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On the behavior of algebraic polynomials in regions with
piecewise smooth boundary without cusps

by F. G. ABDULLAYEV and C. D. GUN (Mersin)

Abstract. We continue studying the estimation of Bernstein—Walsh type for alge-
braic polynomials in regions with piecewise smooth boundary.

1. Introduction and main results. Let G C C be a finite region, with
0 € G, bounded by a Jordan curve L := 0G, A(t,R) := {w : lw —t| > R},
A = A0,1), 2 = extG = C\ G, where C = C U {oo}. Let w = &(2)
be the univalent conformal mapping of {2 onto A normalized by @(o0) =
00, ¢'(00) >0, and ¥ := ¢~ 1.

Let p,, n € N, denote the class of all algebraic polynomials P,(z) with
deg P, < n. Let h(z) be a weight function defined in G. Denote by A(G)
the class of functions f which are analytic in G.

For any p > 0 we define

4y(hG) = { £ € A@) : £ 1) = || dor. < oo},
G

where o, is two dimensional Lebesgue measure; we write 4,(1,G) = A4,(G).
When L is rectifiable, for any p > 0, let

o) = { L 11 1y = S RIS 2] < o0},
L
and £,(1,L) = L,(L).
For R > 1, set L := {z : |®(2)| = R}, Gg = int L, 2 := ext Lpy.
The well known Bernstein—Walsh Lemma [13] says that
(L.1) 1Pallc@g) < B Pallo@):-

Hence, setting R = 1 4 1/n, we see that the C-norms of a polynomial
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P,(z) in Gr and G are identical, i.e. the norm | Pnllc @) increases up to

multiplication by a constant in Gg.
A similar estimate to (|1.1]) in the space £,(L) was obtained in [9]:

(1.2) 1Pallcym) < B2 Pallzy(ny,  p>0

To give a similar estimate for the A,(G)-norm, we first give some defi-
nitions and notations.

DEFINITION 1.1 (JI0, p. 97], [L1]). The Jordan arc (or curve) L is called
K-quasiconformal (K > 1) if there is a K-quasiconformal mapping f of a
region D D L such that f(L) is a line segment (or circle).

Let F(L) denote the set of all sense preserving plane homeomorphisms
f of DD L such that f(L) is a line segment (or circle), and let

Kp:=inf{K(f): f € F(L)},

where K (f) is the maximal dilatation of f. Then L is a quasiconformal curve
if K < oo, and L is a K-quasiconformal curve if K < K.

We note that the region D in Definition 1.1 can be C or a proper subset
of C. The case D = C gives the global definition of a K-quasiconformal arc
or curve. If D O L is a neighborhood of the curve L, Definition [I.1]is called
local. This local definition has an advantage for determining the coefficients
of quasiconformality for some simple arcs or curves.

Let z = 2(s), s € [0,mes L], denote the natural representation of L.

DEFINITION 1.2. We say that L € Cy if L has a continuous tangent
0(z) :=0(z(s)) at every point z(s). We write G € Cy if 0G € Cp.

According to [I1], we have the following facts:

COROLLARY 1.3. If L € Cy, then L = 0G is (1 + ¢)-quasiconformal for
all € > 0.

COROLLARY 1.4. If L is an analytic curve or arc, then L is 1-quasi-
conformal.

It is known that there exist quasiconformal curves which are not rectifi-
able [10, p. 104].

Let {z;}72; be a fixed system of distinct points which are ordered in
the positive direction on the curve L. Consider a generalized Jacobi weight
function h(z) defined as follows:

(1.3) hz):=]]lz- 20", z€Gng,
j=1

where v; > —2 for every j = 1,...,m.
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The Bernstein—-Walsh type estimate for a region G with quasiconformal
boundary and weight function h(z) as in (|1.3)) in the space A,(h,G), p > 0,
was given in [2]. In particular, for h(z) =1,

n+1/
(14) HP””AP(GR) S CZR* pHPTLHAp(G)v p > 07

where R* := 1+ ¢3(R — 1). Therefore, if we choose R = 1 + ¢1/n, then
shows that the A,-norms of the polynomial P,(z) in G and in G are
identical.

N. Stylianopoulos [12] replaced the norm ||Pn]|c(§) with || P, ]| 4,(q) on
the right-hand side of and found a new version of the Bernstein—Walsh
Lemma:

LEMMA A ([12]). Assume that L is quasiconformal and rectifiable. Then
there exists a constant ¢ = ¢(L) > 0 depending only on L such that

Vn
d(z, L)
for every P, € oy, where d(z,L) :=inf{|¢ — 2| : ( € L}.

On the other hand, using the mean value theorem, for an arbitrary Jor-
dan region G, P, € p,, and any p > 0, we find

1 2/p
(1.6) Pa(2)] < ( ) 1Pl z€G.

Vmd(z, L)
Hence, according to Corollary from (|1.5) and (1.6]), we obtain an esti-
mate of |P,(z)| for any P, € p, and G € Cp, in the whole complex plane:

Pl { e
d(z, L) " M2 ()P, 2 e .

To estimate | P, ()| on the closed domain G, we give the following theo-
rem:

(1.5) |P(z)| < c 1Pl agc)|@(2)[* T, 2 € 12,

(1.7) |[Pn(2)] <

THEOREM 1.5. Let p > 1, let G be a region bounded by a K-quasi-
conformal curve L := 0G, and let h(z) be a weight function as in (1.3)).
Then, for any P, € pon, n €N, and every z; € L, j=1,...,m,

(1.8) |Pa(z5)] < can®HD P By 4, ),
and consequently
(1.9) 1Pl o) < can® VPPl o)

where ¢y = c4(G, p) >0, s:=min{2, K?}, 5 := max{0,7v; : j = 1,...,m}.

Therefore, if G € Cy, then for any P, € @,, n € N, and p > 0, from
Corollary we have

(1.10) Pa(2)] < cxn®? | Pl V2 €T,
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for an arbitrarily small € > 0, and consequently, from (1.5 and (|1.10]),
nite, 2z €@,
Q) REIS Pl S Ve g
d(z, L)

(1.11)) gives an estimate of | P,,(z)| in the whole complex plane in the case
of h(z) =1, p=2 for G € Cy.

In this work, we study similar problems for regions with piecewise smooth
boundary (without cusps) and a generalized Jacobi weight function h(z), as
defined in (1.3), in A,(h,G), p > 1.

Let us give the corresponding definitions and some notations that will
be used later.

DEFINITION 1.6. We say that a Jordan region G is in Cyp(A1,..., A\m),
0< A <2, j=1,...,m,if L = 0G is the union of finitely many smooth
arcs {L;}7",, such that they have exterior angles \;jm, 0 < A; < 2, (with

respect to G) at the corner points {z; }Ly € L, where two arcs meet.
According to the “three-point” criterion [0, p. 100], every piecewise

smooth curve (without cusps) is quasiconformal.
Now we can state our new results.

For 0 < §; < dg = imin{\zi—zj\ i, o= 1,...,m, @ # 4}, let
_Q(Zj,éj) =02N{z: |Z—Zj| < (Sj}, 0= ming<;j<m 5j7 2(0) = U;nzl .Q(Zj,(S),
Q:= 02\ 2(5).

We first consider the case when there is only one singular point on the
curve L, i.e. m = 1 and for simplicity assume that \; =: A, v; =: 7.

THEOREM 1.7. Letp > 1, let G € Cyg(N), 0 < A < 2, and let h(z) be as
defined in (L1.3) form = 1. Then, for any P,, € pp, n € N, and Ry = 1+1/n,

112) RIS ag R IPlanel @D 2 2,
where cg = c(G,p,e) > 0,
(1.13)
nl/ptep ifp>2,0<A<2 —2<y<1/A+(p—2),
orp<2,1<A<2 -2<y<1/A—=(2-p),
G o= orp<2,0<A<l, 2<y<(p—1)/X;

’ nAPEE/P=DME if > 2 0< A <2, 7> 1/A+ (p—2),
orp<2,1<A<2,v>1/A—(2—-p),
(VPN rp <2 0< A<,y > (p—1)/A,

and e, =€ if p# 2 while g, =0 if p = 2.

In particular, in the case of p = 2, we obtain:
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COROLLARY 1.8. Let p =2, let G € Cp(N), 0 < X < 2, and let h(z) be
as in (L.3)) for m = 1. Then, for any P, € p,, n €N, and Ry =1+ 1/n,

Gn,2
1.14 Po(2)| € e;—22_||P, P(z)" R,
(114) 1P € e Pl oI 2 € 2n
where c¢; = ¢7(G) > 0 and
1/2 —2 1/A A<2
(1.15) Gn,2<{n , <y <I/A 0< A<,
nMZE L A > 1/0 0< A< 2.

Now, we will give an estimate similar to (1.10) for G € Cy(A1, ..., Am),
0<Aj<2,5=1,...,m,m2>2,in Ay(h,G).

THEOREM 1.9. Let p > 1, let G € Cyp(A1,...,Am), 0 < A\j <2, j =
1,...,m, and let h(z) be as defined in (1.3). Then, for any j =1,...,m and
P, € pn neN,

(1.16) |Pa(z)] < csnBFON PN By ),

for an arbitrarily small € > 0, where cg = cg(G,p, Aj,e) > 0.

Combining (|1.12)) and (1.16)), we obtain:

COROLLARY 1.10. Let p > 1, let G € Cy(N), 0 < X\ < 2, and let h(z)
be as defined in (1.3) for m = 1. Then, for any P, € pn, n € N, and
Ry =1+1/n,

n(2+ﬁ)x/p+5, Ve >0, z€Gg,
(1.17) [Pa(2)] < collPallay ey ¢ Gna

El n, @ n+1 Q

d(z,LRl)‘ (Z)’ ? z € Ry

where cg = co(G,p, \,e) > 0, 7 := max{0, v},
/)\\ _ {)\ if z € 0(21,51),
|1 ifZEQ\Q(Zl,51),

and Gy 1 is defined in (1.13]).

COROLLARY 1.11. Let p = 2, let G € Cyp(N), 0 < A < 2, and let h(z)
be as defined in (L.3) for m = 1. Then, for any P, € p,, n € N, and
Ry =1+ 1/n,

n(1+7/2)x+5, Ve >0, z€Gg,
(1.18) [P (2)] < c1oll Pall 4, n0) Gn,2
kl n, @ n—l—l Q
d(Z,LRl)‘ (Z)’ y 2 € Ry,

where c10 = ¢10(G, A\, e) > 0, 7 := max{0,~}, X is as in Corollary 1.10, and

G2 is defined in ([1.15)).
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1.1. The general case. In this section, we consider the general case,
i.e. m > 2. Let us first introduce some notations.

Let {zj}}n:l be points on the curve L ordered in the positive direction.
Set A\f :=max{)\; : j =1,....k, k < m}, Ay :=min{); : j = 1,... )k,
E<m}, X=X, A i= A,

A= . A = .
A*ifp <2, An ifp <2
For any j = 1,...,m, let p; := 1/\; + (p —2), n; == 1/X; — (2 — p),
wj = (p—1)/Aj,yp =max{y;:j=1,....k k<m}, v =, I'={y;:
J= 17"'am}’ -Fj,k = {/7] € FW] < Mk, k,j= 17--'am}7 Fj,k :F\‘Fj,kz
Let wj := P(zj).
Now, we can give new results for the general case:
THEOREM 1.12. Let p > 1, let G € Cyp(A1,..., A ), 0 < Xj <2, j =

1,...,m, and let h(z) be as defined in (1.3)). Then, for any P, € p,, n € N,
Ry =1+ 1/n, and all sufficiently small e > 0,

Dn,l n
(1.19) |Pa(2)] < CllmHPnHAp(h,G)@(Z” L ze g,
) 1

where c11 = ¢11(G,p) > 0,

Dn,l =

nl/ptep ifp>2,0<) <2 —2<v <1/\+(p—2), V9,
orp<2,1<XA <2, =2<7v<1/Aj—(2-p), V],
orp<2,0<A <1, =2<v<(p—1)/A;, Vi;

m

D P EREONEE if > 20 < N < 2,9 2 1/A + (p—2), V),

j=1
orp<2, 1< )X\ <2,7v>1/N—(2—-p), Vj;

Zn”ﬂ*j/i"*‘(z/l’—l)“‘s ifp<2,0< XA <1,v>((p-—1)/\,Vy;
\ j=1

and e, =€ if p# 2, while e, =0 if p=2.

Theorem [1.12)is local, that is, each term in the sum that gives D, 1 shows
the growth of |P,(z)|, depending on the behavior of the weight function
h(z) and the neighborhood of the point z; for any j = 1,...,m outside the
corner \;.

Comparing the terms in the sum for each point z;, j = 1,...,m, and
using the above notation, we can obtain the following global result:



Behavior of algebraic polynomials 45

THEOREM 1.13. Let p > 1, G € Cyp(A1,..., m), 0 < Aj < 2, j =
1,...,m, and let h(z) be as defined in (1.3). Then, for any P, € pn, n € N,
and Ry =1+ 1/n, we have

120) P < g s WPl BT 2 € 2,
where c13 = c12(G,p,m) >0,
Dy =
(pl/ptep if p>2,0< ) <2, and —2 <y, < p1, V7,
orp<2,1<X; <2, and -2 <~; <m, Vj,
orp<2,0<XA <1, and -2 <7y <wi, Vj;
PN PHEPDME e >0 0 < N < 2,95 > i, Y,
orp <2, 1< )X <2,7 > 0, Vj;
PIAN/PERP=DNE i >0 0 < N < 2, i < < fist, Vi,
orp <2, 1< N <2, m <y < Myt, Vi, kS
YA /prC=re if <2 0 < N < 1,y > win, VS
L RAR/PHER/P=Dre e <2 0 < N < 1, wy <95 < Wi, Vi K,
(k=1,...,m—1) and e, =€ if p # 2, while ¢, =0 if p = 2.

1.2. Sharpness. The sharpness of ([1.12))—(1.20)) can be seen from the
following:

REMARK 1.14. (a) For any n € N there exists a polynomial Q¥ € o,
a region G} C C, and a constant c13 = ¢13(G7,€) > 0 such that for all
z € Gy,
|Qn(2)| = c1sn| @7l a6t -

(b) For any n € N there exists a polynomial P; € pp, a region G C C,
a compact set F' € 2* := C\ G5, and a constant c14 = ¢15(G5, F*) > 0 such
that

[P (2)] = 1 1Pl 4y (as)| ()", z€ F e @

v
d(z, L)
2. Some auxiliary results. Let G C C be a finite region bounded by

a Jordan curve L, let B((,r) := {z : |z — (| < r}, and let w = ¢(z) be
the univalent conformal mapping of G onto B := B(0,1), normalized by

©(0) =0, ¢/(0) > 0, and ¢ := 1.
The interior or exterior level curve can be defined for ¢ > 0 as

L ={z:|p(z)|=tift <1, |O(2)|=tift >1}, L1 =L,
and let Gy :=int L;, 2 := ext Ly.
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Throughout this paper, ¢, ¢g, c1, 2, . . . are positive constants (in general,
different in different relations), which depend on G in general. For nonnega-
tive functions @ > 0 and b > 0, we shall use the notations “a < b” if a < cb,
and “a =< b” if cja < b < cqa, for some constants ¢, ¢, co (independent of a
and b), respectively.

LEMMA 2.1 ([3]). Let L be a K-quasiconformal curve, zy € L, 22,23 €
2N0{z:|z— 2| <d(z1, L)}, wj = P(25) (or 20,23 € GN{z: |z — 2| <
d(z1,LRy)}, wj =v(z5)), 5 =1,2,3. Then

(a) The statements |z1 — 22| < |21 — 23| and |wi — wa| < |w; — w3 are
equivalent. So are |z1 — z2| < |21 — 23] and |w; — wa| <X |w1 — ws).
(b) If |21 — 22| < |21 — 23|, then

2 K72
Z1 — %3 w1 — w3
_< ‘

W] — Wy Z1 — 22

K
w1 — w3
‘ w1 — W

wheree <1, ¢>1,0<rg <1, Ry:= ral are constants, dependz'ng on G.

COROLLARY 2.2. Under the assumptions of Lemma RI], if z3 € Ly,
(or z3 € Lgy,), then

lwy — w2]K2 < |21 — 29| < |wy — wg|K72
COROLLARY 2.3. If L € Cy, then
|wy — w2|1+‘E =< |21 — 22| < |wi — wg\l_a
for all e > 0.

Recall that for 0 < d; < dg := imin{|zi —zj| i, =1,...,m, i # j},
we put 9(23,5) = Qﬂ {z 1 |z — 25| < 6;}; 0 := minj<j<pm 0;, £2(9) =
Ujz1 £2(25,0), Q=0 \ £2(0). Additionally, let A; := &(£2(24,9)), A(d) :=
UJL1 @(52(25,6)). A(6) := A\ A(6). Let w; := B(2;). For ) := argwy, j =
1,...,m, we put

A;::{t:Rew:R>1, W§9<90j+2%+1},

where ©9 = pm, P1 = @mt1, 25 == P(A}), and L{;h := Lg, N §2;. Clearly,
2 =UjL, 25
The following lemma is a consequence of the results given in [§], [14].
LEMMA 2.4. Let G € Cop(A1,..., ), 0<X; <2, j=1,...,m. Then
(i) for any w € A,
w —w; [N < (w) = (w))] < w —wy Y

lw — w; [N < (w)| < w — wy VT
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(ii) for any w € A\ 4;,
(lw] = DM < d(@(w), L)| < (jw| = 1)'7,
(lw] = 1) < &' (w)] < (Jw| = 1)~

Let {2;}72; be a fixed system of distinct points on the curve L ordered
in the positive direction and let h(z) be a weight function as defined in (|1.3)).

LEMMA 2.5 ([5]). Let L be a K-quasiconformal curve and R =1+ ¢/n.
Then for any fived € € (0,1) there exists a level curve Ly (p—1) such that
for any polynomial P,(z) € pp, n € N,

(2.1) HPnHLp(h/qs', Lite(r-1)) = nl/pHPnHAp(h, Gy P> 0.

LEMMA 2.6 ([2]). Let L be a K-quasiconformal curve and let h(z) be as
in (L.3). Then, for arbitrary P,(z) € on, any R > 1, andn=1,2,...,

(2.2) | Pall 4, hc) < B VYPUP ) ayncys 2> 0,

where R =1+ ¢(R — 1) and c is independent of n and R.

3. Proofs
Proof of Theorem[1.13. For z € (2 let
(3.1) Ty (2) == Po(2)/9" 1 (2).

For any R > 1 and Ry := 1+ (R — 1)/2, the Cauchy integral representation
for 2p, gives

T2 = —5 § T 725, 2€ 2

21 —z
Ry

Since |®(¢)| > 1 for ¢ € Lg,, we have

(3.2)
_|o(z)™ ! |dc] |®(2)|"
[Pa(2)] = %Lil POIE =5 < 2rdte. ) Lil [Pa(Q)]dC]-
Let
(3.3) Ap =\ Pu(O11dC) =D | PO 1dC]
Lp, i=1 Lﬁél

=2 VIR ) (7)) [dr],

where F}'{1 = @(L}él) = AlN{7 :|7| = R1}, i =1,...,m. Changing variable
7 = @(¢) and multiplying the numerator and denominator of the integrand
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by TT7L, W (7) — W (w;)|5/P|@' ()|?/P and applying the Holder inequality, we
obtain

(3.4)
Em: S 17 [9(7) = W (wy) [ 5/P | Py (@ (7)) (@' (7)) | | @' (7)| = 2/P dr|
m K T
. [T, 1@ (7) — & (wy)|ni/P
<> S [T 12) — 2wl B P ()P dr])
=1 IZ?, 7=1
()| 1=2/p q 1/q
><< S ( ™ () ,/> d7'|>
Fi Hj:l W (7) — ¥(wj)|s/P
1
<> AL
i=1
where
, 1/p | ()2~ 1/q
A = | frp(T)IP |dT]| |dr|
<F§ 3 ) (FS T/, 1@ (7) — @ (wy)|ita=) )
Ry Ry
e 2,1' 2,27
with
m
FuolT H w) PP (@ () (@ ()P, |7 = Ru.
Applying Lemma-7 we get
(3.5) Ty = P Palla,hey,  i=1,...,m.
Moreover
- ()2
(3.6) (Jn2)? = m — |d7|
? FS T 70— [
[ W
= T
) @ (r) — W(wy) il T
Fi,

since the points w; := @(z;) are distinct.
For simplicity, we take i = 1, sz,l =: J1, Jrlz,2 =: Jy. Let wy := @(z1) and
ER ={r e Fp |t —wi| <eci1(R — 1)},
Ef ={reFh a(Ri—1)<|r—w| < e},
ER ={r € Fy t|r—w|> e}
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Then ;
1 1k
F, = Ex.
k=1

In these notations, (3.6 can be written as

(3.7) Jo = Jo(ER) + J(ER) + Jo(ER) =: Jy + J3 + J3,
and consequently
(3.8) Ay =y (Jo + I3+ J5) = Apy + Ap g + A,
where

|2 (7) >~

(3.9) 4y = 0P| Palla,incy |

Elk
Ry

(1) — @ (wy)la=) ldrl, k=123

Given the possible values ¢ (¢ > 2 and ¢ < 2), A\ (0 < A\; < 1 and
1 <A <2),and 71 (-2 <y < 0and vy > 0), we will consider several
cases separately.

Case 1. Let 1 < ¢ <2 (p>2). Then

()P

JhHe = | dr|.

"= | Gy e
Ry

1.1. Let 1 < A\ < 2.
1.1.1. If 1 > 0, applying Lemma [2.4] to (3.9), we get

A—1—€)(2—q)
(737" =< |

Ell
R

1 (M—1-¢)(2—9) \d7|
<(3) |

n (|7] = 1)nAate)e=1)

h—wm
|7' — w1 |71()\1+5)(Q*1)

|d7|

Ell
Ry

< prhlamD=(a-DR=a)—-1+e ey N (g —1) > 1,

SO
A (a—1)— (A —1)(2—q)—1
Jh<nTTT T T e >0, Mg 1) > 1.
Moreover
_ oy |A1—1=6)(2—q)
2\q |7- ’LU1|
(12)" < E§2 |7 — wq [ Pate)(e=1) jdr]
Ry
. 1\ P1—=1-e)(2-9) S \d7|
n (7] = 1)%()\14-8)((1—1)

E12
Ry

< pniFR @D -a-l=e)@-a)—lte  ip o n (g — 1) > 1,
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SO
1A (@=1)—(A—-1)(2—q)—1

JZ<n a Ve >0, ifya(g—1)>1.
In this case, from (3.7) and (3.8]), we obtain

AL <G MR iy, Ve >0,

3.10
( ) 11 )\1+6

A12<n( P

if ’ylAl(q - 1) Z 1.
1.1.2. If vy < 0, we analogously have

=< |

Ell
Ry

IPalla,na), Ve >0,

|7 — wp M1 (2—9)

|7 — wy [1Aale=1) dr
~ S (|7 = 1)Pa=1=0) =) +(m) A=) a—1) | 47|
B

SO
Jl 1A =D=M -DE=9)-1 el

2 =T a P e > 0.

Moreover
_ (AM1—1—¢)(2—q)
2\q |7 — wi]
(2)" = S |7 — wy [ (M1—e)(a—1) dr| < S |dr| < 1.

B2 o2

Also,
LD+

An,Q < nl/pHPnHAp(h,G)'

1.2. Let 0 < Ay < 1.
1.2.1. If 43 > 0, applying Lemma to (3.9) we get

(AM—1—¢)(2
| ' )(q f)) |d7’| %1171)‘1((1 D+(1-A1)(2—q)—1+¢

S ’T-U]l

1\q
(/2) |7 — wy [ Qate)

ER
if iA1(g—1)4+ (1 —A1)(2—¢q) > 1. Hence

Y121 (a—1)+(1-Xr1)(2—q)—1

Jy <n a T Ve >0, ifyAi(g—1)+(1-A1)(2—q) > 1.
Moreover
A —1—¢)(2—
(ng)q S |T_w1|( ! £)2-q) |dr| < nY1(1+e)(g—1)+(1-A14¢)(2—¢)—-1

12 |7 — w1|71(>\1+€)(q 1)
B2
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if y1A1(qg — 1)+ (1= X\)(2—¢q) > 1, so that

Y121 (@=1)+(A=XA1)(2=g)—1

Ji=<n 7 TEve>0, ifya(g—1)+(1-XM)2-¢) >1.
In this case, for A}l’l and A111,2 from we obtain

ALy <M Py gy, Ve >0,

Ap g = M AZ2PNEE Py G e > 0,

if ’)/1)\1((] - 1) + (1 - )\1)(2 - q) Z 1.
1.2.2. If v < 0, we analogously have
T — w1|(—’71)()\1—5)(q—1)

(3.12)

1\q
(JQ) = E§1 ‘7_ _ w1’(1—>\1+€)(2—Q) ‘dT’
Ry
. l (=711)(A1—e)(g—1) S \d7| .
n L |7 — wq|(I-21+e)(2-9) ’
Ry
and (—1)(a-e)(a-1)
9 g |7-_w1’ -7 1—€)(q—
(J7)* = EL |7 — wp |12+ (2=9) jdr] <1.
Ry
Also,
(3.13) ALy =< nYP Pl ayg),  Abg < 0PI Pulla,ha)-
CASE 2. Let ¢ > 2 (p < 2). Then 2 — ¢ < 0 and so
dr|
3.14 JH = | :
( ) ( 2) E§1 |Ep/(7)‘q—2|g _ 21‘71(‘1_1)
Ry

2.1. Let 1 < X\ < 2.
2.1.1. If ; > 0, applying Lemmato (3.14), we obtain

1\q |d7—‘
<J2> < E§1 |7_ B wl’()\l_1+6)(q_2)|7— _ wl"y1(>\1+€)(q—1)
Ry

< Oat @D+ —14) (g-2) -1

if yiAi(¢g—1)+ (A —1)(¢g—2) > 1. Hence

1A (g=D+(A1—1)(g=2)—1

Jy <n 7 ity —1) 4+ M —1)(g—2) > 1.
Moreover
2\q ‘dT‘
(Jz) = S ’7‘ — w1|(>\1_1+5)(q_2) ‘7‘ — w1’71()\1+5)(q_1)

E'12
Ry

) n'h(A1+€)(f1*1)+(>\1*1+5)(‘1*2)71, Ve > 0,
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if mA1(g—1)+ (M —1)(g—2) > 1, so that

7121 (@=D)+(A1-1)(g—2)—1

J22-<n a +€, Ve >0, ifyni(g—1)+(MN—-1)(¢g—2)>1.
In this case, from (3.8)), we have

Apy < PHCRTONE B ), Ve >0,

A}%Q < n’Yl)\l/P+(2/p—1)>\1+a|’PnHAp(h7G), Ve > 0,

ifyidMg—1)+ A —1)(g—2)>1.
2.1.2. If 71 < 0, we analogously have

(J3)"= |
EY

=< nM—D(@=2)+tnr(g-1)—1+e  if ()\1 _ 1)((] _ 2) > 1,

(3.15)

|7 — w1|(—71)(>\1—€)(q—1)
T — wl‘(h—l-i-&)(q—?) |

dr|

SO

(A1—1)(g=2)+71 21 (g=1)—1

Jh<n T T T e s 0, i (0 — 1) (g—2) > 1.

Moreover

12y = |7 — w1|(—’71)(>\1—€)(f1—1) 0

2
|7 — wly(h—lﬁ)(q—?)
B
< pMimD@=2)=14e G (N 1) (g —2) > 1,
and hence
(A —1)(g—2)-1
J2 <m0 T ve>0, i\ -1)(¢g—2) > L

So,
L PR e

Ab o < nPmONTE P gy, Ve >0,

if (A1 —1)(q —2) > 1.
22. Let 0 < A < 1.
2.2.1. If 41 > 0, applying Lemma to (3.14)), we obtain

— e |@=A1—e)(g—2)
1\q ’T 'lUl‘
(JQ) = E§1 ) |d7‘
Ry

< A=) (@24 di(g-1) -1+ ¢ TA1(g—1) > 1,

|7 — wy [ Ate)(a—1

so that

—A-2D@=2)+v1 2 (g=1)—1

Jy <n a tEVe>0, ifyAi(g—1)>1.
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Moreover
o (1-X1—¢)(¢—2)
2\q |T wl‘
(12)" = §2 |7 — wy [nGate)a-1) |dr]
ER
= n’y1(/\1+8)(q—1)—1+£ if 71/\1(61 _ 1) Z 1’
and hence

y1A1(g=1)—1

JI<nT 9 5 V¥e>0, ifph(g—1)>1.
In this case, from (3.8)), we have

+
ALy <0G TN P Ve >0,

A}y < n@PmIMAMPEE P gy, Ve >0,

if 71)\1((] — 1) Z 1.
2.2.2. If 71 < 0, we analogously have

(3.17)

(=2 —e)(g—2
(12)" = E§1 ’]77-' —1111})11||(71(>\1—6))((q—1)) 7]
? (1=-A1=e)(g=2)+ (=) (M —¢e)(g—1)
< <n) ‘mesE}lgl <1,

and

(2)1 = Eg “T - ‘1211”(:11; Y arl < ES dr] < 1.

Rq Ry

Hence
(3.18) ALy =0 PPl ayney, Ana < nl/pHPnHAp(h,G)'

To estimate AL 3, in all cases, we note that [( — 21| < 1 for each ¢ € Elgi,
and so

dr
= Ei (Il —| 1)|<2—q>6’
hence
J3<nf,¥e>0,ifp#2 and J3 <1ifp=2.
Consequently,
(3.19) Al g < 0P| Pyl gy Ve >0 if p £ 2,
A} 5 =< n' 2| Poll aync) if p=2.
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Therefore, combining (3.8)—(3.19)), we get

3
A = ZA}L;: < 1Palla,n,c)

k=1
(2 24y
(= =DAite + n( 5 —DAite + nl/p—&-a’

n
p>2, =1 nhi(g—1) =1
pMM/p=(1=2/p)Aite | pmidi/p=(1=2/p)Mite 4 pl/pte

8 M A/PHE/p=DArte | pmd/p+2/p-Dhite 4 pl/pte
p<2, M >1 mh(g—1)>1;
pCEE DA | Ofp— D)t fpte |l /pe
p<2 M <1l mMg—1) =1,
if v1 > 0, and

3
A = ZAik =< Pull 4, (n,c)
P

( 2471
L =1)

A1te +n1/p +n1/p+€, p>2, A\ > 1;

nl/P 4 pl/p 4 pl/pte, p>2, A\ <1

X § p@/r=DXitndi/pte  p2/p—Dhite 4 nl/l""g, p<2, A >1,
(M—1)(¢—2)>1;

( n@/P=D+mAi/pte 4 pl/p 4 pl/pte p<2 <1,

if 1 < 0, for any sufficiently small € > 0.
Hence,

(320) Ay < | Palla,inc)

nlip+e. P>2,M2>10< v <1+ A(p—2);
pnAM/P=(=2/pMte S 9 N > 1 A > 1+ M\ (p— 2);
nl/pte, p>2, A <1,0< A <1+ A(p—2);

) pM/p=(=2/DAte 59 N <1 A > 1+ M(p—2);
ni/ee, P<2,M>1,0< 1A <1—X\(2-p);
/PR DMte 9 X > 1 A > 1= A (2 - p);
nl/pte, p<2, M <LO0<yM<p-1

{ n71/\1/p+(2/p*1)+5’ p<2, M <l,mA >p—1,
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if v1 >0, and

nt/Pre p>2 X\ >1, 4 <0;
n/Pre. p>2 A <1,y <O0;
nl/Pte. p<2, A >1, v <0;
nl/Pte p<2 M\ <1,y <0,

if v1 < 0, for any sufficiently small € > 0. Therefore, taking into account also
the case p = 2, and summing over all j = 1,...,m, from (3.8) and (3.9)), we
get

(3.21) An < [|Palla,(n,0)

A <Y A, < Pall sy

j=1
((nl/ptep, P>2,0< )\ <2, —2<7 <1/\+(p—2);
Z;ﬂ:lnwkj/p—(l—2/p)kj+€p7 P>2,0< ) <2, 79 >1/\+ (p—2);

y nl/vte, p<2,1<) <2 -2<v<1/Aj—(2-p);
Z;ﬁ:l nVA/PHCp=DAFE oy <2 1 <\ <2, > 1/0 — (2 - p);
nl/pte, P<2,0<) <1, -2<7 < (p—1)/\;
PRy nYiAi /P (2/p=1)+e p<2,0<X <1l y>({p-1)/\,

for any sufficiently small € > 0, where €, =€ if p> 2, and g, =0 if p = 2.
Also,

Ap < [Palla, o)

rnl/ersp’ p=>2,0<) <2, _2<7j<1/)\1—|-(p—2),Vj;

p VN P=A=2PNde > 9 0 <N < 2,95 > 1/Am + (p— 2), V5;

PA/P=A=2/D Nty > 9 0 < Nj < 2, e < 5 < P, VG

nl/pte, p<2,1<X\<2 -2<v<1/AM—(2-p), Vs

XQ Y APREPmDNE Ly 2 1< <2, 95 > 1/Am — (2 - p), Vs
PN /PERPONE <2 1< N <2, e < vy < ka1, VI

pl/pte. p<2,0<) <1, -2<7v<(p—1)/\, Vj;

YN @Dt 22 0< A <1,y > (p—1)/Am, V4

nVEA/PEEPDre oy <2 0 < Ay < 1wy <5 < Wi, VY,

(with £ = 1,...,m — 1) for any sufficiently small ¢ > 0, where ¢, = ¢ if

p > 2, and €, = 0 if p = 2. Combining the formulas (3.2)), (3.3), (3.5)), (3.8]),
(3.20)), and (3.21)) we complete the proof of Theorem "

Proof of Corollary[1.8 Let p =2, m = 1. First of all we note that from
(13.5), (3.8) and (3.9), for 41 = 0, we can easily obtain
(3.22) A = 02| Pl ay(c)-
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1. Let 41 > 0. Then, for any 0 < A\; < 2, we obtain

d
= | v —w‘ \Zl(xw) <M Ye > 0, if s > 1
El, !
2)2 |dr] Y1(A1t+e)—1 ;
B = ) e me < Ve>0, iy > 1.
E%l 1
Consequently,

Aqll L < n1/2+(71)\171)/2+5HPnHAQ(h )

<Pallasiine {”W”i Ve >0, ifyh 1,
(3:23) A (G g2, if A < 1;
MA/2HE e >0, if N > 1
Al < P {n ) ) 1N = 4,
n2 % Pallasc nt/2, if v < 1.
2. Let —2 < 1 < 0. In this case, for any 0 < A; < 2, we also obtain
d
(2)? = | :|1(AH) <L e >,
5 |7 — wi|
22 |dr| .
(J3)7 < S ‘T—wﬂ'ﬂ()‘l_a) <1
B2,
hence
(3.24) ALy =M 2Pl ey Ve >0,

Al o < 02| Pall 4y )

To estimate A}, 5 in all cases, we note that |[( — 21| =< 1 for each ¢ € Ej.
Therefore, Jé“ <1, k=1,2,3, and we get

(3.25) A} g = 02| Pall ay )
Therefore, combining (3.2)—(3.5), (3.8)), (3.22)—(3.25), for any 0 < A\; < 2,
we get

nl/2, if =2 <y <1/,
An < [Pl azn,) {nv1>\1/2+5, Ve >0, if yp > 1/A.

The proof is completed. m

Proof of Theorem [1.5. For an arbitrary polynomial P, € g, and the
Bergman polynomials (i.e. polynomials K ,(z) orthonormal over the region,
[ Knll 45 (h,c) = 1), the following theorem was proved in [4, Ths. 2.1 and 5.1].

THEOREM. Let G be a region bounded by a k-quasidisk for some 0 <
k <1, and let h(z) be a weight function as defined in (1.3). Then, for any
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P, € pp, n €N, and every point z; € L, 5 =1,...,m,
2 1+k)
| Po(z))| < nEF) 00/ P, HAp(h,G)~

Proceeding as in the proof of that theorem we can obtain the following
estimate [4, (4.11)] for regions with quasiconformal boundary:
[Ka(2))| < d(zj, L)~ T/,
Repeating the proof of this formula for the polynomial P,(z), we get

1
‘Pn(zj)‘ = d(Zj,LR)(2+7)/p HPnHAp(h,G)'

Since L is K-quasiconformal, d(z;, Lg) > (R 1)%, by Corollary 2.2
where s := min{2, K 2} According to Lemma we get
(3.26) |Pa(z)| = nEF P Bl gy

Proof of Remark . (a) Let Qy(2) = >0 o(j + )2/, G} = B, and

p = 2. In this case,
Qo = (n+D(n+2)/2,  |1Qllayes = Vrln+1)(n+2)/2.
Thus, we have

1
Qo 2 5= @ilaue;

(b) Let G5 C C be a region bounded by a smooth curve L = 9G35 € Cy.
According to the “three-point” criterion [6, p. 100], the curve L is quasi-
conformal. Let {K,(2)}, deg K,, = n, n=0,1,2,..., denote the system of
Bergman polynomials for the region G3, i.e. K,(2) := apz™ + o121 +

-+ ap, a, >0, and
“ Ky (2) K (2) doz = 0p
G3
where 0y, ,, is the Kronecker delta. Let Gig be the closure of the convex hull
of the G5 and F := C\ Gj3. We know from [7, p. 245] that all zeros of
the Bergman polynomials K, (z) are contained in G%. According to [1], for
arbitrary quasidiscs, we have:

Kn(2) = app" 10" (2)® (2)An(2), z€F € 12,

where
PHL oot < ey [
v T
for some ¢; = ¢1(G%) > 1 and
3
2 <|Ap(2)] <14+ —/————
P(2)| -

for some ¢; = ¢;(G%) > 0, i = 2,3. Therefore, since HKnHAQ(G;) =1, we
have
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n+1 |P(2)] — 1
K > D(2)|™
Ka(2)] 2 e[ 1RGP
Vvn 1
> c3——|P(2)|"TH 1 - 1/|®
> s 1P (1= 1/12(2))
Vi .
ZC4W\@(2)|H 1Kl Ay
The proof is complete. =
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