7 = X' XI" where X = (X1, ..., Xp).

The map Tp : &, — R[[X]] defined by

J
Tof = Df!(O)XJ
JeN™
will be called the Borel map.
Now, let M = (M;);>0 be an increasing sequence of real numbers with
My = 1. Denote by &,(M) the set of elements f of &, for which there exist
a neighborhood U of 0 and positive constants C' and A such that

|D7 f(x)| < CAYj\M;  for all J € N and z € U.

We clearly have
A, CE(M) CE,.

In the same spirit, denote by F,, (M) the set of elements

F=) F;x’
JeN"

of R[[X]] for which there exist positive constants C' and A such that
(4.1) |Fy| < CA’M; for all J € N™.
The Borel map then obviously satisfies

To&n (M) C Fp(M).

One cannot hope to get much more information on the sets &,(M) and
Fn(M) without additional assumptions on the sequence M. From now on,
we shall always make the following assumption:

the sequence M is logarithmically convex,

that is, M;1/M; increases. Under this assumption, &,(M) is a local ring
and is closed under composition in the sense of the condition (C2).
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The ring &, (M) is stable under derivation if and only if

sup (M;11/M;)'/7 < co.
Jj=1

The local ring &,(M) is quasianalytic if and only if
o0
S M /(G + 1)My) = oc.
7=0

EXAMPLE'4.1. Let a be a real number with 1 > o > 0. Put M; =
(log(j + e))*. Then (&,(M)), is a quasianalytic differentiable system
(see [TI).

In the following, we present a simple proof of Carleman’s theorem
(see [T]) for the quasianalytic Denjoy—Carleman classes that are closed un-
der differentiation.

THEOREM 4.2. Assume that (E,(M))y is a quasianalytic differentiable
system. Let n > 2 be an integer. If Ay, # E,(M), then the map Ty : E,(M) —
Fn(M) is not surjective.

Proof. Suppose otherwise. Let

F= Z F; X7 e Fo(M),
JeNn

G=>Y G;x’
JeN™

be such that G; € {0, F;}. By (4.1),
|Fy| < CATM;  for all J € N,

and let

Then
|Gy| < CATM;  for all J € N™.

Thus G € F,(M). Hence the condition (S,) holds for the local ring F,,(M).
Since the map Tj is an isomorphism, (S,,) holds for the local ring &, (M).
Now, by Theorem 2.3(2), A, = &,(M) for all p € N. Therefore, Tp is not
surjective. m

5. The problem and some o-minimal structures. Let R := (R, +,
—, %,<,0,1) be the ordered field of real numbers. In this section we will
give a negative answer to the above problem for the rings of definable C*°
germs in the following o-minimal structures: Ry := (R,exp l0,1]) R2 =
(R, sin [0,1)) and the expansion Rg of the real field R generated by mul-
tisummable real series [DS|]. The o-minimality of Rg was proved in [DS].
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Among the basic operations of Rg we have the C* functions f : [0,1] — R
whose restriction to (0, 1] extends to holomorphic functions on a sector

S(R,¢) :=={z € C; |z| <R, |argz| < ¢}

for some R > 1 and ¢ > /2, such that there exist positive constants A, B
with |f(™)(z)] < AB™(n!)? for all z € S(R, ¢), and

! ™) (5) — £ ().
S(Rvégwof (2) = f"(0)

An example of such a function is

0y
e
= t f <x<l.
f(zx) §1+xtd or 0 <z <

Its Taylor expansion at 0 is the divergent series > "7 ((—1)"nlz".

Let g : (—1,1) — R be the function given by g(z) = f(2?). The Taylor
expansion of g at 0 is the divergent series g := Y >° ((—1)"nlz?". Split the
set N of exponents into A = {4p; p € N} and B = N\ A, and decompose g
into the sum of formal series G and H, supported by A and B, respectively.
Clearly the series G = 213‘;0(2]9)!3341’ is divergent. By [DS|, Corollary 8.6],
there is no C* function h : (—¢,e) — R, for some £ > 0, that is definable
in Rg and whose Taylor series at 0 is G. Therefore, we have a negative answer
to the problem for the ring of germs, at the origin of R", of Rg-definable
C® functions at the origin of R” for all n > 1.

We have
sin(x) = pz()(—l)l’w, cos(z) 1= pzo(—l)p R exp(x) := pZO o

Clearly, if we have a positive answer to the problem for the ring of germs
(at the origin of R) of C'™° Ra-definable functions at 0 € R, then the germ,
at 0, of

> 2p+1 e 2p
T T
o) = pzo TS pzo (2p)!

is definable in Ry. This contradicts Bianconi’s theorem [B]. On the other
hand if we have a positive answer to the problem for the ring of germs (at
the origin of R) of C* R;-definable functions at 0 € R, then the germ,
at 0, of

) e » I2p+1
sin(z) := pzz:o(—l) [T

is definable in R4, also contrary to Bianconi’s theorem [B].
It is not clear to us what is the answer to the problem for the ring of
germs of Nash functions at the origin of R. In particular, we do not know if
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the germ at 0 of the function
T Z xP,
peP
where P is the set of prime numbers, is a Nash function or not.
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